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Abstract. We investigate the stability of the ternary Allen-Cahn (tAC) equation
solved by the fully explicit Euler method. The tAC equation models interface dy-
namics and phase separation in three-component systems, and is formulated as an
L?-gradient flow of the Ginzburg-Landau energy. We derive a sufficient condition on
the time step size that satisfies the discrete maximum principle and guarantees the
numerical stability of the fully explicit Euler method. Through detailed analysis, we
confirm that the derived condition provides the largest possible time step size among
those that preserve stability. Numerical experiments are conducted to verify the
theoretical results, and the numerical solution violates the maximum principle and
becomes unstable when the time step size exceeds the derived bound. Conversely,
when the time step condition is satisfied, the computational solution preserves the
maximum principle and maintains the energy dissipation property of the tAC equa-
tion. These results provide a rigorous theoretical foundation for determining the
stability limit of the explicit Euler method applied to the tAC equation.

AMS subject classifications: 65M06, 65M12, 35K55
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1. Introduction

The ternary Allen-Cahn equation plays an important role in modeling and simu-
lating systems that consist of three distinct components [25, 44, 46]. The classical
Allen-Cahn (AC) equation describes systems with two components [1], and the tAC
equation extends this model to handle cases where three components coexist and in-
fluence each other. The tAC equation introduces multiple order parameters to repre-
sent different phases or components. These variables are constrained to lie within the
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Gibbs simplex, which guarantees that their sum is equal to one at every point in space
and time [7,26,36]. This mathematical structure enables the modeling of complex
interfacial patterns and morphological changes arising from the interactions among
three components. Many real-world phenomena in materials science [9], fluid dynam-
ics [30,42], crystal growth [20, 39], topology optimization [40], and biology [43] in-
volve multi-component interactions, for which the tAC equation has been widely used.
In materials science, ternary systems such as alloys with three constituents, ceramics
with multiple crystalline phases, and composite materials with interpenetrating struc-
tures exhibit interfacial patterns and morphological changes involving triple junctions
and curvature-driven motion [4,27]. In biological systems, the tAC model has been
used to describe cellular aggregates or tissue domains [12,13]. In fluid dynamics, the
equation has been used to model emulsions and three-phase flow systems, including
droplet formation [29,33], merging [23], and contact [21] lines among different fluid
components. Various numerical studies have investigated the AC and tAC equations
to develop energy-stable schemes and improve numerical accuracy. Li and Li [18] de-
veloped stabilized exponential methods for the vector-valued AC equation by applying
a linear stabilization technique. The authors proved that the methods preserve the dis-
crete maximum bound principle and dissipate the original energy, and verified their
accuracy and stability through numerical simulations. Doan et al. [5] investigated
the convergence behavior of fully discrete numerical solutions to the AC equation.
They established optimal error estimates in both time and space for two first-order
low regularity integrators. Li et al. [17] investigated the nonlocal-in-time AC equation
and established its well-posedness by proving the maximal regularity for nonlocal-in-
time parabolic equations with fractional power kernels. The authors also developed an
energy-stable time discretization scheme and analyzed its discrete maximum principle
and energy dissipation properties, which are essential in phase-field modeling. Chen
et al. [2] developed a novel finite-difference scheme for the AC equation based on the
regularized lattice Boltzmann method. In this method, the nonlinear term is treated
semi-implicitly, the time derivative is discretized explicitly, and the diffusion term is
approximated using second-order central differences. Under a rigorously derived time
step condition, the scheme guarantees the preservation of both the discrete maximum
principle and the energy dissipation law, which were verified through theoretical anal-
ysis and numerical experiments. Zhang et al. [45] presented third-order large time-
stepping explicit schemes for the AC equation that preserve the maximum principle.
The authors proposed stabilization-based Runge-Kutta-type methods, analyzed their
stability and convergence theoretically, and verified temporal accuracy, energy stability,
and maximum-principle preservation through numerical experiments. Du and Hou [6]
developed a linear second-order finite difference method (FDM) for the generalized
AC equation with nonlinear mobility and convection term. The authors proved that
the stabilized Crank-Nicolson method preserves the discrete maximum bound principle
under certain constraints on the time step and stabilization parameter, and verified the
theoretical L*°-error estimate through numerical experiments. Lu et al. [24] developed
a convolution tensor decomposition-based reduced-order model for the AC equation,
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combined with a stabilized semi-implicit scheme to efficiently compute high-resolution
solutions while preserving the discrete energy law. This numerical method achieved sig-
nificant computational speedups in two-dimensional (2D) and three-dimensional (3D)
simulations of microstructure evolution. Geng et al. [8] proposed an end-to-end deep
learning approach for solving nonlocal AC and Cahn-Hilliard (CH) equations. A neural
network loss function was constructed based on the fully discrete residuals of the gov-
erning equations, and the network architecture was designed by incorporating a non-
local kernel to address sharp interface resolution and long-range interactions. This
approach achieved accurate solutions and significantly reduced computational costs in
high-resolution simulations. Liu et al. [22] developed an efficient computational algo-
rithm for simulating the CH equation of diblock copolymers on evolving surfaces, and
they incorporated a stabilized semi-implicit method within the evolving surface finite
element method to preserve mass conservation and ensure numerical stability.

