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Abstract. Let A:=−(∇−i~a)·(∇−i~a)+V be a magnetic Schrödinger operator on L2(Rn),
n ≥ 2, where ~a := (a1,··· ,an) ∈ L2

loc(R
n,Rn) and 0 ≤ V ∈ L1

loc(R
n). In this paper, we

show that for a function b in Lipschitz space Lipα(R
n) with α∈ (0,1), the commutator

[b,V1/2 A−1/2] is bounded from Lp(Rn) to Lq(Rn), where p,q∈ (1,2] and 1/p−1/q=
α/n.
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operator, Hölder inequality.

AMS Subject Classifications: 42B20, 42B35

1 Introduction

Let b be a locally integrable function on R
n and T be a linear operator. For a suitable

function f , the commutator is defined by [b,T] f = bT( f )−T(b f ). It is well known that
Coifman, Rochberg and Weiss [3] proved that [b,T] is a bounded operator on Lp for 1<
p<∞ if and only if b∈BMO(Rn), when T is a Calderón-Zygmund operator. Janson [4]
proved that the commutator [b,T] is bounded from Lp(Rn) into Lq(Rn), 1< p< q<∞, if
and only if b∈Lipα(R

n) with α=( 1
p − 1

q )n, where the Lipschitz space Lipα(R
n) consists

of the functions f satisfying

‖ f‖Lipα
:= sup

x,y∈Rn,x 6=y

| f (x)− f (y)|
|x−y|α <∞, 0<α<1.

Furthermore, Lu, Wu and Yang studied the boundedness properties of the commutator
[b,T] on the classical Hardy spaces when b∈Lipα(R

n) in [12].
In recent years, more scholars pay attention to the boundedness of the commutators

[b,T] when T are the singular integral operators associated with the Schrödinger operator
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(cf. [1, 6–11]). When the potential V satisfies the weaker condition, the operator T may
not be a Calderón-Zygmund operator. In this paper we focus on the boundedness of
the commutators [b,T] when T are the singular integral operators associated with the
magnetic Schrödinger operator based on the research in [5] and [16].

Consider a real vector potential~a=(a1,··· ,an) and an electric potential V. In this paper,
we assume that

ak ∈L2
loc(R

n), ∀k=1,··· ,n,

0≤V∈L1
loc(R

n).

Let Lk = ∂/∂xk−iak. We adopt the same notation as in [5] and define the sesquilinear form
Q by

Q( f ,g) :=
n

∑
k=1

∫

Rn
Lk f Lkgdx+

∫

Rn
V f gdx,

with domain

D(Q) :={ f ∈L2(Rn) : Lk f ∈L2(Rn), k∈1,··· ,n,
√

V f ∈L2(Rn)}.

It is known that Q is closed and symmetric. So the magnetic Schrödinger operator A is a
self-adjoint operator associated with Q.

The domain of A is given by

D(A)=
{

f ∈D(Q), ∃g∈L2(Rn) such that Q( f ,ϕ)=
∫

Rn
gϕ̄dx, ∀ϕ∈D(Q)

}

,

and A is formally given by the following expression

A f =
n

∑
k=1

L∗
k Lk f +V f

or A=−(∇−i~a)·(∇−i~a)+V, where L∗
k is the adjoint operator of Lk. For k=1,··· ,n, the op-

erators Lk A−1/2 and V1/2A−1/2 are called the Riesz transforms associated with A. More-
over, it was proved in [14] that for each k = 1,··· ,n, the Riesz transform Lk A−1/2 and
V1/2A−1/2 are bounded on Lp(Rn) for all 1< p≤2. Namely, there exists a constant C>0
such that

‖V1/2 A−1/2 f‖Lp(Rn)+
n

∑
k=1

‖Lk A−1/2 f‖Lp(Rn)≤C‖ f‖Lp(Rn), 1< p≤2.

