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Abstract

In this paper, we investigate the finite element A — ¢ method to approximate the eddy
current equations with discontinuous coefficients in general three-dimensional Lipschitz
polyhedral eddy current region. Nonmatching finite element meshes on the interface are
considered and optimal error estimates are obtained.
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1. Introduction

The eddy current model emerges from Maxwell’s equations by formally dropping the dis-
placement currents, which amounts to neglecting capacitive effects (space charges) and provides
a reasonable approximation in the low frequency range and in the presence of high conductivity.
Various formulations of the eddy current problem have been suggested in [1], which differ in
their choice of the primary unknown. Instead of finding magnetic and electric fields directly,
the A — ¢ approach is to seek vector and scalar potentials. Although this method increases the
number of scalar unknowns and equations, this apparent complication is justified by a better
way of dealing with the possible discontinuities in process of the numerical approximations.

It is well-known that the A — ¢ method has been applied to the eddy current model exten-
sively in practice, but further theoretical research in this aspect has rarely shown so far. For
some recent relative work, we refer readers to [2, 8-12] for eddy current problem. In [4], Ciarlet
and Zou first studied both nodal finite element methods and edge finite element methods for
Maxwell equations. Chen et al. in [3] also discussed a fully discrete finite element method for
Maxwell equations with discontinuous coefficients by introducing Lagrangian multipliers. In
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this paper, we will study eddy current equations with discontinuous coefficients by using the
above methods and give their error estimates in the meanwhile.

This paper is organized as follows. In section 2, the eddy current model in eddy current
region is first presented. Second, we give its A — ¢ variational form based on an optimal control
formulation of the interface problem and study the feather of its solutions in section 3. Finally,
the fully-discrete coupled and decoupled A — ¢ schemes are proposed and their optimal error
estimates are obtained in section 4 and 5 respectively.

2. Eddy Current Problem

For simplification, this paper is only concerned with the following eddy current equations
in the eddy current region (high conductivity) neglecting the effect of outside source current:

curlH=0E, in Qx(0,7), (2.1)
curl E = _8(5?), in Q x (0,7). (2.2)

Here Q C R? is a simply-connected Lipschitz polyhedral domain with connected boundary which
is occupied by the dielectric material. We assume that the magnetic permeability parameter p
and the conductivity o of the medium are discontinuous across an interface I' C  respectively,
where T is the boundary of a simply-connected Lipschitz polyhedral domain Q; with Q; C Q
and Q5 = Q\ Q;. Q5 should be multiply-connected as §; is simply-connected and lies strictly
in €. Without loss of generality we consider only the case with u and ¢ being two piecewise
constant function in the domain €2, namely,

1751 in Ql, o1 in Ql;
B= . o= .
p2  in Oy, o2 in (g,
and p;, 0; (i = 1,2) are positive constants. It is known that magnetic and electric fields must
satisfy the following jump conditions across the interface I':
[H x n] =0, (2.3)

[E x n] =0, (2.4)

where n is the unit outward normal to 9€2;. Throughout the paper, the jump of any function
A across the interface I' is defined as

[A] = A2|p — A1|F

with A; = Alq,, i = 1,2. From (2.1) and (2.4) we can see that,

1
[~curlHxn]=0, onl x(0,7). (2.5)
o

We supplement the equation (2.1)-(2.2) with the boundary condition
H x n = h(x,t), (2.6)

and the initial condition
H(x,0) = Ho(x), in Q, (2.7)
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with
diV(ILLHo) =0.