In recent years, significant progress has been made in the computational modeling
and simulation of multi-component systems [31], particularly in the context of phase-
field models and their coupling with fluid dynamics [10]. Researchers have focused
on developing efficient numerical schemes to ensure mass conservation and improve
numerical stability [19,32,37]. Wang et al. [34] developed a phase-field model for
triblock copolymers using the AC relaxation dynamics, in which mass conservation was
achieved by introducing nonlocal Lagrange multipliers. Moreover, the authors proved
the unconditional energy stability of the proposed method. Zhang and Yang [46] pro-
posed a linear, decoupled, and non-iterative numerical scheme for a ternary Allen-
Cahn-type phase-field model that conserves the volume of each phase through three
nonlocal Lagrange multipliers and achieves unconditional energy stability with large
time steps. The authors also verified the stability and accuracy of their method through
various 2D and 3D numerical experiments. Lam and Wang [16] investigated the sta-
bility and convergence of a first-order relaxed SAV scheme for the CH equation with
mass source, which may not possess a dissipative structure, and applied it to various
applications such as image inpainting and tumor growth. Yang [41] developed a phase-
field equation for three immiscible fluids by coupling the Navier-Stokes (NS) equations
with a tAC equation using nonlocal Lagrange multipliers. The author proposed a lin-
ear, energy stable scheme based on the stabilized-IEQ and projection methods, and
verified its accuracy and stability through numerical simulations. Zhang et al. [48]
developed a phase-field-based lattice Boltzmann model for ternary fluid flows by in-
corporating the conservative AC equation to capture fluid interfaces and introducing
a wetting boundary scheme to handle surface wettability. Wu et al. [35] developed the
N-component conservative AC and ternary conservative Allen-Cahn-Navier-Stokes sys-
tems by introducing nonlocal Lagrange multipliers for mass conservation. The authors
proposed linear, fully decoupled, and energy dissipative schemes using a modified SAV
approach, and verified their accuracy and efficiency through 2D and 3D simulations.
Xia et al. [38] proposed a conservative AC model coupled with the incompressible NS
equations to study interface dynamics in multi-component immiscible fluids, including
ternary systems. To suppress spurious oscillations caused by inaccurate normal vector
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estimation, the authors introduced a nonlinear preprocessing step. They conducted
various quantitative and qualitative computational experiments to demonstrate the ac-
curacy and applicability of the proposed algorithm.

Although these studies have proposed various stable and efficient schemes for solv-
ing the tAC equation, the stability condition for the fully explicit Euler method has not
been rigorously analyzed. In particular, while the fully explicit Euler method is simple
to implement, it can become unstable when the time step is too large. Therefore, it
remains an open problem to determine the largest possible time step that guarantees
numerical stability and preserves physically meaningful bounds of the solution. In this
study, we investigate the stability of the tAC equation solved by the fully explicit Euler
method. We derive a sufficient condition on the time step size under which the com-
putational solution satisfies the discrete maximum principle and remains stable within
the physically meaningful range. Furthermore, we verify the sharpness of the derived
condition and confirm its validity through numerical experiments.

The remainder of this paper is organized as follows. Section 2 introduces the math-
ematical formulation of the tAC equation. Section 3 presents the fully explicit Euler
method and conducts the stability analysis to derive the time step constraint. Section 4
verifies the theoretical results through numerical experiments. Finally, conclusions are
summarized in Section 5.

2. Governing equation

In this section, we consider a ternary phase-field model based on the Gibbs simplex
method [28]. The phase variables ¢, co, and c3 represent mole fractions of different
components in the system, and satisfy the constraint ¢; + ¢3 + ¢3 = 1. We define the
vector-valued phase-field as ¢ = (¢, ¢2,c3). The dynamics are restricted to the Gibbs
simplex

{CER?’\cl—l—cQ—i—c;»,:l, ¢p > 0 for p:1,2,3},

which guarantees mass conservation and positivity of each phase-field. The Ginzburg-
Landau free energy functional is given by

2
/ Z( Cp X, t ‘VCp(QX,]f)‘ )dx, (21)
2

where F(cp) = ¢;(1— cp)?/4 and € > 0 is the interfacial coefficient. We impose the zero

Neumann boundary condition

Ve, n=0 on 0f), for p=1,2,3.

The time evolution of ¢, for p = 1,2, 3 is governed by the L?-gradient flow of the energy
functional [14]
Jep(x,t) F'(cp(x,t)) F'(cq(x,1))
ot = — 2 +ACpXt +;T, XGQ, 15>07 (22)
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where the initial condition satisfies
c1(x,0) + c2(x,0) + ¢3(x,0) = 1.

Moreover, the tAC equation preserves the Gibbs simplex structure over time. By differ-
entiating the sum of the components of the tAC equation (2.2) with respect to time, we
obtain

3 3
0 B Jep(x,1)
apz;cp(xﬂt) - Z ot

p=1

3
t)) F'(cq(x,t))
_E +Acpxt+q§:1T

3
ZACP x, 1) Zc,, x,t) | . (2.3)

We define the sum of the three components as u(x,t) = Zi’):l ¢p(x,t). Then, Eq. (2.3)

can be rewritten as
ou(x,t)

ot
For the zero Neumann boundary condition, V¢, - n = 0 on 052 for p = 1,2,3, and
thus Vu - n = 0 on 0f2. For the periodic boundary condition, each ¢, is periodic on €,
and therefore u is also periodic on 2. Since the initial condition satisfies u(x,0) =
2221 ¢p(x,0) = 1, the uniqueness of the solution to (2.4) with either homogeneous
Neumann or periodic boundary conditions implies that

= Au(x,t). 2.4)

D op(xt) =u(x,t) =1 forall t>0. (2.5)
p=1

Hence, the sum of the three components remains one for all ¢ > 0, and therefore the
Gibbs simplex structure is preserved.
We simplify the right-hand side of the tAC equation (2.2) by computing the term

a1 Fl(cq(x,1)

3
> Fcg) = ci(er — 0.5)(cr — 1) + ca(ca — 0.5)(ca — 1) + (e — 0.5)(cz — 1)
= —1.5¢1 +0.5¢; + 3 — 1.5¢5 4+ 0.5¢0 + 3 — 1.5¢5 4 0.5¢3
= — 156 + ¢ —1.5¢3 + 3 — 1.5¢3 + 0.5,

and by using the constraint ¢; + ¢y + ¢3 = 1, this expression reduces to

3
ZF’(cq) = 3c1c2(1 — ¢ — ¢2) = 3ejcacs. (2.6)
q=1
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Therefore, the tAC equation can be rewritten in the following form for p = 1,2, 3:

t F’ t
dep(x, 1) _ (cp(%,1)) + Ac, + 016203, xe, t>0. (2.7)
ot €2 €?

