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Abstract. To address the computational challenges of stochastic nonlinear partial
differential equations with high-order derivatives, a local discontinuous Galerkin

method is proposed for the stochastic KdV equation. The method is proven to be

L2-stable and to attain optimal error estimates of order n+1 measured in the mean-
square norm when degree-n polynomials are used. Temporal integration of the spa-

tial semi-discrete stochastic system in the numerical experiments is carried out by
using the implicit midpoint method. The simulation results verify the method’s ac-

curacy and its consistency with the theoretical analysis.
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1. Introduction

Consider solving the following stochastic nonlinear KdV equation:

{

dυ =
(

κυχχχ + αυχχ + f(υ, υχ)
)

dτ + σ(υ, υχ)dWτ , (χ, τ) ∈ [0,Γ]× [0, T ],

υ(χ, 0) = υ0(χ), χ ∈ [0,Γ]
(1.1)

with the periodic boundary conditions

υ(0, τ) = υ(Γ, τ), υχ(0, τ) = υχ(Γ, τ), υχχ(0, τ) = υχχ(Γ, τ), (1.2)
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where coefficients κ and α, the length Γ and time T are positive constants. Wτ rep-

resents the standard one-dimensional Wiener process. The nonlinear KdV equation

serves as a fundamental model for various physical phenomena, including shallow wa-

ter waves, plasma dynamics, and lattice vibrations [9,11,24]. To incorporate inherent

uncertainties and random perturbations in realistic environments, the stochastic KdV

equation (1.1) offers a more accurate and comprehensive framework for modeling,

which motivates further theoretical and numerical experiments.

The discontinuous Galerkin (DG) method [19] offers an effective framework for the

numerical approximation of high-order partial differential equations (PDEs) because of

its inherent flexibility in h- and p-adaptivity, local conservation properties and natural

suitability for parallel implementation. The DG method has been generalized to a wide

range of PDEs, such as the wave equation [1], the Cahn-Hilliard equation [21] and

other equations [2,5,18].

Based on these developments, the method has also been applied to stochastic partial

differential equations (SPDEs), including the stochastic Helmholtz equations [3], the

stochastic KdV equation [16] and stochastic nonlinear conservation laws [12].

The local discontinuous Galerkin (LDG) method as an extension of the classical DG

method not only inherits its advantages but also introduces designed numerical fluxes

and auxiliary variables, so the LDG method enables localized computations even for

equations of high-order spatial derivatives [8]. Relatedly, Li et al. [14] proposed an

ultra-weak DG method combined with an implicit-explicit time discretization for gen-

eralized stochastic KdV equations with multiplicative noise, which provided stability

analysis and optimal error estimates. The classical LDG method has been applied to

solve the deterministic KdV equation, where its stability and error estimates were an-

alyzed [23]. More recently, Wang et al. [20] extended the LDG method for linearized

KdV equations by combining implicit-explicit Runge-Kutta time discretization to ana-

lyze stability and error estimates. Similarly, Li et al. [13] studied the LDG method

with downwind-biased numerical fluxes for linearized KdV equations, and they proved

uniform stability and optimal error estimates by using generalized Gauss-Radau projec-

tions. Subsequently, the LDG method was applied to parabolic SPDEs, demonstrating

both stability and optimal error estimates in the L2 semi-discretization [15]. Moreover,

an LDG method addressing the linear stochastic Schrödinger equation driven by multi-

plicative noise was proposed to make rigorous analysis on its mean-square convergence

and stability in the L2 norm [4]. In particular, Xu and Shu [22] established a unified

analytical framework relying on energy-based stability analysis with the aid of auxil-

iary variables for deriving optimal error estimates of the LDG method and applied it to

linear high-order wave equations. With the contribution of their analytical techniques

and proof skills, the present work applies error analysis to the stochastic setting. For

more studies on the LDG method for other types of PDEs, we refer to [7] and references

therein.

This work develops an LDG method for the stochastic nonlinear KdV equation with

high-order spatial derivatives and periodic boundary conditions. The numerical fluxes

are adopted from existing formulations, whereas a new selection of test functions is
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designed to ensure the stability and convergence of the proposed method. Based on

this framework, L2-stability and optimal error estimates are derived by using martin-

gale theory and Itô’s formula. These theoretical results are further validated through

numerical experiments in terms of mean-square convergence.

The organization of this paper is as follows. Some preliminary notations, assump-

tions and concepts are provided in Section 2. In Section 3, the LDG method for solving

the stochastic nonlinear KdV equation and orthogonal basis functions are introduced.

The L2-stability of the proposed method is constructed in Section 4. Then Section 5

focuses on the optimal error estimates for LDG method according to the projection op-

erators. Numerical experiments are presented to demonstrate the effectiveness of the

proposed method, combined with time discretization in Section 6. Finally, the conclu-

sions are presented in Section 7.

2. Preliminary

In this section, after reviewing notations, assumptions and martingale properties,

some projection operator properties and lemmas which are used for proving the error

estimation are introduced.

Suppose that the spatial domain is the interval I = [0,Γ], which is partitioned into

N subintervals Iι = [χι−1/2, χι+1/2] for ι = 1, 2, . . . , N , with endpoints χ1/2 = 0 and

χN+1/2 = Γ. The size of each subinterval is defined as hι = χι+1/2 − χι−1/2, and the

maximum mesh size is described as h = max1≤ι≤N hι. For a function υ, the left and

right limits at the node χι+1/2 are denoted as υ−ι+1/2 and υ+ι+1/2 respectively. The jump

operator of υ at the interface χι+1/2 is defined as [υ]ι+1/2 = υ+ι+1/2 − υ−ι+1/2.

Then the piecewise polynomial space Sh is defined as

Sh =
{

v | v ∈ Pn(Iι) for each ι = 1, 2, . . . , N
}

,

where Pn(Iι) denotes the space of polynomials of degree at most n on the subinter-

val Iι.
For simplicity, ‖ · ‖ and ‖ · ‖Hm denote the norms in L2(I) and the Sobolev space

Hm(I) := Hm,2(I) respectively, where Hm(I) denotes the space of all functions whose

weak derivatives up to order m belong to L2(I). Define Υ2([0, T ];L2) as the space of all

adapted processes υ : [0, T ] → L2(I) that are strongly continuous in L2(I) and satisfy

(E sup0≤τ≤T ‖υ(τ)‖2)1/2 <∞.

With the notations and concepts established, recall some fundamental tools from

stochastic analysis, including Itô’s formula and properties of martingales.

For continuous semimartingales X and Y , Itô’s formula yields the following equa-

tion:

XτYτ = X0Y0 +

∫ τ

0

Xs dYs +

∫ τ

0

Ys dXs + 〈X,Y 〉τ , τ ∈ [0, T ], (2.1)

where 〈X,Y 〉τ = 〈Y,X〉τ , and 〈X,Y 〉τ represents the quadratic covariation process.

Moreover, for any locally bounded adapted process H, the following equation for
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stochastic integrals and covariations holds:

〈∫ ·

0

Hs dXs, Y

〉

τ

=

∫ τ

0

Hs d〈X,Y 〉s. (2.2)

In particular, if Y is continuous and has bounded total variation, then

〈X,Y 〉τ = 0. (2.3)

Lemma 2.1 ([10]). Let H be an adapted process such that E((
∫ T
0
H2

s ds)
1/2) < ∞, then

the process
∫ τ
0
Hs dWs for τ in [0, T ] constitutes a martingale.

Next, assumptions on the nonlinear function and the properties of projection oper-

ators used in the subsequent error analysis are presented.