By taking divergence to both hand sides of (2.2), we easily see that,
div(pH) =0, in Qx (0,7).
From the equation (2.1), we can suggest the introduction of a vector A, defined by
ocE=curl A, in Q;UQy x(0,7). (2.8)

We then have
H=A+Vo, in Q; Uy x (0,7), (2.9)

where ¢(t) is an arbitrary scalar function. We assume that V¢ x n = V¢o x n = 0 on I' with

¢ = dla,, i = 1,2. So the system (2.1)-(2.2) is taken as the following A — ¢ form:
A 1
MW +curl (—curlA) =0, in Q3 UQe x(0,7), (2.10)
o
div(u(A + V) =0, in Q3 UQ, x (0,7) (2.11)

with the following interface and boundary conditions

[Axn=0, V¢ xn=Vpsxn=0, onl x(0,T), (2.12)
[l curlA xn] =0, onI x(0,7), (2.13)

o
Axn=0, V¢xn=h(xt), on 0Qx(0,T), (2.14)

and the initial conditions
d(x,0) = ¢o(x) and A(x,0) =Hp(x) — V¢, in . (2.15)

where ¢g is a given function with Vg x n = h(x,0) on 92 and V¢y x n = 0 on I'. For the
sake of simplicity, we assume that h(x,¢) = 0 in the following theoretical analysis.

3. The Variational Formulation

For solving the system (2.10)-(2.15), the finite element method with a matching finite ele-
ment mesh on the interface I' need impose a serious restriction: both must match with each
other on I'. We are now going to relax this restriction and consider a nonmatching mesh on
the interface I'" that allows the triangulations in £; and 22 to be generated independently.
This advantage, however, brings some difficulty to the convergence analysis since the result-
ing finite element spaces will be nonconforming for A. So we will deal with the constraint

1
[A x n] = [— curlA X n] =0 on I' by a Lagrangian multiplier approach.
o

First, we introduce some notations that will be used throughout the paper.
Let LP(0,T; X) denote the set of all strongly measurable functions u(t,-) from [0,T] into
the Hilbert space X such that

T
/ lu(®)]|% dt < oo, 1<p<oo.
0
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0 0
We say u € H*(0,T; X) (s is a positive integer number) if and only if u, o 2% arein

ot’ T ost
L?(0,T; X). Let
H(curl; ) ={ve LQ(Q)‘S; curlv € LQ(Q)‘S},
H(curl; Q) = {v e H*(Q)*; curlv € H*(Q)*}, (a > 0),
Hy(curl; Q) = {v € H(curl;Q); v xn =0 on 90}
with the norms

1/2
1V lleurtr = <|v||8,g 4 ||cur1v||8,g> ,

1/2
T ——— (|v||i,g n |cur1v||i,g) |

Here and in what follows, || - |o.o denotes the L?(2)3-norm (or the L?(Q)-norm for scalar
functions) and for s > 0, || - |s,o denotes the norm of the Sobolev space H*(Q)? (or H*(Q) for
scalar functions). Similar definitions are adopted for €; and Q9. The constant C' will always
represent a generic constant independent of the time step and the mesh size.

For the convenience of presentation, let us introduce the following spaces:

X1 =H(curl; ), Xy={veH(curl; Q3); vxn=0on 9N},

Vi ={Y€ H'(Q); V¥ xn=0on 00}, Yo = {1 € H'(Q2); Vb x n =0 on 9Ny }.

SetX:XlXXQ andeYl XYQ.
Second, to establish an appropriate variational formulation for the system (2.10)-(2.15), we
need use a few important mathematical analysis tools borrowed from [3].
Let
T(T) = {s e HY2(')*; 3v € Hy(curl; Q) such that v x n=s on T'}.

It is not difficult to see that T'(T") is a Banach space under the norm:
Isllzry = inf{||[V|lcurr,0; v € Ho(curl; 2) and v x n=s on T'}.

For any s € T(T"), we define

< s, W >>17p:/ V~curlwdx—/ curlv-wdz, Vwe X, (3.1)
Ql Q1

K8, W o= / curlv - wdx — / v-curlwdzx, Vwe X, (3.2)
Qg QZ

where v € Hy(curl; ) such that v x n =s on I". We know that (3.1)-(3.2) are independent of
the choice of v € H(curl; Q) such that vxn=sonT.