We note that when ¢3 = 0, then Eq. (2.7) reduces the classical binary AC equation
[1,15].
To verify the energy dissipation property, we differentiate the energy functional (2.1)

with respect to time
/
(0% ()
€2 ot

F'(cp) 6cp Jcp
/Z( 2 —Apm)dx

where integration by parts and the homogeneous Neumann boundary condition are
applied to the second term. Thus, we obtain the following expression:

3 /
IS
t Qp:l € 8t
3
LB ()
Q= €

3

B dcy 616263%

N /QZ < < > e Ot ) dx
Qi ot

which confirms the energy dissipation property of the tAC equation.

3. Computational algorithm and stability analysis

In this section, we present the numerical method used to solve the tAC equation
and perform a stability analysis of the proposed scheme. Since the numerical method
can be extended to 2D and 3D spaces in a straightforward manner, we describe the
one-dimensional case for ease of understanding. To discretize the tAC equation (2.2)
in one-dimensional space, we discretize the finite domain 2 = (L,, R,) as

Qq={z;=L,—05h+ih|i=1,2,...,N,},

where N, denotes the number of grid points, and spatial step size h = (R, — L;)/N,.
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The fully explicit Euler method for the tAC equation is given by

n+1 n
i i Gl —05)(egi — 1)
At €2

n n n n n n

Cpit1 T Cpic1 — 205 €1C5,05,
% 2 (3.1
where &, + &Y, + 3, =1fori=1,...,N,. To verify that the numerical method pre-
serves ¢ T 4+ ch Tt 4 it =1 for all n > 0, we first describe the boundary conditions

applied to the discrete system. For the Neumann boundary condition, the discrete val-
ues satisfy ¢ , = ¢, and ¢y v | = ¢} v, whereas for the periodic boundary condition,
they satisfy ¢, = ¢, y, and ¢} y ,; = ¢ ;. Then, based on the Gibbs simplex property
of the initial conditions and the imposed Neumann or periodic boundary conditions,

we obtain the following identity for all: = 1,..., N,:
3 0 0 0 3 3 3
Cpit1 t i1~ 26 1 0 0 0
p=1 p=1 p=1 p=1

Therefore, by summing both sides of Eq. (3.1) over p = 1, 2, 3, we obtain the following:

3 Cpi ~ i\ _ 23: Gl —05) (g —1)
At o = €2

p=1

Cp,i +
h? €2

0 0 0 0 0,0
Cpit1 T Cpig — 2 Cl,iCQ,z’CB,z’>

3
) 4(62,24 - 0-5)(02,¢ -1) 30?,2‘03,1'0%2‘

p7z
= — — 0 3-2
> . T

for each i. By induction on n, we conclude that
n—+1 n—+1 n+1l __
c1; teo teg =1

for all n > 0. To proceed with the stability analysis, we assume that the following
condition holds for each p = 1,2, 3:

0<c;<1 for i=1,2,...,N,.

Without loss of generality, we assume that the most restrictive time step size required
to preserve the maximum principle when computing the updated solution C;H—l occurs
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for p = 1. Rewriting the numerical scheme (3.1), we obtain

)

€2 h? €2

A —05)(ct.—1) .+ =2 .Y .cR.
07117_1!_1 _ C?ﬂ'"‘At (_ 1,1( 1,3 )( 1,3 )+ 1,i+1 1,i—1 1,z+ 1,024 3,z>. (33)

If the expression

7 n T n 7 n n n 7
_Cu(cu - 0'5)(Cl,i —1) n Clip1 T Clim — 21, " €1,i€2,i%3: 0
€2 h? €2 -

then the update formula reduces to ci' = ci; by Eq. (3.3), and this ensures stability.
To analyze the stability condition, we consider the following two cases:

7 7 7 T n 7 T g3 n
5 i(cl,i - 0'5)(Cl,i —1) Clip1 T €l —2¢1; 1 ¢5,08;

~L p + = + LB, (3.4)
_C?,i(c?,i - 0-25)(0?,z —1) N g1 T — 201, n 1,iC5Cy <o 3.5)
€ h2 €2

In the first case (3.4), since C?,i > 0, it follows that c’fjl > 0 by Eq. (3.3). Next, we
consider the second case (3.5)

T n T T n n n n
&t At (_ cyi(ct; —0.5)(ct; — 1) n Clip1 T i1 — 207 C1,i02,z03,i> > 0.

€2 h2 €2

By replacing 7 ;| + c{';_; with its lower bound 0, we obtain

> - 50 ) = e (3.6)

A <_ ci(ct; —05)(ct; —1) 27, N C?,ﬁ?,ﬁ?,i)
When cf; = 0, the above inequality holds for any value of At. Therefore, we consider
the case where 0 < cf; < 1. Dividing both sides of Eq. (3.6) by —c7; and rearranging
the terms, we obtain

(cf; —0.5)(ct; — 1) 2 0y,
12 A2 ( €2 + h2 2 )

A ((Cg,z‘ +c5; —0.5)(ch; +c5;) n 2 Cg,icg,i>

€2 h? €2
_ A <(C§l,z‘ + 5, —0.5)(ch; +c5;) — g8, . 2 ) _

€2 h?

