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Abstract

We study the L'-error estimates for the upwind scheme to the linear advection equa-
tions with a piecewise constant coefficients modeling linear waves crossing interfaces. Here
the interface condition is immersed into the upwind scheme. We prove that, for initial data
with a bounded variation, the numerical solution of the immersed interface upwind scheme
converges in L'-norm to the differential equation with the corresponding interface condi-
tion. We derive the one-halfth order L'-error bounds with explicit coefficients following a
technique used in [25]. We also use some inequalities on binomial coefficients proved in a
consecutive paper [32].
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1. Introduction

In this paper we study the L'-error estimates for the upwind difference scheme to the linear
advection equation

B B
@) =0, t>0, zeR, (1.1)

ot Ox
ult=o = up(x) (1.2)

with piecewise constant (without loss of generality, a step function in this paper) wave speed

c-  x<0,

c(r) = 1.3

(z) { ct x>0. (1.3)

Without loss of generality, we assume ¢(z) > 0, which is the local sound speed of the media.
At the interface between two different media, ¢ is discontinuous.

Egs. (1.1)-(1.3) is the simplest case of a hyperbolic equation with singular coefficients. For

hyperbolic conservation laws with Lipschitz continuous coefficients, there were numerous works
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on convergence rate estimates for numerical methods. Half-order optimal convergence rates
for monotone type or viscosity type methods were established in [2, 24-27, 29]. In contrast,
for hyperbolic equations with singular coefficients, or conservation laws with discontinuous flux
functions, the convergence rate results for numerical methods are much less studied, although
many authors have studied the convergence of the numerical methods. The convergence studies
include the convergence of a front tracking method for conservation laws with discontinuous
flux functions [4], the convergence of front tracking schemes [3, 5, 18, 19], the Lax-Friedrichs
scheme [17] and convergence rate estimates for Godunov’s and Glimm’s methods [21, 28] for
the resonant systems of conservation laws, the convergence of monotone schemes for synthetic
aperture radar shape-from-shading equations with discontinuous intensities [23], the conver-
gence of a class of finite difference schemes for the linear conservation equation and the trans-
port equation with discontinuous coefficients [6], the convergence of a difference scheme, based
on Godunov or Engquist-Osher flux, for scaler conservation laws with a discontinuous convex
flux [30] and the extension to the nonconvex flux [31], the convergence of an upwind difference
scheme of Engquist-Osher type for degenerate parabolic convection-diffusion equations with a
discontinuous coefficient [16], the convergence of a relaxation scheme for conservation laws with
a discontinuous coefficient [15], the convergence of Godunov-type methods for conservation laws
with a flux function discontinuous in space [1], the convergence of upwind difference schemes of
Godunov and Engquist-Osher type for a scalar conservation law with indefinite discontinuities
in the flux function [22]. In the above cases, except for the resonant systems of conservation
laws, convergence rates for numerical methods were not studied.

One approach to treat Eqgs. (1.1)-(1.3) is to use the equation on domains x < 0 and z > 0
respectively. Then one needs to provide an interface condition at £ = 0 to connect the solutions
at the two sides of the interface. Once an appropriate interface condition is given, a unique
solution of (1.1)-(1.3) can be determined using the method of characteristics. See [12] for
the justification of the well-posedness of the Liouville equation with partial transmissions and
reflections using this approach in the case of a piecewise constant wave speed with a vertical
interface.

The physically relevant interface conditions for (1.1)-(1.3) are not necessarily unique [34].
For example, one can require that u is continuous across the interface,

w(07,t) = u(0,¢). (1.4)
On the other hand, one can also assume that the flux cu is continuous across the interface,
cu(07,t) = ctu(0h, 1). (1.5)

Depending on applications, (1.4) and (1.5) are both physically relevant interface conditions
being studied. See [34] for more detailed discussions.

A natural and successful approach for computing hyperbolic equations with singular coeffi-
cients is to build the interface condition into the numerical scheme. Many efficient numerical
methods have been designed using this technique. For example, we mention the immersed
interface methods by LeVeque and Li [20, 34].

For Egs. (1.1)-(1.2) with a general ¢(z) including indefinite sign changes, the convergence of
a class of finite difference schemes to the duality solutions was proved in [6]. For Egs. (1.1)-(1.3),
the duality solution is the one corresponding to the interface condition (1.4). To our knowledge,
no error bounds with explicit coefficients have been established for the upwind difference scheme
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or other monotone difference schemes to discontinuous solutions of Egs. (1.1)-(1.3) with general
interface conditions.

In this paper, we will prove that given a general interface condition, the upwind difference
scheme with the immersed interface condition produces numerical solutions converging in L!-
norm to the solution of Eqgs. (1.1)-(1.3) with the corresponding interface condition. We will
derive the L'-error bounds for the numerical solutions. Our approach makes use of the linearities
of both Eq. (1.1) and the upwind difference scheme. In fact, due to the linearities of both the
equation and the scheme, the error estimates for general BV initial data can be derived based
on error estimates for some Riemann initial data. For these Riemann initial data, the numerical
solutions and the exact solutions can both be expressed in terms of the initial data. Then the
L'-error (upper bound) for the numerical solutions can be explicitly expressed. We can then
estimate the upper bounds for the L'-error (upper bound) expressions to derive error estimates
for the upwind difference scheme to Eqgs. (1.1)-(1.3). This strategy is specifically suitable for
linear schemes and linear equations and has been used in [25] to estimate lower error bounds for
monotone difference schemes to the linear advection equation with a constant wave speed. This
approach can not only derive the optimal convergence rate but also give explicit coefficients in
the error bound estimates.