Assume that nonlinear functions f and σ in Eq. (1.1) are Lipschitz continuous and

satisfy the linear growth condition. The Lipschitz continuity and the linear growth

condition are described as follows:

• Lipschitz continuity: A nonlinear function ψ(u, v) is Lipschitz continuous; that

is, there exists a positive constant B1 such that, for any u1, u2, v1, v2 ∈ R,

|ψ(u1, v1)− ψ(u2, v2)|
2 ≤ B1

(

|u1 − u2|
2 + |v1 − v2|

2
)

. (2.4)

• Linear growth: A function ψ(u, v) satisfies a linear growth condition; that is,

there exists a positive constant B2 such that, for any u, v ∈ R,

|ψ(u, v)|2 ≤ B2

(

1 + |u|2 + |v|2
)

. (2.5)

Standard projection operator P, the local Gauss-Radau projection operators G and

R are defined on the polynomial space Sh and are introduced as follows. These projec-

tions satisfy the following orthogonality conditions for each subinterval Iι:

∫

Iι

(Pυ − υ) v dχ = 0, ∀v ∈ Pn(Iι), (2.6)

∫

Iι

(Gυ − υ) v dχ = 0, ∀v ∈ Pn−1(Iι) and Gυ(χ−

ι− 1

2

) = υ(χι− 1

2

),

∫

Iι

(Rυ − υ) v dχ = 0, ∀v ∈ Pn−1(Iι) and Rυ(χ+

ι− 1

2

) = υ(χι− 1

2

).

According to the results in [6], the projection operators satisfy the approximation prop-

erty

‖Pυ − υ‖+ ‖Gυ − υ‖+ ‖Rυ − υ‖ ≤ C‖υ‖Hn+1hn+1.

Based on the projection above, the following two lemmas provide essential tools for

the subsequent error analysis.
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Lemma 2.2 ([22]). Let u, v ∈ Sh be piecewise smooth functions satisfying the condition

in Eq. (1.2). For ι = 1, 2, . . . , N , define the bilinear form Ĵ±
ι by

Ĵ±
ι (u, v) := −

∫

Iι

uvχdχ+ u±
ι+ 1

2

v−
ι+ 1

2

− u±
ι− 1

2

v+
ι− 1

2

. (2.7)

Then the following properties hold:

N
∑

ι=1

(

Ĵ+
ι (u, v) + Ĵ−

ι (v, u)
)

= 0,

N
∑

ι=1

(

Ĵ+
ι (u, v) + Ĵ+

ι (v, u)
)

= −

N
∑

ι=1

[u]ι− 1

2

[v]ι− 1

2

,

N
∑

ι=1

(

Ĵ−
ι (u, v) + Ĵ−

ι (v, u)
)

=
N
∑

ι=1

[u]ι− 1

2

[v]ι− 1

2

,

N
∑

ι=1

Ĵ−
ι (u, u) =

1

2

N
∑

ι=1

[u]2
ι− 1

2

,

N
∑

ι=1

Ĵ+
ι (u, u) = −

1

2

N
∑

ι=1

[u]2
ι− 1

2

.

Lemma 2.3 ([22]). For all u ∈ Sh, functions Ĵ+
ι and Ĵ−

ι in (2.7) about local Gauss-

Radau projections G and R satisfy the following orthogonality conditions:

Ĵ−
ι (v − Gv, u) = 0, Ĵ+

ι (v − Rv, u) = 0.

3. LDG method

In this section, a general framework for the LDG method and the definition of nu-

merical fluxes which are used in the spatial discretization are presented.

The LDG method is applied to the stochastic nonlinear KdV equation by introducing

auxiliary variables q and p to rewrite Eq. (1.1) as the first-order system










q = υχ,

p = qχ,

dυ =
(

κpχ + αqχ + f (υ, q)
)

dτ + σ(υ, q)dWτ ,

(3.1)

subject to the initial condition

υ(χ, 0) = υ0(χ), χ ∈ [0,Γ].

To construct the LDG method, numerical fluxes are required at the cell interfaces to

ensure consistency and stability. We define the alternating numerical fluxes as

υ̂h = υ+h , q̂h = q−h , p̂h = p−h , (3.2)
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where υ+h denotes the right limit of υh at the interface, and q−h , p−h denote the left

limits of qh and ph, respectively. The alternating fluxes simplify both stability and error

analysis, as they naturally eliminate certain interface contributions in the subsequent

derivations.

To derive the discrete formulation, system (3.1) is multiplied by test functions zh,

wh and vh ∈ Sh, and is integrated over each subinterval Iι for ι = 1, 2, . . . , N . The

numerical solutions qh, ph, and υh which are taken to be piecewise polynomials in the

space Sh are designed to approximate the corresponding exact solutions q, p, and υ.

Consequently, by combining Eq. (2.7), the following weak formulation is derived:



































































∫

Γ

0

qhzhdχ =
N
∑

ι=1

Ĵ+
ι (υh, zh), (3.3a)

∫ Γ

0

phwhdχ =

N
∑

ι=1

Ĵ−
ι (qh, wh), (3.3b)

∫ Γ

0

vhdυhdχ = κ

N
∑

ι=1

Ĵ−
ι (ph, vh)dτ + α

N
∑

ι=1

Ĵ−
ι (qh, vh)dτ

+

∫

Γ

0

f(υh, qh)vhdχdτ +

∫

Γ

0

σ(υh, qh)vhdχdWτ . (3.3c)

The basis functions {φιk}
n
k=0

are chosen from the polynomial space Pn(Iι), and the

numerical solutions are represented as

υh =
N
∑

ι=1

n
∑

k=0

υk,ι(τ)φ
ι
k(χ),

qh =

N
∑

ι=1

n
∑

k=0

qk,ι(τ)φ
ι
k(χ),

ph =

N
∑

ι=1

n
∑

k=0

pk,ι(τ)φ
ι
k(χ).

(3.4)

4. Stability property

In this section, after presenting a covariation formula for stochastic integrals, we

analyze the stability of the proposed LDG method.

Lemma 4.1. For a continuous semimartingale Y and any vh ∈ Sh, the numerical solution

υh satisfies
∫ Γ

0

vh〈υh, Y 〉τdχ =

〈∫ ·

0

∫ Γ

0

σ (υh, qh) vhdχdWs, Y

〉

τ

.
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Proof. By integrating Eq. (3.3c) over the time interval [0, τ ], we obtain

∫ Γ

0

vh(χ)υh(χ, τ)dχ = H +

∫ τ

0

∫ Γ

0

σ(υh, qh)vh(χ)dχdWs,

where H is denoted as follows and belongs to the space of continuous functions with

bounded total variation:

H :=

∫ Γ

0

vh(χ)υh(χ, 0)dχ+ κ

∫ τ

0

N
∑

ι=1

Ĵ−
ι

(

ph, vh(χ)
)

ds

+ α

∫ τ

0

N
∑

ι=1

Ĵ−
ι

(

qh, vh(χ)
)

ds+

∫ τ

0

∫ Γ

0

f(υh, qh)vh(χ)dχds.

Since Y is a continuous semimartingale and Eq. (2.3) holds, it follows that

∫ Γ

0

vh〈υh, Y 〉τdχ =

〈
∫ Γ

0

vhυhdχ, Y

〉

τ

=

〈∫ ·

0

∫

Γ

0

σ(υh, qh)vhdχdWs, Y

〉

τ

. (4.1)

The proof is complete.

The following L2-stability theorem for the proposed LDG method is established

based on the results of Lemma 4.1.

Theorem 4.1. Assume that the initial condition satisfies υ0 ∈ L2, the nonlinearities

f(υh, qh) and σ(υh, qh) satisfy the linear growth condition (2.5) and the coefficient α
satisfies the condition α ≥ B2, the system (3.3) holds

sup
0≤τ≤T

E
(

‖υh(·, τ)‖
2
)

≤ C
(

1 + ‖υh(·, 0)‖
2
)

.