To determine the maximum allowable time step size At¢, we consider the maximum
value of the following expression:

.4+, —05) (. +cR)—cl.c. )
Al(h) _ ( 2,1 3,0 )(622,z 3,1) 2,173,1 + ﬁ (37)
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For simplicity, we define a function g(z, y) by identifying » = ¢ ; and y = c3, as follows:

g(z,y) = (x +y—0.5)(z +y) — zy.
Then, the expression (3.7) can be rewritten as

9(c3i c5:) | 2

Az(h) - 62 ﬁ

We consider the maximum value of g(x,y) over the domain 0 < z,y < 1 and 0 <
x4+ y < 1. To find this value, we examine the system of partial derivative equations
with respect to z and y

0
99 9r 4y —05=0,
oz
0
9 2y —05=0.
dy
From this system, we obtain y = —2z + 0.5. Substituting into the second equation

yields
r—4x+1—-05=-3x+05=0,

which gives the solution x = 1/6 and y = 1/6. We verify whether this critical point
corresponds to a local minimum or maximum. The second-order partial derivatives of
g(z,y) are given by

0%g B 0%g _1q 0%g

022 oxdy  Oy?

The determinant of the Hessian matrix is

0%g 9%g 0%g 2 0%g

Therefore, the point (z,y) = (1/6,1/6) is a local minimum. Then, we consider the
maximum value of ¢g(z,y) along the boundary of the domain. Forz =0and 0 <y < 1,
we obtain ¢(0,%) = (y — 0.5)y = y? — 0.5y. This expression satisfies

lim ¢(0,y) = lim (y2 — O.Sy) = 0.5,
y—1— y—1—
and thus the supremum of ¢(0,y) on the interval [0,1) is 0.5. Similarly, for y = 0 and
0 < z < 1, we obtain

g(z,0) = (z — 0.5)z = 2° — 0.5z.

Thus, the supremum of ¢(z,0) on the interval [0,1) is 0.5. Therefore, the supremum of
g(z,y) over the domain 0 < z,y < 1 and 0 < x +y < 1is 0.5. Substituting this into the
expression for the time step condition, we obtain the following inequality for At:

1 2 4e? 4 h?
1>At|—=+ =] =At| —— | .
= A <262 * h2> ! ( 2e2h? >
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As a result, the maximum allowable time step size that guarantees the ¢! > 0 is given

p7Z
by
2¢2h?
At< ———
— h2 4+ 4€2
From Eq. (3.2), we have the identity 7' + 57" + ¢jT' = 1. If the time step size At
satisfies the inequality (3.8), then it follows that 0 < cﬁ”{l < 1. Furthermore, by using

a similar approach for p = 2,3, one can also conclude that 0 < c;;rl <1 forp=2,3.
The maximum time step size is defined as

(3.8)

2¢2h?

Ao = 30

This value is verified to be the largest among all time step sizes that allow the com-
putational solution to satisfy the discrete maximum principle. We assume that the
inequality (3.4) holds, and then construct an example in which the computational so-
lution fails to satisfy the maximum principle and exceeds 1. In particular, it is shown

that there exists an index i € {1,..., N, } such that ¢, > 1 for the given initial values
) ;with i =1,..., N,. First, we define a function w(¢;) on the interval [0.5,1] as

4(p1 — 0.5)(2€% + h21 (11 — 0.5))

w(wl) = 12 + Ae2 )

Y1 € [0.5,1].

This function satisfies w(0.5) = 0 and w(1) = 1. The derivative of w(v) is given by
_8e? + (12907 — 8y + 1)
N h? + 4€2

From the inequality (3.4), by taking et =, ey = 1o, and cg; =0 with ¢ + 9 =1,
we obtain

w' (1)

h? (4(11)? — 2¢1) > —8é2.

Thus, we obtain the following inequality on the interval [0.5, 1]:

8e? + h?(12(1)" — 8y +1) _ 8€® + h*(4(¥n)* — 2¢)
h? + 4¢€2 - h? + 4¢€2

w'(Yr) = > 0.

This implies that w’ (v ) is nonnegative and therefore w(1); ) is monotonically increasing
on the interval [0.5, 1]. Therefore, when the time step size At is greater than or equal
to the maximum time step size Atnyay, that is, for an exceeded time step At > Atpax,
we can express the following relation:

Atmax
At

This implies that, for any time step size At > Aty,.x, there exists a value ¢; € (0.5,1)
such that At = Atyax/w(¢1). Hence, we demonstrate that there exists an initial condi-
tion under which the numerical solution obtained from Eq. (3.3) with At > At,.x does

= w(¢1), NS [0.5, 1].
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not satisfy the maximum principle. We consider the initial condition on 2, as follows:

(2:,0) Y, if i=k with 1<k <N,
C1(Zq, = .
e 1, otherwise,

co(x;,0) =1 —c1(x,0),  e3(z,0) =0,

where 0.5 < ¢ < 1. Then, the computational solution at time ¢ = At is computed as
follows:

0 (0 0 0 0 0
A (e 0.5)(¢ 1) ¢ +c 2¢
1 0 : 1E\CL Lk L1 T Clp—1 1k
Clk=Clpt+ t( - 2 12

:w_i_Atmax(_¢(¢—0-5)(¢—1)+2(1—¢)>

w(1) €2 h?
Atmax 2 2
=¢+ w(0)e2h? (=h*Y(¥ = 0.5) () — 1) + 2€*(1 — 1))

(05428 (- Dp 405
= T 0n) e T R —05)) | G085  ©

which implies that c?j;l > 1, and thus the maximum principle is not satisfied. Fur-
thermore, since c?j;l > 1, it follows from Eq. (2.5) that either cgj;l or cg};l becomes
negative. Consequently, the maximum time step size At iS the largest among all
time step sizes that satisfy the maximum principle for the tAC equation solved by the
fully explicit method. For a d-dimensional space, the maximum time step that preserves
the stability of the explicit Euler method and satisfies the maximum principle can also
be determined in the same manner, as follows:

2¢2h?

