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Abstract. Sampling is a major computational bottleneck in stochastic algorithms.
This paper proposes a stochastic projection contraction algorithm for stochastic vari-
ational inequality problems, significantly reducing runtime by eliminating resam-
pling in the correction step. We introduce an adjustable offset weight to optimize
search direction, along with different adaptive step size strategies in prediction and
correction steps. We further present discrete differential equation interpretations
for specific offset weight values. To address bias due to the absence of resampling
in the correction step, we develop an error control scheme and provide convergence
guarantees. Numerical experiments demonstrate the algorithm’s efficiency.
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1. Introduction

Define a probability space (X,FF,P) and a support set = of £&. € : X — = is a ran-
dom variable with distribution P, where P := P o ¢! is the probability measure on
= induced by £&. We use E to represent the expectation with respect to the probabil-
ity measure P. The stochastic variational inequality (SVI) problem considered in this
paper is constructed as

(x =2, F(z%)) 20, Vre, (1.1)

where F(z*) = E¢[T'(z*, )], @ C R™ is a non-empty closed convex set, and z* € ()
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is a solution of this SVI. Numerous stochastic problems, including stochastic differen-
tiable optimization problems, stochastic complementarity problems, stochastic saddle
point problems, stochastic equilibrium problems, and stochastic system of equations
problems can all be formulated as SVI problems [4,9,10,13,22-24,30]. Therefore, it
is of great significance to study efficient numerical algorithms for SVI problems.

Stochastic approximation (SA) methods [14,15,25] are highly effective for solving
the SVI problems. Unlike the sample average approximation (SAA) methods [28, 31],
which approximate the expectation operator F'(z) using large batches of external of-
fline samples (sz\i 1 T'(z,&))/N, SA methods employ internal online stochastic opera-
tors f(mk, ¢F) at each iteration to approximate F'(z*). This approach often significantly
reduces computational costs compared to SAA. The earliest SA method is stochastic
gradient descent algorithm, proposed by Robbins and Monro [27] for solving stochas-
tic equation systems. Subsequently, efficient SA methods for the SVI problems, such
as the stochastic projected gradient (SPG) algorithm [17], stochastic Tikhonov regu-
larization algorithm [18], stochastic extra-gradient (SEG) algorithm [14,15,19], and
stochastic extra-point (SEP) algorithm [13], just to name a few, have been studied.

SEG algorithm has attracted widespread attention due to its great numerical per-
formance and relatively weak assumptions on the problem. However, each iteration
of SEG requires computing two projections, which significantly increases the computa-
tional cost for problems where projection operations are expensive. To overcome this
drawback, Bot et al. [3] proposed the stochastic forward-backward-forward (SFBF) al-
gorithm, whose iteration format can be written as

prediction :
1
=TI (mk — hp— ZT(:U’““,&?)) ,
. = (1.2)
correction :

karl:xk_(xk_Z — <NkZT 7§z ZT 7772 ))

where II(z) denotes the projection of = on the constraint set (2, i.e.,
I(z) := argmin, cq ly — xH2

However, both SEG algorithm and SFBF algorithm (1.2) require two independent sam-
ples per iteration. While this two-sample approach ensures that all the stochastic oper-
ators in the iteration remain unbiased estimators of the expected operator—a property
that greatly simplifies theoretical analysis—the sampling process in stochastic algo-
rithms is computationally expensive, making this approach particularly time-consum-
ing. To reduce the time cost, we propose using only a single sample per iteration, which
introduces substantial challenges in the theoretical analysis of the algorithm.

Huang and Zhang [13] demonstrate that incorporating search directions beyond
simple gradient information, such as using optimism gradient [7] or extra-gradient,
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is indeed important in practical numerical experiments. Their proposed SEP algo-
rithm outperforms many stochastic first-order methods by employing a broader spec-
trum of search directions. In (1.2), at the current iteration point z* the search direc-
tion is 2* — 2F — hp (N T'(2 ,§k))/N (>N T (2%, nF))/Ny.). This direction uses
—hk((zN’“ T(z*,€8)/Ny,) — Zﬁl T(z*,1%))/Ni) as an offset of direction 2% — 2*. As-
signing an appropriate weight to this offset can yield a favorable search direction, and
this paper will investigate this weight. Recent research has revealed deep connections
between optimization problem and ordinary differential equation (ODE) [1,6,8,26,29,
32]. Through analysis of ODE discretization schemes, we explain that offset weight
near 1/2 achieve superior approximation accuracy. In practical computations, the op-
timal value of the offset weight depend on different function classes, and here we will
also provide a random selection method for the weight to allow the use of different
search directions.

Securing an appropriate step size is equally crucial after obtaining a high-quality
search direction [5,11]. For example, when using the same SEG algorithm, the adaptive
step size in [15] demonstrates significantly better numerical performance compared to
the constant step size in [14]. What is more, when the correction step uses an adaptive
step size different from that of the prediction step, the numerical performance is further
significantly improved [19]. Thus, we consider use different adaptive step sizes in
prediction and correction step.

The main contributions of this paper are as follows:

1. For the SVI problems, we propose a stochastic projection contraction algorithm
that requires only one projection and one sample per single-step iteration. To ad-
dress the biased estimation of the expectation operator caused by omitting resam-
pling in the correction step, we develop a comprehensive error control scheme
with rigorous convergence guarantees.

2. The algorithm determines search ranges and optimal search directions by tun-
ing the offset weight, with several special cases of this weight receiving inter-
pretation through differential equation discretization. Through specific weight
assignments, we naturally derived randomized versions of two deterministic al-
gorithms. The prediction and correction steps use different adaptive step size
strategies to further enhance algorithmic efficiency.

3. We demonstrate the superiority of our algorithm through two numerical experi-
ments, and the results indicate that the numerical performance is generally better
when the offset weight is around 1/2. This also supports our explanation from
the ODE perspective.

The rest of this paper is arranged as follows. Section 2 consists of two subsections.
Subsection 2.1 is some basic notations and properties. Subsection 2.2 provides a the-
oretical explanation of some special offset weights. Section 3 presents the stochastic
improved projection contraction algorithm to solve the SVI problem. The proof of its
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convergence is also given. Section 4 gives a numerical experiment to show the superi-
ority of the proposed algorithm. Section 5 is the conclusion.