Then, we have Lemma 3.1-3.2 which are proved in [3].
Lemma 3.1. For any s € T(T'), we have the equality

L8, W> 1 —<K8,W>or
||S||T(F) = Ssup .

weX) xXo HWHX1><X2

A direct consequence of this lemma is that T'(T') is indeed a Hilbert space.
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In practice, Lemma 3.1 is rather inconvenient as it uses information from both ©; and Q9
to define the norm on T'(I"). To overcome the inconvenience, we note that

K8, W1 L8, W1
Isllir = sup ———=, [[sl2r = sup ———= (3-3)
weX; ||W||X1 weXo ||W||X2
are also norms of T'(T). So we have
Lemma 3.2. The norms || - [|1,r and || - [|2,r are equivalent to || - ||7(r).

Taking any A € X, V¢ (any ¢ € V) in (2.10) as test functions respectively and applying the
standard technique of integration by parts lead immediately to the following weak formulations
of (2.10)-(2.15):

Problem (1). Find (A, ¢, p) € H(0,T; X) x H(0,T;Y) x L*(0,T;T(T')) such that

(A +V¢) — 1 —
; {(,U'Ta A)QL + (; curl A, curl A)Qz (34)
+ <P, Ao —<p,A> r=0, VAcX,

2
I(A+V — _
=1
KA, P>or—<A p>»1r=0, VpeT(). (3.6)

The system (3.4)-(3.6) is consistent with the finite element discretization on a nonmatching grid
on the interface I' and can be derived based on an optimal control formulation of the interface
problem (2.10)-(2.15).

In order to analyze the feature of the solution of Problem (I), we first study the existence
and uniqueness of the solution to the following problem:

Problem (II). Find (H, p) € H*(0,T; X) x L*(0,T; T(T)) such that

2
OH — 1 —
; {(,LLW;H)QL + (; curl H, curl H)Qz} (37)

+<pH>r—<p,H> =0 VHELX,
<H,p>»r-<H p>» =0 VpeT). (3.8)

Furthermore, we only need to discuss the following stationary variational problem, whose result
can be extended to Problem (II) by the standard analytic method.
Problem (II). Given f € L2(Q)?, find (Q, p) € X x T(T) such that

2

Z {(az curl Qa curl 6)97 + (ﬁ’t Q76)Qa}

=1
) (3.9)
+<p,Q>or - <p,Q>1r=>» (£,Q)q, VYQeX,
=1
LKQ,P>r—<Q,p>11r=0, VpeT(D). (3.10)

Here o; and [3; are piecewise positive constants in €2; for i = 1, 2.
Theorem 3.1. There exists a unique solution (Q,p) € X x T(I') to Problem (III).
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Proof. First, define a bilinear form a : X x X — R:

a(u,v) = Z {(ai curlu,curl v)g, + (i u,v)q, }, u, veX.

i=1
It is obvious that
a(u,u) > a0||u|\%( (3.11)

for some constant ag > 0.
Next, we verify the inf-sup condition: there exists a constant C' > 0 such that

< s,By > —<s8,B1 >
sup 2 >0 LZWL > Cllsllpy, Vs € T(T), (3.12)
Bex 1Bl x

where B = B, in Q; for i = 1,2. Let B € H(curl; ©1) be the solution of the following problem:

(curl B,curl B)g, + (B,B)g, =<s,B>r, VB € H(curl; Q). (3.13)
We define
~ -B in Q
B— m 2, (3.14)
0 in QQ.

It is obvious that B € X and B
HB”X - HBchrl,Ql~ (315)

Thus, by (3.13), we are able to obtain
<8,By>or — < 8,B; > 1r=<5,B > = |B|2410,
which yields, together with Lemma 3.2,

<s,Bs >or — K s, By >1r
IBllx

= | Bllcurt,0, = [Isll1,r > Clis[lzr)-

From (3.11)-(3.12), we then have finished the proof of the theorem.

Thus, from the result of Theorem 3.1, we conclude that the solution (H, p) of Problem (II)
is existing and unique. Meanwhile, by using an appropriate application of the Green’s formula,
the Lagrange multiplier p in Problem (II) satisfies the following relation:

pP= %curlH xmn, in T(T)x(0,T).