Atmax = 75, 199"
h2 + 4de?

3.1. Energy stability analysis

To verify the energy stability of the numerical scheme, we define the discrete energy
functionals for ¢ = {c} 1, ¢ o, - - ,Cp. N, ) attime ¢ = nAt, for p = 1,2, 3, as follows:

n hoo n\2/n 2

g(gl) (Cp) ) Z (Cm) (Cp,i - 1) )
=1

Ny—1

n h T
552) (cp) = 5 Z ‘Vdc jitd
i—1

Ea(cn) =& () + &P ().

2

)
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Thus, the discrete total energy functional corresponding to (2.1) is given by
3
Ea(c) =) Ea(ch).
p=1

Then, the numerical method is expressed as follows:

Tl+1 _ Cn

T Bl SV (e), +

15 Cy
— =" % for =1,23.
At h € p B

The Hessian matrices H() and H®, which are the second derivatives of Sc(ll)(cg) and
552)(cg), are defined by

HO, 1} = (w2 (ep), V2 () }

p

at 0 0 ... 0 0 1 =1 0 ... 0 0)\)

0 a? 0 0 0 -1 2 -1 0 0
nlo o0 a7 0 0 0 -1 2 0 0

{2 , . h :

€

0 0 0 a0 0 0 0 2 -1

0 0 0 0 af, 0 0 0 -1 1,

where a' = 3(cj;)? — 3¢, + 0.5, and the homogeneous Neumann boundary condition
is applied. The eigenvalues of H") and H® are given by

4 — 1
A = L (302 = 3(ch) +05), AP = Zsinz LD

P e L h 2N,

for i=1,...,N,,

respectively. The eigenvectors corresponding to the eigenvalues )\1(2) of H® are given
by

— 1 3(1—1 2N, —1)(i—1
w; = <cos (ZQN:B)W’ cos (Z2Nx)w,..., cos( a 2]\)75 )W>

and the normalized vectors are defined by v; = w;/|w;|. Thus, the difference c;,”rl —cy

is expressed as a linear combination of the eigenvectors

Ng
n+1 n __ <.
c,” —c¢, = g Sp.iVi-
i=1

The discrete inner product (u, v), is defined as

N,
(w,v)a =h> wuvi,
i=1
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for discrete vectors u = {uy,us,...,un,} and v = {vy,vs,...,vn,}. By applying the
Taylor expansion of &, at c;;, we obtaln

V&(cy)

Ealept) = alep) + (T e )
N <V2€d<np><cz“ ) >
d

2h, ) CP CP

where n,, = 8¢y + (1 - ﬁ)cZJr1 and 0 < 8 < 1. We define the discrete vector d"* =
{d{,dsz,...,d}y }, where each entry is given by

m __ n n n —
di' =cfc5,¢5,, 1=1,2,... Ny

Then, the discrete energy difference between two time steps can be written as

3

Ea(c™Hh) = Eale™) =) (Ealep™h) — Ealcy))
p=1
3 n n n
—Z[ <CP+1_Cp—d—c"+1—c">
- At e’ P P
p=1 d

+ <d—2 cptt - c;;> } : (3.9)
€ d

Since the sum of concentrations satisfies ¢}, + ¢§, + ¢4, = 1 for all i and n > 0, it

follows that
3 3
d" n+1 n d n+l n
(S a) (5@ o
d

p=1

Thus, Eq. (3.9) can be rewritten as

Ed(c"'H) Eq(c") = Z szl<< ! ()\(1 —i—)\( )) A1t> sp7,V,,sp7]Vj>d

p=1 [ j=1i=1
3 Ng

1 2 2 ) (’L—l)ﬂ' 1 2

p=1i=1

If the time step size At satisfies At < 2¢2h?/(h% + 4¢?), then the numerical solution
preserves the maximum principle, i.e., 0 < cZJZfl <1lforalli=1,...,N, and n > 0.
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Since each component satisfies 0 < ¢ ;, it < 1 and n,; = Bci; + (1 — B)cht! with
0<pB<1,wehave 0 <17,; <1lforallp=1,2,3andi =1,...,N,. Therefore, the

numerical method satisfies the discrete energy dissipation property as follows:

1 1 2 h* + 4e 3 Y 3 Mo 52
n+ y 253
e - e < (4 - ) S Y g -3y B

p=1i=1 p=1 i=1

4. Numerical tests

We perform numerical experiments to verify the presented analysis of the maxi-
mum time step for the tAC equation solved by the fully explicit Euler method. From
the equilibrium profile of the AC equation, the interfacial length over which the phase-
field variable varies from 0.05 to 0.95 is approximately 4v/2¢ tanh~(0.9). Therefore,
for m > 0, the interfacial coefficient ¢ is chosen so that the interfacial length is approx-
imately mh, and is given by

S mh
"™ 4y/2tanh1(0.9)