Proof. To facilitate stability analysis and eliminate interface contributions, the test

functions zh = κph, wh = −αυh and vh = υh are chosen in the weak formulations

(3.3), with the numerical fluxes defined in (3.2), which yields










































































κ

∫ Γ

0

qhphdχ = κ

N
∑

ι=1

Ĵ+
ι (υh, ph), (4.2a)

−α

∫ Γ

0

phυhdχ = −α

N
∑

ι=1

Ĵ−
ι (qh, υh), (4.2b)

∫ Γ

0

υhdυhdχ = κ
N
∑

ι=1

Ĵ−
ι (ph, υh)dτ + α

N
∑

ι=1

Ĵ−
ι (qh, υh)dτ

+

∫

Γ

0

f(υh, qh)υhdχdτ +

∫

Γ

0

σ(υh, qh)υhdχdWτ . (4.2c)
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After multiplying Eqs. (4.2a) and (4.2b) by dτ and summing them, and using the prop-

erties of Lemma 2.2, the following equation is obtained:
∫

Γ

0

υhdυhdχ = −κ

∫

Γ

0

qhphdχdτ + α

∫

Γ

0

phυhdχdτ

+

∫ Γ

0

f(υh, qh)υhdχdτ +

∫ Γ

0

σ(υh, qh)υhdχdWτ . (4.3)

According to the Itô’s formula (2.1), the integral equation of υh is expressed as
∫ Γ

0

υ2h(χ, τ)dχ =

∫ Γ

0

υ2h(χ, 0)dχ+ 2

∫ Γ

0

∫ τ

0

υhdυhdχ+

∫ Γ

0

〈υh, υh〉τdχ. (4.4)

After integrating (4.3) over time from [0, τ ] and substituting the result into (4.4), the

expectation is taken to yield

E
(

‖υh(·, τ)‖
2
)

= ‖υh(·, 0)‖
2 − 2κE

(∫ τ

0

∫

Γ

0

phqhdχds

)

+ 2αE

(
∫ τ

0

∫ Γ

0

phυhdχds

)

+ 2E

(
∫ τ

0

∫ Γ

0

f(υh, qh)υhdχds

)

+ 2E

(∫ τ

0

∫ Γ

0

σ(υh, qh)υhdχdWs

)

+ E

(∫ Γ

0

〈υh, υh〉τdχ

)

. (4.5)

According to the periodic boundary conditions, the second term in the right-hand of

(4.5) transforms into

E

(∫ τ

0

∫

Γ

0

qhqhχdχds

)

= 0.

Using integration by parts, the third term on the right-hand side of (4.5) becomes

E

(∫ τ

0

∫ Γ

0

phυhdχds

)

= −E

(∫ τ

0

∫ Γ

0

q2hdχds

)

.

Therefore, Eq. (4.5) follows that

E
(

‖υh(·, τ)‖
2
)

= ‖υh(·, 0)‖
2 − 2αE

(
∫ τ

0

∫ Γ

0

q2hdχds

)

+ T1(τ) + T2(τ) + T3(τ), (4.6)

where

T1(τ) = 2E

(
∫ τ

0

∫ Γ

0

f(υh, qh)υhdχds

)

,

T2(τ) = 2E

(∫ τ

0

∫ Γ

0

σ(υh, qh)υhdχdWs

)

,

T3(τ) = E

(∫

Γ

0

〈υh, υh〉τdχ

)

.

The terms T1(τ), T2(τ), and T3(τ) are estimated separately as follows:
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• The estimation of T1(τ). By applying the basic inequality and Eq. (2.5), the estimate

of T1(τ) holds

T1(τ) ≤ E

(∫ τ

0

∫

Γ

0

f2(υh, qh)dχds

)

+ E

(∫ τ

0

∫

Γ

0

υ2hdχds

)

≤ (B2 + 1)E

(
∫ τ

0

‖υh(·, s)‖
2ds

)

+B2E

(∫ τ

0

‖qh(·, s)‖
2ds

)

+B2ΓT, ∀τ ∈ [0, T ].

• The estimation of T2(τ). Based on the Cauchy-Schwarz inequality, the following

estimate is obtained as

E





(

∫ τ

0

(∫

Γ

0

σ(υh, qh)υhdχ

)2

ds

)
1

2





≤

(

E

(∫ τ

0

∫

Γ

0

B2

(

1 + |υh|
2 + |qh|

2
)

dχds

))

1

2
(

E

(∫ τ

0

‖υh(·, s)‖
2ds

))
1

2

<∞.

Since
∫ τ
0

∫ Γ

0
σ(υh, qh)υhdχdWs is a martingale as defined in Lemma 2.1, it follows

that T2(τ) = 0.

• The estimation of T3(τ). In the view of Lemma 4.1, it holds that

∫

Γ

0

〈υh, υh〉τdχ =

N
∑

ι=1

∫

Iι

〈

υh,

n
∑

k=0

υk,ι(s)φ
ι
k(χ)

〉

τ

dχ

=

N
∑

ι=1

n
∑

k=0

∫

Iι

φιk(χ)〈υh, υk,ι(s)〉τdχ

=

N
∑

ι=1

n
∑

k=0

〈
∫ ·

0

∫

Iι

σ(υh, qh)φ
ι
k(χ)dχdWs, υk,ι(s)

〉

τ

, (4.7)

where {φιk}
n
k=0

are the basis functions in (3.4). According to (2.2) and (2.6), Eq. (4.7)

leads to

∫ Γ

0

〈υh, υh〉τdχ =

N
∑

ι=1

n
∑

k=0

∫ τ

0

∫

Iι

σ(υh, qh)φ
ι
k(χ)dχd〈W,υk,ι(·)〉s

=
N
∑

ι=1

∫

Iι

∫ τ

0

n
∑

k=0

Pσ(υh, qh)φ
ι
k(χ)d〈W,υk,ι(·)〉sdχ

=

N
∑

ι=1

∫

Iι

∫ τ

0

Pσ(υh, qh)d

〈

W,

n
∑

k=0

υk,ι(·)φ
ι
k(χ)

〉

s

dχ
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=

∫

Γ

0

〈∫ ·

0

Pσ(υh, qh)dWs, υh

〉

τ

dχ. (4.8)

Because Pσ(υh, qh) ∈ Sh, for any s ∈ [0, T ], it holds that

Pσ(υh, qh) =
N
∑

ι=1

n
∑

k=0

σk,ι(s)φ
ι
k(χ).

By applying Eq. (2.2) twice and using Eq. (4.1), Eq. (4.8) derives

∫

Iι

〈υh, υh〉τdχ =

∫

Iι

〈

∫ ·

0

n
∑

k=0

σk,ι(s)φ
ι
k(χ)dWs, υh

〉

τ

dχ

=
n
∑

k=0

∫

Iι

φιk(χ)

〈

υh,

∫ ·

0

σk,ι(s)dWs

〉

τ

dχ

=
n
∑

k=0

〈
∫ ·

0

∫

Iι

σ(υh, qh)φ
ι
k(χ)dχdWs,

∫ ·

0

σk,ι(s)dWs

〉

τ

=
n
∑

k=0

∫ τ

0

∫

Iι

σ(υh, qh)φ
ι
k(χ)dχσk,ι(s)d〈W,W 〉s

=

∫ τ

0

∫

Iι

σ(υh, qh)
n
∑

k=0

σk,ι(s)φ
ι
k(χ)dχds

=

∫ τ

0

∫

Iι

σ(υh, qh)Pσ(υh, qh)dχds. (4.9)

Eq. (4.9) is obtained by applying the Cauchy-Schwarz inequality and summing over

ι from 1 to N as follows:
∫ Γ

0

〈υh, υh〉τdχ ≤

∫ τ

0

∫ Γ

0

σ2(υh, qh)dχds.

After taking expectations, the estimation of T3(τ) is

T3(τ) ≤ E

(∫ τ

0

∫ Γ

0

σ2(υh, qh)dχds

)

≤ B2E

∫ τ

0

‖υh(·, s)‖
2ds+B2E

∫ τ

0

‖qh(·, s)‖
2ds+ ΓB2τ.