This is the first step toward establishing a convergence theory for the Hamiltonian preserv-
ing schemes for the Liouville equation with singular—-both discontinuous and measure-valued—
coefficients [10-12].Such schemes have important applications in computational high frequency
waves through heterogeneous media [7-9, 13, 14, 33]But so far only stability results are available
[33].

This paper is organized as follows. In Section 2 we present the main result of this paper. In
Section 3 we focus on proving the error bounds for the upwind difference scheme to Egs. (1.1)-
(1.3) with a general interface condition and some Riemann initial data. We use some inequalities
on binomial coefficients established in a consecutive paper [32]. In Section 4 we give the proof
of the main theorem using the results derived in Section 3. We conclude the paper in Section
5.

2. Main Theorem

Firstly we introduce some notations. We employ a uniform mesh with grid points at z,, 1=
i1Ax,i € Z, where Az is the mesh size. This means the wave speed interface z = 0 is located at
a grid point. The cells are centered at x; = (i — %)Am,i € Z. We also assume a uniform time
step At and the discrete times are given by ¢, = nAt,n € NU{0}. We introduce the quantities
AT = c’ﬁ—;, AT = c*ﬁ—i. The condition 0 < A=, A" < 1 is the CFL condition.

We consider a general class of interface conditions for (1.1)-(1.3),

w(0F,8) = pu(07,8), p>0, (2.1)

where p = 1 corresponds to (1.4), and p = ¢~ /cT to (1.5).
The upwind difference scheme with forward Euler time discretization for Egs. (1.1)-(1.3) by
building the interface condition (2.1) into reads

oftt = (1= ATl ATy, ifa <0, (2.2)
A
P (1= AT+ AT, if = T:E, (2.3)

(1 =Pl + AT, ifa; > Az, (2.4)

v

?

n+1
v;
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where

1 [T
v) = E/ ug(x)dx. (2.5)

T, 1

2

The exact solution of (1.1)-(1.3) with the interface condition (2.1) can be constructed fol-
lowing characteristics and is of the form

uo(z —c7t) x <0,
u(x, t;ug) = < pug (z—;x — c‘t) 0<x<cht, (2.6)
up(z — c™t) x> ctt.

To compare the numerical solution computed from (2.2)-(2.5) with the exact solution (2.6),
we introduce
v(@, tiug) = vit,  for (z,t) € [w;_1, @ 1) X [tn, tns1). (2.7)

The main theorem to be proved in this paper is as follows.

Theorem 2.1. For any p > 0 in the interface condition (2.1), the upwind difference scheme
(2.2)-(2.5), under the CFL condition 0 < A\, \* < 1, has the following L'-error bound to the
exact solution (2.6):

lv(s tnsuo) — ul(-s tnsuo)ll L1 ()

cM M ct
< max{p, 1}|uo|lBv [fymc—m\/ﬂ + (1 + pry + max {c—_, 1}) A:L']
o= 1| max_ fuo(x)|ys VAs, (2.8)
where
¢™ =min{c",ct}, M =max{c,cT}, (2.9)

2 m At

Ym = g C 1—-¢ E tn+1, (210)
2 At

Y+ = \/EC+ (1—C+E) tn+1, (211)

and the definition of the BV norm is given by

Juoll v = sup o uo(- + 1)~ wo() |+ oy (212)
inj2o |R]

Remark 2.1. The half-order convergence rate in (2.8) is the same as the optimal convergence

rate for monotone difference schemes to conservation laws with a constant ¢ [25]. When p # 1,

in which cases the solution jumps across the interface, the error bounds depend not only on

luo|| By but also on the initial data on the cell to the left side of the interface _max_ |uo ().

3. Error Bounds for the Riemann Problem

The strategy for proving Theorem 2.1 is to focus on proving the error bounds for some
Riemann initial data. The error bounds for general BV initial data can be derived by using
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the results for these Riemann initial data. We only consider the Riemann initial data whose
jump is at a mesh point and whose value is zero on the cell to the left side of the interface. The
results for these Riemann initial data are sufficient for proving Theorem 2.1. Assume x* is a
mesh point and denote

x* = JAuz, for J € Z. (3.1)
We classify these Riemann initial data into two cases:
0 z <z
= >0, 3.2
o() {Z T e (32)
VA z <z
= *<0. 3.3
o) {0 SR (33)
From (3.1)-(3.3) the initial cell average values are given by
0 Lo J,
V) = %? (3.4)
Z A >,
for initial data (3.2) and
Z <,
vy = o (3.5)
0 A >,

for initial data (3.3).
In this section we aim at proving the following theorem.

Theorem 3.1. Let uo(x) be the Riemann initial data falling into one of the two cases (3.2)-
(3.3). Then ¥p > 0 in the interface condition (2.1), the upwind difference scheme (2.2)-(2.5),
under the CFL condition 0 < A=, A\t < 1, has the following L'-error bounds:

M M
lo(:s tn; uo) — ul tn; uo)l 1 r) < max{p,1}|Z| [’ymz—mv Ax + <1 + i—m> A:c} , (3.6)

where ¢™, cM v, are defined in (2.9) and (2.10).