Furthermore, in [5] Duong and Yan proved that the commutators [b,V1/2 A−1/2] and
[b,Lk A−1/2] are bounded on Lp for 1< p ≤ 2, that is, there exists a constant C > 0 such
that

‖[b,V1/2 A−1/2] f‖Lp(Rn)+‖[b,Lk A−1/2] f‖Lp(Rn)≤C‖ f‖Lp(Rn), where b∈BMO(Rn).
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See also Shen’s result in [15] for Lp-boundedness of singular integral operators related
to the magnetic Schrödinger operator, which is different from the operators Lk A−1/2 and
V1/2A−1/2. Recently, D. Y. Yang in [16] has proven that for k∈{1,··· ,n}, the commuta-
tors [b,Lk A−1/2] are bounded from Lp(Rn) to Lq(Rn) with 1/p−1/q = α/n, where b ∈
Lipα(R

n). Inspired by [5] and [16], the purpose of this paper is to study the boundedness
of commutator [b,V1/2 A−1/2] with a function b in the Lipschitz space Lipα(R

n),α∈ (0,1).
We are now in a position to give our main result, which will be proven in the next

section.

Theorem 1.1. Let α∈(0,1), p,q∈(1,2] with 1/p−1/q=α/n. Assume that b∈Lipα(R
n). Then

the commutator [b,V1/2A−1/2] is bounded from Lp(Rn) to Lq(Rn).

2 Proof of Theorem 1.1

In this section, we adopt the method in [16] to prove Theorem 1.1. Firstly, we begin with
the sharp maximal function M#

A established in [13]. For any f ∈ Lp(Rn),p ∈ [1,∞), the
sharp maximal function M#

A associated with the semigroup {e−tA} is given by

M#
A( f )(x) :=sup

x∈B

1

|B|
∫

B
| f (y)−e−tB A f (y)|dy,

where rB is the radius of the ball B and tB := r2
B.

Lemma 2.1. Let p∈ (1,∞). There exists a positive constant Cp such that for all f ∈Lp(Rn),

‖ f‖Lp(Rn)≤Cp‖M#
A( f )‖Lp(Rn).

Proof of Theorem 1.1. Now, we prove the boundedness of the commutator [b,V1/2 A−1/2]
in Theorem 1.1. Let (V1/2A−1/2)∗=A−1/2V1/2 denote the adjoint operator of V1/2A−1/2.
By duality, for given p,q∈(1,2] with 1/p−1/q=α/n, it suffices to prove [b,A−1/2V1/2] is

bounded from Lq
′
(Rn) to Lp

′
(Rn). To obtain the conclusion, it suffices to prove that there

exists a constant C such that for all f ∈C∞
c (Rn) and x∈R

n,

M#
A([b,A−1/2V1/2] f )(x)≤C‖b‖Lipα(R

n)[M2,α(A−1/2V1/2 f )(x)+M2,α( f )(x)], (2.1)

where for r∈ [2,n/α) and any suitable function f ,

Mr,α( f )(x) :=sup
x∈B

1

|B|−α/n
(

1

|B|
∫

B
| f (y)|rdy)1/r . (2.2)

In fact, assume that (2.1) holds. For b ∈ Lipα(R
n) and each N ∈ N, define bN :=

min{N,|b|}sgn(b). Then we conclude that bN ∈ L∞(Rn) and ‖bN‖Lipα(R
n)≤C‖b‖Lipα(R

n),

where C is a constant. Moreover, it has been proved in Theorem 1.1 of [14] that V1/2A−1/2
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is bounded on Lp(Rn) for all 1< p≤2. So A−1/2V1/2 is bounded on Ls(Rn) for s∈ [2,∞),
then we see that for all f ∈C∞

c (Rn),[bN ,A−1/2V1/2]( f )∈Ls(Rn) and

‖[bN ,A−1/2V1/2]( f )‖Ls(Rn)≤N‖ f‖Ls (Rn).

Recall that M2,α is bounded from Ls(Rn) to Lt(Rn) with s∈ (2,n/α) and 1/s−1/t=
α/n, see Chanillo [2]. By this fact together with 1/q

′−1/p
′
= α/n, Lemma 2.1 and (2.1),

we have that for all f ∈C∞
c (Rn),

‖[bN ,A−1/2V1/2]( f )‖
Lp

′
(Rn)

≤C‖M#
A([bN ,A−1/2V1/2]( f ))‖

Lp
′
(Rn)

≤C‖bN‖Lipα(R
n)‖M2,α(A−1/2V1/2 f )(x))+M2,α( f )(x)‖

Lp
′
(Rn)

≤C‖b‖Lipα(R
n)‖ f‖

Lq
′
(Rn)

.