2. Preliminaries

2.1. Basic notions and properties

We give some basic notions, definitions, and properties in this subsection that are
useful in the subsequent paper.

For vectors =,y € R", (z,y) is the standard inner product. ||z| = \/(z,z) is the
Euclidean norm. Given a random variable ¢ and a o-algebra F, we denote E[{] as the
expectation of &, E[¢| F] as expectation of £ conditional to F. For ¢ > 1, [£|, := V/E[|£|9]
is the £, norm of {£. We denote o (&1, - - - , &) as the o-algebra generated by the random
variables {&;}F_,. We denote “¢ € F” if ¢ is F-measurable, “a.s.” for “almost surely”.
Given m € R, [m] denotes the smallest integer greater than or equal to m.

Let H : R™ — R" be a single-valued operator. H is called monotone, if

(x—y,H(z) - H(y)) 20, Va,yeR"
H is called L-Lipschitz continuous, if
[H(z) = H(y)|| < Lllz —yll, Vz,yeR"
H is called o-cocoercive with o > 0, if
(¢ —y,H(z) = H(y)) > o|H(z) - H{y)|I, Va,y eR"

From these definitions, it implies that if H is o-cocoercive, then H is monotone and
1/o-Lipschitz continuous.

Let A : R® — 28" be a set-valued operator from R” to R". Its graph is defined as
graAd = {(z,u) € R" x R" : u € Ax}. A is called monotone if (x — y,u —v) > 0,
V(z,u), (y,v) € graA. A is called maximal monotone if there exists no monotone oper-
ator B such that graB properly contains graA. Let f : R™ — R be a convex function.
The subdifferential of f is the set-valued operator

Of(x) ={ueR": f(y) > f(z)+ (y — x,u),Vy e R"}, VzeR"

Let Q C R™ be a closed convex set. The indicator function on the set (Q is defined as

0, x€9,
Ta(e) := {oo x ¢

Then, Iq(z) is a closed convex function. The set

{d|(y—2)Td<0,vy e Q}, z€Q,

Na(z) = {@, x ¢
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is called the normal cone to 2 at z. As is well known, N, is the subdifferential operator
of the indicator function I, and N is maximal monotone. For any constant ¢ > 0,
dom(I+cNq)~t = R", and (I +cNq) ! is singled-valued. Furthermore, (I+cNg) ()
= II(z), Vo € R".

For the SVI problem (1.1), we define the error function

e(z,h) = [l — I(z — hF(z))],
where h > 0. The following properties are well known.

Lemma 2.1 ([14, Lemma 2.1]). Let Q C R"™ be a non-empty closed convex set. The
following conclusions hold:

(i) For all z,y € R™,|[II(z) — I(y)|| < ||z — y]|.

(ii)) Denote SOL(S), F') as the solution set of SVI(Y, F'). Then, for all h > 0, SOL(2, F)
{z € R" : e(x,h) = 0}.

(iii)) Given x € R", II(z) is the unique point that satisfies (x — Il(x),y — II(z)) < 0,
Yy € Q.

Lemma 2.2 ([9, Proposition 10.3.6]). For fixed x € R", e(x,h) is non-decreasing on
h € (0,00), while the function e(x, h)/h is non-increasing on h € (0, c0).

The following supermartingale convergence theorem is significant for the conver-
gence analysis of our algorithm, and can be found in [2, 14,15, 23].

Lemma 2.3 ([2, Proposition 8.2.10]). Let {y*}, {u"*}, {a*}, {b*} be sequences of nonneg-
ative integrable random variables, and let F* k = 0,1,2,... be sets of random variables
such that F* c F*+1 for all k. Assume that:

() y* u¥, aF, b* are random variables in F*.
(ii) For each k, E[y*+1|F¥] < (1 + a¥)y* — uF + b".
(iii) Y. a*F < o0, S2bF < o0

Then, a.s. {y*} converges and 3" u* < oc.

2.2. Explanation of the offset weight from ODE perspective

Building upon the ODE-based analysis for deterministic algorithms solving uncon-
strained optimization in [20], and the theoretical concepts in Section 2.1, we provide
an interpretation of the offset weight in our algorithm for constrained stochastic opti-
mization problems (a special case of SVI problem).
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Consider the constrained smooth stochastic convex optimization problem

mxin f(x) = E¢lg(z, &)
st. x e 2.1)

It is equivalent to problem min, E¢[g(x, §)] + Io(x). The corresponding first order ODE
is

m

{m) ~VEelg(a(t), €)] = Na(x(t), >0, 29
2(0) = 20.

The equilibrium points z* = lim;_, o, () of (2.2) are the optimal points of optimization
problem (2.1), where z(t) is the solution trajectory of (2.2) [6,26]. We now discretize
(2.2) using the approximate trapezoidal formula, i.e.,

K+l _ ok

h

T

- —% <VIE§[g(;,;’f,5)] + VEe[g(a",6)] +N9(xk+1)) .

Using stochastic gradient to approximate expectation gradient while employing the
same random sample to reduce computational costs, we obtain

h h
e ot — hg(at, &) — hNo(a") = SVg(t &) + SVt ). 23)
However, (2.3) is an implicit update. If we take the point obtained by the SPG algorithm
(a stochastic approximation of the Fuler discretization scheme for the ODE (2.2)):
2k = TI(zF — hVvg(a¥,£F)) as the approximation of the point z**!, combining with
I = (I +hNg)7L,ie. 2F € 2% — hVg(ak, €F) — hNq(2F). Then (2.3) becomes

h
$k+1 = Zk + 5 <VQ($k,£k) - vg(zk,gk)) )
which is algorithm
gt = gk — <xk — 2 — Bh <Vg($k,§k) - V9(2k7§k))> 2.4)

with offset weight 3 = 1/2. Note that when 5 = 1, it corresponds to the SFBF algo-
rithm using the same sample, and when = 0, it corresponds to the SPG algorithm.
Since the trapezoidal formula has higher order of global discretization error than Euler
scheme [21], the search direction in algorithm (2.4) should have better performance
compared with 5 = 0. To further enhance the algorithm’s numerical performance, we
employ different line search step sizes in the prediction and correction steps. This leads
to the following generalized algorithm:

2k =TI <xk — thg(xk,Ek)> ,

2FH = 2F — nay, (w’“ —2F — <V9(w’“,£"“) - Vg(zkf’“))) :
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3. Stochastic improved projection contraction algorithms

In this section, we give the stochastic improved projection contraction (S-IPC) al-
gorithm to solve SVI problem (1.1). The related convergence analysis is also given.