As stated in Section 1, our approach consists of firstly expressing the exact solution and the
numerical solutions in terms of the initial data and then deriving the explicit L' error (upper
bound) for the numerical solutions.

3.1. The numerical solutions

The next step is to express the numerical solutions at t” in terms of the initial data. We
have the following theorem.

Theorem 3.2. By recursively using scheme (2.2)-(2.4), one can express v} in terms of the
initial data v as

ot = ZF;’IU?7n+i, if ; <0, (3.7)
1=0

vt = ZFZ,IUZ(L”H, if x; > nAx, (3.8)
1=0

My, 4 l n
r=p> > > At Y Tl i 0<z <nAz, (3.9)

1=0 j=M, ;+1—1k=0 I=M,, ;+1



6 X. WEN AND S. JIN

where we define

Iy, = CLOC (1= A, (3.10)
Lr =G —ah), (3.11)
Ay = Ol CE Ot (L xR (- A, (312)

x; 1+
My, =n— [M} , (3.13)

with CL denoting the binomial coefficients, and [x]* the smallest integer not less than x.

Proof. One can directly check that (3.7)-(3.9) hold for n = 1.
Now suppose (3.7)-(3.9) hold for n. We will prove they are also true for n + 1. For z; < 0,

ot = (1= A7)l + Aol . (3.14)
Since x; < 0,z;_1 < 0, the assumption that (3.7) holds for n gives
Oy = ZFnlvl niitgs M =0,-1. (3.15)
Consequently,
n+1 n n+1
U?H Z Lo 1”l—n+z'—1 + A7 Z F'r:,lv?—n-i-i—l = Z F;+1,z”?—(n+1)+i~ (3.16)
1=0 1=0
So (3.7) holds for n + 1. Similarly, for z; > (n + 1)Ax,
ot = (1= ATl + AT (3.17)

Since x; > (n+ 1)Az,z,-1 > nAx, the assumption that (3.8) holds for n gives
Ol = Zrnlvl npitq M =0,—1. (3.18)

Combining (3.17) and (3.18) one can prove that (3.8) holds for n + 1. To prove (3.9) holds for
n + 1, we consider the following three cases.
I) For Az < z; < nAu,
ot = (1= ATl + AT (3.19)

Since 0 < x;_1,x; < nAx, the assumption that (3.9) holds for n gives

=P Z Z ZAJkl”l n+titm

=My ;+1-m—1 k=0

n

+ Z F'rtlv?—n-i-i-i-ma m =0,—1. (320)
=My ;+1-m

Combining (3.19) and (3.20) gives

My, i+1 n+1
n+1 __
v; - E E E :Ajk?l lvl n+i—1 + § : Fnl lvl n+i—1

=1 j=M, ;+2—1 k=0 =My ;+2

My,i+1

E : E : E A] k, lUl n+i—1 + E : Fn lvl n+i1—1

=0 j=My, i+2—1k=0 n,it2

M, i+1 n+1

=7 Z Z ZA?kllU? (nt1)+i T Z L1V a1y i (3.21)

=My i +2—1 k=0 I=Mp41,i+1
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IT) For 0 < z; < Au,
ot = (1= ATl + A Tpul ;. (3.22)

?

Since —Ax < x;_1 <0 < z; < Az, the assumption that (3.7), (3.9) hold for n gives

n—1 1
v =p Z Z QZJU?_”_H + (1= AT, (3.23)
1=0 k=0
n
Vi = Z F;,lvlo—n—i-i—la (3.24)

where Q) ; in (3.23) is defined by
Qkr=Cha AT (1= XN TFOT) T 1 = aT)h, (3.25)

Combining (3.22), (3.23) and (3.24) one has

n (-1
I =SS QI (L A 4 S AT
=1 k=0 1=0
(n+1)-1 1
=0 Z ZQﬁzlvf (netyi + (1= A", (3.26)

ITT) For nAz < z; < (n+ 1)Ax, the scheme is given by (3.19), and 0 < x;—; < nAx, the
assumption that (3.8), (3.9) hold for n gives

Zrn lvl n+i’ (327)

/U;'nfl ()‘+)n 8nJrz 1 + Zrz,lv?frwrifl' (328)
=1

Combining (3.19), (3.27) and (3.28) one obtains

n+1

oI = oY ST o (3.29)
=1

Together with (3.21), (3.26) and (3.29) one has (3.9) holds for n +1. O

The expression (3.9) and the fact that the scheme (2.2)-(2.4) preserves the constant solution
when p = 1 can be summarized into the following lemma.

Lemma 3.1.

n P !
Z Lo+ Z Z ZA?,k,l =1, (3.30)

l=p+1 =0 j=p+1—1 k=0

forneN,0<p<n—10<A7, At <1

This lemma will be used later in this paper.
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3.2. The exact solutions

For the two type of initial data (3.2), (3.3), the exact solution (2.6) at time ¢,, can be written

as follows.
e Case (3.2):
0 T < T*+ Ty,
ytn; = 3.31
u(z ug) { 7 x>zt 4 ety ( )
e Case (3.3),if 2* +c ¢, <O:
Z <z* “tn,
w(w, ty;ug) = { TSt ci " (3.32)
0 x> T* 4ty
e Case (3.3),if 2* +c t, > 0O
Z z <0,
w(T,tnyug) = pZ 0<z< Z—f(z* + ¢ ty), (3.33)
0 x> Z—f(:c* +cty).