A standard argument together with the Fatou lemma then implies that for all f ∈Lq
′
(Rn),

[b,A−1/2V1/2]( f )∈Lp
′
(Rn)

and

‖[b,A−1/2V1/2]( f )‖
Lp

′
(Rn)

≤C‖b‖Lipα(R
n)‖ f‖

Lq
′
(Rn)

,

which imply Theorem 1.1.

Now, we prove (2.1) is valid. For any f ∈ Lq
′
(Rn), and x ∈ R

n, choose a ball B :=
B(xB,rB)={y∈R

n : |xB−y|< rB} which contains x. Set T :=A−1/2V1/2. Let f1 = f χ2B and
f2 := f − f1. Then we have the following decompositions:

[b,T] f =(b−bB)T f −T((b−bB) f1)−T((b−bB) f2)

and

e−tB A([b,T] f )= e−tB A((b−bB)T f )−e−tB AT((b−bB) f1)−e−tB AT((b−bB) f2)

for any function f and ball B, where

fB :=
1

|B|
∫

B
f (z)dz, tB = r2

B.
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Therefore,

1

|B|
∫

B
|(I−e−tB A)[b,T] f (y)|dy

≤ 1

|B|
∫

B
|(b−bB)T f (y)|dy+

1

|B|
∫

B
|T((b−bB) f1)(y)|dy

+
1

|B|
∫

B
|e−tB A((b−bB)T f )(y)|dy+

1

|B|
∫

B
|e−tB AT((b−bB) f1)(y)|dy

+
1

|B|
∫

B
|(I−e−tB A)T((b−bB) f2)(y)|dy

:=I+II+III+IV+V.

Firstly, we get

|b(y)−bB |=
∣

∣

∣
b(y)− 1

|B|
∫

B
b(z)dz

∣

∣

∣
=
∣

∣

∣

1

|B|
∫

B
(b(y)−b(z))dz

∣

∣

∣

≤ 1

|B|
∫

B
|y−z|α |b(y)−b(z)|

|y−z|α dz

≤‖b‖Lipα(R
n)|

1

|B|
∫

B
|y−z|αdz

≤C|B|α/n‖b‖Lipα(R
n). (2.3)

For I, by the Hölder inequality and (2.3), we have

I=
1

|B|
∫

B
|(b−bB)T f (y)|dy

≤
( 1

|B|
∫

B
|b(y)−bB |2dy

)1/2( 1

|B|
∫

B
|T f (y)|2dy

)1/2

≤C‖b‖Lipα(R
n)M2,α(T f )(x)

=C‖b‖Lipα(R
n)M2,α(A−1/2V1/2 f )(x).

For II, using the Hölder inequality again and the L2(Rn)-boundedness of T, if follows
that

II=
1

|B|
∫

B
|T((b−bB) f1)(y)|dy

≤
( 1

|B|
∫

B
|T((b−bB) f1)(y)|2dy

)1/2

≤C
( 1

|B|
∫

2B
|b(y)−bB |2| f (y)|2dy

)1/2

≤C‖b‖Lipα(R
n)

1

|B|−α/n

( 1

|B|
∫

2B
| f (y)|2dy

)1/2

≤C‖b‖Lipα(R
n)M2,α( f )(x).
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To estimate III, it follows from [5] that the kernel pt(y,z) of e−tA satisfies that for all
t>0 and almost all y,z∈R

n,

pt(y,z)≤ (4πt)−
n
2 exp

(

− |y−z|2
4t

)

. (2.4)