Algorithm 3.1 (S-IPC)

1: Initialize 2° e R", 0 < pu<v < 1,0<h <1< <h<40,0< 5 <1,0€(0,1),
7> 1,1n€(0,2), e >0, sample rate { N} C N satisfying > 77, 1/v/Ni, < 00, k = 0.
if e(z*,1) < ¢ then stop
else go to step 5.
end if
Generate samples £ := {£F };V:’H from P.
T(a", %) = ()% T(ak, €8)) /Ny
Line search for hy.
[=0.
. whi ky . WITEE ). -T(h M|
6: while 7 (v") := - HZ'“l(VAf)—x'“ll
where 2*(7F) = TI(z% — AT (2%, €%)) do
iy = A0 min{1, 1/ ()}, L= L+ 1.
7: end while

a R wn

> v,

hp = ’ylk.
8: Generate new iteration point.
prediction : ¥ = H(mk — hkf(mk,gk)), (3.1)
correction : 2"t = 2 — payd, (3.2)
where

b (T e

Pk
= )
R
on=(1—8) (1= M) ok o2
4o
+ B (ak = ok = k= (Dt ) - T, ) ).
k+1

9: Adaptively select v, 7", the initial line search step size for iteration k + 1.
10: lf’l“k(hk) < u then

k+1

'Yo+ = Thy
11: else

k+1

'yo+ :hk.
12: end if

k1 _ k+1
70 —P[h,ﬁ]('Yo )-

k =k + 1. Go to step 5.
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Remark 3.1. (i) Instep 5, if ||[2* — 2*(7f)|| = 0, we also accept 4/ and set hy = ~F.

(ii) Algorithm 3.1 naturally produces stochastic versions of two deterministic algo-
rithms as byproducts. Specifically, when g = 0, Algorithm 3.1 is the stochastic
version of the relaxed projection gradient (RPG) algorithm in [16]. When 5 =1,
Algorithm 3.1 is the stochastic version of the projection contraction (PC) algo-
rithm in [12].

Remark 3.2. The proposed algorithm has the following characteristics:

(i) Algorithm 3.1 needs only one projection and one sampling per iteration. This
significantly reduces computational costs, particularly beneficial for stochastic al-
gorithms and problems where projection operations are expensive.

(ii) The correction step omits projection, meaning the generated sequence may not
always maintain feasibility. The correction step reuses the same sampling, making
its stochastic gradient a biased estimator of the expected gradient. These charac-
teristics introduce additional challenges in proving the algorithm’s convergence.

We next give the assumptions required by Algorithm 3.1.
Assumption 3.1. (i) The solution set SOL(S, F') of problem (1.1) is non-empty.
(ii) The operator F' is o-cocoercive.

(iii) For almost every £ € E, the operator T'(-,¢) is L(§)-Lipschitz continuous and
E[L4(§)] < oo.

(iv) {gf ;\f:zcl are independent identically distributed sampling.

(v) The sample rate { Ny} increases with the number of iteration k, and satisfies

> reo(1/V/Ng) < oo

According to [14], the Lipschitz continuity of certain operators related to 7'(-,£) can
be derived from the Lipschitz continuity of 7'(, £) itself.

Remark 3.3. For almost every £ € =, if T'(+, €) is L(§)-Lipschitz continuous and E¢ [T'(-, £)]
F(-), then

(i) The operator F'(-) is L-Lipschitz continuous, where L = E[L(&)].

D) |[le(-,&)|llq is Lg-Lipschitz continuous, where €(-,&) = T'(-,§) — F(-) and L, =
[L(E)lq + L

(i) T(-,€) := (Z;V:l T(-,&;))/N is L(¢)-Lipschitz continuous, where

N 1 (X
L) = N ZL(&)
j=1
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Let F* = o(22,£0,--- ,¢F~1) be the o-algebra which relates to the generation of
z* 2F and hy. It can be seen that 2% € F* h;, 2% € F*+1. For brevity, we give the
following notations:

b= T(* &%) — FF), € :=T(F %) - F(b). (3.3)
Similar to [19], the following results of the finite terminability of line search and
the lower bound of the step size h; can be obtained.

Remark 3.4. Suppose that Assumption 3.1(iii) holds, then the line search in Algo-
rithm 3.1 terminates in finite steps.

Remark 3.5. Suppose that Assumptions 3.1(iii)-3.1(iv) hold, then
() hy > min{h, v0/(L2(E%)h)} as., where L(€¥) = (XN L(€F))/ Ny

(i) E[h2|F¥] > min{h?, (v262)/h°} - (1/E[LY(€)]) = 2y,

We next demonstrate the property of the direction d* in (3.2) though a lemma.

Lemma 3.1. Suppose that Assumptions 3.1(i)-3.1(ii) holds, then the sequences {xk}, {zk}
generated by Algorithm 3.1 satisfy

(xF — 2%, d*) > o + hyp(1 = B)(2F — a*, €Y + Bhy (28 — 7, €5) (3.4
> mek — zkHQ + h(1 — ﬁ)(zk — ¥, elf> + ﬂhk<zk — ¥, 6§>, (3.5)
where

I

’“:(1‘5)<1‘E>+5(1‘”)>0’

¢k can be recalled from step 8 in Algorithm 3.1.

Proof. According to the definition of d*, we have
(xF — 2%, d¥) = <xk —a* xk — 2K —hB (f(x’“,g’“) - T\(zk,gk)>> . (3.6)
On the one hand, due to the iteration format of (3.1) and Lemma 2.1(iii), we have
<3: Ly LR hﬁ(ﬁ,g’“)} >0, Vreq. (3.7)

Setting x = z* € Qin (3.7), z = 2*¥ € Qin (1.1) and adding these two inequalities, we
obtain R
<zk —a*,ab — 2F — T (b ) + hiF(z*)) > 0.