Since the coefficient satisfies the condition α ≥ B2, Eq. (4.6) holds

E
(

‖υh(·, τ)‖
2
)

≤ ‖υh(·, 0)‖
2 + (2B2 − 2α)E

∫ τ

0

‖qh(·, s)‖
2ds

+ (1 + 2B2)E

∫ τ

0

‖υh(·, s)‖
2ds+ ΓB2T

≤ ‖υh(·, 0)‖
2 + C

∫ τ

0

E
(

‖υh(·, s)‖
2
)

ds+ C, ∀τ ∈ [0, T ].
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Using Gronwall’s inequality, it is expressed as

sup
0≤τ≤T

E
(

‖υh(·, τ)‖
2
)

≤ C
(

1 + ‖υh(·, 0)‖
2
)

,

which proofs the stability of the LDG method.

5. Error estimation

This section derives the optimal error estimates of the LDG method based on sup-

plementary error ana lysis results concerning υh, ph, qh, and υhτ . According to (3.1),

υ, p and q are taken as the exact solutions, while υh, ph and qh denote the correspond-

ing spatially semi-discrete numerical solutions. And the initial condition for υh(χ, 0) is

assumed to satisfy

Gp(χ, 0) = ph(χ, 0). (5.1)

An equivalent formulation of system (3.1) is expressed as















q = υχ,

p = qχ,

υτ =
(

κpχ + αqχ + f(υ, q)
)

+ σ(υ, q)
dWτ

dτ
.

(5.2)

The corresponding weak formulation of system (5.2) is described as



































































∫

Γ

0

qhzhdχ =
N
∑

ι=1

Ĵ+
ι (υh, zh), (5.3a)

∫ Γ

0

phwhdχ =

N
∑

ι=1

Ĵ−
ι (qh, wh), (5.3b)

∫ Γ

0

vhυhτdχ = κ

N
∑

ι=1

Ĵ−
ι (ph, vh) + α

N
∑

ι=1

Ĵ−
ι (qh, vh)

+

∫

Γ

0

f(υh, qh)vhdχ+

∫

Γ

0

σ(υh, qh)vhdχ
dWτ

dτ
. (5.3c)

By using the projection operators and the numerical fluxes, the total error eυ = υ − υh
is decomposed into an approximation error and a discrete error. Define

eυ := δυ − θυ, δυ := Rυ − υh, θυ := Rυ − υ,

and replace R with G, the definition of ep and eq can be given similarly. Throughout

this section, L2([0, T ];Hm) denotes the standard Bochner space, while Υ 2([0, T ];L2)
refers to the stochastic process space defined in Section 2, which guarantees strong

continuity in L2(I) and square-integrability in expectation. A detailed and significant

result on optimal error estimates is presented in the following theorem.
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Theorem 5.1. Suppose that the exact solution υ of Eq. (1.1) with periodic boundary con-

ditions (1.2) is sufficiently smooth and satisfies υ ∈ L2([0, T ];Hn+4) ∩ Υ 2([0, T ];L2) ∩
L∞(0, T ;Hn+1) with initial condition υ0 ∈ Hn+1, and assumption (5.1) holds. More-

over, the nonlinearities f(υ, q) and σ(υ, q) satisfy the Lipschitz condition (2.4). For suf-

ficiently small ǫ > 0, if the parameters κ and α satisfy κ > max{α, 2α2 + 4ǫ2} and

α ≥ max{B1, (2 + κ + 3α/2 + B1)ǫ
2}, the numerical solution obtained from the LDG

method (5.3) and (3.2) satisfies the following optimal error estimate:

E‖eυ(·, τ)‖
2 +

(κ

2
− α2 − 2ǫ2

)

E‖ep(·, τ)‖
2 + E‖∂τ eυ(·, τ)‖

2 +
1

4
E‖eq(·, τ)‖

2 ≤ Ch2n+2.

Proof. By replacing the numerical solutions qh, ph and υh in system (5.3) with the

exact solutions q, p and υ, and applying the numerical fluxes defined in (3.2), the

following error equations are obtained:










































































































∫ Γ

0

(q − qh)zhdχ =

N
∑

ι=1

Ĵ+
ι (υ − υh, zh), (5.4a)

∫

Γ

0

(p− ph)whdχ =

N
∑

ι=1

Ĵ−
ι (q − qh, wh), (5.4b)

∫

Γ

0

(υτ − υhτ )vhdχ

= κ

N
∑

ι=1

Ĵ−
ι (p− ph, vh) + α

N
∑

ι=1

Ĵ−
ι (q − qh, vh)

+

∫

Γ

0

(

f(υ, q)− f(υh, qh)
)

vhdχ

+

∫ Γ

0

(

σ(υ, q) − σ(υh, qh)
)

vhdχ
dWτ

dτ
. (5.4c)

Firstly, an estimate of expected squared norm E‖δυ(·, τ)‖
2 is introduced. The test

functions zh = κδp+αδq, wh = −κδq and vh = δυ are given, and system (5.4) simplifies

as














































































∫ Γ

0

(δq − θq)(κδp + αδq)dχ =

N
∑

ι=1

Ĵ+
ι (δυ − θυ, κδp + αδq),

−κ

∫

Γ

0

(δp − θp)δqdχ = −κ
N
∑

ι=1

Ĵ−
ι (δq − θq, δq),

∫ Γ

0

δυ(∂τ δυ − ∂τθυ)dχ

= κ

N
∑

ι=1

Ĵ−
ι (δp − θp, δυ) + α

N
∑

ι=1

Ĵ−
ι (δq − θq, δυ)

+

∫

Γ

0

(

f(υ, q)− f(υh, qh)
)

δυdχ+

∫

Γ

0

(

σ(υ, q) − σ(υh, qh)
)

δυdχ
dWτ

dτ
.

(5.5)
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Through multiplying Eqs. (5.5) by dτ , summing them and applying Lemma 2.2 as well

as Lemma 2.3, the following estimate is obtained:

α‖δq(·, τ)‖
2dτ − κ

∫ Γ

0

θqδpdχdτ − α

∫ Γ

0

θqδqdχdτ

+ κ

∫

Γ

0

θpδqdχdτ +

∫

Γ

0

δυdδυdχ−

∫

Γ

0

δυ∂τθυdχdτ

= −
κ

2

N
∑

ι=1

[δq]
2

ι− 1

2

dτ +

∫

Γ

0

(

f(υ, q)− f(υh, qh)
)

δυdχdτ

+

∫

Γ

0

(

σ(υ, q) − σ(υh, qh)
)

δυdχdWτ . (5.6)

According to (2.1), the Itô’s formula of δυ is computed as

‖δυ(·, τ)‖
2 = ‖δυ(·, 0)‖

2 + 2

∫

Γ

0

∫ τ

0

δυdδυdχ+

∫

Γ

0

〈δυ, δυ〉τdχ, (5.7)

where
∫ Γ

0

〈δυ , δυ〉τdχ =

∫ Γ

0

∫ τ

0

(

Rσ(υ, q)− σ(υh, qh)
)2
dsdχ

≤

(

1 +
1

η

)
∫ τ

0

(R− I)‖σ(υ, q)‖2ds

+ (1 + η)

∫ τ

0

‖σ(υ, q) − σ(υh, qh)‖
2ds

≤ Ch2n+2 + C

∫ τ

0

‖δυ(·, s)‖
2ds

+ C

∫ τ

0

‖δq(·, s)‖
2ds, ∀η > 0. (5.8)

