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Abstract. Sampling is a major computational bottleneck in stochastic algorithms.
This paper proposes a stochastic projection contraction algorithm for stochastic vari-

ational inequality problems, significantly reducing runtime by eliminating resam-

pling in the correction step. We introduce an adjustable offset weight to optimize
search direction, along with different adaptive step size strategies in prediction and

correction steps. We further present discrete differential equation interpretations

for specific offset weight values. To address bias due to the absence of resampling
in the correction step, we develop an error control scheme and provide convergence

guarantees. Numerical experiments demonstrate the algorithm’s efficiency.
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1. Introduction

Define a probability space (X,F,P) and a support set Ξ of ξ. ξ : X → Ξ is a ran-

dom variable with distribution P, where P := P ◦ ξ−1 is the probability measure on

Ξ induced by ξ. We use E to represent the expectation with respect to the probabil-

ity measure P. The stochastic variational inequality (SVI) problem considered in this

paper is constructed as

〈x− x∗, F (x∗)〉 ≥ 0, ∀x ∈ Ω, (1.1)

where F (x∗) = Eξ[T (x
∗, ξ)], Ω ⊂ R

n is a non-empty closed convex set, and x∗ ∈ Ω
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is a solution of this SVI. Numerous stochastic problems, including stochastic differen-

tiable optimization problems, stochastic complementarity problems, stochastic saddle

point problems, stochastic equilibrium problems, and stochastic system of equations

problems can all be formulated as SVI problems [4, 9, 10, 13, 22–24, 30]. Therefore, it

is of great significance to study efficient numerical algorithms for SVI problems.

Stochastic approximation (SA) methods [14,15,25] are highly effective for solving

the SVI problems. Unlike the sample average approximation (SAA) methods [28, 31],

which approximate the expectation operator F (x) using large batches of external of-

fline samples (
∑N

i=1 T (x, ξi))/N , SA methods employ internal online stochastic opera-

tors T̂ (xk, ξk) at each iteration to approximate F (xk). This approach often significantly

reduces computational costs compared to SAA. The earliest SA method is stochastic

gradient descent algorithm, proposed by Robbins and Monro [27] for solving stochas-

tic equation systems. Subsequently, efficient SA methods for the SVI problems, such

as the stochastic projected gradient (SPG) algorithm [17], stochastic Tikhonov regu-

larization algorithm [18], stochastic extra-gradient (SEG) algorithm [14, 15, 19], and

stochastic extra-point (SEP) algorithm [13], just to name a few, have been studied.

SEG algorithm has attracted widespread attention due to its great numerical per-

formance and relatively weak assumptions on the problem. However, each iteration

of SEG requires computing two projections, which significantly increases the computa-

tional cost for problems where projection operations are expensive. To overcome this

drawback, Bot et al. [3] proposed the stochastic forward-backward-forward (SFBF) al-

gorithm, whose iteration format can be written as

prediction :

zk = Π

(
xk − hk

1

Nk

Nk∑

i=1

T
(
xk, ξki

)
)
,

correction :

xk+1 = xk −
(
xk − zk − hk

(
1

Nk

Nk∑

i=1

T
(
xk, ξki

)
− 1

Nk

Nk∑

i=1

T
(
zk, ηki

)
))

,

(1.2)

where Π(x) denotes the projection of x on the constraint set Ω, i.e.,

Π(x) := argminy∈Ω ‖y − x‖2.
However, both SEG algorithm and SFBF algorithm (1.2) require two independent sam-

ples per iteration. While this two-sample approach ensures that all the stochastic oper-

ators in the iteration remain unbiased estimators of the expected operator—a property

that greatly simplifies theoretical analysis—the sampling process in stochastic algo-

rithms is computationally expensive, making this approach particularly time-consum-

ing. To reduce the time cost, we propose using only a single sample per iteration, which

introduces substantial challenges in the theoretical analysis of the algorithm.

Huang and Zhang [13] demonstrate that incorporating search directions beyond

simple gradient information, such as using optimism gradient [7] or extra-gradient,
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is indeed important in practical numerical experiments. Their proposed SEP algo-

rithm outperforms many stochastic first-order methods by employing a broader spec-

trum of search directions. In (1.2), at the current iteration point xk the search direc-

tion is xk − zk − hk((
∑Nk

i=1 T (x
k, ξki ))/Nk − (

∑Nk

i=1 T (z
k, ηki ))/Nk). This direction uses

−hk((
∑Nk

i=1 T (x
k, ξki )/Nk)− (

∑Nk

i=1 T (z
k, ηki ))/Nk) as an offset of direction xk − zk. As-

signing an appropriate weight to this offset can yield a favorable search direction, and

this paper will investigate this weight. Recent research has revealed deep connections

between optimization problem and ordinary differential equation (ODE) [1,6,8,26,29,

32]. Through analysis of ODE discretization schemes, we explain that offset weight

near 1/2 achieve superior approximation accuracy. In practical computations, the op-

timal value of the offset weight depend on different function classes, and here we will

also provide a random selection method for the weight to allow the use of different

search directions.

Securing an appropriate step size is equally crucial after obtaining a high-quality

search direction [5,11]. For example, when using the same SEG algorithm, the adaptive

step size in [15] demonstrates significantly better numerical performance compared to

the constant step size in [14]. What is more, when the correction step uses an adaptive

step size different from that of the prediction step, the numerical performance is further

significantly improved [19]. Thus, we consider use different adaptive step sizes in

prediction and correction step.

The main contributions of this paper are as follows:

1. For the SVI problems, we propose a stochastic projection contraction algorithm

that requires only one projection and one sample per single-step iteration. To ad-

dress the biased estimation of the expectation operator caused by omitting resam-

pling in the correction step, we develop a comprehensive error control scheme

with rigorous convergence guarantees.

2. The algorithm determines search ranges and optimal search directions by tun-

ing the offset weight, with several special cases of this weight receiving inter-

pretation through differential equation discretization. Through specific weight

assignments, we naturally derived randomized versions of two deterministic al-

gorithms. The prediction and correction steps use different adaptive step size

strategies to further enhance algorithmic efficiency.

3. We demonstrate the superiority of our algorithm through two numerical experi-

ments, and the results indicate that the numerical performance is generally better

when the offset weight is around 1/2. This also supports our explanation from

the ODE perspective.