Using the notation in (3.3), we can rearrange the above inequality as
(zF — x* b — o) > <xk — Pk 2P TR, ) + hF(x*))
+ <£Uk — ¥, hkf(xk,gk) — hkF(ac*)>
= ||l2% — 2¥|12 + (2% = 2K g F (%) — b F (%)) — (2% — 2, hyeh)
+ (zF — z* hyeb) + <£Uk — x*, h F(2) — hiF(z*)). (3.8)
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According to the property that F is o-cocoercive and the inequality 2ab > —a? — b? with

o=\ Beh ) b o (P - P,

the inequality (3.8) can be scaled as

(@ —a* 2k = ) > flah = 2P - E\Ix‘“ — 2|7 = hyo | F(a¥) — F(z*)|?
+ <zk — 2", hyel) + hyo|[F(2%) — F(2")|?
h
— (1 - ﬁ) 2k — 282 + (2F — ¥, hyeh), (3.9)

On the other hand, setting x = z* € Q in (3.7), and making an identity transforma-
tion, we obtain

(z* — kR ko hkf(xk,fk) - hkf(zk,fk) + hkf(zk,§k)> > 0.
This means
<xk — k= 2k — hkf(xk,é’k) + hkf(zk,fk»
> (2F — x*,hkf(zk,§k)> + (2 — 2P, 2k — 2k — hiT (2, €F) + hkf(zk,gk)>. (3.10)
According to (1.1) and zF € Q, we have (2% — x* hy F(2*)) > 0. Under Assump-
tion 3.1(ii), the operator F' is monotone, thus
<zk — ¥, hkF(zk)> > 0.
Using the notation in (3.3), we obtain
<zk - x*,hkf(zk,fk >
= (2" — 2% g F(2F)) + (2F — 2%, hyeh)
> (28 — 2%, hyeb). (3.11)

According to Cauchy-Schwarz inequality and the line search condition in step 5 of
Algorithm 3.1, we have

<xk — 2R ak =k~ TR, ) + hkf(zk,gk»
> b — 2| = byl = 2FIT (2, %) = T, 69)]
> (1 —v)|z* — 2F|2 (3.12)
Combining (3.10)-(3.12), we obtain
<xk —g k= 2k hkf(xk,gk) + hkf(zk,§k)>

> <zk — ", hkel§> + (1 —v)||zk — 2F|2 (3.13)
Combining (3.9)-(3.11), we obtain (3.4). The inequality (3.5) can be obtained from
the inequalities (3.9), (3.13) and 0 < 8 < 1. O

We next show that the stochastic step size oy, has a deterministic lower bound.
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Lemma 3.2. Under Assumption 3.1(iii), the step size «y, in Algorithm 3.1 satisfies ay, >
O'min, Where

(1= B)(A — h/40) + B(1 —v))
(2+28%2) '

Proof. According to the definition of «y, we have

o (=B = hy/(40)) + 50— ) [a* = 2H)?
™ 2lfok — b2+ 20 Bh (F(ak, €8) — T(:5, €5))
- (L= 81— /() + 51— )+ — 2F?
- @+ 282 2)]laF — |2
_ (1= A1~ /() + 51~ v)

2+ 26%7)
L =A-FUEo) +80-v) _
= (2+2,82V2) . mins

Qmin =

where the first and second inequalities use the line search strategy in step 5 in Algo-
rithm 3.1. O

In order to give the convergence analysis, an upper bound for h;ay also needs to
be provided, which we will give in Lemma 3.3.

Lemma 3.3. Under Assumption 3.1(iii), the step size in Algorithm 3.1 satisfies

(o
PR 0§5<17
hkak<t:{1ﬁ

2h, p=
Proof. We declare this lemma in two cases.

(i) If 0 < B < 1, according to the definition of «y in step 8 in Algorithm 3.1, and
after simplification, we have

(i (8 — 1)) /40 + )|z — 2|2 — Bhy (b — 2%, T (¥, €¥F) — T(2F, 7))

[
_ o (B0 o+ 1-0/(n(1 - B))a* — 2
hie(1 = B) [|d* |2
o /({1 = B))Bhi(T(a*, €") — T(F, €M)
]2
| 20/ (hi(1 = B)) — D)Bhx(a* — 4 T(ah, €4) — T(H, )
[P
_ 0 Gk =) —b(TEh ) - TR )P
hi(1 = ) P

g

= hi(1 = B)
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where

1 20 B hi(1 = B) B o
n=3 (s ) T e

ThUS, hkak < O'/(l — ,8)
(i) If 3 =1, then

2% — 2K — hy (b — 25 T (b, %) — T(2*,¢F))

: (3.14)
]2

ap =
According to step 5 in Algorithm 3.1, we have
417 = [Ja* - 2 = i (T(ak, 5~ TE )|
= fla* — P 4+ 1 | Pt €) — TE )|
— 2hy, <xk — zk,f(azk,gk) — T\(zk,gk)>
> ok — P 4+ 1 [Tk, €5) — T(* || - 2t - 4P
> (1 —2v)||lzF = 2%)?, (3.15)

and
—hy <mk — zk,f(xk,§k) — f(zk,fk)> < I/H.%'k — zkH2 (3.16)

Combining (3.14)-(3.16) and v € (0, 1), we have

(1 +v)[a* — 252
< < 9.
= 2wk — A2

Thus, hya;, < 2h. Integrating these two cases, the desired conclusion is proved. O

In each iteration of Algorithm 3.1, the stochastic approximation of the expectation
operator generates stochastic errors ¢, 5, which can be controlled as the same way

in [15,19]. Here, we present the conclusions.

Lemma 3.4 ([15, Lemma 3.9,Theorem 3.11], [19, Lemma 8,9]). Suppose that Assump-
tions 3.1(1),3.1(ii1),3.1(iv) holds, then the sequence {xk} generated by Algorithm 3.1 sat-

isfies
(@, Ollp + Lpllz* — 27|
VN, ’
alllez*, E)|l2p + Lapllz* — =¥
v Ng ’

where fgp = cpLo + c3Ly + caloy; dy,c1,c2,c3,cq are positive constants (when p = 2,
d, = 1). The definitions of Lo, Ly, Ly, and €(z*, &) can be recalled from Lemma 3.3.

ek, < d, 1

sl <
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Next, we present the quasi-Ferjer monotonicity result of the sequence {z*} gener-
ated by Algorithm 3.1 with respect to the solution set SOL(Q2, F').