3.3. The upper bound of the L!-error

Now we have both expressions in terms of the initial data for the exact solutions in (3.31)-
(3.33) and for the numerical solutions in (3.7)-(3.9) with the initial cell average values given
by (3.4), (3.5). In this subsection we derive the L!-error (upper bound) expressions for the
numerical solutions with respect to the initial data (3.2), (3.3).

3.3.1. Case (3.2)

The exact solution is given by (3.31). The initial cell average values v are given by (3.4) with
J > 0. One has v? = 0 when z; < 0.

From (3.7), for ; < 0, one has

FID S U o 339
=0 =0

From (3.9), for 0 < z; < nAx, noticing x;_p4+; < 0 for | < M, ;, one has

M l n
n o __ n 0 + .0
Vi = PZ Z ZAjyklelfnJri"" § : Fn,lvl—nﬂ
1=0 j=M, i+1—1 k=0 =M, i+1
n n
_ + .0 _ + .0
- Z Fn,lvl—n-i-i - Z Fn,lvl—n—i-i' (335)
=My, ;+1 =0

Combining (3.34), (3.35) and (3.8), the numerical solution v} always takes the following form
whenever z; < 0,0 < z; < nAz and z; > nAuz:

n
v = Tl (3.36)
=0
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The L'-error between the numerical solution and the exact solution is

[0(:, tns ug) — (-, tns o)l L2y = B + Es, (3.37)
where
E{ :/ [v(, tn; ug)| de, (3.38)
z<z*+ctty,
El :/ [o(, tn;ugy) — Z| da. (3.39)
z>x*+ctty,

We introduce the sets

= {i ‘A_ <[J+ nX"] 3 (3.40)
{ ’ [J+ At~ <[J+ n)\+]+} , (3.41)
s ={i \ 7 +nAt (3.42)

The two terms (3.38), (3.39) can be deduced as follows. For the first term,

Z [ol] + Z [l (nAt = [nAT]7)

i€J1 i€Ja
= Z ZF:{JU[{”H + Z Zrz,lvlofnﬂ (nAT = [nAT]7)
i€Jy 11=0 i€Jz | 1=0
=1zI> > TL+121) ] Z I (RAT = AT
i€J1 I=Mp i +J+1 i€J2 I=Mp i +J+1
n n
=1zl Y Th-n+RXTT)+lzl Y Ty (edt -t
I=n—[nAt]—+1 I=n—[nAt]++1
n
=|z > Th-n+nh) (3.43)

=n—[nAt]T+1

For the second term, we have

= Y= 21+ 3 of = 2] (AT - nat)

i€J3 i€J2
- Z Z (Vi = 2)| + Z ZF:J (Vi = Z)| ([IDAT]T = nAT)
i€Js | 1=0 i€Jy |1=0
My, i+J My, i+J
=121> > T +1Z1Y > T (AT =0t
i€ds 1=0 i€Js 1=0
n—[nAt]T -1 n—[nAt]T
=lz1 Y, The—[xTT-D+12] Y Tr (AT —nat)
=0 =0
n—[nAt]T
=1z] Y Tim-nxt-1). (3.44)

=0
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By combining (3.37), (3.43) and (3.44), the error expression is given by
n

(s tnsug) — s tniug) |1y = 12142 D TF [n = nA* —1]. (3.45)
=0

3.3.2. Case (3.3), if 2* + ¢ ¢, <0

The exact solution is given by (3.32). The initial cell average values v) are given by (3.5) with
J +nA~ <0. The L'-error between the numerical solution and the exact solution is

[v(stnsug) — (s tnsug)|lLrry = ZE (3.46)
where
B’ =/ [v(x, tn;ug) — Z| da, (3.47)
<z*4c tn
By! =/ 0(x, tn; )| da, (3.48)
+emtn<z<0
E§I=/ [0(2, ;)| da. (3.49)
x>0
We introduce the sets
Jy = {z‘ z’ <[J+ nA—]—}, (3.50)
Js = { ‘[J—i—n)\ I < [J+n>ﬁ]+}, (3.51)
=4 -1+ < T
Jo = {z‘[JJrn)\ <2< 0}. (3.52)

The terms (3.47)-(3.49) can be deduced as follows. For the first term,

=Y wp =2zl + Y -2l (nAT = [nA])

i€Jy i€Js
- Z Z vl nti +Z Z nl vl n+i Z) (nAif[nAi]i)
i€Jy | 1=0 i€J5

2> i O+ 121 Y i I (- - 3 ])

€Jyl=M,, ;+J+1 i€Js I=M,, ;+J+1
= |Z| Z Do (=n+nAT7)+12] > T, (A~ —[nA7]7). (3.53)
l=n—[nA"]"+1 l=n—[nA"]t+1

For the second term, we have

EII
o = Y e (AT )
ic€Jg icJs
Z Zrnlvl n-t1 +Z ZFnlvl i n)\ ] 771)\_)
i€Jg | 1=0 icJs
717+J 77/7/+J
- |Z|Z Z Fnl+|Z|Z Z _n)\—)
i€Js  1=0 i€ds =
n—[nA"]t
K Z F;,l([nA7]+an*)+Eif’ (3.54)

=0
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where
n—[nA7]t -1
Ell =7 I (n=[nAT]T=1), if J<—n, (3.55)
1=0
nt+J—1 n—[nA"]T -
B =1z|¢ Y T (=T=@mxN)+ > T, (n—RA]F=1)p, if J>-n.
1=0 I=n+J
(3.56)
Finally, for the third term we have
E:{I 'n.'z
B oY= pY ¥ Y
<L >0 AL>0| =0 j=Mpn i+1-1k=0
My, i+J
NP PP P S A (3.57)
0<ZicntJ 1=0 j=Mni+1-1k=0
Consequently,
Eil )
— = fJ<— .
JZ|A0 0, if J<-—n, (3.58)

n+J—-1 n-—I

Ell
p|ZTA:c > X ZAJM if J > —n. (3.59)

1=0 j=1—J k=0

We now simplify the expression (3.59). We use the following lemma.