The rest of this paper is arranged as follows. Section 2 consists of two subsections.

Subsection 2.1 is some basic notations and properties. Subsection 2.2 provides a the-

oretical explanation of some special offset weights. Section 3 presents the stochastic

improved projection contraction algorithm to solve the SVI problem. The proof of its
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convergence is also given. Section 4 gives a numerical experiment to show the superi-

ority of the proposed algorithm. Section 5 is the conclusion.

2. Preliminaries

2.1. Basic notions and properties

We give some basic notions, definitions, and properties in this subsection that are

useful in the subsequent paper.

For vectors x, y ∈ R
n, 〈x, y〉 is the standard inner product. ‖x‖ =

√
〈x, x〉 is the

Euclidean norm. Given a random variable ξ and a σ-algebra F , we denote E[ξ] as the

expectation of ξ, E[ξ|F ] as expectation of ξ conditional to F . For q ≥ 1, |ξ|q := q
√

E[|ξ|q]
is the Lq norm of ξ. We denote σ(ξ1, · · · , ξk) as the σ-algebra generated by the random

variables {ξi}ki=1. We denote “ξ ∈ F” if ξ is F-measurable, “a.s.” for “almost surely”.

Given m ∈ R, ⌈m⌉ denotes the smallest integer greater than or equal to m.

Let H : Rn → R
n be a single-valued operator. H is called monotone, if

〈x− y,H(x)−H(y)〉 ≥ 0, ∀x, y ∈ R
n.

H is called L-Lipschitz continuous, if

‖H(x)−H(y)‖ ≤ L‖x− y‖, ∀x, y ∈ R
n.

H is called σ-cocoercive with σ > 0, if

〈x− y,H(x)−H(y)〉 ≥ σ‖H(x)−H(y)‖2, ∀x, y ∈ R
n.

From these definitions, it implies that if H is σ-cocoercive, then H is monotone and

1/σ-Lipschitz continuous.

Let A : Rn → 2R
n

be a set-valued operator from R
n to R

n. Its graph is defined as

graA = {(x, u) ∈ R
n × R

n : u ∈ Ax}. A is called monotone if 〈x − y, u − v〉 ≥ 0,
∀(x, u), (y, v) ∈ graA. A is called maximal monotone if there exists no monotone oper-

ator B such that graB properly contains graA. Let f : Rn → R be a convex function.

The subdifferential of f is the set-valued operator

∂f(x) = {u ∈ R
n : f(y) ≥ f(x) + 〈y − x, u〉,∀y ∈ R

n} , ∀x ∈ R
n.

Let Ω ⊂ R
n be a closed convex set. The indicator function on the set Ω is defined as

IΩ(x) :=

{
0, x ∈ Ω,

∞, x /∈ Ω.

Then, IΩ(x) is a closed convex function. The set

NΩ(x) :=

{{
d | (y − x)Td ≤ 0,∀y ∈ Ω

}
, x ∈ Ω,

∅, x /∈ Ω
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is called the normal cone to Ω at x. As is well known, NΩ is the subdifferential operator

of the indicator function IΩ, and NΩ is maximal monotone. For any constant c > 0,

dom(I+cNΩ)
−1 = R

n, and (I+cNΩ)
−1 is singled-valued. Furthermore, (I+cNΩ)

−1(x)
= Π(x), ∀x ∈ R

n.

For the SVI problem (1.1), we define the error function

e(x, h) := ‖x−Π(x− hF (x))‖,

where h > 0. The following properties are well known.

Lemma 2.1 ([14, Lemma 2.1]). Let Ω ⊂ R
n be a non-empty closed convex set. The

following conclusions hold:

(i) For all x, y ∈ R
n, ‖Π(x) −Π(y)‖ ≤ ‖x− y‖.

(ii) Denote SOL(Ω, F ) as the solution set of SVI(Ω, F ). Then, for all h > 0, SOL(Ω, F ) =
{x ∈ R

n : e(x, h) = 0}.

(iii) Given x ∈ R
n, Π(x) is the unique point that satisfies 〈x − Π(x), y − Π(x)〉 ≤ 0,

∀y ∈ Ω.

Lemma 2.2 ([9, Proposition 10.3.6]). For fixed x ∈ R
n, e(x, h) is non-decreasing on

h ∈ (0,∞), while the function e(x, h)/h is non-increasing on h ∈ (0,∞).

The following supermartingale convergence theorem is significant for the conver-

gence analysis of our algorithm, and can be found in [2,14,15,23].

Lemma 2.3 ([2, Proposition 8.2.10]). Let {yk}, {uk}, {ak}, {bk} be sequences of nonneg-

ative integrable random variables, and let Fk, k = 0, 1, 2, . . . be sets of random variables

such that Fk ⊂ Fk+1 for all k. Assume that:

(i) yk, uk, ak, bk are random variables in Fk.

(ii) For each k, E[yk+1|Fk] ≤ (1 + ak)yk − uk + bk.

(iii)
∑

ak < ∞,
∑

bk < ∞.

Then, a.s. {yk} converges and
∑

uk < ∞.

2.2. Explanation of the offset weight from ODE perspective

Building upon the ODE-based analysis for deterministic algorithms solving uncon-

strained optimization in [20], and the theoretical concepts in Section 2.1, we provide

an interpretation of the offset weight in our algorithm for constrained stochastic opti-

mization problems (a special case of SVI problem).
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Consider the constrained smooth stochastic convex optimization problem

min
x

f(x) = Eξ[g(x, ξ)]

s.t. x ∈ Ω. (2.1)

It is equivalent to problem minx Eξ[g(x, ξ)] + IΩ(x). The corresponding first order ODE

is {
ẋ(t) ∈ −∇Eξ[g(x(t), ξ)] −NΩ(x(t)), t ≥ 0,

x(0) = x0.
(2.2)

The equilibrium points x∗ = limt→∞ x(t) of (2.2) are the optimal points of optimization

problem (2.1), where x(t) is the solution trajectory of (2.2) [6,26]. We now discretize

(2.2) using the approximate trapezoidal formula, i.e.,

xk+1 − xk

h
∈ −1

2

(
∇Eξ[g(x

k, ξ)] +∇Eξ[g(x
k+1, ξ)] +NΩ(x

k+1)
)
.