Proposition 3.1. Under Assumptions 3.1(i)-3.1(iv), the sequence {z*} generated by Al-
gorithm 3.1 satisfies

E |l — 2|27

D, ) k o Rahli ok Dy Ds
< |1+ 2% — 2 ||* — —ZF"e (2", h) + 2% — ™| + :
( V Ni, AR VN VvV Ni

where

4 + 277t(d1L1 + ZQ),

K2 2

D, = 2L3 ( o

Dy = 2nt(da|lle(z", &)1 + el (@™, O)I2).

-2
an*t? koh 8n2t2c2|||e(z*, &)|||?
D3:2< L 5 oo, + 2 IA G,

A2 koh”\  8n22L2
U N

2 2
Proof. From the iteration format (3.2), we have
¥ — 2¥|? = [|la¥ — 2*|]” — 2nag (¥ — 2*, d¥) + nPai]|d"|)*.
Combining (3.4) with the above inequality, we obtain
[ — 2| < [l2* — 27| + n*ag||d"|]* — 2naker
— 2oy, (hk(l — B)2F — 2, €Y + Bhy (2F — o, e’§>>
= [|lz* — 2*|]> = (2 — n)awer
_ . k% k ko k
2nay, | hi(1 — B) (2% — x*, €]) + Bhg (2" — 2™, €5)
< la* = a*|* — rolla® — 2|
— 2nay, (hk(l — B)ZF — ¥, €Y + Bhy(2F — o, eé)) , (3.17)
where

4o

the equality is according to the setting of «y in step 8 in Algorithm 3.1, and the last
inequality is due to (3.5), a; > amin and hy, < h. According to the Young inequality,
we have

=2 = (1-8) (1= 1) +80-1)) >0,

—2( k_ x*,e]f> = —2<zk - xk,elf> - 2<xk - x*,elf>

1

k_ k k k_ x|k

<ol = 2P+ —letll” + 2l — 27|l (3.18)
1
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—2<zk - x*,el§> = —2<zk - xk,el§> - 2<9UlC - m*,el§>
1
k_ ok k kx|
< o3| — " |* + pHEQHQ +2[|2" — 2l (3.19)
2
where
o2—__ " 2 2
Pangt(1-p)" P anip

are two constants. Combining (3.17)-(3.19) and Lemma 3.3, we obtain

K2 k k 477t
Sl =7 = (eI + )?)

+ 2t (1o — 2 Mkl + ll2* = " 1ebl) (3.20)

HCC]H_l _ x*HQ < ka _ x*HQ _

We then deal with the term ||z* — 2¥|? in (3.20). Using Lemma 2.2 with h;, < h, we
have

h%e2

;k’h) < e*(a*, hy)

= ||2* - T(a* — hpF (™))

< 2ka—zkHQ—i—QHH(xk—hkf(xk,§k))— (2% — hyF(x H

= 2|ja* — 2|2 4 2||TI(a" — hy(F(a*) + b)) — T(a* — b F(a%))]|

< 2|z — 2F|? + 2h7 | €F 1%, (3.21)

where the last inequality dues to Lemma 2.1(i). From (3.20) and (3.21), we obtain

h2 _ An?#2 E2
Y e e LR e S N
4h "2 :

4772t2 k12 Int k__ .*x k k% k 3.22
+ lex]|” + 2t ( [lz¥ — 2" [llex | + =" — «[lez] ) . (3.22)

Combining (3.22), Remark 3.5(ii) and Lemma 3.4, we obtain

e i

h2
< ka _1_*H2 _ ’%2_1121111 2( k h)

h

| (213078 oy + ) . 82t2T, | 20t(di Ly + Io) ek — a2

xr — X
Np. Ko N}, v/ Ny,
2nt(dalle(=*, Ol + allle@@™, Olll2) & «
+ % — &
vV Ng

24t/ + ol /2l O, 8P el IIF

3.23
Nk HQNk ( )
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According to the definitions of D;, Dy, D3 and the fact 1/N, < 1/y/Nj, the desired
conclusion is proved. O

In Algorithm 3.1, the correction step does not involve resampling. Consequently, the
stochastic operator in this step loses its unbiasedness as an estimator of the expectation
operator, i.e.,

(| F*] = E[T(2F, %) — F(F)|F*] #£ 0.
Moreover, since the random variables «y, hj, and z;, are not in F* and are interdepen-
dent, even though

E[ef|F*] = E[T(a*,€F) — F(a*)|F*] =0,

the conditional expectation E[ayhy (2% — x*, €})|F*] is generally non-zero. Hence, in
Proposition 3.1, it becomes necessary to control both (2% — x* €¥) and (2% — 2%, €5).
Applying Young’s inequality introduces an additional term (D3 /+/Ny)||z* — x*||, which
obstructs a direct application of the supermartingale convergence theorem. Accord-
ingly, we develop a case-by-case analysis to complete the proof.

Theorem 3.1. Suppose that Assumption 3.1 holds, then the sequence {2*} generated by
Algorithm 3.1 converges to a solution point x* € SOL(Q), F) a.s.

Proof. Under Assumption 3.1(i)-3.1(iv), Proposition 3.1 holds. We consider two
cases.

(1) If ||z* — 2*|| < 1. According to Proposition 3.1, we get

Dy koh?. o5 & — Do+ Ds
E ka“ — x*Hz\}"k < <1 + ) ka — x*H2 — = (2% h) + ——.
[ ) Vv Ng AR’ Vv Ng

(2) If ||2* — z*|| > 1. According to Proposition 3.1, we obtain

E[||lz*t — 2*|?|F*] < <1+ 7> 2% —2*||* — —Z5™e (2", h) + :
[ ) VN AR VN

Thus, for all k, we have

. Dy + D . Kkoh? . — Dy+D
Emﬁ“—wn%ﬂﬂs<r+—L—ﬁ)w*—xW—Jiﬂﬁémkm+—i——i

VNi 47 ’ VN:
Setting
D D D D h2. —
yF =l P b= TR o 2Tk M i 2k
Vv Ng vV Ng 4h

in Lemma 2.3, combining with Assumption 3.1(v), we obtain a.s. {||z* — z*|?} con-
verges and > 72 e?(z¥, h) < co. Thus, a.s. {z*} is bounded and e(z*, h) — 0. Letting
the subsequence 2%/ — x>, by the continuity of €?(-, ), we have e(z¥, h) — e(z*, h).
Since e(x*,h) — 0, we have e(x>,h) = 0. According to Lemma 2.1(ii), 2% — 2> ¢
SOL(Q, F). Letting 2* = 2>, we have {||z¥ — 2°°||?} converges a.s. On the other hand,
|2k — 2|2 — [|2*° — 2°°||2 = 0. Thus, ||z¥ — || = 0 a.s. i.e., ¥ — 2™ a.s. O
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4. Numerical experiment

In this section, we give two numerical experiments to illustrate the superiority of
proposed algorithm. The experiments are operated with Matlab R2024b on a Win-
dows 11 with a 3.30 Ghz processor and 32 GB of memory.