Lemma 3.2. Form,n €N, m<n,0< A", AT <1,

l m—1 A
DA = Thlm— D= (3.60)

=0 j=n—m+1 k=0 =0

m—1 n—1

The proof of this lemma will be given in the Appendix. O
Applying Lemma 3.2 to (3.59), one has if J > —n, then

Eél n+J—1 )\
ZaE Z Lo+ J =)= (3.61)

Combining (3.46), (3.53)-(3.55) and (3.58), for J < —n, the error expression is given by

[v(tniug) — uls tns ug) L2 (m)

n n

= |Z|Ax oo T l=n+pXT)+ > T (A —[pAT])
l=n—[nA—]~+1 l=n—[nA—]t+1
n—[nA"]t n—[nA"]t -1
+ Z ' ([n)\_]+ — n)\_) + Z ' (n — ATt — l)
=0 =0
=[Z|Az) T, [l =n+n)|. (3.62)

=0
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Combining (3.46), (3.53), (3.54), (3.56) and (3.61), for J > —n, the error upper bound
expression is given by

[0 tn; ug) = uls tn; ug) | 21wy

n n

= |Z|Ax o T (l=n+nA)+ > T (nAT = [pAT])
l=n—[nA~]"+1 l=n—[nA"]++1
n—[nA7]t n+J—1
D T (AT =nAT)+ Y T (< = AT
=0 =0
n—[nA"] -1 nt+J—1 A
+ I (n—[A7]"=1)+ L, n+J—=1)—
At "
< |Z|Az max {p)\—, 1} ZI‘;JU —n+ni| (3.63)
1=0

Together with (3.62) and (3.63), in both cases J < —n and J > —n, the error upper bound
expression is given by

AT nL _
[0(: tns ) — (-, b )| 1 m)y < |2 Az max {p)\—_, 1} > T, ll=n+nx7].
=0

3.3.3. Case (3.3),if " +c ¢, >0

0

The exact solution is given by (3.33). The initial cell average values v; are given by (3.5) with

J < 0,J+nA" >0. The L-error between the numerical solution and the exact solution is

||v(-,tn;u0) ( tmuo ‘Ll ZEHI7 (3.64)
where
B = / v(, tn; ug) — Z| da, (3.65)
Az <
B / (2, tn; up) — pZ| de, (3.66)
i<
B! =/ [o(2, tn; ug) — pZ| d, (3.67)
[K]- < <K
I =/ [v(z, tn;ug)| de, (3.68)
K< <[K]
B [ et (3.69)
& >[K]F

with K = 25 (J +nA~).
The terms (3.65)-(3.69) can be deduced as follows.
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EIII n n
v R ) DL CIErA I E P/ DD DI v

J< L <0 11=0 J< AL <0l=Mn i+J+1
n
=z > T, (-n-J).
l=n+J+1

If [K]~ =0, then
EHT =o.

If [K]~ > 0, utilizing Lemma 3.1 one has

IIT
Ey
Az
Mn,i l n
_ n 0 +
= > e X DMl 2)- ) TiwZ
0< L <[K]~ | =0 j=My i+1-1k=0 I=M,, ;i+1
Moy i l n
— n —+
=olZl ) > POEED Y.V INE D D s
0< zE<[K]~ [I=Mn i+ J+1j=Mp,i+1-1 k=0 I=M, ;+1
n n—1 min(n—1,—J) l

= p|Z| Z rr(l—n+[K]")+ Z Z ZA;‘L,k,l

l=n+1-[K]~ l=n+J+1-[K]~ j=max(n+1-I—[K]—,1) k=0

Combining (3.70)-(3.72) one has

BT | gIII
ot Ee < max{p, 1}|Z|T1,

Az
where
n
Ty= Y T,(-n-1J), if[K]" =0,
l=n+J+1
n n—1 min(n—1,—J) 1
Tv= Y T,(l-n-J)+ > > > Ak
l=n+J+1 l=n+J+1-[K]~ j=max(n+1-I—[K]—,1) k=0
n
+ Y ThHl-n+[K]7), if [K]7 >0,
l=n+1-[K]~

with K = i—t(J + nA~). Furthermore,

B+ E{" < Azp|Z),
My, i l

EIII
A5:E - Z [oi*] = Z PZ Z ZA?,k,lUlO—n-H

AL >[K]+ 2 >[K]+ =0 j=My ;+1—-1 k=0

My, i+J

!
= plZ| Z Z ZA?,k,z = p|Z|T,

[K]*<ZicntJ 1=0 j=M,+1-1k=0

13

(3.70)

(3.71)

(3.72)

(3.73)

(3.74)

(3.75)

(3.76)

(3.77)
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where
ntJ—[K|T-1 n—I—[K]T 1

L= > > AT (3.78)

1=0 j=1-J k=0

with K = i—t(JJr nA~). Together with (3.64), (3.73), (3.76) and (3.77), the error upper bound
expression is given by

(- tns ug) — u(-, tnsug) | L1 r) < max{p, 1}|Z|AxTy + p|Z|Ax + p| Z|AxTs
< plZ|Ax + max{p, 1}|Z|Az (Th + T2), (3.79)

where T4, Ty are given in (3.74), (3.75) and (3.78) respectively.