After integrating Eq. (5.6) over the time interval [0, τ ], and substitute it into Eq. (5.7),

the expected value is taken analogously to the estimation of T2(τ), where the martin-

gale property of the stochastic integral is used to eliminate the stochastic term. There-

fore,

E‖δυ(·, τ)‖
2 + κ

N
∑

ι=1

E

∫ τ

0

[δq]
2

ι− 1

2

ds

≤ E‖δυ(·, 0)‖
2 − 2αE

∫ τ

0

‖δq(·, s)‖
2ds+ 2κE

∫ τ

0

∫ Γ

0

θqδpdχds

+ 2αE

∫ τ

0

∫ Γ

0

θqδqdχds− 2κE

∫ τ

0

∫ Γ

0

θpδqdχds+ 2E

∫ τ

0

∫ Γ

0

δυ∂sθυdχds

+ Ch2n+2 + CE

∫ τ

0

‖δυ(·, s)‖
2ds+ CE

∫ τ

0

‖δq(·, s)‖
2ds
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+ 2E

∫ τ

0

∫

Γ

0

(

f(υ, q)− f(υh, qh)
)

δυdχds

≤ E‖δυ(·, 0)‖
2 − 2αE

∫ τ

0

‖δq(·, s)‖
2ds+ CE

∫ τ

0

‖δp(·, s)‖
2ds+ Ch2n+2

+ CE

∫ τ

0

‖δq(·, s)‖
2ds+ CE

∫ τ

0

‖δυ(·, s)‖
2ds

+ 2B1E

∫ τ

0

∫ Γ

0

(

|δυ|+ |δq|+ |θυ|+ |θq|
)

δυdχds

≤ E‖δυ(·, 0)‖
2 + CE

∫ τ

0

‖δq(·, s)‖
2ds+ CE

∫ τ

0

‖δp(·, s)‖
2ds

+ CE

∫ τ

0

‖δυ(·, s)‖
2ds+ Ch2n+2. (5.9)

Then, to estimate the expected squared norm of δp, Eqs. (5.4a) and (5.4b) are

differentiated with respect to τ . By taking the test functions as zh = −∂τδυ, wh =
κδp + αδq and vh = ∂τδq, the resulting system becomes































































































−

∫ Γ

0

∂τ (δq − θq)∂τ δυdχ = −

N
∑

ι=1

Ĵ+
ι (∂τ δυ − ∂τθυ, ∂τ δυ),

∫ Γ

0

∂τ (δp − θp)(κδp + αδq)dχ =

N
∑

ι=1

Ĵ−
ι (∂τ δq − ∂τθq, κδp + αδq),

∫ Γ

0

∂τδq∂τ (δυ − θυ)dχ

= κ

N
∑

ι=1

Ĵ−
ι (δp − θp, ∂τ δq) + α

N
∑

ι=1

Ĵ−
ι (δq − θq, ∂τδq)

+

∫

Γ

0

(

f(υ, q)− f(υh, qh)
)

∂τδqdχ

+

∫ Γ

0

(

σ(υ, q) − σ(υh, qh)
)

∂τ δqdχ
dWτ

dτ
.

(5.10)

Before summing the system (5.10), multiply it by dτ , then

∫ Γ

0

∂τθq∂τδυdχdτ + κ

∫ Γ

0

δpdδpdχ+ α

∫ Γ

0

∂τδpδqdχdτ

− κ

∫

Γ

0

∂τθpδpdχdτ − α

∫

Γ

0

∂τθpδqdχdτ −

∫

Γ

0

∂τδq∂τθυdχdτ

=
1

2

N
∑

ι=1

[∂τδυ ]
2

ι− 1

2

dτ + κ

N
∑

ι=1

[δp]ι− 1

2

[∂τδq]ι− 1

2

dτ + α

N
∑

ι=1

[δq]ι− 1

2

[∂τ δq]ι− 1

2

dτ

+

∫

Γ

0

(

f(υ, q)− f(υh, qh)
)

∂τδqdχdτ
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+

∫

Γ

0

(

σ(υ, q) − σ(υh, qh)
)

∂τ δqdχdWτ . (5.11)

With the choice of test function wh = dδp, the difference between the projected and

numerical solution of Eq. (5.3b) is expressed as

∫

Γ

0

δpdδp =

N
∑

ι=1

Ĵ−
ι (δq,dδp),

which conforms to the definition of a bounded variation function. Consequently, the

norm of δp is described as

‖δp(·, τ)‖
2 = ‖δp(·, 0)‖

2 + 2

∫

Γ

0

∫ τ

0

δpdδpdχ. (5.12)

By combining Eqs. (5.11) with (5.12) and then taking the expectation, it obtains

κ

2
E‖δp(·, τ)‖

2 −
1

2
E

N
∑

ι=1

∫ τ

0

[∂sδυ]
2

ι− 1

2

ds

− κE
N
∑

ι=1

∫ τ

0

[δp]ι− 1

2

[∂sδq]ι− 1

2

ds− αE
N
∑

ι=1

∫ τ

0

[δq]ι− 1

2

[∂sδq]ι− 1

2

ds

=
κ

2
E‖δp(·, 0)‖

2 − E

∫ τ

0

∫ Γ

0

∂sθq∂sδυdχds− αE

∫ τ

0

∫ Γ

0

∂sδpδqdχds

+ κE

∫ τ

0

∫

Γ

0

∂sθpδpdχds+ αE

∫ τ

0

∫

Γ

0

∂sθpδqdχds

+ E

∫ τ

0

∫ Γ

0

∂sδq∂sθυdχds+ E

∫ τ

0

∫ Γ

0

(

f(υ, q)− f(υh, qh)
)

∂sδqdχds. (5.13)

Based on Eq. (5.1) and the use of the Cauchy-Schwarz and Young’s inequalities, the

third term on the right-hand side of Eq. (5.13) is estimated as

− αE

∫ τ

0

∫

Γ

0

∂sδpδqdχds

= αE

∫ τ

0

∫ Γ

0

δp∂sδqdχds− αE

∫ Γ

0

δpδq
∣

∣

τ

0
dχ

≤
αǫ2

2
E

∫ τ

0

‖∂sδq(·, s)‖
2ds+

α

2ǫ2
E

∫ τ

0

‖δp(·, s)‖
2ds

+ α2
E‖δp(·, τ)‖

2 +
1

4
E‖δq(·, τ)‖

2, ∀ǫ > 0.

The last term in Eq. (5.13) is estimated by using the Cauchy-Schwarz inequality and

condition (2.5), which yields

E

∫ τ

0

∫

Γ

0

(

f(υ, q)− f(υh, qh)
)

∂sδqdχds ≤
ǫ2

2
E

∫ τ

0

‖∂sδq(·, s)‖
2ds+ Ch2n+2
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+CE

∫ τ

0

‖δυ(·, s)‖
2ds+ CE

∫ τ

0

‖δq(·, s)‖
2ds.

Therefore, for sufficiently small ǫ > 0, Eq. (5.13) is computed as

κ

2
E‖δp(·, τ)‖

2 −
1

2
E

N
∑

ι=1

∫ τ

0

[∂sδυ]
2

ι− 1

2

ds

− κE
N
∑

ι=1

∫ τ

0

[δp]ι− 1

2

[∂sδq]ι− 1

2

ds− αE
N
∑

ι=1

∫ τ

0

[δq]ι− 1

2

[∂sδq]ι− 1

2

ds

≤
κ

2
E‖δp(·, 0)‖

2 + Ch2n+2 + CE

∫ τ

0

‖∂sδυ(·, s)‖
2ds+

αǫ2

2
E

∫ τ

0

‖∂sδq(·, s)‖
2ds

+ CE

∫ τ

0

‖δp(·, s)‖
2ds+ α2

E‖δp(·, τ)‖
2 +

1

4
E‖δq(·, τ)‖

2

+ CE

∫ τ

0

‖δq(·, s)‖
2ds+

ǫ2

2
E

∫ τ

0

‖∂sδq(·, s)‖
2ds

+
ǫ2

2
E

∫ τ

0

‖∂sδq(·, s)‖
2ds+ CE

∫ τ

0

‖δυ(·, s)‖
2ds

≤
κ

2
E ‖δp(·, 0)‖

2 + Ch2n+2 + CE

∫ τ

0

‖∂sδυ(·, s)‖
2ds

+
(α+ 2)ǫ2

2
E

∫ τ

0

‖∂sδq(·, s)‖
2ds+ CE

∫ τ

0

‖δp(·, s)‖
2ds+ α2

E‖δp(·, τ)‖
2

+
1

4
E‖δq(·, τ)‖

2 + CE

∫ τ

0

‖δq(·, s)‖
2ds+ CE

∫ τ

0

‖δυ(·, s)‖
2ds. (5.14)