Let g :=(b−bB)T f . By (2.4), the formula equation of e−|x|≤C|x|−N and the conclusion of
I, for any y∈B,

|e−tB Ag(y)|≤
∫

Rn
|ptB

(y,z)g(z)|dz≤
∫

Rn
|ptB

(y,z)||g(z)|dz

≤
∫

Rn
t
− n

2
B exp

(

− |y−z|2
4tB

)

|g(z)|dz

=
∫

|y−z|<2t1/2
B

t
− n

2
B exp

(

− |y−z|2
4tB

)

|g(z)|dz

+
∞

∑
k=0

∫

2kt1/2
B ≤|y−z|<2k+1t1/2

B

t
− n

2
B exp

(

− |y−z|2
4tB

)

|g(z)|dz

≤C
[ 1

|B|
∫

B
|g(z)|dz+

∞

∑
k=0

1

t
n
2
B

∫

2kt1/2
B ≤|y−z|<2k+1t1/2

B

( tB

|y−z|2
)N

|g(z)|dz
]

≤C
[ 1

|B|
∫

B
|g(z)|dz+

∞

∑
k=0

1

t
n
2
B

tN
B

(2kt1/2
B )2N

∫

|y−z|<2k+1t1/2
B

|g(z)|dz
]

≤C
[

‖b‖Lipα(R
n)M2,α(A−1/2V1/2 f )(x)

+
∞

∑
k=0

1

2k(2N−n)
‖b‖Lipα(R

n)M2,α(A−1/2V1/2 f )(x)
]

≤C‖b‖Lipα(R
n)M2,α(A−1/2V1/2 f )(x),

where N>n/2. So for III, it is easy for us to get

III=
1

|B|
∫

B
|e−tB A((b−bB)T f )(y)|dy

=
1

|B|
∫

B
|e−tB Ag(y)|dy

≤C‖b‖Lipα(R
n)M2,α(A−1/2V1/2 f )(x).

For IV, for all locally integrable functions f and x∈R
n, let M( f )(x) be the Hardy-Littlewood

maximal function as follow:

M( f )(x) :=sup
x∈B

1

|B|
∫

B
| f (y)|dy.
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By (2.4), the conclusion of II, the Hölder inequality and the L2(Rn)-boundedness of T and
M, we conclude that

IV=
1

|B|
∫

B
|e−tB AT((b−bB) f1)(y)|dy

≤C
1

|B|
∫

B
M[T((b−bB) f1)](y)dy

≤C[
1

|B|
∫

B
{M[T((b−bB) f1)](y)}2dy]1/2

≤C[
1

|B|
∫

B
|T((b−bB) f1)(y)|2dy]1/2

≤C[
1

|B|
∫

2B
|(b(y)−bB) f (y)|2dy]1/2

≤C‖b‖Lipα(R
n)M2,α( f )(x).

In order to estimate the term V, we need the following Proposition 2.1 and Lemma 2.2.

Proposition 2.1 (cf. Proposition 3.1 in [5]). Fix s>0. Let A=−(∇−i~a)·(∇−i~a)+V be the
magnetic Schrödinger operator. Then for any m∈N, there exist positive constants C and
c such that

∫

2m
√

t≤|x−y|<2m+1
√

t

(

|V1/2 ps(x,y)|2+
n

∑
k=1

|Lk ps(x,y)|2
)

dx≤Cs−n(2m
√

t)n−2exp
(

− 22mt

cs

)

for all s>0 and y∈R
n.

Lemma 2.2. For a real vector potential ~a = (a1,··· ,an) and an electric potential V, we as-
sume that ak ∈ L2

loc(R
n,Rn), ∀k= 1,··· ,n, 0≤V ∈ L1

loc(R
n). Then the composite operator (I−

e−tA)A−1/2V1/2, t>0, which is the adjoint operator of V1/2A−1/2(I−e−tA), has an associated
kernel K∗

t (y,z) which satisfies

∞

∑
m=0

2m(2m
√

t)n/2
(

∫

2m
√

t≤|y−z|<2m+1
√

t
|K∗

t (y,z)|2dy
)1/2

≤C<∞, z∈R
n. (2.5)

Proof of Lemma 2.2. Firstly, we need to compute the K∗
t (y,z) of (I−e−tA)A−1/2V1/2. Ob-

serve that

A−1/2=
1√
π

∫ ∞

0
e−sA ds√

s
,
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then we have

(I−e−tA)A−1/2V1/2

=
1√
π

∫ ∞

0
e−sAV1/2 ds√

s
− 1√

π

∫ ∞

0
e−(s+t)AV1/2 ds√

s

=
1√
π

∫ ∞

0
e−sAV1/2 ds√

s
− 1√

π

∫ ∞

t
e−sAV1/2 ds√

s−t

=
1√
π

∫ ∞

0
e−sAV1/2 ds√

s
− 1√

π

∫ ∞

0
e−sAV1/2

χ(s>t)√
s−t

ds

=
1√
π

∫ ∞

0

( 1√
s
−

χ(s>t)√
s−t

)

e−sAV1/2ds.