3.4. Proof of Theorem 3.1

By using the L!-error (upper bound) expressions derived in the last subsection, we can give
proof of Theorem 3.1 by using the following binomial coefficients inequalities.

Lemma 3.3. For any0 < A< 1, n €N,

anc AT =M —nA—1] < \/g\/)\(l)\)(nJrl). (3.80)
=0

Lemma 3.4. T} given by (3.74)-(3.75) satisfies
- 1 1 l AM
n< Y T A=A =+ )
I=n—[nAm]*+1
VO<A, A <1, neN, JeZ, —n\~ <J <0, (3.81)
where A™ = min{ A7, AT}, A = max{\~, At }.
Lemma 3.5. Ty given by (3.78) satisfies

n—[nA"]T -1

M
L< Y LA AT - )5
=0
VO<A, AT <1, neN, JEZ, —n\~ <J <0, (3.82)

where A™ = min{ A7, AT}, A = max{\~, At }.
We leave the proofs of Lemmas 3.3, 3.4 and 3.5 for a consecutive paper [32].

Proof of Theorem 3.1
Proof. For the two cases (3.2), (3.3), we have

e Case (3.2)

In this case the error expression is given by (3.45). Applying Lemma 3.3 one has

n
lo(-s tn; ug) = u(s tusug)llr ey = |Z|1Ac Y TF jfn—nAt — 1]
1=0

< |Z|A:c\/g\/)\+(1 —AF)(n+1). (3.83)
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e Case (3.3),ifx* +c¢ ¢, <0

In this case the error expression is given by (3.64). Applying Lemma 3.3 one has

AT L _
[0 tns ) — (-t )| 1wy < |Z] Az max {p)\—_, 1} > T, =n+nAT|
=0

<|Z|A:cmax{ }\[\/A 1— A )(n+1). (3.84)

o Case (3.3),ifx* +c ¢, >0

In this case the upper bound expression is given by (3.79). Applying Lemmas 3.4 and 3.5
one has

[o(stnsug) =l tns ug)ll Lo (r)
< plZ|Az + max{p, 1}| Z|Ax (T1 + T)
n )\M
< p|Z|Az + max{p,1}|Z|Az > CL M =A™ (1 AT 41) T
I=n—[nAm]t 41
n—[nA"]T -1
+ > LM A=A (= nA 1 - D3
=0

)\M
~ ] ! MM
< max{p,1}|Z|Az | 1 +;cn(x R R L s vrll R CE )
where \™ = min{ A7, A\t }, A = max{\~, \T}.
Applying Lemma 3.3 to (3.85) gives

[0 tn; 10) = u(stn; uo) || 21wy

2 AM AM
< max{p, 1}|Z|Ax g\//\m(1 =AM+ DI T4 (3.86)
One can check that
M
max{p,l}\/)\m(lf)\m)i—m > /AT (1= A, (3.87)
AM At
max{p, 1} )\m(lf)\m))\—m zmax{p)\—_,l} A= (1= A). (3.88)

Combining (3.83), (3.84), (3.86), (3.87) and (3.88), for any initial data ug(x) belonging to (3.2),
(3.3), the Ll-error bounds for the upwind difference scheme are given by

[v(-, tn; uo) — ul-s tnsuo)l L1 (r)
M M
< max{p, 1}|Z|Az \[\/Am D v v

= max{p, 1}|Z| [’ym VAz + (1 + Z—Z) Ax} : (3.89)

where ¢™, M 4, are defined by (2.9) and (2.10).
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4. Proof of Theorem 2.1

With Theorem 3.1, we can now give proof of the main theorem of this paper.

Proof of Theorem 2.1
Proof. For any BV initial data ug(x), the error between ug and its cell average approximation
v(x,0;ug) clearly satisfies

luo(-) —v(-, 05 u0)|l L1 my < [luollBv Az. (4.1)

Using the L!-boundedness of the solution of the linear equation (1.1)-(1.3) with the interface
condition (2.1), one has

[y tn; uo(@)) = ul, tn; 0(, 05 u0)) 1@y = Ul tas uo(2) — v(@, 05 u0))l L1 (r)

ct ct
< max {p 1 uol) = w600y < mx {1 ol Ao (42)

Recall that the cell center positions xg and x; are located at two sides of the interface. We
define step functions

0
] v z <0,
wo(x) = { W0 >0 (4.3)
v? — r < iAz
. — 7 1+1 ) . _
w; () { 0 r > iAz, ieZ”, (4.4)
0 r < iAzx
() = ’ € Z7. 4.
w;() {vgﬂv? ¢ > il i€ (4.5)
Then 0o
Z w;(x) = v(x,0;ug) on R. (4.6)
i=—00
One has
(s tn; uo(2)) — u(, tns v(z, 0;u0)) [ 21 (R)
- ||’U(', tn, vz, 0, uO)) - U('; tn; ’U(l‘, 0; UO))HLl(]R)
) [eS)
= / Z [v(z, tn;w;) — u(z, ty; wi)]| dz
< / D7 ol tn;wi) — u(w, te; wi)| da. (4.7)