Using stochastic gradient to approximate expectation gradient while employing the

same random sample to reduce computational costs, we obtain

xk+1 ∈ xk − h∇g(xk, ξk)− hNΩ(x
k+1)− h

2
∇g(xk+1, ξk) +

h

2
∇g(xk, ξk). (2.3)

However, (2.3) is an implicit update. If we take the point obtained by the SPG algorithm

(a stochastic approximation of the Euler discretization scheme for the ODE (2.2)):

zk = Π(xk − h∇g(xk, ξk)) as the approximation of the point xk+1, combining with

Π = (I + hNΩ)
−1, i.e. zk ∈ xk − h∇g(xk, ξk)− hNΩ(z

k). Then (2.3) becomes

xk+1 = zk +
h

2

(
∇g(xk, ξk)−∇g(zk, ξk)

)
,

which is algorithm

xk+1 = xk −
(
xk − zk − βh

(
∇g(xk, ξk)−∇g(zk, ξk)

))
(2.4)

with offset weight β = 1/2. Note that when β = 1, it corresponds to the SFBF algo-

rithm using the same sample, and when β = 0, it corresponds to the SPG algorithm.

Since the trapezoidal formula has higher order of global discretization error than Euler

scheme [21], the search direction in algorithm (2.4) should have better performance

compared with β = 0. To further enhance the algorithm’s numerical performance, we

employ different line search step sizes in the prediction and correction steps. This leads

to the following generalized algorithm:

zk = Π
(
xk − hk∇g(xk, ξk)

)
,

xk+1 = xk − ηαk

(
xk − zk − hkβ

(
∇g(xk, ξk)−∇g(zk, ξk)

))
.
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3. Stochastic improved projection contraction algorithms

In this section, we give the stochastic improved projection contraction (S-IPC) al-

gorithm to solve SVI problem (1.1). The related convergence analysis is also given.

Algorithm 3.1 (S-IPC)

1: Initialize x0 ∈ R
n, 0 < µ < ν < 1, 0 < h < 1 ≤ γ00 ≤ h < 4σ, 0 ≤ β ≤ 1, θ ∈ (0, 1),

τ > 1, η ∈ (0, 2), ǫ > 0, sample rate {Nk} ⊂ N satisfying
∑∞

k=0 1/
√
Nk < ∞, k = 0.

2: if e(xk, 1) < ǫ then stop

3: else go to step 5.

4: end if

5: Generate samples ξk := {ξkj }Nk

j=1 from P.

T̂ (xk, ξk) = (
∑Nk

j=1 T (x
k, ξkj ))/Nk.

Line search for hk.

l = 0.

6: while rk(γ
k
l ) :=

γk
l
‖T̂ (zk(γk

l
),ξk)−T̂ (xk,ξk)‖

‖zk(γk
l
)−xk‖

> ν,

where zk(γkl ) = Π(xk − γkl T̂ (x
k, ξk)) do

γkl+1 = γkl θ ∗min{1, 1/rk(γkl )}, l = l + 1.

7: end while

hk = γkl .

8: Generate new iteration point.

prediction : zk = Π(xk − hkT̂ (x
k, ξk)), (3.1)

correction : xk+1 = xk − ηαkd
k, (3.2)

where

dk = xk − zk − hkβ
(
T̂ (xk, ξk)− T̂ (zk, ξk)

)
,

αk =
ϕk

‖dk‖2 ,

ϕk = (1− β)

(
1− hk

4σ

)
‖xk − zk‖2

+ β
〈
xk − zk, xk − zk − hk

(
T̂ (xk, ξk)− T̂ (zk, ξk)

)〉
.

9: Adaptively select γk+1
0 , the initial line search step size for iteration k + 1.

10: if rk(hk) ≤ µ then

γk+1
0 = τhk

11: else

γk+1
0 = hk.

12: end if

γk+1
0 = P[h,h](γ

k+1
0 ).

k = k + 1. Go to step 5.
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Remark 3.1. (i) In step 5, if ‖xk − zk(γkl )‖ = 0, we also accept γkl and set hk = γkl .

(ii) Algorithm 3.1 naturally produces stochastic versions of two deterministic algo-

rithms as byproducts. Specifically, when β = 0, Algorithm 3.1 is the stochastic

version of the relaxed projection gradient (RPG) algorithm in [16]. When β = 1,
Algorithm 3.1 is the stochastic version of the projection contraction (PC) algo-

rithm in [12].

Remark 3.2. The proposed algorithm has the following characteristics:

(i) Algorithm 3.1 needs only one projection and one sampling per iteration. This

significantly reduces computational costs, particularly beneficial for stochastic al-

gorithms and problems where projection operations are expensive.

(ii) The correction step omits projection, meaning the generated sequence may not

always maintain feasibility. The correction step reuses the same sampling, making

its stochastic gradient a biased estimator of the expected gradient. These charac-

teristics introduce additional challenges in proving the algorithm’s convergence.

We next give the assumptions required by Algorithm 3.1.

Assumption 3.1. (i) The solution set SOL(Ω, F ) of problem (1.1) is non-empty.

(ii) The operator F is σ-cocoercive.

(iii) For almost every ξ ∈ Ξ, the operator T (·, ξ) is L(ξ)-Lipschitz continuous and

E[L4(ξ)] < ∞.

(iv) {ξkj }Nk

j=1 are independent identically distributed sampling.

(v) The sample rate {Nk} increases with the number of iteration k, and satisfies∑∞
k=0(1/

√
Nk) < ∞.

According to [14], the Lipschitz continuity of certain operators related to T (·, ξ) can

be derived from the Lipschitz continuity of T (·, ξ) itself.

Remark 3.3. For almost every ξ ∈ Ξ, if T (·, ξ) is L(ξ)-Lipschitz continuous and Eξ[T (·, ξ)] =
F (·), then

(i) The operator F (·) is L-Lipschitz continuous, where L = E[L(ξ)].

(ii) |‖ǫ(·, ξ)‖|q is Lq-Lipschitz continuous, where ǫ(·, ξ) = T (·, ξ) − F (·) and Lq =
|L(ξ)|q + L.