Experiment 1: Regularized two-player zero-sum matrix game—special
equation constraints

This experiment relates to a regularized two-player zero-sum matrix game with an
uncertain payoff matrix [13]. In particular, the payoff matrix A, is randomly distributed
and can only be sampled for each (mixed) strategy. The problem can be formulated as
follows:

A A
min maxf(o) =B |l + 27 Aey ~ G

n m
s.t. sz =1, Zyi =1, x,y>0. (4.1)
i=1 i=1

According to [2, Proposition 2.6.1], problem (4.1) is equivalent to the SVI problem,
where

A A A A
P = (5 0) = Edreel o - (00).

and the constraint set is 2 = {u > 0 : Bu = ¢} with

T
x e 0 1
U= , B=|[ mxl ), c——<>.
<y> ( 0 egxl 1

The vectors e, x1, €mx1 are column vectors, each with components equal to 1.

We generate the random matrix A by sampling its elements as independent and
identically distributed Gaussian variables, where A¢ ~ N (A, 0°I(,+m)) With Aj being
randomly generated. Each element a;; € A follows a distribution a;; ~ N(0,1). The
parameters are set as o> = 1 and A = 0.01. We consider two dimensionality settings:
(i) n = 10,m = 20, the same setting as [13]; and (ii) the higher-dimensional case
n = 100, m = 200.

The parameter settings in our Algorithm 3.1 are as follows: p = 0.4, v = 0.9,
o= NMA2+[|A4]?), h = 105 h = 390, 7y = h, 0 = 09, 7 = 15, n = 1.9,
Ny = [(k+1)*'/(m+n)]. All methods start at the same initial point xo whose en-
tries are randomly generated in the interval (0,1). The residual is set as e(z*,1). The
stopping criterion is set as e(z*,1) < 107! or maximum number of iteration which
equals to 2000.

First, we test the impact of different 5 on Algorithm 3.1. Due to the randomness of
the algorithm, we conduct 5 trials for each value of § and take the average to ensure



A Resampling-Free Projection Contraction Algorithm for Stochastic Variational Inequalities

robustness. The results under different dimensions are shown in Tables 1 and 2. Fig. 1
presents the intuitive outcome from one of the random trials (We have taken the loga-
rithm of the values on the vertical axis). From Tables 1 and 2, we can see that the best
numerical performance is achieved when f is set to 0.5. This aligns with our interpre-
tation from the perspective of discrete ODE in Section 2.2. Therefore, in the following

numerical experiments, we set the offset weight 8 = 0.5 in our Algorithm 3.1.

Residual

=x2ans beta=0
beta=0.1
weeetenes beta=0.3
s heta=0.5
beta=0.7
—=—==Dheta=0.9
beta=1 ]
—+—— stochastic beta

Residual

300

400
Iteration

500

600

a=1
——t— stochastic beta | -

Figure 1: Comparison of Algorithm 3.1 under different 3 in Experiment 1: Results for dimensions (n,m) =

400 500
Iteration

600

700

(10, 20) (top row) and (100, 200) (bottom row).

Residual

-0.8

Residual

-2.6

b =0.3
—heta=0.5

beta=0.7
== heta=0.9

beta=1 i
——— stochastic beta

sssass beta=0
beta=0.1
--------- beta=0.3

—beta=0.5

beta=1
——+— stochastic beta |

L
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L L L L L
10 12 14 16 18 20

Time

Table 1: Comparison of Algorithm 3.1 under different 8 for Experiment 1 (n = 10, m = 20).

8 0 0.1 0.3 0.5 0.7 0.9 1 stochastic
Iter. 717 148.8 88.8 64.4 111 122.4 123.8 83.2
CPU | 5.8757 | 0.4365 | 0.2179 | 0.1462 | 0.2561 | 0.3052 | 0.2955 0.1938

Table 2: Comparison of Algorithm 3.1 under different 8 for Experiment 1 (n = 100, m = 200).

8 0 0.1 0.3 0.5 0.7 0.9 1 stochastic
Iter. | 1290.2 | 205.5 | 166.8 | 150.2 233 249 266.8 187
CPU | 48.3844 | 3.6871 | 3.1570 | 2.2271 | 4.1163 | 3.4018 | 5.4923 2.7177
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Next, we compare the numerical performance of algorithm SEP proposed in [13],
algorithm I-L-SEG proposed in [19], algorithm S-RPG (when S is set to 0). In this
algorithm, each iteration step requires only one gradient estimation f(mk,ék) to be
computed. Therefore, we have additionally written separate code for this algorithm,
algorithm S-PC (when 3 is set to 1), and our algorithm S-IPC. The parameter settings
of algorithms SEP and I-L-SEG are consistent with those in their respective original
papers. We also conduct 5 trials for each algorithm and take the average to ensure
robustness. The results under different dimensions are shown in Tables 3 and 4. Fig. 2
presents the intuitive outcome from one of the random trials.

From Tables 3-4 and Fig. 2, it can be seen that the proposed algorithm S-IPC demon-
strates superior performance in both iteration steps and CPU time. In terms of itera-
tion steps, it achieves a 20%-30% improvement than algorithm I-L-SEG. In terms of
CPU time, it outperforms algorithm S-PC by 50%-60% and algorithm I-L-SEG by 60%-
70%. The primary reason for S-IPC’s greater time efficiency over I-L-SEG lies in its
single-sample and one-projection design in per iteration, which significantly reduces
computational CPU time in stochastic iterations.