The conditions (4.4), (4.5) satisfy (3.2)-(3.3). Applying Theorem 3.1 one has,

lo(s tn; wi) — u(e, tn; wi)l L1 (w)
0 o CM\/_ M o
< max{p, 1} |v) — vi},]| Y Az + 1+c—m Az|, 1€Z UZ". (4.8)

Introduce two step functions

0
1 | vy x <0, 2y _J O x <0,
aw={ % TS0 ww={%_ . I5p (19)

Then wy = wg§ + w3 and w3 belongs to (3.2).
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Using the fact that v(z,t,;w}) = u(z, t,; wd) and applying (3.83) one has

[0, s wo) = (-, o wo)ll L) = v(, tnswd) = (-, tn; wd) |22 (ry
< ‘”1 P’U0|’Y+VA99< |Ul 08|’Y+VA99+|P 1|"Uo"7+VAm (4.10)

where 4 is defined in (2.11).
Combining (4.8), (4.10) and utilizing the BV property of uy one has

Z / l‘ tnawz) - u(xatn;wi” dr = Z Hv(xatmwi) - u(xatmwi)HLl(R)

oot 35 8l o (1 2) ] -t
= »
< max{p. Hlualay [ S VEe + (14 55 ) e
+lp —1] _jmax_ |uo ()| v+ V Az. (4.11)
Therefore,
oo
Z [o(2, tn; wi) — (@, tn;w;)| € L*(R)
1=—00
and
/ Z [v(x, tn; w;) — w(z, ty; wi)| de = Z / (@, tn;w;) — u(m, ty;w;)| de.  (4.12)
1=—00 1=—00

Combining (4.2), (4.7), (4.12) and (4.11) completes the proof of Theorem 2.1:

lv(-, tnsuo) — ul-s tn;uo)l L1 ()

[0 tn; uo(@)) = ule s 0(2, 05 w0)l| L1 (r) + [l tn; o)) = ul-s tns (2, 05u0)) | L1 )

M
max{p, 1}||uoll Bv [’ym VAz + <1 + i—m> A:c}

IN

IN

ct
+lp—1] max |u0(x)|’y+vAac+max{pc—,1}|u0|BvA$

cM ct
< max{p, 1}|uol Bv [’ym VAx + (1 + - + max{c—, 1}) Aac]

+lp -1 _jmax luo(x) v+ VAz. (4.13)

5. Conclusion

In this paper we established the L!-error estimates for the upwind difference scheme to the
linear advection equation with piecewise constant wave speeds and a general interface condition.
A natural and successful approach for computing such equations is to incorporate the interface
conditions into the numerical schemes, in the spirit of the immersed interface method. We
proved that, for initial data with a bounded variation, the numerical solution by the upwind
scheme with an immersed interface condition converges in L'-norm to the solution of the linear
advection equation with the corresponding interface condition. We derived the half-order L'-
error bounds with explicit coefficients.



18 X. WEN AND 8. JIN

Our approach makes use of the linearities of both the equation (1.1) and the upwind dif-
ference scheme. We focused on error estimates for some Riemann initial data. Based on these
results the error estimates for general BV initial data were derived. For these Riemann ini-
tial data, the numerical solutions and the exact solutions can both be expressed in terms of
the initial data. Then the L!-error (upper bound) for the numerical solutions were explicitly
expressed in terms of some binomial coefficient. Some relevant inequalities on the binomial
coefficients are proved in [32].

This paper deals with the upper bound error estimates. Similar techniques can be used to
investigate the lower bound error estimates of the scheme. In that case one needs to estimate the
lower bound of the L'-error expressions. The half-order lower bound of the monotone schemes
was proved in [25] for the linear advection equation with constant coefficients. Naturally, one
expects that the upwind scheme for the same equation with piecewise constant coefficients
can not achieve better accuracy, thus one should also have a half-order optimal convergence
rate. Another interesting issue is to investigate whether the technique used in this paper can
be applied to analyze more general monotone schemes for the linear advection equation with
piecewise constant coefficients.

A related issue to the study in this paper is the error estimates for Hamiltonian-preserving
schemes [10-12] to the Liouville equations with discontinuous Hamiltonians. The Liouville
equations with discontinuous Hamiltonians arise in the high frequency limit of linear waves.
They are linear hyperbolic equations with discontinuous and measure-valued coefficients.
The Hamiltonian-preserving schemes are designed by incorporating interface conditions—
Hamiltonian preservation, with transmission and reflection coefficients—into the numerical
fluxes. In the future we will try to extend the same approach to investigate the L!-error
estimates for the Hamiltonian-preserving schemes to the Liouville equations with piecewise
constant Hamiltonians.

Appendix
In this Appendix we prove Lemma 3.2. We first give some Lemmas A.1-A.3. Then we give
the proof of Lemma 3.2.