(iii) T̂ (·, ξ) := (
∑N

j=1 T (·, ξj))/N is L̂(ξ)-Lipschitz continuous, where

L̂(ξ) =
1

N




N∑

j=1

L(ξj)


 .
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Let Fk = σ(x0, ξ0, · · · , ξk−1) be the σ-algebra which relates to the generation of

xk, zk and hk. It can be seen that xk ∈ Fk, hk, z
k ∈ Fk+1. For brevity, we give the

following notations:

ǫk1 := T̂ (xk, ξk)− F (xk), ǫk2 := T̂ (zk, ξk)− F (zk). (3.3)

Similar to [19], the following results of the finite terminability of line search and

the lower bound of the step size hk can be obtained.

Remark 3.4. Suppose that Assumption 3.1(iii) holds, then the line search in Algo-

rithm 3.1 terminates in finite steps.

Remark 3.5. Suppose that Assumptions 3.1(iii)-3.1(iv) hold, then

(i) hk ≥ min{h, νθ/(L̂2(ξk)h)} a.s., where L̂(ξk) = (
∑Nk

j=1 L(ξ
k
j ))/Nk.

(ii) E[h2k|Fk] ≥ min{h2, (ν2θ2)/h
2} · (1/E[L4(ξ)]) := h2min.

We next demonstrate the property of the direction dk in (3.2) though a lemma.

Lemma 3.1. Suppose that Assumptions 3.1(i)-3.1(ii) holds, then the sequences {xk}, {zk}
generated by Algorithm 3.1 satisfy

〈xk − x∗, dk〉 ≥ ϕk + hk(1− β)〈zk − x∗, ǫk1〉+ βhk〈zk − x∗, ǫk2〉 (3.4)

≥ κ1‖xk − zk‖2 + hk(1− β)〈zk − x∗, ǫk1〉+ βhk〈zk − x∗, ǫk2〉, (3.5)

where

κ1 = (1− β)

(
1− hk

4σ

)
+ β(1 − ν) > 0,

ϕk can be recalled from step 8 in Algorithm 3.1.

Proof. According to the definition of dk, we have

〈xk − x∗, dk〉 =
〈
xk − x∗, xk − zk − hkβ

(
T̂ (xk, ξk)− T̂ (zk, ξk)

)〉
. (3.6)

On the one hand, due to the iteration format of (3.1) and Lemma 2.1(iii), we have
〈
x− zk, zk − xk + hkT̂ (x

k, ξk)
〉
≥ 0, ∀x ∈ Ω. (3.7)

Setting x = x∗ ∈ Ω in (3.7), x = zk ∈ Ω in (1.1) and adding these two inequalities, we

obtain 〈
zk − x∗, xk − zk − hkT̂ (x

k, ξk) + hkF (x∗)
〉
≥ 0.

Using the notation in (3.3), we can rearrange the above inequality as

〈xk − x∗, xk − zk〉 ≥
〈
xk − zk, xk − zk − hkT̂ (x

k, ξk) + hkF (x∗)
〉

+
〈
xk − x∗, hkT̂ (x

k, ξk)− hkF (x∗)
〉

= ‖xk − zk‖2 +
〈
xk − zk, hkF (x∗)− hkF (xk)

〉
− 〈xk − zk, hkǫ

k
1〉

+ 〈xk − x∗, hkǫ
k
1〉+

〈
xk − x∗, hkF (xk)− hkF (x∗)

〉
. (3.8)
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According to the property that F is σ-cocoercive and the inequality 2ab ≥ −a2−b2 with

a =

√
hk
4σ

(xk − zk), b =
√

σhk
(
F (xk)− F (x∗)

)
,

the inequality (3.8) can be scaled as

〈xk − x∗, xk − zk〉 ≥ ‖xk − zk‖2 − hk
4σ

‖xk − zk‖2 − hkσ‖F (xk)− F (x∗)‖2

+
〈
zk − x∗, hkǫ

k
1

〉
+ hkσ‖F (xk)− F (x∗)‖2

=

(
1− hk

4σ

)
‖xk − zk‖2 +

〈
zk − x∗, hkǫ

k
1

〉
. (3.9)

On the other hand, setting x = x∗ ∈ Ω in (3.7), and making an identity transforma-

tion, we obtain
〈
x∗ − zk, zk − xk + hkT̂ (x

k, ξk)− hkT̂ (z
k, ξk) + hkT̂ (z

k, ξk)
〉
≥ 0.

This means
〈
xk − x∗, xk − zk − hkT̂ (x

k, ξk) + hkT̂ (z
k, ξk)

〉

≥
〈
zk − x∗, hkT̂ (z

k, ξk)
〉
+
〈
xk − zk, xk − zk − hkT̂ (x

k, ξk) + hkT̂ (z
k, ξk)

〉
. (3.10)

According to (1.1) and zk ∈ Ω, we have 〈zk − x∗, hkF (x∗)〉 ≥ 0. Under Assump-

tion 3.1(ii), the operator F is monotone, thus
〈
zk − x∗, hkF (zk)

〉
≥ 0.

Using the notation in (3.3), we obtain
〈
zk − x∗, hkT̂ (z

k, ξk)
〉

= 〈zk − x∗, hkF (zk)〉+ 〈zk − x∗, hkǫ
k
2〉

≥ 〈zk − x∗, hkǫ
k
2〉. (3.11)

According to Cauchy-Schwarz inequality and the line search condition in step 5 of

Algorithm 3.1, we have
〈
xk − zk, xk − zk − hkT̂ (x

k, ξk) + hkT̂ (z
k, ξk)

〉

≥ ‖xk − zk‖2 − hk‖xk − zk‖‖T̂ (xk, ξk)− T̂ (zk, ξk)‖
≥ (1− ν)‖xk − zk‖2. (3.12)

Combining (3.10)-(3.12), we obtain
〈
xk − x∗, xk − zk − hkT̂ (x

k, ξk) + hkT̂ (z
k, ξk)

〉

≥
〈
zk − x∗, hkǫ

k
2

〉
+ (1− ν)‖xk − zk‖2. (3.13)

Combining (3.9)-(3.11), we obtain (3.4). The inequality (3.5) can be obtained from

the inequalities (3.9), (3.13) and 0 ≤ β ≤ 1.

We next show that the stochastic step size αk has a deterministic lower bound.
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Lemma 3.2. Under Assumption 3.1(iii), the step size αk in Algorithm 3.1 satisfies αk ≥
αmin, where

αmin =
((1− β)(1 − h/4σ) + β(1− ν))

(2 + 2β2ν2)
.