Therefore,

|K∗
t (y,z)|=

∣

∣

∣

1√
π

∫ ∞

0

( 1√
s
−

χ(s>t)√
s−t

)

ps(y,z)V1/2ds
∣

∣

∣
.

By Minkowski’s inequality, we have

(

∫

2m
√

t≤|y−z|<2m+1
√

t
|K∗

t (y,z)|2dy
)1/2

≤ 1√
π

∫ ∞

0

∣

∣

∣

1√
s
−

χ(s>t)√
s−t

∣

∣

∣

(

∫

2m
√

t≤|y−z|<2m+1
√

t
|ps(y,z)V1/2|2dy

)1/2
ds.

Together with Proposition 2.1, this gives

∞

∑
m=0

2m(2m
√

t)n/2
(

∫

2m
√

t≤|y−z|<2m+1
√

t
|K∗

t (y,z)|2dy
)1/2

≤C
∞

∑
m=0

2m(2m
√

t)n/2
∫ ∞

0

∣

∣

∣

1√
s
−

χ(s>t)√
s−t

∣

∣

∣

(

∫

2m
√

t≤|y−z|<2m+1
√

t
|ps(y,z)V1/2|2dy

)1/2
ds

≤C
∞

∑
m=0

2m(2m
√

t)n/2
∫ ∞

0

∣

∣

∣

1√
s
−

χ(s>t)√
s−t

∣

∣

∣
s−n/2(2m

√
t)(n−2)/2exp

(

− 22mt

2cs

)

ds

=C
∞

∑
m=0

2m
∫ t

0

∣

∣

∣

1√
s
−

χ(s>t)√
s−t

∣

∣

∣
s−n/2(2m

√
t)n−1exp

(

− 22mt

2cs

)

ds

+C
∞

∑
m=0

2m
∫ ∞

t

∣

∣

∣

1√
s
−

χ(s>t)√
s−t

∣

∣

∣
s−n/2(2m

√
t)n−1exp

(

− 22mt

2cs

)

ds

:=I1+II1.

We first estimate the term I1. Note that χs>t ≡ 0 for s< t. This, together with the fact
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that ωβe−cω ≤C for any ω,β>0, shows

I1=C
∞

∑
m=0

2m
∫ t

0

∣

∣

∣

1√
s
−

χ(s>t)√
s−t

∣

∣

∣
s−n/2(2m

√
t)n−1exp

(

− 22mt

2cs

)

ds

=C
∞

∑
m=0

2m
∫ t

0
|s−(n+1)/2(2m

√
t)n−1exp

(

− 22mt

2cs

)

ds

≤C
∞

∑
m=0

2m
∫ t

0

(22mt

s

)
n−1

2
( s

22mt

)
n−1

2 +1 ds

s

≤C
∞

∑
m=0

2−mt−1
∫ t

0
ds≤C′

<∞.

Consider the term II1. Oberve that, for s> t, then χs>t=1. A direct calculation shows that

∣

∣

∣

1√
s
−

χ(s>t)√
s−t

∣

∣

∣
=
∣

∣

∣

1√
s
− 1√

s−t

∣

∣

∣
=

1√
s
√

s−t
×|

√
s−t−

√
s|

=
1√

s
√

s−t
× t√

s−t+
√

s
=

t

s
√

s−t+
√

s(s−t)

≤ t

s
√

s−t
.