4.1. Effect of computation order on numerical stability

We take advantage of the Gibbs simplex structure, which allows us to compute only

two of the three components of the tAC equation. Specifically, we compute ¢, and

Cyi; using the numerlcal rnethod (3.1), and obtain the remaining component from the
relation ¢i';; = 1 — ¢}, — ¢;;, where p, g, and r are distinct indices such that 1 <
p,q,r < 3. We perform numerical experiments to demonstrate whether the numerical

solution remains unchanged under different computation orders when the proposed

maximum time step size is used. In the first case, the components are denoted by
it for p = 1,2,3. The numerical solutions ¢{ ' and ¢j*! are computed using the
numerical method, and the third component is then obtalned by the relation ¢#}! =

3ij —
1— c{”{j — cg”[; In the second case, the components are denoted by ¢" 1! for p = 1,2, 3.

Cp.ij
The numerical solutions c’f*]l and c”Jr1 are first computed by the numerical method,

followed by é3t! = 1 — et — égir]l In the final case, the components are denoted

n+1 n+1

by c”+1 for p = 1,2,3. The numerical solutions ¢ gr and ¢y~ are computed by the

numer1cal method, while &' = 1 - ngjl — cg”[l is determmed from the algebraic

constraint. The initial COIldlthIl is imposed on the domam Q2 =(0,1)x(0,1) as follows:

w0 =3 (tanh (TO BRIV 05)2) + 1) ,

2v/2¢
CQ(xayaO) = 1—Cl(x?y,0) for y > 0.9,
cs(z,y,0) =1—cy(z,y,0) for y<O0.5.

The numerical simulation is performed using the following parameters: N, = N, =
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1 1 1
(&) Z 0.5

Y ) )

0.5 c1>05 0.5 0.5
C3 > 0.5

0 0 0

0 0.5 z 1 0 0.5 z 1 0 0.5 z 1
Initial t = 6000At t = 12000At

Figure 1: Temporal evolution of the numerical solution for the first case at times t = 0, 6000A¢, and
12000A¢.

256, 1o = 0.3, € = €4, At = 2¢2h?/(h? + 8¢?), and the final time T = 12000A¢. Fig. 1
shows the temporal evolution of the numerical solution for the first case.

We define the l;-norm of the numerical solution as follows:

1/2

1 2
leplle = | 3 22 2= ()

i=1 j=1

The [5-error between ¢} and ¢} is given by ||c] — é}'||2. The maximum /s-error among
the three numerical solutions for p = 1,2, 3 is defined as

MAX(ey)) = max (||c; — &2, lly = G ll2 6y — G ll2) -

Table 1 lists the maximum [-errors among the three numerical solutions for each
component p = 1,2,3. Since the largest maximum [s-error is 5.2204e-16, it can be
attributed to round-off errors in numerical computation.

Table 1: Maximum l2-errors among the three computation orders for each component.

MAX(e}) | 1.2899¢-16 | 5.2193¢-16 | 5.2204e-16

Furthermore, to verify that the numerical solution does not exhibit any bias caused
by the order of computation [11], we set the initial condition for the first case on the
domain © = (0,1) x (0,1) as follows:

ci(z,y,0) = % <1 — tanh <r0 — \/(x — g'j_);:_ = 0'5)2>> ) 4.1)

CQ($,y,0):1—Cl($,y,0) for ’yZO,

C3($7y70) :1_Cl(x7y70) for y<0

The parameters used in the simulation are N, = N, = 256, 19 = 0.3, € = €4, At =
2¢2h? /(h? + 8¢2), and the final time T' = 7000At.
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Fig. 2 shows snapshots of the numerical solution of the tAC equation with the ini-
tial condition (4.1). A magnified view near the triple junction at time ¢ = 7000A¢,
where the three components meet, is also provided. It is observed that the contact an-
gles among the three phases converge to 120°. This result confirms that the numerical
method computes the solution without any numerical bias when the presented maxi-
mum time step size is used. Therefore, we confirm that if the time step size satisfies the
discrete maximum principle, the order in which the components are computed does
not affect the numerical solution. Based on this result, in the following numerical sim-
ulations, we compute cf;; and ¢4 ,; first, and then obtain ¢§ ;; = 1 —cf,;; — ¢4, in order
to preserve consistency.

1 1 1
) ) )
0.5 0.5 0.5
0 0 0
0 05 = 1 0 056 x 1 0 05 T 1
Initial t = 4000At t = 7T000At

Figure 2: Snapshots of the numerical solution at times ¢t = 0A¢, 4000At¢, and 7000At.

0.6 0.6

0.5 0.5 0.5

. 0.4 0.4 0
0.5 08 = 0.7 0.5 . ) 0.5
(@ c1 (©) c3
0.6
c; = 0.05
c; =0.95
£-c = 0.05
P-co = 0.95

o5 e3 = 0.05
e = 0.95

0.4 :
0.5 0.6 z 0.7

(de1+ce2+es

Figure 3: Numerical solutions of each component at ¢ = 7000At¢ and their corresponding 0.05 and 0.95
level contours.
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In addition, Figs. 3(a)-3(c) show the numerical solutions for the three components
c1,c9, and c3 at t = TO00At, together with their corresponding 0.05 and 0.95 level
contours, respectively. Fig. 3(d) shows the sum of the computational solutions of the
components, ¢; + ¢ + c¢3, together with the 0.05 and 0.95 level contours of each com-
ponent, demonstrating that the Gibbs simplex condition ¢; + ¢ + ¢3 = 1 is numerically
preserved. We observe that the small region near the triple junction in Fig. 2, which is
not dominated by any of the three components, corresponds to the coexistence of all
three phases with values less than 0.5 and it still satisfies the Gibbs simplex constraint.