Proof. According to the definition of αk, we have

αk ≥ ((1− β)(1 − hk/(4σ)) + β(1− ν))‖xk − zk‖2
2‖xk − zk‖2 + 2‖βhk(T̂ (xk, ξk)− T̂ (zk, ξk))‖2

≥ ((1− β)(1 − hk/(4σ)) + β(1− ν))‖xk − zk‖2
(2 + 2β2ν2)‖xk − zk‖2

=
((1− β)(1 − hk/(4σ)) + β(1− ν))

(2 + 2β2ν2)

≥ ((1− β)(1 − h/(4σ)) + β(1− ν))

(2 + 2β2ν2)
:= αmin,

where the first and second inequalities use the line search strategy in step 5 in Algo-

rithm 3.1.

In order to give the convergence analysis, an upper bound for hkαk also needs to

be provided, which we will give in Lemma 3.3.

Lemma 3.3. Under Assumption 3.1(iii), the step size in Algorithm 3.1 satisfies

hkαk ≤ t :=





σ

1− β
, 0 ≤ β < 1,

2h, β = 1.

Proof. We declare this lemma in two cases.

(i) If 0 ≤ β < 1, according to the definition of αk in step 8 in Algorithm 3.1, and

after simplification, we have

αk =
((hk(β − 1))/4σ + 1)‖xk − zk‖2 − βhk〈xk − zk, T̂ (xk, ξk)− T̂ (zk, ξk)〉

‖dk‖2

=
σ

hk(1− β)
+

((hk(β − 1))/4σ + 1− σ/(hk(1− β)))‖xk − zk‖2
‖dk‖2

− ‖
√

σ/(hk(1− β))βhk(T̂ (x
k, ξk)− T̂ (zk, ξk))‖2

‖dk‖2

+
(2σ/(hk(1− β))− 1)βhk〈xk − zk, T̂ (xk, ξk)− T̂ (zk, ξk)〉

‖dk‖2

=
σ

hk(1− β)
− ‖t1(xk − zk)− t2(T̂ (x

k, ξk)− T̂ (zk, ξk))‖2
‖dk‖2

≤ σ

hk(1− β)
,
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where

t1 =
1

2

(
2σ

hk(1− β)
− 1

)√
hk(1− β)

σ
, t2 =

√
σ

hk(1− β)
βhk.

Thus, hkαk ≤ σ/(1 − β).

(ii) If β = 1, then

αk =
‖xk − zk‖2 − hk〈xk − zk, T̂ (xk, ξk)− T̂ (zk, ξk)〉

‖dk‖2 . (3.14)

According to step 5 in Algorithm 3.1, we have

‖dk‖2 =
∥∥∥xk − zk − hk

(
T̂ (xk, ξk)− T̂ (zk, ξk)

)∥∥∥
2

= ‖xk − zk‖2 + h2k

∥∥∥T̂ (xk, ξk)− T̂ (zk, ξk)
∥∥∥
2

− 2hk

〈
xk − zk, T̂ (xk, ξk)− T̂ (zk, ξk)

〉

≥ ‖xk − zk‖2 + h2k

∥∥∥T̂ (xk, ξk)− T̂ (zk, ξk)
∥∥∥
2
− 2ν‖xk − zk‖2

≥ (1− 2ν)‖xk − zk‖2, (3.15)

and

−hk

〈
xk − zk, T̂ (xk, ξk)− T̂ (zk, ξk)

〉
≤ ν‖xk − zk‖2. (3.16)

Combining (3.14)-(3.16) and ν ∈ (0, 1), we have

αk ≤ (1 + ν)‖xk − zk‖2
(1− 2ν)‖xk − zk‖2 ≤ 2.

Thus, hkαk ≤ 2h. Integrating these two cases, the desired conclusion is proved.

In each iteration of Algorithm 3.1, the stochastic approximation of the expectation

operator generates stochastic errors ǫk1 , ǫk2, which can be controlled as the same way

in [15,19]. Here, we present the conclusions.

Lemma 3.4 ([15, Lemma 3.9,Theorem 3.11], [19, Lemma 8,9]). Suppose that Assump-

tions 3.1(i),3.1(iii),3.1(iv) holds, then the sequence {xk} generated by Algorithm 3.1 sat-

isfies

∣∣‖ǫk1‖
∣∣
p
≤ dp

|‖ǫ(x∗, ξ)‖|p + Lp‖xk − x∗‖√
Nk

,

∣∣‖ǫk2‖
∣∣
p
≤ c1|‖ǫ(x∗, ξ)‖|2p + L2p‖xk − x∗‖√

Nk

,

where L2p = c2L2 + c3Lp + c4L2p; dp, c1, c2, c3, c4 are positive constants (when p = 2,

dp = 1). The definitions of L2, Lp, L2p and ǫ(x∗, ξ) can be recalled from Lemma 3.3.
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Next, we present the quasi-Ferjer monotonicity result of the sequence {xk} gener-

ated by Algorithm 3.1 with respect to the solution set SOL(Ω, F ).

Proposition 3.1. Under Assumptions 3.1(i)-3.1(iv), the sequence {xk} generated by Al-

gorithm 3.1 satisfies

E

[
‖xk+1 − x∗‖2|Fk

]

≤
(
1 +

D1√
Nk

)
‖xk − x∗‖2 − κ2h

2
min

4h
2 e2(xk, h) +

D2√
Nk

‖xk − x∗‖+ D3√
Nk

,

where

D1 = 2L2
2

(
4η2t2

κ2
+

κ2h
2

2

)
+

8η2t2L
2
4

κ2
+ 2ηt(d1L1 + L2),

D2 = 2ηt
(
d1|‖ǫ(x∗, ξ)‖|1 + c1|‖ǫ(x∗, ξ)‖|2

)
,

D3 = 2

(
4η2t2

κ2
+

κ2h
2

2

)
|‖ǫ(x∗, ξ)‖|22 +

8η2t2c21|‖ǫ(x∗, ξ)‖|24
κ2

.

Proof. From the iteration format (3.2), we have

‖xk+1 − x∗‖2 = ‖xk − x∗‖2 − 2ηαk〈xk − x∗, dk〉+ η2α2
k‖dk‖2.