Substituting the above into the term II1, we obtain

II1=C
∞

∑
m=0

2m
∫ ∞

t

∣

∣

∣

1√
s
−

χ(s>t)√
s−t

∣

∣

∣
s−n/2(2m

√
t)n−1exp

(

− 22mt

2cs

)

ds

≤C
∞

∑
m=0

2m
∫ ∞

t

t

s
√

s−t
s−n/2(2m

√
t)n−1exp

(

− 22mt

2cs

)

ds

=C
∞

∑
m=0

2m
∫ 2t

t

t√
s
√

s−t

(22mt

s

)
n−1

2
exp

(

− 22mt

2cs

)ds

s

+C
∞

∑
m=0

2m
∫ ∞

2t

t√
s
√

s−t

(22mt

s

)
n−1

2
exp

(

− 22mt

2cs

)ds

s

:=II1,1+II1,2.

Because that t< s≤2t, so we can get

(22mt

s

)
n−1

2 ≤2m(n−1), exp
(

− 22mt

2cs

)

≤exp
(

− 22m

4c

)

,
t

s
√

s
< t−1/2.
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Therefore,

II1,1=C
∞

∑
m=0

2m
∫ 2t

t

t√
s
√

s−t

(22mt

s

)
n−1

2
exp

(

− 22mt

2cs

)ds

s

≤C
∞

∑
m=0

2m
∫ 2t

t

t−1/2

√
s−t

2m(n−1)exp
(

− 22m

4c

)

ds

≤C
∞

∑
m=0

2mnexp
(

− 22m

4c

)

t−1/2
∫ 2t

t

1√
s−t

ds

≤C
∞

∑
m=0

2mnexp
(

− 22m

4c

)

≤C′
<∞.

Finally, we estimate the term II1,2. Since s>2t, we have that
√

s−t>
√

s/2. Hence,

II1,2=C
∞

∑
m=0

2m
∫ ∞

2t

t√
s
√

s−t

(22mt

s

)
n−1

2
exp

(

− 22mt

2cs

)ds

s

≤C
∞

∑
m=0

2m
∫ ∞

2t

t

s

(22mt

s

)
n−1

2
exp

(

− 22mt

2cs

)ds

s

≤C
∞

∑
m=0

2m
∫ ∞

2t

t

s

(22mt

s

)
n−1

2
( s

22mt

)
n−1

2 + 3
4 ds

s

≤C
∞

∑
m=0

2−
m
2

∫ ∞

2t

( t

s

)
1
4 ds

s
≤C′

<∞.

Combining the estimates of I1, II1,1, II1,2 we obtain (2.5). Hence, the proof of (2.5) is com-
plete. Now, we will start the proof of Theorem 1.1.

Proof of Theorem 1.1. Let us consider the term V. We have that

(V1/2 A−1/2(I−e−tA))∗=(I−e−tA)A−1/2V1/2.

So the kernel K∗
t (y,z) of the operator (V1/2A−1/2(I−e−tA))∗=(I−e−tA)A−1/2V1/2 satis-

fies the following estimate

∞

∑
m=0

2m(2m
√

t)n/2
(

∫

2m
√

t≤|y−z|<2m+1
√

t
|K∗

t (y,z)|2dz
)1/2

≤C<∞,

where C is a constant independent of t and y.

Finally, from the fact that |y−z|≥rB for any y∈B,z/∈2B, the conclusion of (2.3), Lemma
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2.2 and the Hölder inequality, the term V is dominated as follows,

V=
1

|B|
∫

B
|(I−e−tB A)T((b−bB) f2)(y)|dy

≤ 1

|B|
∫

B

∫

Rn\(2B)
|K∗

tB
(y,z)||(b(z)−bB) f (z)|dzdy

≤ 1

|B|
∫

B

∞

∑
m=0

(

∫

2mrB≤|y−z|<2m+1rB

|K∗
tB
(y,z)||(b(z)−bB)|| f (z)|dz

)

dy

≤C
1

|B|
∫

B

∞

∑
m=0

|2m+1B|α/n‖b‖Lipα(R
n)

(

∫

2mrB≤|y−z|<2m+1rB

|K∗
tB
(y,z)|2dz

)1/2

×
(

∫

2m+1
| f (z)|2

)1/2
dy

≤Csup
m>0

2−m‖b‖Lipα(R
n)M2,α( f )(x)

≤C‖b‖Lipα(R
n)M2,α( f )(x).

Combining the estimates from I to V, we see that (2.1) holds, which completes the proof
of Theorem 1.1. �
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