Next, the estimation for expected squared norm of ∂τ δυ is introduced. By differ-

entiating Eqs. (5.4) with respect to time τ , and selecting the test functions as zh =
κ∂τ δp + α∂τ δq, wh = −κ∂τδq, and vh = ∂τδυ, it transforms into















































































































∫ Γ

0

(∂τδq − ∂τθq)(κ∂τ δp + α∂τ δq)d

=
N
∑

ι=1

Ĵ+
ι (∂τ δυ − ∂τθυ, κ∂τ δp + α∂τ δq),

−κ

∫ Γ

0

(∂τ δp − ∂τθp)∂τ δqdχ = −κ
N
∑

ι=1

Ĵ−
ι (∂τ δq − ∂τθq, ∂τδq),

∫ Γ

0

∂τδυ(∂ττ δυ − ∂ττθυ)dχ

= κ

N
∑

ι=1

Ĵ−
ι (∂τδp − ∂τθp, ∂τ δυ) + α

N
∑

ι=1

Ĵ−
ι (∂τ δq − ∂τθq, ∂τδυ)

+

∫ Γ

0

(

f(υ, q)τ − f(υh, qh)τ
)

∂τδυdχ

+

∫

Γ

0

(

σ(υ, q)τ − σ(υh, qh)τ
)

∂τ δυdχ
dWτ

dτ
.

(5.15)
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After summing all the terms in Eqs. (5.15) and multiplying by dτ , it becomes

α‖∂τ δq(·, τ)‖
2dτ − κ

∫ Γ

0

∂τθq∂τδpdχdτ − α

∫ Γ

0

∂τθq∂τ δqdχdτ

+ κ

∫ Γ

0

∂τθp∂τδqdχdτ +

∫ Γ

0

∂τδυd∂τδυdχ−

∫ Γ

0

∂τ δυ∂ττθυdχdτ

= −
κ

2

N
∑

ι=1

[∂τδq]
2

ι− 1

2

dτ +

∫ Γ

0

(

f(υ, q)τ − f(υh, qh)τ
)

∂τ δυdχdτ

+

∫ Γ

0

(

σ(υ, q)τ − σ(υh, qh)τ
)

∂τ δυdχdWτ . (5.16)

Based on Eq. (2.1), the Itô’s formula for function ∂τδυ implies

‖∂τ δυ(·, τ)‖
2 = ‖∂τ δυ(·, 0)‖

2 + 2

∫

Γ

0

∫ τ

0

∂sδυd∂sδυdχ

+

∫ Γ

0

〈∂sδυ, ∂sδυ〉τdχ. (5.17)

Being similar to the computation of Eq. (5.8), the last term of Eq. (5.17) satisfies that
∫ Γ

0

〈∂sδυ, ∂sδυ〉τdχ ≤ Ch2n+2 + C

∫ τ

0

‖∂sδυ(·, s)‖
2ds

+ (1 + η)3B1

∫ τ

0

‖∂sδq(·, s)‖
2ds, (5.18)

where we set η = (α/B1)
1/3−1 > 0 under the assumption α > B1. By the combination

of Eq. (5.16) with (5.18), and the expectation of Eq. (5.17), it follows that

E‖∂τ δυ(·, τ)‖
2 + κE

N
∑

ι=1

∫ τ

0

[∂sδq]
2

ι− 1

2

ds+ 2αE

∫ τ

0

‖∂sδq(·, s)‖
2ds

≤ E‖∂τ δυ(·, 0)‖
2 + 2κE

∫ τ

0

∫ Γ

0

∂sθq∂sδpdχds+ 2αE

∫ τ

0

∫ Γ

0

∂sθq∂sδqdχds

− 2κE

∫ τ

0

∫

Γ

0

∂sθp∂sδqdχds+ 2E

∫ τ

0

∫

Γ

0

∂sδυ∂ssθυdχds

+ 2E

∫ τ

0

∫ Γ

0

(

f(υ, q)s − f(υh, qh)s
)

∂sδυdχds+ Ch2n+2

+ CE

∫ τ

0

‖∂sδυ(·, s)‖
2ds+ αE

∫ τ

0

‖∂sδq(·, s)‖
2ds, (5.19)

where in the view of (5.1) it follows that

2κE

∫ τ

0

∫ Γ

0

∂sθq∂sδpdχds

= −2κE

∫ τ

0

∫ Γ

0

∂ssθqδpdχds+ 2κE

∫ Γ

0

∂sθqδp
∣

∣

τ

0
dχ
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≤ Ch2n+2 + CE

∫ τ

0

‖δp(·, s)‖
2ds+ CE‖∂sθq(·, τ)‖

2 + 2ǫ2E‖δp(·, τ)‖
2,

and the estimate of the sixth term on the right-hand side is as follows:

E

∫ τ

0

∫

Γ

0

(

f(υ, q)s − f(υh, qh)s
)

∂sδυdχds

≤ Ch2n+2 + CE

∫ τ

0

‖∂sδυ(·, s)‖
2ds+

B1ǫ
2

2
E

∫ τ

0

‖∂sδq(·, s)‖
2ds, ∀ǫ > 0.

Therefore, Eq. (5.19) is computed as

E‖∂τδυ(·, τ)‖
2 + κE

N
∑

ι=1

∫ τ

0

[∂sδq]
2

ι− 1

2

ds

+ 2αE

∫ τ

0

‖∂sδq(·, s)‖
2ds− 2ǫ2E‖δp(·, τ)‖

2

≤ E‖∂τ δυ(·, 0)‖
2 + CE

∫ τ

0

‖δp(·, s)‖
2ds

+ (κ+ α)ǫ2E

∫ τ

0

‖∂sδq(·, s)‖
2ds+ CE

∫ τ

0

‖∂sδυ(·, s)‖
2ds

+ (B1ǫ
2 + α)E

∫ τ

0

‖∂sδq(·, s)‖
2ds+ Ch2n+2. (5.20)

Furthermore, we estimate the expected squared norm of δq. By differentiating

Eq. (5.4a) with respect to τ and applying the test functions zh = δq, wh = ∂τδυ and

vh = 0, it holds























∫ Γ

0

(∂τ δq − ∂τθq)δqdχ =

N
∑

ι=1

Ĵ+
ι (∂τ δυ − ∂τθυ, δq),

∫ Γ

0

(δp − θp)∂τ δυdχ =
N
∑

ι=1

Ĵ−
ι (δq − θq, ∂τ δυ).