Combining (3.4) with the above inequality, we obtain

‖xk+1 − x∗‖2 ≤ ‖xk − x∗‖2 + η2α2
k‖dk‖2 − 2ηαkϕk

− 2ηαk

(
hk(1− β)〈zk − x∗, ǫk1〉+ βhk〈zk − x∗, ǫk2〉

)

= ‖xk − x∗‖2 − η(2− η)αkϕk

− 2ηαk

(
hk(1− β)〈zk − x∗, ǫk1〉+ βhk〈zk − x∗, ǫk2〉

)

≤ ‖xk − x∗‖2 − κ2‖xk − zk‖2

− 2ηαk

(
hk(1− β)〈zk − x∗, ǫk1〉+ βhk〈zk − x∗, ǫk2〉

)
, (3.17)

where

κ2 = η(2 − η)αmin

(
(1− β)

(
1− h

4σ

)
+ β(1− ν)

)
> 0,

the equality is according to the setting of αk in step 8 in Algorithm 3.1, and the last

inequality is due to (3.5), αk ≥ αmin and hk ≤ h. According to the Young inequality,

we have

−2
〈
zk − x∗, ǫk1

〉
= −2

〈
zk − xk, ǫk1

〉
− 2
〈
xk − x∗, ǫk1

〉

≤ σ2
1‖zk − xk‖2 + 1

σ2
1

‖ǫk1‖2 + 2‖xk − x∗‖‖ǫk1‖, (3.18)
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−2
〈
zk − x∗, ǫk2

〉
= −2

〈
zk − xk, ǫk2

〉
− 2
〈
xk − x∗, ǫk2

〉

≤ σ2
2‖zk − xk‖2 + 1

σ2
2

‖ǫk2‖2 + 2‖xk − x∗‖‖ǫk2‖, (3.19)

where

σ2
1 =

κ2
4ηt(1 − β)

, σ2
2 =

κ2
4ηtβ

are two constants. Combining (3.17)-(3.19) and Lemma 3.3, we obtain

‖xk+1 − x∗‖2 ≤ ‖xk − x∗‖2 − κ2
2
‖xk − zk‖2 + 4η2t2

κ2

(
‖ǫk1‖2 + ‖ǫk2‖2

)

+ 2ηt
(
‖xk − x∗‖‖ǫk1‖+ ‖xk − x∗‖‖ǫk2‖

)
. (3.20)

We then deal with the term ‖xk − zk‖2 in (3.20). Using Lemma 2.2 with hk ≤ h, we

have

h2ke
2(xk, h)

h
2 ≤ e2(xk, hk)

=
∥∥xk −Π(xk − hkF (xk))

∥∥2

≤ 2‖xk − zk‖2 + 2
∥∥Π(xk − hkT̂ (x

k, ξk))−Π(xk − hkF (xk))
∥∥2

= 2‖xk − zk‖2 + 2
∥∥Π(xk − hk(F (xk) + ǫk1))−Π(xk − hkF (xk))

∥∥2

≤ 2‖xk − zk‖2 + 2h2k‖ǫk1‖2, (3.21)

where the last inequality dues to Lemma 2.1(i). From (3.20) and (3.21), we obtain

‖xk+1 − x∗‖2 ≤ ‖xk − x∗‖2 − κ2h
2
k

4h
2 e2(xk, h) +

(
4η2t2

κ2
+

κ2h
2

2

)
‖ǫk1‖2

+
4η2t2

κ2
‖ǫk2‖2 + 2ηt

(
‖xk − x∗‖‖ǫk1‖+ ‖xk − x∗‖‖ǫk2‖

)
. (3.22)

Combining (3.22), Remark 3.5(ii) and Lemma 3.4, we obtain

E
[
‖xk+1 − x∗‖2|Fk

]

≤ ‖xk − x∗‖2 − κ2h
2
min

4h
2 e2(xk, h)

+

(
2L2

2(4η
2t2/κ2 + κ2h

2
/2)

Nk

+
8η2t2L

2
4

κ2Nk

+
2ηt(d1L1 + L2)√

Nk

)
‖xk − x∗‖2

+
2ηt(d1|‖ǫ(x∗, ξ)‖|1 + c1|‖ǫ(x∗, ξ)‖|2)√

Nk

‖xk − x∗‖

+
2(4η2t2/κ2 + κ2h

2
/2)|‖ǫ(x∗, ξ)‖|22

Nk

+
8η2t2c21|‖ǫ(x∗, ξ)‖|24

κ2Nk

. (3.23)
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According to the definitions of D1,D2,D3 and the fact 1/Nk ≤ 1/
√
Nk, the desired

conclusion is proved.

In Algorithm 3.1, the correction step does not involve resampling. Consequently, the

stochastic operator in this step loses its unbiasedness as an estimator of the expectation

operator, i.e.,

E
[
ǫk2|Fk

]
= E

[
T̂ (zk, ξk)− F (zk)|Fk

]
6= 0.

Moreover, since the random variables αk, hk, and zk are not in Fk and are interdepen-

dent, even though

E
[
ǫk1 |Fk

]
= E

[
T̂ (xk, ξk)− F (xk)|Fk

]
= 0,

the conditional expectation E[αkhk〈zk − x∗, ǫk1〉|Fk] is generally non-zero. Hence, in

Proposition 3.1, it becomes necessary to control both 〈zk − x∗, ǫk1〉 and 〈zk − x∗, ǫk2〉.
Applying Young’s inequality introduces an additional term (D2/

√
Nk)‖xk − x∗‖, which

obstructs a direct application of the supermartingale convergence theorem. Accord-

ingly, we develop a case-by-case analysis to complete the proof.

Theorem 3.1. Suppose that Assumption 3.1 holds, then the sequence {xk} generated by

Algorithm 3.1 converges to a solution point x∗ ∈ SOL(Ω, F ) a.s.

Proof. Under Assumption 3.1(i)-3.1(iv), Proposition 3.1 holds. We consider two

cases.

(1) If ‖xk − x∗‖ ≤ 1. According to Proposition 3.1, we get

E
[
‖xk+1 − x∗‖2|Fk

]
≤
(
1 +

D1√
Nk

)
‖xk − x∗‖2 − κ2h

2
min

4h
2 e2(xk, h) +

D2 +D3√
Nk

.