For the solution H of Problem (II) and a given ¢ € Y, let A = H — V¢. Especially, if we
append the divergence-free property of A, A is unique. Taking H = A and H = V¢ for any
A € X and ¢ € Y respectively in (3.7)-(3.8), we conclude that A, ¢, p satisfy Problem (I);
that is:

Theorem 3.2. The solution (A, ¢, p) of Problem (I) is existing, but only p is unique. Fur-
thermore, the Lagrange multiplier p in Problem (I) satisfies:

1
p=—curlA xn, in T(T)x(0,7). (3.16)
o
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4. A Fully-discrete Coupled A — ¢ Scheme with a Nonmatching Grid
for Eddy Current Problem

In this section we propose a finite element method for solving Problem (I), which allows a
nonmatching finite element grid on the interface I'.

Let 7™ and 7" be a shape regular triangulation of £; and €y respectively. They induce
naturally two finite element triangulations I'p, and I'y,, on the interface I'. Let I'y,, be an another
shape regular triangulation over I'. Note that I'y,, i = 0, 1,2, are allowed to be different from
each other. However, we make the following reasonable assumption:

(H1) Each triangle in I'y, and I'j,, must be contained in some triangles of T'y,.

We introduce the Nédélec H(curl, ;)-conforming edge element space defined by

Xp, ={vh€X;; v =ag +bg xx on K, VK € Th}, i=1,2
where ax and bg are two constant vectors. It is known that any function v, € X, is uniquely

determined by the degrees of freedom in the set Mg(v) of the moments on each element K € T,
which is given by

Mg(v) = {/V-Tds; e is an edge of K}

e

Here 7 is the unit vector along the edge. For i = 1,2 and any v € H*(Q;)?® with curlv €
LP(9Q;)3, where s > 1/2 and p > 2, we can define an interpolation 7, v € Xj,, and 7, v has the
same degrees of freedom (defined by Mg(v)) as v on each K in I'y,.

Let Tp,(T") be the Nédélec T'(T')-conforming edge element space defined by

Tpo(T) = {51 € T(T); s = (ar + B x n) x 1, on any 7 & Tny, ar, f; € R%}.
We also define the following finite element spaces
Yi, ={pn €Yi; onlx € P1, VK € Thi}, i =1,2,

where P; is the space of linear polynomials. Let I, be the standard interpolating operator.
Now set
Xh:Xhl XXhz, Yh:th XYhz.

We will assume the inf-sup condition:
(H2) There exists a constant C* > 0 independent of hg, h1, h2 such that

K 8p, Wh; > T
sup ————————

> C*”sh”T(F); Vsn € ThO(F), 1 =1 or 2. (41)
Wh; €Xh; ”th

curl,Q2;

The assumption (H2) indicate that the mesh I'y, should be coarse enough compared with the
meshes 7"t or T"2 in order to stabilize the effect of the introduced Lagrangian multiplier. In
subsection 4.4 of [3], by using a general compactness argument, (4.1) is verified to be valid at
least when the mesh hy or hs is suitably small compared with hg.
Let us divide the time interval (0,7") into M equally-spaced subintervals by using nodal
points
O=to<t1i <:---<tyy =T

with ¢, = nT and 7 = T//M, and denote n-th subinterval by I"™ = (¢,,—1,t,]. For a continuous
mapping u : [0,T] — L3(Q) or L*(Q)3, we define u"(-) = u(-,t,) for 1 <n < M.
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Now we are in a position to introduce the discrete version of Problem (I).
Problem (VI). For n=0,1,--- , M — 1, find (A7, ¢!, piit!) € Xj, x V), x T, (T) such
that
A(})L = Ao, ¢?L = In¢o (42)

and

AT A7 ot —gp
Z { P T B Ah)Q + (— curl A"Jrl curl A}L)Q + (qu}H Ah)Qf} (4.3)
=1 ’

+ < p;j“, Ay >or — < pith AL > =0, VA € X,

An+1 AZ ’;LlJrl _ Z i i
Z { v¢h)9 + (uva v¢h)91} =0, vd)h € Ya, (44)
=1

KA P, sor — < AT P, >ir=0, VP, € Th (D). (4.5)

We then have the following result:
Theorem 4.1. Under the assumptions (H1)-(H2) and A} xn = 0 on 99, the solution
(AP, it pithy € Xy, x Vi, x Thy (T) of Problem (VI) is existing.