4.2. Convergence test

The computational scheme is first-order accurate in time and second-order accurate
in space. We perform convergence tests to verify these orders of accuracy. The initial
condition is defined on the computational domain Q2 = (0,1) x (0, 1), consisting of three
independent circular interfaces, as follows:

ci(z,y,0) = é 1 + tanh (TO RAC _295\});:’ (y— y1)2>
Lo [rom V@ w4y — )
2 2\/56
_ ltanh ro —/(z — 23)2 + (y — y3)?
2 2\/56 ’
L 1 ro—/(x —21)? + (y — y1)?
CQ(x7y7O) = g [1 — Etanh < 0 2\;56 1 )

ro — /(@ — 22)? + (y — y2)?
+tanh< /e )

IR V(e —23)2 + (y — y3)°
2 2/2¢ 7

c3(z,y,0) =1 —ci(x,y,0) — ca(x, y,0),
where rg = 0.1, and
(z1,71) = (0.5 — sin(7/12) /4,0.5 + cos(m/12) /4),
(22,y2) = (0.5 + V3 cos(n/12) /8 + sin(r/12)/8,0.5 + v/3sin(r/12) /8 — cos(r/12)/8),
(z3,y3) = (0.5 — V3 cos(m/12)/8 + sin(r/12)/8,0.5 — v/3sin(r/12) /8 — cos(r/12)/8).

Since it is difficult to obtain an exact solution for the tAC equation, we generate a ref-
erence solution by using sufficiently small temporal and spatial step sizes and compare
it with the numerical solution. For the spatial comparison, because the grid nodes do
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Table 2: Errors and rates of the fully explicit scheme for time step size At.

At | Atpax/2 Atpax/4 Atbmax/8 Atiax/16 Atax/32
ly-error | 3.2946¢-06 1.6435¢-06 8.1838¢-07 4.0593¢-07 1.9974¢-07
R, 1.00 1.01 1.01 1.02

Table 3: Errors and rates of the fully explicit scheme for grid size h.

N,=N,| 32 64 128 256 512 ||
lr-error |2.8113¢-03 6.9919¢-04 1.7276¢-04 4.1861e-05 1.0355¢-05
R, 2.01 2.02 2.05 2.02

not coincide, linear interpolation is applied to evaluate the Lo-error at the nodal points
of the numerical solution. We define the Ls-error between the numerical solution and
the reference solution "¢/ = {¢*/ | ;¢ t¢/} as

1/2

H Nl,Ny||2: 3NN ZZZ( 5 - PZJ)

plzl]l

Then, the convergence rates for the temporal and spatial discretizations are defined as

lent v, |I2 len v, ll2
A ( ) B =lom | (o
le Nx,NyHQ e 2Nx,2NyH2

The reference solution for the temporal convergence test is generated using At =
Atmax/1024, N, = N, = 1024, T = 2'6At, and ¢ = 0.004. For the temporal con-
vergence test, we use the parameters N, = 1024, ¢ = 0.004, different time step
sizes At = Atyax/2, Atmax/4, Atmax/8, Atmax/16, and Aty,.x/32, and the final time
T = 64Aty.x. Table 2 lists the Lo-errors and the corresponding convergence rates of
the fully explicit scheme for different time step sizes. The reference solution for the spa-
tial convergence test is generated using At = Atpax/4, Np = Ny = 1024, T' = 214 AL,
and € = 0.01. For the spatial convergence test, we use the parameters At = Aty ax/4,
e = 0.01, different spatial step sizes N, = 32,64, 128,256, and 512, and the final time
T = 2'4At. Table 3 lists the Lo-errors and the corresponding convergence rates of the
fully explicit scheme for different grid sizes.

4.3. Stability test

We demonstrate through numerical simulations that when the time step size ex-
ceeds the maximum allowable value, the numerical solution fails to satisfy the maxi-
mum principle and becomes unstable. To quantify this behavior, we define the maxi-
mum and minimum values of the numerical solution at time ¢ = nAt as follows:

Max(e”) = 1%, (oo, Par) - Min(e”) = min, ( min, G
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The initial condition on the domain 2 = (0,1) x (0, 1) is defined by uniformly distribut-
ing each component around 1/3 with a small random perturbation

1
ci(z,y,0) = 3 +0.0lrand(z, y),

1
c2(2,y,0) = 3 +0.0lrand(z, y),
Cg(.’IJ,y,O) =1- Cl(l’,y,O) - CQ(.’IJ,y,O)7

where rand(z, y) denotes a uniformly distributed random value in (—1,1) at each spa-
tial point (z, y). The simulation is conducted with N, = N,, = 256, € = ¢4, and the final
time T" = 5.0448¢-3. We use two time step sizes, At = Atpax and At = 1.1A¢yax, tO
examine the effect of violating the stability condition.

Figs. 4(a) and 4(b) show snapshots of the numerical solutions at times ¢ = 5.9192¢-4,
1.8497e-3, and 4.8093e-3, respectively. Fig. 4(c) shows the numerical solutions cf ,;
and cy,; att = 4.8093e-3 along the fixed line j = N, /2 for both At = At and
At = 1.1Atyax. Since cf ;; = 1—c};; —cy 5, it is omitted for visualization. We observed
that the numerical solution satisfies the maximum principle and remains stable when
the time step size At is set to the presented maximum time step size At,.x. In contrast,
if the time step size At exceeds this threshold, the solution fails to satisfy the maximum
principle, exhibits oscillatory behavior, and becomes unstable. Fig. 4(d) shows the tem-
poral evolution of the maximum and minimum values of the numerical solution, which
clearly illustrates this behavior.