(5.21)

Eqs. (5.21) are summed and then multiplied by dτ , which yields

∫

Γ

0

δqdδqdχ =

∫

Γ

0

∂τθqδqdχdτ −

∫

Γ

0

δp∂τδυdχdτ +

∫

Γ

0

θp∂τ δυdχdτ. (5.22)

With the choice of test function zh = dδq, the difference between the projected and

numerical solution of Eq. (5.3a) is expressed as

∫ Γ

0

δqdδqdχ =
N
∑

ι=1

Ĵ+
ι (δυ,dδq),
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which satisfies the definition of a bounded variation function. Therefore, the norm of

δq holds

‖δq(·, τ)‖
2 = ‖δq(·, 0)‖

2 + 2

∫

Γ

0

∫ τ

0

δqdδqdχ. (5.23)

From Eq. (5.22) and the expectation of Eq. (5.23), the following equation is obtained:

1

2
E‖δq(·, τ)‖

2 =
1

2
E‖δq(·, 0)‖

2 + E

∫ τ

0

∫ Γ

0

∂sθqδqdχds

− E

∫ τ

0

∫ Γ

0

δp∂sδυdχds+ E

∫ τ

0

∫ Γ

0

θp∂sδυdχds

≤
1

2
E‖δq(·, 0)‖

2 + Ch2n+2 + CE

∫ τ

0

‖δq(·, s)‖
2ds

+ CE

∫ τ

0

‖δp(·, s)‖
2ds+CE

∫ τ

0

‖∂sδυ(·, s)‖
2ds. (5.24)

Finally, Eq. (5.4a) is differentiated with respect to time τ , and the test functions are

chosen as zh = ∂τδυ, wh = αδp, and vh = −δp, leading to















































































∫ Γ

0

(∂τ δq − ∂τθq)∂τδυdχ =
N
∑

ι=1

Ĵ+
ι (∂τ δυ − ∂τθυ, ∂τ δυ),

α

∫ Γ

0

(δp − θp)δpdχ = α

N
∑

ι=1

Ĵ−
ι (δq − θq, δp),

−

∫

Γ

0

δp(∂τ δυ − ∂τθυ)dχ

= −κ

N
∑

ι=1

Ĵ−
ι (δp − θp, δp)− α

N
∑

ι=1

Ĵ−
ι (δq − θq, δp)

−

∫ Γ

0

(

f(υ, q)− f(υh, qh)
)

δpdχ−

∫ Γ

0

(

σ(υ, q) − σ(υh, qh)
)

δpdχ
dWτ

dτ
.

(5.25)

After summing Eqs. (5.25) and multiplying by dτ , we apply Lemmas 2.2 and 2.3, which

leads to

1

2

N
∑

ι=1

[∂τδυ]
2

ι− 1

2

dτ +
κ

2

N
∑

ι=1

[δp]
2

ι− 1

2

dτ

= −

∫ Γ

0

(∂τ δq − ∂τθq)∂τ δυdχdτ − α

∫ Γ

0

δpδpdχdτ + α

∫ Γ

0

θpδpdχdτ

+

∫ Γ

0

δp(∂τ δυ − ∂τθυ)dχdτ −

∫ Γ

0

(

f(υ, q)− f(υh, qh)
)

δpdχdτ

−

∫ Γ

0

(

σ(υ, q)− σ(υh, qh)
)

δpdχdWτ .
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After applying the time integration and taking the expectation, it follows that

1

2
E

N
∑

ι=1

∫ τ

0

[∂sδυ]
2

ι− 1

2

ds+
κ

2
E

N
∑

ι=1

∫ τ

0

[δp]
2

ι− 1

2

ds

= −E

∫ τ

0

∫ Γ

0

(∂sδq − ∂sθq)∂sδυdχds− αE

∫ τ

0

‖δp(·, s)‖
2ds+ αE

∫ τ

0

∫ Γ

0

θpδpdχds

+ E

∫ τ

0

∫ Γ

0

δp(∂sδυ − ∂sθυ)dχds− E

∫ τ

0

∫ Γ

0

(

f(υ, q)− f(υh, qh)
)

δpdχds

≤ Ch2n+2 + ǫ2E

∫ τ

0

‖∂sδq(·, s)‖
2ds+ CE

∫ τ

0

‖∂sδυ(·, s)‖
2ds

+ CE

∫ τ

0

‖δp(·, s)‖
2ds+ CE

∫ τ

0

‖δq(·, s)‖
2ds+ CE

∫ τ

0

‖δυ(·, s)‖
2ds. (5.26)

By summing Eqs. (5.9), (5.14), (5.20), (5.24) and (5.26), the following estimate is

obtained:

E‖δυ(·, τ)‖
2 +

(κ

2
− α2 − 2ǫ2

)

E‖δp(·, τ)‖
2 + E‖∂τδυ(·, τ)‖

2 +
1

4
E‖δq(·, τ)‖

2

+

(

α− 2ǫ2 − κǫ2 −
3αǫ2

2
−B1ǫ

2

)

E

∫ τ

0

‖∂sδq(·, s)‖
2ds+ κE

N
∑

ι=1

∫ τ

0

[δq]
2

ι− 1

2

ds

− κE

N
∑

ι=1

∫ τ

0

[δp]ι− 1

2

[∂sδq]ι− 1

2

ds− αE

N
∑

ι=1

∫ τ

0

[δq]ι− 1

2

[∂sδq]ι− 1

2

ds

+ κE

N
∑

ι=1

∫ τ

0

[∂sδq]
2

ι− 1

2

ds+
κ

2
E

N
∑

ι=1

∫ τ

0

[δp]
2

ι− 1

2

ds

≤ E‖δυ(·, 0)‖
2 +

κ

2
E‖δp(·, 0)‖

2 + E‖∂τ δυ(·, 0)‖
2 +

1

2
E‖δq(·, 0)‖

2 + Ch2n+2

+ CE

∫ τ

0

‖δq(·, s)‖
2ds+ CE

∫ τ

0

‖δp(·, s)‖
2ds+ CE

∫ τ

0

‖δυ(·, s)‖
2ds

+ CE

∫ τ

0

‖∂sδυ(·, s)‖
2ds, ∀ǫ > 0. (5.27)

From the Cauchy-Schwartz inequality and the condition κ ≥ α, the estimation of the

jump operators in (5.27) is

κE

N
∑

ι=1

∫ τ

0

[δq]
2

ι− 1

2

ds− κE

N
∑

ι=1

∫ τ

0

[δp]ι− 1

2

[∂sδq]ι− 1

2

ds

− αE

N
∑

ι=1

∫ τ

0

[δq]ι− 1

2

[∂sδq]ι− 1

2

ds+ κE

N
∑

ι=1

∫ τ

0

[∂sδq]
2

ι− 1

2

ds+
κ

2
E

N
∑

ι=1

∫ τ

0

[δp]
2

ι− 1

2

ds

≥ κE
N
∑

ι=1

∫ τ

0

[δq]
2

ι− 1

2

ds−
κ

2
E

N
∑

ι=1

∫ τ

0

[δp]
2

ι− 1

2

ds−
κ

2
E

N
∑

ι=1

∫ τ

0

[∂sδq]
2

ι− 1

2

ds
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−
α

2
E

N
∑

ι=1

∫ τ

0

[δq]
2

ι− 1

2

ds−
α

2
E

N
∑

ι=1

∫ τ

0

[∂sδq]
2

ι− 1

2

ds

+ κE

N
∑

ι=1

∫ τ

0

[∂sδq]
2

ι− 1

2

ds+
κ

2
E

N
∑

ι=1

∫ τ

0

[δp]
2

ι− 1

2

ds

=
(

κ−
α

2

)

E

N
∑

ι=1

∫ τ

0

[δq]
2

ι− 1

2

ds+
κ− α

2
E

N
∑

ι=1

∫ τ

0

[∂sδq]
2

ι− 1

2

ds ≥ 0.

According to Gronwall’s inequality and α ≥ (2+κ+3α/2+B1)ǫ
2, Eq. (5.27) simplifies

as

E‖δυ(·, τ)‖
2 +

(κ

2
− α2 − 2ǫ2

)

E‖δp(·, τ)‖
2

+ E‖∂τδυ(·, τ)‖
2 +

1

4
E‖δq(·, τ)‖

2 ≤ Ch2n+2. (5.28)

By using the projection properties, the projection errors also obtain

E‖θυ(·, τ)‖
2 +

(κ

2
− α2 − 2ǫ2

)

E‖θp(·, τ)‖
2

+ E‖∂τθυ(·, τ)‖
2 +

1

4
E‖θq(·, τ)‖

2 ≤ Ch2n+2. (5.29)

By combining Eq. (5.28) with Eq. (5.29), the desired estimate is obtained, which com-

pletes the proof.

6. Numerical experiments

This section presents two numerical examples of stochastic linear and nonlinear

KdV equations to demonstrate the efficiency and optimal error estimates of the pro-

posed LDG method.