Lemma A.1. Define
Thi(z) = CLz"7H(1 — 2)h (A1)

Then for m € N U{0}, 0 < z, A\~ < 1,

m 1
SN T k()1 - A [mzl . ] 0. (A.2)
=0 k=0

Proof. Tt can be checked that (A.2) holds for m = 0. Now suppose (A.2) holds for m > 0,
we will prove it also holds for m + 1. One has

m—+1 1
Do Trsi—ka-s(2) (1= A7) {erl = l_k}

z 11—z
1=0 k=0

m+1
= erm+1—k,l—k(2)(1—)ﬁ)k {erll lk}

z 11—z
1=0 k=0

m+1 1
+ 2 D Panprra-r(2) (1= A7) [m+ —_—— k]

z 1—2z
1=1 k=1
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m—+1
m+1-—1 l
= E T -
+1,1(2) { > 1— z}

> Z Do (k1) - 1)— -1y (2) (1 = A7) [m_(zl_l)(l_l)l:(j_l)}
1—1=0k—1=0

m+1 B m_ 1 \k m —1 l—k
=d| Y Tmeri(2) ] [ dz+(1=27)Y > Topii(z)(1 = A7) { z 1—Z]
1=0 1=0 k=0

m

0k
!

:(1*)\7)2 | S { k[

(

} . (A.3)

=0 k=0
From (A.3), applying the assumption that (A.2) holds for m implies that (A.2) also holds
for m + 1. This completes the proof of Lemma A.1. O

Lemma A.2. Define

A;Lkl( z) = Cﬁk 1Cl —j— kzn l_j(l_z)l_k()\_)j_l(l_A_)kv (A.4)
m 1
¢(n,m, 2) Z Z ZAJM ZZAzfm,k,l(z)v
=0 j=n—m k=0 =0 k=0
neN, 0<m<n-—1,0<z A <1 (A.5)
Then
d(n,m,z1) = p(n,m,z2), V0<z, 220<1,0<m<n-—1, neN, (A.6)

Proof. (A.6) is equivalent to, forn e NNO<m <n-—-1,0< 2, A\~ <1,

8¢(nmz/8zszAn e ( { lu]gb\(n,m,z)o. (A7)

z 1—z
1=0 k=0

Firstly we show that

#(n,0,2) =0, d(n,n—1,2)=0, VneN, 0<z< 1. (A.8)
The first equality in (A.8) can be directly checked. For the second equality, one has
n—1 1
~ -1-1 I-k
= Clk  n=1ol(1 — zyl=k(1 — A7)k | L - . (A9
=1, = XSS eh e - o [P ] )

Applying Lemma A.1, the second equality in (A.8) is proved.
(A.8) implies that (A.7) holds for n = 1,2. Now suppose (A.7) holds for n > 2, we will
prove it is also true for n + 1. For 1 <m < n —1,n > 2, one has

m

l
~ ol m—1 1—k
Bt 1m,2) = Y SN )| P - T
m 1
_ - m—1 1—k
=AY S ) [P -
m 1
1A~ - m—1 l—k
+ A ZZAn(ml),k1,11(Z){ > 1_2]}

b(n,m — 1,z)> . (A.10)
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From (A.10), applying the assumption that (A.7) holds for n, one has

qAb(nJrl,m,z):O, forl<m<n-10<z<1. (A.11)
(A.11) together with (A.8) implies that (A.7) holds for n+1. O

Lemma A.3.
l
d ok Ok =Cl, for1<j<n-1,0<I<n-1neN (A.12)
k=0

Proof. Denote
1
win,l,j) =Ch =Y CF, CF . (A.13)
k=0
Firstly we show that Vn e N;1 <j<n,0<I<n-1,
wn,l,n—-10)=0, w(n,0,7)=0, wnmn-—11)=0. (A.14)

The second and third equalities in (A.14) can be checked directly. For the first equality, one
can check that w(n,0,n) =0,¥n € N, and for 0 < <n—1,n > 2 one has

! -1
w(n,l,n—1) = Cfl - Z CrljflJrkfl = 0271 + CL_—ll - 0271 - Z CrljflJrkfl
k=0 k=0
=wn-Ll-1,n-0)=---=whn—-1,0n—-10)=0. (A.15)

Thus the first equality in (A.14) is proved.
(A.14) implies that (A.12) holds for n = 1,2. Now suppose (A.12) holds for n > 2, we will
prove it is also true for n + 1. For 1 <j<n—1[,1<1<n—1, one has

1
. 1 k l—k
wn+1,0,7) =Cpyy — Z Cirn1Chnii_jk
k=0

1 -1
(e setne ) (o - Setna)
k=0 k=0
ZW(Tl,l,j)ﬁ“W(n,l*l,j). (A]'G)
From (A.16), applying the assumption that (A.12) holds for n, one has
wn+1,1,7)=0, for1<j<n-1[,1<l<n-1. (A.17)

(A.17) together with (A.14) implies that (A.12) holds for n+1. O

Proof of Lemma 3.2
Proof.

m—

Py

s l
> A (A.18)

0

m—1 n—1 l m

n —
Do D M=)
=0 j=n—m+1 k=0

s=1 [=0 j=n—m+sk
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Applying Lemma A.2, one has from (A.18)

P Z)\+q§(n,m—s,)\+) =ZA+¢(n,m—s,)\_)
s=1 s=1
m—1 n—l l
A <Z Cck Ok ) A1 =) (A.19)
— JjHk—1%n—j—k : :
k=0

=0 j=n—m+1

From (A.19), (3.60) can be proved by applying Lemma A.3.
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