Residual
Residual

0 100 200 300 400 500 600 700 800
Iteration

Residual
Residual

-2.4

L L L 2.4 L L L L L
0 500 1000 1500 2000 0 10 20 30 40 50 60

Iteration Time

Figure 2: Comparison of five algorithms’ efficiency in Experiment 1: results for dimensions (n, m) = (10, 20)
(top row) and (100, 200) (bottom row).
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Table 3: Comparison of five algorithms’ efficiency for Experiment 1 (n = 10, m = 20).

Algorithm SEP I-L-SEG S-IPC S-RPG S-PC
Iter. 111.6 81.2 64.4 717 123.8
CPU 0.4146 | 0.4011 | 0.1462 | 5.8757 | 0.2955

Table 4: Comparison of five algorithms’ efficiency for Experiment 1 (n = 100, m = 200).

Algorithm SEP I-L-SEG | S-IPC S-RPG S-PC
Iter. 2000 242 150.2 | 1290.2 | 266.8
CPU 50.3848 | 8.5967 | 2.2271 | 48.3844 | 5.4923

Experiment 2: Regularized two-player zero-sum matrix game—general
polyhedral constraints

Experiment 2 is designed to test on a strongly convex strongly concave stochastic
saddle-point problem with more general polyhedral constraints

A A
min max  f(r,y) = E Slel® + 2" Acy — < llyl®

s.t. A1£C S bl, Agy S bg.

The stochastic matrix A, is sampled in the same way as in Experiment 1. The con-
straint coefficients 4; € R(2n+2)xn 4, ¢ REm+2)xm and each element of A; and A, is
randomly generated from a uniform distribution over the interval (—5,5). by € R?"+2,
by € R?"*2 are generated randomly such that the initial all-ones vector 2, 3/ is strictly
feasible.

When the constraint set is a general polyhedron, the cost of projection increases sub-
stantially; even a modest rise in problem dimension leads to significantly longer com-
putation times. To illustrate this effect, we compare two small-scale cases: (i) n = 10,
m = 20 (as in [13]), and (ii) n = 15, m = 30. The maximum iteration counts are set to
2000 and 5000, respectively. Other problem and algorithm parameters are set the same
as Experiment 1.

Tables 5 and 6 respectively presents the average iteration counts and CPU times
of Algorithm 3.1 across 5 randomized trials with different g values under different
dimensions. Fig. 3 visually demonstrates the results from one typical trial. From these
tables and figure, we can see that the best numerical performance is achieved when
B is near 0.5. Therefore, for unity, in the following numerical experiments, we set the
offset weight 5 = 0.5 in our Algorithm 3.1.

Tables 7 and 8 present the average iteration counts and CPU times of Algorithm 3.1
with four other different algorithms over 5 randomized trials for Experiment 2. Fig. 4
visually illustrates the results from one representative trial. As shown in Tables 7
and 8, our proposed S-IPC algorithm demonstrates superior performance in both it-
eration counts and CPU time. Although our S-IPC algorithm achieves only about 6%
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— .5
weeeseenes beta=0.7
= heta=0.9
beta=1
——+——stochastic beta

——+——stochastic beta

Residual

Residual

1000
Iteration

2000 "o 5 10 15 20 25 30

Residual
Residual

1
. . . 25 ! .
0 50 100 150 200 0 1000 2000
Time

3000 4000 5000

Iteration

Figure 3: Comparison of Algorithm 3.1 under different 3 in Experiment 2: Results for dimensions (n,m) =
(10, 20) (top row) and (100, 200) (bottom row).

Table 5: Comparison of Algorithm 3.1 under different 8 for Experiment 2 (n = 10, m = 20).

B 0 0.1 0.3 0.5 0.7 0.9
Iter. | 2000 1279.4 | 1145.6 | 1121.4 | 1552.2 | 1547.4
CPU | 26.6552 | 14.5877 | 12.1150 | 12.0838 | 23.6031

1 stochastic
1768.6 1217.8
21.6251 | 22.4715 | 13.1776

Table 6: Comparison of Algorithm 3.1 under different 8 for Experiment 2 (n = 15, m = 30).

B8 0 0.1 0.3 0.5 0.7 0.9
Iter. 5000 2635.2 | 1433.8 | 1199.5 | 999.2 1451
CPU | 190.1154 | 59.0670 | 22.8295 | 17.9238 | 13.7526

1 stochastic
1334 1712.8
23.4922 | 19.8950 | 30.0595

improvement in iteration counts compared to the I-L-SEG algorithm, it demonstrates
a significantly greater 45%-50% reduction in CPU time. What is more, comparing the

numerical results across different dimensions, it can be seen that our algorithm is sig-
nificantly less sensitive to changes in dimension.
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Table 7: Comparison of five algorithms’ efficiency for Experiment 2 (n = 10, m = 20).

Algorithm SEP I-L-SEG S-IPC S-RPG S-PC
Iter. 2000 1197.4 1121.4 2000 1768.6
CPU 32.6663 | 22.0812 | 12.0838 | 26.6552 | 22.4715

Table 8: Comparison of five algorithms’ efficiency for Experiment 2 (n = 15, m = 30).

Algorithm SEP I-L-SEG S-IPC S-RPG S-PC
Iter. 5000 1266.2 | 1199.5 5000 1334
CPU 109.3994 | 36.1289 | 17.9238 | 190.1154 | 19.8950

5. Conclusion

solving SVI problems. The proposed method features three key innovations:

200

This paper presents an improved stochastic projection contraction algorithm for

21

Figure 4: Comparison of five algorithms’ efficiency in Experiment 2: Results for dimensions (n, m) = (10, 20)
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(i) Elimination of resampling in the correction step, substantially improving compu-
tational efficiency.

(i) Introduction of a offset weight S to optimize the search direction, with different-
ial-equation-based interpretations provided for special cases.

(iii) Implementation of adaptive step sizes in both prediction and correction steps.

Numerical experiments demonstrate the algorithm’s effectiveness, with results for opti-
mal (3 values corroborating our theoretical analysis from the differential equation per-
spective. Future research directions include developing adaptive strategies for dynamic
weight selection () to automatically determine optimal search directions for varying
problem structures and sample characteristics.

Acknowledgments

This research is supported by the National Natural Science Foundation of China
(Grant Nos. 12131004, 12471290, 12471282), by the National Key Research and De-
velopment Program of China (Grant No. 2024YFA1012901), and by the Scientific and
Technological Innovation Project of China Academy of Chinese Medical Sciences (Grant
No. CI2023C064YLL).