The total error is separated as follows, where the first term on the right-hand side

represents the spatial error, and the second term corresponds to the temporal error

‖υ(·, τm)− υmh ‖ ≤ ‖υ(·, τm)− υh(·, τm)‖+ ‖υh(τm)− υmh ‖.

Time discretization is carried out by using the implicit midpoint method for the matrix-

form stochastic ordinary differential equation obtained by the spatial semi-discretiza-

tion of the SPDE with the LDG method

Y m+1

h (τ +∆τ) = Y m(τ) + ∆τF
(

τm+
1

2

, Y m+
1

2 (τ)
)

+∆WmG
(

τm+
1

2

, Y m+
1

2 (τ)
)

,

where ∆τ represents time size, then M = T/∆τ represents the number of time points.
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In these numerical experiments, a specific realization of the Gaussian-Legendre ba-

sis functions in Eq. (3.4) is adopted on χ ∈ Iι, with the expressions for k = 0, 1, 2
providing as follows:

φι0(χ) = 1, φι1(χ) =
χ− χι

h
, φι2(χ) =

(χ− χι)
2

h2
−

1

12
.

Example 6.1. The stochastic linear KdV equation under consideration is










dυ = (κυχχχ + αυχχ + βυχ + γυ)dτ

+(aυ + bυχ)dWτ , (χ, τ) ∈ [0,Γ]× [0, T ],

υ(χ, 0) = sin(χ), χ ∈ [0,Γ],

(6.1)

where Γ = 2π, T = 100. Although this work pay less attention on preserving structure

properties to some extend, the following parameter relations introduced in [17] are

adopted, under which energy conservation in the expected sense was demonstrated

α =
1

2
b2, γ = −

1

2
a2, β = −ab.

Taking κ = 0.5, and the noise coefficients a = 0.01 and b = 0.01, the remaining

parameters are determined accordingly. The above parameters satisfy the theoretical

constraints in Theorem 5.1, ensuring consistency between the theoretical assumptions

and simulations. Then the LDG method is applied to solve Eq. (6.1) with polynomial

degrees n = 1 and n = 2, by using a time step size ∆τ = 1/125 and spatial step size

h = π/40.

Figs. 1 and 2 present the phase diagrams and the evolution of energy error over

time for the cases n = 1 and n = 2 respectively. In particular, the thick blue line in

Fig. 1(b) illustrates the evolution of the average energy error, defined as

Herror = E
(

‖υh(·, τ)‖
2
)

− ‖υh(·, 0)‖
2,

computed over 103 sample paths of Brownian motion.

(a) Phase space trajectory (b) Evolution of energy norm error

Figure 1: Phase trajectory and energy error obtained by the LDG method for Eq. (6.1) with n = 1, h = π/40,
∆τ = 1/125.
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(a) Phase space trajectory (b) Evolution of energy norm error

Figure 2: Phase trajectory and energy error obtained by the LDG method for Eq. (6.1) with n = 2, h = π/40,
∆τ = 1/125.

From Figs. 1 and 2, it is observed that the numerical solution preserves a nearly con-

stant average energy over time, indicating that the numerical method (3.3) preserves

the energy in the expected sense.

In Table 1, the L2 errors for spatial discretizations with mesh sizes π/20, π/40,

π/80 and π/160 are listed, where the numerical solution computed with h = π/320
serves as the reference. From Table 1, numerical results are presented for the L2 errors

and corresponding convergence orders for polynomial degrees n = 1 and n = 2 at

different final times T = 0.25, 0.5, and 1. In all cases, the numerical method achieves

the expected convergence rates that second order is for n = 1 and third order is for

n = 2, demonstrating the optimal performance of the LDG method across different

time horizons.

Table 1: Mean-square convergence rates of the LDG method for Eq. (6.1).

n = 1 n = 2

T N L2 error order L2 error order

T = 0.25

20 8.4240E-04 / 2.2183E-05 /

40 1.8511E-04 2.1861 2.7343E-06 3.0202

80 4.6053E-05 2.0070 3.4176E-07 3.0001

160 1.1154E-05 2.0458 4.2433E-08 3.0097

T = 0.5

20 9.8217E-04 / 2.3769E-05 /

40 1.9279E-04 2.3490 2.8224E-06 3.0741

80 4.7731E-05 2.0140 3.5256E-07 3.0010

160 1.1521E-05 2.0506 4.3890E-08 3.0059

T = 1

20 1.1234E-03 / 3.0204E-05 /

40 2.1530E-04 2.3835 3.1520E-06 3.2604

80 5.3495E-05 2.0089 3.9200E-07 3.0074

160 1.2814E-05 2.0617 4.9146E-08 2.9957
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Figure 3: Mean-square convergence curve of LDG method for different T with n = 1.
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Figure 4: Mean-square convergence curve of LDG method for different T with n = 2.

In Figs. 3 and 4, the mean-square convergence curves of the LDG method for differ-

ent final times T are displayed, corresponding to polynomial degrees n = 1 and n = 2
respectively. From Figs. 3 and 4, it is observed that LDG method achieves expected

(n+ 1) order accuracy, which is consistent with Theorem 5.1.

Example 6.2. Considering stochastic nonlinear KdV equation











dυ = (κυχχχ + αυχχ + β sin υ + γυ)dτ

+(aυ + bυχ)dWτ , (χ, τ) ∈ (0,Γ) × [0, T ],

υ0(χ) = sin(χ), χ ∈ (0,Γ),

(6.2)

where Γ = 2π, the parameters for (6.2) are selected to be the same as in Example 6.1,

which also satisfy the theoretical constraints in Theorem 5.1.

In Table 2, the L2 errors for spatial discretizations with mesh sizes π/20, π/40, π/80
and π/160 are presented, where the numerical solution computed with h = π/320
serves as the reference. Table 2 confirms that the LDG method achieves optimal con-

vergence rates for various final times: second order when n = 1 and third order when

n = 2.

In Figs. 5 and 6, the mean-square convergence curves of the LDG method are dis-

played for different final times T , with polynomial degrees n = 1 and n = 2 respec-

tively. From Figs. 5 and 6, LDG method also has (n + 1) order convergence, which

complies with Theorem 5.1.
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Figure 5: Mean-square convergence curve of LDG method for different T with n = 1.
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Figure 6: Mean-square convergence curve of LDG method for different T with n = 2.

Table 2: Mean-square convergence rates of the LDG method for Eq. (6.2).

n = 1 n = 2

T N L2 error order L2 error order

T = 0.25

20 1.8818E-03 / 2.2192E-05 /

40 4.1362E-04 2.1857 2.7363E-06 3.0197

80 1.0292E-04 2.0068 3.4291E-07 2.9963

160 2.4927E-05 2.0457 4.3121E-08 2.9914

T = 0.5

20 2.1929E-03 / 2.3771E-05 /

40 4.3065E-04 2.3483 2.8253E-06 3.0727

80 1.0667E-04 2.0134 3.5608E-07 2.9882

160 2.5752E-05 2.0503 4.6134E-08 2.9483

T = 1

20 2.5156E-03 / 3.0214E-05 /

40 4.8207E-04 2.3836 3.1612E-06 3.2567

80 1.1978E-04 2.0089 4.0227E-07 2.9743

160 2.8710E-05 2.0608 5.5091E-08 2.8683

7. Conclusions

This work develops a spatially semi-discrete LDG method for solving the stochastic

nonlinear KdV equation. The proposed method is shown to be L2-stable, and its optimal

mean-square convergence rate of order n+1 is established. By incorporating an implicit
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midpoint method for time integration, we conduct a series of numerical experiments

whose results confirm both the accuracy of the method and its consistency with the

error estimates. This framework provides a reliable tool for solving high-order SPDEs,

and the flexibility of the LDG method contributes to potential extensions to broader

classes of stochastic systems.
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