Proof. We first introduce the following discrete version of Problem (III) and prove that it
has a unique solution.

Problem (V). Find (Qp, pr) € Xp X Th,(I') such that

2

Z {(ai curl Qp,, curl Q),)q, + (B; Qh@h)ni}

i=1 (4.6)
2
+ < pn, Q) or — < pr Q=Y (F,Qpa,s VQ, € X
i=1
L Qn, Pp >or — < Qp, P, >11=0, VD), € Qp,(I). (4.7)

Furthermore, we only need verify the inf-sup condition: for any s;, € Tp,(T"), there exists a
constant C' > 0 such that

<L sp, By, >or — <85, By, 11
sup
B,eX), IBnll1,0

> Cl[sullrm, (4.8)

where By, = By, in Q; for i = 1,2. Without loss of generality we assume that (4.1) is valid for
1 = 1. Thus there exists a wj,, € X}, such that

K Spy, Why 1T

[Wh [|eurt 0

> Clsnllzry- (4.9)
Let Bj, € Xj, be the solution of the following problem:
(curl Bh1 R curl Ehl )Ql + (Bhl,ﬁhl)gl =K S}L,Ehl >, VE}“ c Xhl- (410)

Taking Bj,, = By, and By, = wy, as test functions respectively and using (4.9), we obtain

C*Isullr@y < [Bhy leurto, < skl < Cllsnllz)- (4.11)
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We define

Eh _ _Bh1 %Il Ql,
0 in Q.

Then, B
HBh”X = HBIuchrl,Ql- (4.12)

Thus, by (4.11), we are able to obtain
< s, Bhy o — <83, By, >1r=< 81, B, >10= |Bn, [zun 0,
which yields,

< Sh;f))hQ >or — <K sh,ﬁhl >1r  <sp,Bp, >
Bl IBh, [[eurt,ox

= |Bp,lleur,, > Cllsn -

Therefore, Problem (V) has a unique solution (Qp, pn).

From the definition of the edge element space, Vy;, € X, for any ¢p € Y. Thus, for the
solution Q, of Problem (V) and a given ¢y ™! € V;,, A} = Q) — Vo' € Xj,. Noting that
div AZ'H = 0, we have that AZ'H is unique; while QSZ'H depending on its boundary condition

1 — — — _
is not unique. o = —, 8 = Eandf=~2 (A} + Vop). Taking Q;, = A}, and Q,, = V¢, for any
_ _ o T T
A € X, and ¢y, € Y}, in (4.6)-(4.7) respectively and noting that
1 n+1 :
Pr = - curlQ, xn=p; ", in (1),

we see that (AZH, ZH, pZH) satisfies Problem (VI). Thus, we finish the proof of Theorem
4.1.

Now we can state the following theorem on the relevant error estimate.
Theorem 4.2. Under the condition of Theorem 4.1, let (A"+1, ¢"+1 p"*1) and (A}, ),
pZ'H) be the solutions of Problem (I) and Problem (VI) at time t = t,,11 respectively. Supposing

that for some a > 1/2,
A € H*(0,T; H*(curl; Q;) x H*(curl;Qy)), ¢ € H?(0,T;Y N H™(Qy) x H*(Qy)).

Then, we have the following error estimate:

2 2
n+1 n+1y n+1 n+1y(12 < 2 2a 20
%%%A(EQMAh +Vopth) — (A" + Vo ﬂhm)CT+;;Qm + Cohd®.

Proof. For the convenience of presentation, let b : X x T(I') — R the bilinear form as
follows:

b(Q,p) =< Q,p>or —<Q,p>11, V(Q,p)c X xT(I).

Define the elliptic projection operator P,: X xT'(T') — X, x Ty, (T). For any (Q, p) € X xT'(I),
we have

2
iz:; {(PhQ - Q76h>ﬂ7’, + (% curl (P}LQ - Q)7 curl Gh)ﬂ,} (413)

+b (Ghaphp_p) :07 \V’Gh EXh7
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b(PhQ_Qvﬁh)zov Vﬁh€Th0(F).