References

[1] H. ATTOUCH AND L. CSABA, Newton-like inertial dynamics and proximal algorithms gov-
erned by maximally monotone operators, SIAM J. Optim. 30(4) (2020), 3252-3283.

[2] D. BERTSEKAS, A. NEDIC, AND A. OZDAGLAR, Convex Analysis and Optimization, Athena
Scientific, (2003).

[3] R. I. BoT, P. MERTIKOPOULOS, M. STAUDIGL, AND P. T. VUONG, Forward-backward-
forward methods with variance reduction for stochastic variational inequalities, arXiv:1902.
03355v1, (2019).

[4] L. BoTTOU, F. CURTIS, AND J. NOCEDAL, Optimization methods for large-scale machine
learning, SIAM Rev. 60(2) (2018), 223-311.

[5] X. Cal, D. HAN, AND L. XU, An improved first-order primal-dual algorithm with a new
correction step, J. Global Optim. 57(4) (2013), 1419-1428.

[6] L. CHEN AND H. LuO, A unified convergence analysis of first order convex optimization
methods via strong Lyapunov functions, arXiv:2108.00132v1, (2021).

[7] C. DASKALAKIS, A. ILYAS, V. SYRGKANIS, AND H. ZENG, Training GANs with Optimism,
ICLR 2018 Conference, (2018).

[8] J. DIAKONIKOLAS AND L. ORECCHIA, The approximate duality gap technique: A unified
theory of first-order methods, SIAM J. Optim. 29(1) (2019), 660-689.

[9] F. FACCHINEI AND J. PANG, Finite-Dimensional Variational Inequalities and Complementar-
ity Problems. Vol. I, Springer, (2003).

[10] B. HE AND L. L1AO, Improvements of some projection methods for monotone nonlinear
variational inequalities, J. Optim. Theory Appl. 112(1) (2002), 111-128.



A Resampling-Free Projection Contraction Algorithm for Stochastic Variational Inequalities 23

[11]
[12]
[13]
[14]

[15]

[16]
[17]

[18]

[19]
[20]
[21]
[22]

[23]

[24]

[25]

[26]
[27]

[28]
[29]
[30]
[31]

[32]

B. HE AND M. Xu, A general framework of contraction methods for monotone nonlinear
inequalities, Pac. J. Optim. 4(2) (2008), 195-212.

B. HE, X. YUAN, AND J. ZHANG, Comparison of two kinds of prediction-correction methods
for monotone variational inequalities, Comput. Optim. Appl. 27(3) (2004), 247-267.

K. HUANG AND S. ZHANG, New first-order algorithms for stochastic variational inequalities,
SIAM J. Optim. 32(4) (2022), 2745-2772.

A. TIUSEM, A. JOFRE, R. OLIVEIRA, AND P. THOMPSON, Extragradient method with variance
reduction for stochastic variational inequalities, SIAM J. Optim. 27(2) (2017), 686-724.
A. IUSEM, A. JOFRE, R. OLIVEIRA, AND P. THOMPSON, Variance-based extragradient meth-
ods with line search for stochastic variational inequalities, SIAM J. Optim. 29(1) (2019),
175-206.

Z. J1A AND X. CAl, A relaxation of the parameter in the forward-backward splitting method,
Pac. J. Optim. 13 (2017), 665-681.

H. JiaNG AND H. Xu, Stochastic approximation approaches to the stochastic variational
inequality problem, IEEE Trans. Automat. Control 53(6) (2008), 1462—-1475.

J. KOsHAL, A. NEDIC, AND U. V. SHANBHAG, Regularized iterative stochastic approximation
methods for stochastic variational inequality problems, IEEE Trans. Autom. Control 58(3)
(2012), 594-609.

T. L1, X. CAI, Y. SONG, AND Y. MA, Improved variance reduction extragradient method with
line search for stochastic variational inequalities, J. Global Optim. 87 (2023), 423-446.

T. L1, D. HAN, T. WANG, AND X. CAI, Research on the descent direction of prediction
correction algorithms for pseudo-convex/convex optimization problems, arXiv:2512.04575,
(2025).

C. LiN, Numerical Computation Methods, (in Chinese), Science Press, (2005).

Y. MALITSKY AND M. TaM, A forward-backward splitting method for monotone inclusions
without cocoercivity, SIAM J. Optim. 30(2) (2020), 1451-1472.

K. MISHCHENKO, D. KOVALEV, E. SHULGIN, P. RICHTARIK, AND Y. MALITSKY, Revisiting
stochastic extragradient, in: Proceedings of the Twenty Third International Conference on
Artificial Intelligence and Statistics, S. Chiappa and R. Calandra (Eds), PMLR 108 (2020),
4573-4582.

A. NEMIROVSKI, Prox-method with rate of convergence O(1/t) for variational inequality
with Lipschitz continuous monotone operators and smooth convex-concave saddle point prob-
lems, SIAM J. Optim. 15(1) (2005), 229-251.

A. NEMIROVSKI, A. JUDITSKY, G. LAN, AND A. SHAPIRO, Robust stochastic approximation
approach to stochastic programming, SIAM J. Optim. 19(4) (2009), 1574-1609.

N. PARIKH, S. BOYD, Proximal algorithms, Found. Trends Optim. 1(3) (2013), 123-231.
H. ROBBINS AND S. MONRO, A stochastic approximation method, Ann. Math. Statist. 22(3)
(1951), 400-407.

A. SHAPIRO, D. DENTCHEVA, AND A. RUSZCZYNSKI, Lectures on Stochastic Programming:
Modeling and Theory, SIAM, (2009).

W. Su, S. BoYD, AND E. CANDES, A differential equation for modeling Nesterov’s accelerated
gradient method: Theory and insights, J. Mach. Learn. Res. 17(153) (2016), 1-43.

P. TSENG, A modified forward-backward splitting method for maximal monotone mappings,
SIAM J. Control Optim. 38(2) (2000), 431-446.

H. Xu, Sample average approximation methods for a class of stochastic variational inequal-
ity problems, Asia-Pac. J. Oper. Res. 27(1) (2010), 103-119.

G. ZHANG ET AL., A unified analysis of first-order methods for smooth games via integral
quadratic constraints, arXiv:2009.11359v4, (2021).