4.4. Energy dissipation law

We perform numerical simulations to demonstrate whether the numerical solution
of the tAC equation satisfies the energy dissipation law when the time step size At is
set to the presented maximum time step size At,.x. The discrete total energy of the
numerical solution c¢” at time ¢t = nAt is defined as follows:

N, Ny 3 F(cn ) (Cn — )2 + (cn — )2
_ D,1J p,it+1,j D,ij p,i,J+1 D,ij 2
e - 30303 (H - I

i=1 j=1p=1
We consider the following initial condition on the domain 2 = (0,1) x (0, 1):
¢ = 0.5(1 + rand, (z;, y5)),
Cg,z’j = 0.5(rand2(:vl-, yj) — rand; (wi’ yj))’
;5 =1—0.5(1+ randy(zs,5;)),
where the uniformly distributed random values satisfy rand; (z;,y;) < rands(z;,y;) at

each point (z;,y;) to preserve consistency. We use the parameters N, = N, = 256,
€ = €4, At = 2¢2h%/(h? + 8€%), and the final time T = 2000A¢.
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Figure 4: Snapshots and temporal evolution of the maximum and minimum values of the numerical solution
for different time step sizes At = Atmax and At = 1.1AEmax.
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Fig. 5 shows snapshots of the computational solution at times ¢t = 80At, 400At,
and 2000At, along with the temporal evolution of the normalized discrete total energy
E4(c™)/Eq(ct). We observed that the normalized discrete energy decreases over time,
which demonstrates that the computational solution satisfies the energy dissipation law
of the tAC equation.

Next, we conduct computational simulations in 3D space to verify whether the nu-
merical solutions of the tAC equation satisfy the maximum principle and the energy
dissipation law based on the presented analysis. The initial conditions are given as
follows:

e = 0.5(1 + randy (w7, 5, 21)),
¢ i1, = 0.5(randa(z;, y;, 21,) — randy (w1, ;. 2)).
Cg,ijk =1-— 05(1 + randQ(%aZJﬁ Zk))

The parameters used in the simulations are N, = N, = N, = 128, € = ¢, At =
2¢2h?/(h? + 12¢2), and the final time T = 3000At. Figs. 6(a)-6(c) present snapshots of
the numerical solutions at ¢ = 300A¢, 1000A¢, and 3000A¢. The numerical solutions
are stable without oscillations, and each component follows the motion by mean cur-
vature flow, which is a property of the AC equation. In addition, Fig. 6(d) presents the
maximum and minimum values of the computational solutions. We observe that the

|Ec1 Bl o] . |Ec1 Bl o] ) |Ec1 Ml o

A
)

0 0.5 z 1
t = 2000At

N
—
Q
3
—

™
<
=
(¢
)
=
y
e

0 L L
107° 1074 1073 t

Normalized discrete total energy

Figure 5: Snapshots of the computational solution at times t = 80A¢, 400At, and 2000At, and temporal
evolution of the normalized discrete total energy.
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Figure 6: Snapshots of the numerical solutions at ¢ = 300A¢, 1000A¢, and 3000At, and temporal evolutions
of the maximum and minimum values of the solutions and the normalized discrete total energy.

computational solutions computed using the maximum time step for the fully explicit
method are stable, which verifies that they satisfy the maximum principle. Fig. 6(e)
presents the normalized discrete total energy, and we observe that the computational
solutions satisfy the energy dissipation law.

5. Conclusions

In this study, we performed a stability analysis of the tAC equation when solved by
the fully explicit Euler method. By directly analyzing the update formula and applying
maximum principle arguments, we derived a sufficient condition on the time step size
that guarantees the stability of the computational solution. This condition was proven
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to be optimal in the sense that it provides the largest possible time step among all values
that preserve the discrete maximum principle. To verify the sharpness of the derived
condition, we constructed an initial condition under which the computational solution
violates the maximum principle when the time step size exceeds the proposed bound.
This result was rigorously proven through mathematical analysis, and it shows that in-
stability indeed occurs beyond the threshold. In addition, numerical experiments were
conducted to validate the theoretical findings. The results confirmed that the numerical
solution remains stable and bounded within physically meaningful limits when the time
step satisfies the derived condition. Furthermore, it was observed that, under this con-
dition, the explicit Euler method preserves the energy dissipation law of the tAC equa-
tion. Overall, this study provides a theoretical analysis of the stability limit for applying
the fully explicit Euler method to ternary phase-field models. While many previous
studies have focused on implicit or energy-stable methods, we investigated the explicit
Euler method, which is simple to implement and computationally inexpensive, and de-
rived an explicit condition on the time step size. These results may contribute to the
development of stable and efficient explicit numerical methods for multi-component
phase-field models, where preserving physical constraints such as the maximum prin-
ciple and energy dissipation plays an important role. In future work, we will focus on
developing a maximum-principle-preserving and energy-stable high-order scheme for
the tAC equation by referring to high-order methods such as the second-order leap-
frog FDM [3] and the additive partitioned Runge-Kutta scheme [47]. In contrast to
choosing an arbitrarily small time step by trial and error to maintain stability, or using
a time step that initially appears stable but eventually causes the numerical solution
to blow up, the proposed maximum time step guarantees that the numerical solution
remains stable and can be computed with optimal efficiency. Moreover, in large-scale
computations that require long simulation times, the proposed condition can play an
essential role in ensuring the stability and accuracy of numerical solutions, which is
especially important for parallel computations and other high-performance computing
environments.
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