(4.14)

Let Q) = Vi, € X}, for any ¢y, € Y,. Then, for any Q € X, we have by (3.16) and the

definition of the spaces Y3, and Ty, (T'),

2

Z(PhQ - Q,Vip)a, =0.

i=1

We use the backward difference at ¢t = t,, 41 for (3.4)-(3.5) and obtain

T

An+1_An_ 1 _ n+l _ n
Z {(uivA)Qi + (—curl An+1,curl A)Q7 + (‘uv¥7A)Q7}

i=1
2

+b (A, p" ) Z{ (uRPT A)q, + (LRSI A)g } VA € X,

=1

n+l _ AN _ n+l _ g n _
EI{QPé————éLnV¢kn+WMVEL———EL,V¢kh}

X T T
i=1
2

-y {mR?“,va)m . mRs*%v@Qi}? VBev,
=1

b(A™ p) =0, VpeT(D),

where 41
OA Artt — A"
R+~ (_) AT A = 0(r),
' ot tnt1 T
. V¢ ¢t —¢n n
R2+1 - (7> n41 - vf’ ||R2+1||0§Q7‘, = O(T)

Let A=Ay, ¢ = ¢, and P = P,,. Subtracting (4.16)-(4.18) from (4.3)-(4.5), we have

> {m (At — A™) — (A} — A")

T
i=1

(d)”“ ¢" ) — (¢ — &™)

T

( aKh)QL} b(Ahvanrl pn—i-l)

= Z {(IJ’R?—’_l’Kh)Qi + (MR3+17K}L)Q7‘, }7 VK}L S Xhm

i=1

An+1 _ ANty _ (AR — AT _
Z{(’u( s 7_) ( b )7v¢h)97
=1

n+l _ n+1\ _ (4n _ 4n i
v === o5,

2
-y {(uR?“, Ve, + (R, vahm,;}’ V3, € Vi,
=1

b(ApT — AT B,) =0, VP, € Thy(T).

__ 1 —
JAn)a, + (;curl (AP — A" curl Ay)g,

(4.15)

(4.16)

(4.17)

(4.18)

(4.19)

(4.20)

(4.21)

(4.22)

(4.23)
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Set @)t = APt — P A" and )t = ¢pt! — 11,97 L. Taking Ay = O and ¢, = )
n (4.21)-(4.22), together with the definition of the projection operator P},, we come to

i

e, —eo; 1
Z{ ———", 0} g, + (Seurl O}, curl @+ )q,
g

n+1 nn
(tha ©, e, }

(A1 — P, A1) — (A" — P, A™)
= Z {(u . NCHam I (4.24)
=1
+(An+1 o PhAnJrl, ®Z+1)Qi
¢n+1 —_1I ¢n+1 _ ¢n —_1I ¢n "
+(,LLV( h ) ( h )7®}L+1)Qi

T
+(HR?+1a ®Z+1)Qi + (MRSJrlv ®Z+1)Qi }a

2
®n+1 en " n+1 _ nn .
Z{ — L V), (MV%,V%“)Q}

=1

2
_ (A™ — PLA™) (A"~ PLA") s
- g {(“ - ViR e (4.25)
(¢n+1 _ Hh¢n+1) _ (d)n _ thﬁn)
T
( RnJrl vnnJrl) ( RnJrl VnnJrl) L}

+(pv , Vg

i

Now adding up (4.24) and (4.25), multiplying both sides by 7 and using (4.15) and a(a — b) >
a?/2 — b?/2, for any real numbers a and b, we have

2
;{wwﬂ+wm|;ﬂﬁ<+wmm+wﬁm }
An+1 — P An+1 _ A” _ P A"
< Z { h 7_) ( h ) , @ZJrl + vn;erl)Qi

+7_ An+1 P An+1 ®n+1+v,’7n+1) Q,

(¢"“ — ™) — (¢" — Tne™)

T
47 MR”+1 (_)n—i-l +V7]n+1)ﬂ +T(,LLRn+1 (_)n-l—l_’_vnz-i-l)ﬂi}.