(2) If ‖xk − x∗‖ > 1. According to Proposition 3.1, we obtain

E
[
‖xk+1 − x∗‖2|Fk

]
≤
(
1 +

D1 +D2√
Nk

)
‖xk − x∗‖2 − κ2h

2
min

4h
2 e2(xk, h) +

D3√
Nk

.

Thus, for all k, we have

E
[
‖xk+1 − x∗‖2|Fk

]
≤
(
1 +

D1 +D2√
Nk

)
‖xk − x∗‖2 − κ2h

2
min

4h
2 e2(xk, h) +

D2 +D3√
Nk

.

Setting

yk = ‖xk − x∗‖2, ak =
D1 +D2√

Nk

, bk =
D2 +D3√

Nk

, uk =
κ2h

2
min

4h
2 e2(xk, h)

in Lemma 2.3, combining with Assumption 3.1(v), we obtain a.s. {‖xk − x∗‖2} con-

verges and
∑∞

k=0 e
2(xk, h) < ∞. Thus, a.s. {xk} is bounded and e(xk, h) → 0. Letting

the subsequence xkj → x∞, by the continuity of e2(·, h), we have e(xkj , h) → e(x∞, h).

Since e(xk, h) → 0, we have e(x∞, h) = 0. According to Lemma 2.1(ii), xkj → x∞ ∈
SOL(Ω, F ). Letting x∗ = x∞, we have {‖xk−x∞‖2} converges a.s. On the other hand,

‖xkj − x∞‖2 → ‖x∞ − x∞‖2 = 0. Thus, ‖xk − x∞‖ → 0 a.s. i.e., xk → x∞ a.s.
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4. Numerical experiment

In this section, we give two numerical experiments to illustrate the superiority of

proposed algorithm. The experiments are operated with Matlab R2024b on a Win-

dows 11 with a 3.30 Ghz processor and 32 GB of memory.

Experiment 1: Regularized two-player zero-sum matrix game—special
equation constraints

This experiment relates to a regularized two-player zero-sum matrix game with an

uncertain payoff matrix [13]. In particular, the payoff matrix Aξ is randomly distributed

and can only be sampled for each (mixed) strategy. The problem can be formulated as

follows:

min
x∈Rn

max
y∈Rm

f(x, y) = E

[
λ

2
‖x‖2 + xTAξy −

λ

2
‖y‖2

]

s.t.

n∑

i=1

xi = 1,

m∑

i=1

yi = 1, x, y ≥ 0. (4.1)

According to [2, Proposition 2.6.1], problem (4.1) is equivalent to the SVI problem,

where

F (u) =

(
λx+A0y
−AT

0 x+ λy

)
= Eξ[T (u, ξ)], T (u, ξ) =

(
λx+Aξy
−AT

ξ x+ λy

)
,

and the constraint set is Ω = {u ≥ 0 : Bu = c} with

u =

(
x
y

)
, B =

(
eTn×1 0
0 eTm×1

)
, c =

(
1
1

)
.

The vectors en×1, em×1 are column vectors, each with components equal to 1.

We generate the random matrix Aξ by sampling its elements as independent and

identically distributed Gaussian variables, where Aξ ∼ N (A0, ̺
2I(n+m)) with A0 being

randomly generated. Each element aij ∈ A0 follows a distribution aij ∼ N (0, 1). The

parameters are set as ̺2 = 1 and λ = 0.01. We consider two dimensionality settings:

(i) n = 10,m = 20, the same setting as [13]; and (ii) the higher-dimensional case

n = 100,m = 200.

The parameter settings in our Algorithm 3.1 are as follows: µ = 0.4, ν = 0.9,
σ = λ/(λ2 + ‖A0‖2), h = 10−6, h = 3.9σ, γ00 = h, θ = 0.9, τ = 1.5, η = 1.9,

Nk = ⌈(k + 1)2.1/(m+ n)⌉. All methods start at the same initial point x0 whose en-

tries are randomly generated in the interval (0, 1). The residual is set as e(xk, 1). The

stopping criterion is set as e(xk, 1) < 10−1 or maximum number of iteration which

equals to 2000.

First, we test the impact of different β on Algorithm 3.1. Due to the randomness of

the algorithm, we conduct 5 trials for each value of β and take the average to ensure
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robustness. The results under different dimensions are shown in Tables 1 and 2. Fig. 1

presents the intuitive outcome from one of the random trials (We have taken the loga-

rithm of the values on the vertical axis). From Tables 1 and 2, we can see that the best

numerical performance is achieved when β is set to 0.5. This aligns with our interpre-

tation from the perspective of discrete ODE in Section 2.2. Therefore, in the following

numerical experiments, we set the offset weight β = 0.5 in our Algorithm 3.1.
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Figure 1: Comparison of Algorithm 3.1 under different β in Experiment 1: Results for dimensions (n,m) =
(10, 20) (top row) and (100, 200) (bottom row).

Table 1: Comparison of Algorithm 3.1 under different β for Experiment 1 (n = 10, m = 20).

β 0 0.1 0.3 0.5 0.7 0.9 1 stochastic

Iter. 717 148.8 88.8 64.4 111 122.4 123.8 83.2

CPU 5.8757 0.4365 0.2179 0.1462 0.2561 0.3052 0.2955 0.1938

Table 2: Comparison of Algorithm 3.1 under different β for Experiment 1 (n = 100, m = 200).

β 0 0.1 0.3 0.5 0.7 0.9 1 stochastic

Iter. 1290.2 205.5 166.8 150.2 233 249 266.8 187

CPU 48.3844 3.6871 3.1570 2.2271 4.1163 3.4018 5.4923 2.7177
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Next, we compare the numerical performance of algorithm SEP proposed in [13],

algorithm I-L-SEG proposed in [19], algorithm S-RPG (when β is set to 0). In this

algorithm, each iteration step requires only one gradient estimation T̂ (xk, ξk) to be

computed. Therefore, we have additionally written separate code for this algorithm,

algorithm S-PC (when β is set to 1), and our algorithm S-IPC. The parameter settings

of algorithms SEP and I-L-SEG are consistent with those in their respective original

papers. We also conduct 5 trials for each algorithm and take the average to ensure

robustness. The results under different dimensions are shown in Tables 3 and 4. Fig. 2

presents the intuitive outcome from one of the random trials.