®n+1 + V??n+1)

Q;

(
+7(uV
(

(4.26)
On the other hand, for the projection operator Py, we have

Z JA™ — Py A cur, + IP" T = Pap™ Iy

<C lnf HA"le Qilleurro, +C inf [lan —p" ().
an€Th, (T)

(4.27)

Now using the edge element interpolation estimate in [5], we get

inf [JA" = Qplleuro, < ChY Ao curto, - (4.28)
QrEXh;
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Next we introduce a triangulation 770 in Q; whose restriction on I' coincides with I'y, and let
X1, be the Nédélec H(curl, Q;)-conforming edge element over the mesh 7"°. Then from the
definition of T}, (') we know that

Tho(T) = {vi, xn; vj, € Xp, }.

1

Now using the fact that p"™! = —curl A""! x n:= T""! x n, we can easily show that, by
o

(2.10), T € H%(curl, ;) and

HTn+1||a7curl,Ql < C(HAn+1HO’7curl,Q1 + ||¢?+1||1+a791 + ||AZL+1H0/791)'

Thus we have by Lemma 3.2 and the standard edge element error estimate in [5] that

inf flan = p" ey < € inf [lvi = T Hlewrno, < C G| T lacurton (4.29)
h€Xng

an€Th (T)

From (4.28)-(4.29), we derive

2 2
D AT = PL A lcur, <Y Cih + Cohg. (4.30)
=1

i=1

Similar to the proof of Theorem 3.2 in [11], using the discrete Gronwall’s inequality, the
finite element interpolation element estimate and (4.30) to (4.26), we easily complete the proof
of the theorem with the help of the triangle inequality. We omit the details.

5. A Fully-discrete Decoupled A — ¢ Scheme with a Nonmatching
Grid for Eddy Current Problem

To avoid increasing the number of freedoms and equations by solving Problem (VI) directly,
we present a new decoupled A — ¢ scheme in this part.
First, we need to extend A and ¢ with some regularity from the time interval [0,7] to the
interval [—7,T]. Let
A7'=0 and ¢ ' =0.

Then, the decoupled A — ¢ scheme is:
A(i)L = TrhAOa d)% = Hh¢0a d)}:l =0 (51)

and for n = 0,1,---, M — 1, find (A7*", p™) € X}, x Tj,o(T') such that

T

2 AT AR 1 _ _
Z {(uu, Ay, + (; curl AZ“, curl Ah)gl}—l— < pZH, Ajp >ar

=1 9 (5.2)

— <ppt AL >ir= > (uV

i=1

d)n _ gn—1 _ .
h7h7 A}L)Qm VAh S X}u

< AZ+17 ﬁh >>2,F -< AZ+17 ﬁh >>1,1—‘: 0; vﬁh € Tho (F)7 (53)
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and find d)ﬁ“ € Y}, such that

(Mvhfh’ vah)ﬂz = - Z(M h s Vah)ﬂm Vah €Y. (54)

1 i=1

(2

2 n+l _ n 2 An-‘rl — An
h

From the discussion to Problem (V) in Theorem 4.1 we know that under the same assumptions
of Theorem 4.1, the system (5.2)-(5.3) has a unique solution (A}, p}*') at each time step.
Moreover, by introducing the elliptic projection operator ( referring to the proof of Theorem
4.2) and imitating the proof of Theorem 3.3 in [11], we have

Theorem 5.1. Under the same assumptions of Theorem 4.1, let (A"TL, ¢ntl p"tl) and
(AZH, d)ﬁ“, pZ'H) be the solutions of Problem (I) and the decoupled A — ¢ approzimation

(5.1)-(5.4) at time t = t,,41 respectively. Supposing that for some a > 1/2,
A € H3(0,T; H*(curl; ;) x H*(curl; Q)), ¢ € H*(0,T;Y N H"T*(Qy) x HT(0Qy)).

Then, we have the following error estimate:

2 2
L (Z_; 1AL + V™) — (A + qu”“)H%,Q,.,) <07+ ; Cihi® + Cohj®.
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