From Tables 3-4 and Fig. 2, it can be seen that the proposed algorithm S-IPC demon-

strates superior performance in both iteration steps and CPU time. In terms of itera-

tion steps, it achieves a 20%-30% improvement than algorithm I-L-SEG. In terms of

CPU time, it outperforms algorithm S-PC by 50%-60% and algorithm I-L-SEG by 60%-

70%. The primary reason for S-IPC’s greater time efficiency over I-L-SEG lies in its

single-sample and one-projection design in per iteration, which significantly reduces

computational CPU time in stochastic iterations.
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Figure 2: Comparison of five algorithms’ efficiency in Experiment 1: results for dimensions (n,m) = (10, 20)
(top row) and (100, 200) (bottom row).
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Table 3: Comparison of five algorithms’ efficiency for Experiment 1 (n = 10, m = 20).

Algorithm SEP I-L-SEG S-IPC S-RPG S-PC

Iter. 111.6 81.2 64.4 717 123.8

CPU 0.4146 0.4011 0.1462 5.8757 0.2955

Table 4: Comparison of five algorithms’ efficiency for Experiment 1 (n = 100, m = 200).

Algorithm SEP I-L-SEG S-IPC S-RPG S-PC

Iter. 2000 242 150.2 1290.2 266.8

CPU 50.3848 8.5967 2.2271 48.3844 5.4923

Experiment 2: Regularized two-player zero-sum matrix game—general
polyhedral constraints

Experiment 2 is designed to test on a strongly convex strongly concave stochastic

saddle-point problem with more general polyhedral constraints

min
x∈Rn

max
y∈Rm

f(x, y) = E

[
λ

2
‖x‖2 + xTAξy −

λ

2
‖y‖2

]

s.t. A1x ≤ b1, A2y ≤ b2.

The stochastic matrix Aξ is sampled in the same way as in Experiment 1. The con-

straint coefficients A1 ∈ R
(2n+2)×n, A2 ∈ R

(2m+2)×m, and each element of A1 and A2 is

randomly generated from a uniform distribution over the interval (−5, 5). b1 ∈ R
2n+2,

b2 ∈ R
2n+2 are generated randomly such that the initial all-ones vector x0, y0 is strictly

feasible.

When the constraint set is a general polyhedron, the cost of projection increases sub-

stantially; even a modest rise in problem dimension leads to significantly longer com-

putation times. To illustrate this effect, we compare two small-scale cases: (i) n = 10,
m = 20 (as in [13]), and (ii) n = 15,m = 30. The maximum iteration counts are set to

2000 and 5000, respectively. Other problem and algorithm parameters are set the same

as Experiment 1.

Tables 5 and 6 respectively presents the average iteration counts and CPU times

of Algorithm 3.1 across 5 randomized trials with different β values under different

dimensions. Fig. 3 visually demonstrates the results from one typical trial. From these

tables and figure, we can see that the best numerical performance is achieved when

β is near 0.5. Therefore, for unity, in the following numerical experiments, we set the

offset weight β = 0.5 in our Algorithm 3.1.

Tables 7 and 8 present the average iteration counts and CPU times of Algorithm 3.1

with four other different algorithms over 5 randomized trials for Experiment 2. Fig. 4

visually illustrates the results from one representative trial. As shown in Tables 7

and 8, our proposed S-IPC algorithm demonstrates superior performance in both it-

eration counts and CPU time. Although our S-IPC algorithm achieves only about 6%
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Figure 3: Comparison of Algorithm 3.1 under different β in Experiment 2: Results for dimensions (n,m) =
(10, 20) (top row) and (100, 200) (bottom row).

Table 5: Comparison of Algorithm 3.1 under different β for Experiment 2 (n = 10, m = 20).

β 0 0.1 0.3 0.5 0.7 0.9 1 stochastic

Iter. 2000 1279.4 1145.6 1121.4 1552.2 1547.4 1768.6 1217.8

CPU 26.6552 14.5877 12.1150 12.0838 23.6031 21.6251 22.4715 13.1776

Table 6: Comparison of Algorithm 3.1 under different β for Experiment 2 (n = 15, m = 30).

β 0 0.1 0.3 0.5 0.7 0.9 1 stochastic

Iter. 5000 2635.2 1433.8 1199.5 999.2 1451 1334 1712.8

CPU 190.1154 59.0670 22.8295 17.9238 13.7526 23.4922 19.8950 30.0595

improvement in iteration counts compared to the I-L-SEG algorithm, it demonstrates

a significantly greater 45%-50% reduction in CPU time. What is more, comparing the

numerical results across different dimensions, it can be seen that our algorithm is sig-

nificantly less sensitive to changes in dimension.
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Figure 4: Comparison of five algorithms’ efficiency in Experiment 2: Results for dimensions (n,m) = (10, 20)
(top row) and (100, 200) (bottom row).

Table 7: Comparison of five algorithms’ efficiency for Experiment 2 (n = 10, m = 20).

Algorithm SEP I-L-SEG S-IPC S-RPG S-PC

Iter. 2000 1197.4 1121.4 2000 1768.6

CPU 32.6663 22.0812 12.0838 26.6552 22.4715

Table 8: Comparison of five algorithms’ efficiency for Experiment 2 (n = 15, m = 30).

Algorithm SEP I-L-SEG S-IPC S-RPG S-PC

Iter. 5000 1266.2 1199.5 5000 1334

CPU 109.3994 36.1289 17.9238 190.1154 19.8950

5. Conclusion

This paper presents an improved stochastic projection contraction algorithm for

solving SVI problems. The proposed method features three key innovations:
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(i) Elimination of resampling in the correction step, substantially improving compu-

tational efficiency.

(ii) Introduction of a offset weight β to optimize the search direction, with different-

ial-equation-based interpretations provided for special cases.

(iii) Implementation of adaptive step sizes in both prediction and correction steps.

Numerical experiments demonstrate the algorithm’s effectiveness, with results for opti-

mal β values corroborating our theoretical analysis from the differential equation per-

spective. Future research directions include developing adaptive strategies for dynamic

weight selection (βk) to automatically determine optimal search directions for varying

problem structures and sample characteristics.
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