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Abstract

This paper proves the saturation assumption for the nonconforming Morley finite ele-
ment discretization of the biharmonic equation. This asserts that the error of the Morley
approximation under uniform refinement is strictly reduced by a contraction factor smaller
than one up to explicit higher-order data approximation terms. The refinement has at
least to bisect any edge such as red refinement or 3-bisections on any triangle.

This justifies a hierarchical error estimator for the Morley finite element method, which
simply compares the discrete solutions of one mesh and its red-refinement. The related
adaptive mesh-refining strategy performs optimally in numerical experiments. A remark
for Crouzeix-Raviart nonconforming finite element error control is included.

Mathematics subject classification: 65M12, 65M60, 65N25.
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1. Introduction

The saturation assumption is made in many engineering finite element applications and is
often observed in the asymptotic regime for very fine meshes. The mathematical justification is
less obvious and often requires restrictions on the mesh-refinement and on extra data oscillations
or data approximation terms. Given the two finite element approximations uy and u, with
respect to a coarse mesh T and its overall refinement T}, to the exact solution u, the errors in
the broken energy norm || e ||xc (with respect to piecewise Sobolev norms) satisfies

lu— unl|xe < 0|lu—un|xc + C data apx(Tp). (1.1)

with positive constants ¢ < 1 and C' < co. The data approximation terms data apx(Ty) read
| f|| for the given right-hand side f € L*(2) of the PDE in the L? norm | e|| over the domain
Q weighted by the piecewise constant mesh-size H. They can be evaluated explicitly and reflect
the mesh-refinement to resolve the local mesh refinement through the variable mesh-size H and

* Received February 22, 2016 / Revised version received February 9, 2017 / Accepted May 8, 2017 /
Published online August 7, 2018 /



834 C. CARSTENSEN, D. GALLISTL AND Y.Q. HUANG

are of higher order with o = 2 for the Morley and with o = 1 of first-order for the Crouzeix-
Raviart finite element method. Those terms are efficient in the sense data apx(Tp) is controlled
by the error || u—up||xc plus data oscillation terms like || H( f—II; f)|| with the piecewise integral
means Ilpf of f. It is known that ||H*(f — Iy f)|| can dominate the error and even ugy = up
is possible for highly oscillating data f € L?(£2) in a possibly very large computational regime
which makes (1.1) less useful, so this paper aims at applications for piecewise smooth data when
this term is negligible. Saturation results of the type (1.1) are justified for the conforming finite
element method [5,12], where counterexamples are characterized for very coarse meshes when
(1.1) fails even for a constant right-hand side.

In contrast to [12] for conforming FEMs and second-order problems, this paper asserts
saturation for uniform mesh-refinement rather than for an increased polynomial degree. For
conforming finite elements for the Poisson equation, (1.1) was recently characterized in [5]. It
came as a surprise to the authors that there are no restrictions on the mesh for the noncon-
forming Morley or Crouzeix-Raviart finite element schemes as all. Moreover, for those schemes,
the main result (1.1) of this paper is not restricted to newest-vertex bisection or red-green-blue
refinement, but is also valid for more exotic refinement strategies as long as the family T of trian-
gulations under consideration is shape regular—so unstructured grids with local mesh-refining
are included.

An immediate consequence of saturation is hierarchical error control with a justification via
a triangle inequality. This and (1.1) imply

U — UH||ne S |[|U — Un||Nnc UH — Uh|lne S 0(|U — UH||INne TN T M
[ e < | l[ne + |l [ne < o l[xe +n+

for the hierarchical error estimator 1 := ||ug — up||nc and the data approximation term p :=
Cdata apx(Ty). Since g < 1, this is reliability in the form

lu — wprl|ne < Cra(n + p)  with reliability constant Cye := 1/(1 — 0). (1.2)

The point is that (1.2) is not an asymptotic result and holds for all coarse meshes Ty with
the extra cost of calculating w;, with respect to a uniform refinement T} thereof. Moreover,
the regularity of the exact solution does not enter at all and the higher-order term p depends
explicitly on the data and can be computed. In conclusion, this paper justifies hierarchical error
control in the form

lu — uprllne < Cllun — upl|xe + Cadata apx(Ty) (1.3)

with universal reliability constants C; and Cy. The estimate (1.3) serves as a basis of further
more local versions of hierarchical error control with less computational costs as outlined in [29]
for conforming finite elements in second-order problems.

The remaining parts of this paper are organized as follows. Section 2 establishes the notation
and the main saturation result (1.1) for the biharmonic equation with homogeneous boundary
conditions and its numerical simulation with the Morley finite element method. The arguments
rely on a new discrete efficiency and a known quasi-orthogonality estimate. Section 3 states the
hierarchical error control (1.3) for the Morley finite element method, which is exemplified in
numerical experiments in Section 4. Some comments on the second-order Poisson model prob-
lem and its numerical simulation with the Crouzeix-Raviart finite element method in Section 5
conclude the paper.

The results are given in two space dimensions for the simplicity of the presentation but are
expected to carry over in higher space dimensions.
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Standard notation on Lebesgue and Sobolev spaces applies and (-,-)z2(q) denotes the L?
inner product with norm ||-[| := ||-||L2(q) over the domain Q.

The integral mean is denoted by f. The dot - denotes the product of two one-dimensional
lists of the same length while the colon denotes the Euclidean product of matrices, e.g., a -b =
a"beRfora,beR* and A: B = Eikzl AjrBji, for 2 x 2 matrices A, B.

The notation a < b abbreviates a < Cb for a positive generic constant C that does not
depend on the mesh-size. The notation a ~ b stands for a < b < a.

The piecewise constant mesh-size function h € Py(Ty,) is defined by h|r := |T|*/? for any
triangle T of area |T'| in T,. The L? projection onto piecewise constants with respect to a mesh
Tj, with mesh-size function h is denoted by IIy ;. The measure || is context-sensitive and refers
to the length of an edge or the area of some domain or the modulus of a real number or the
Euclidean length of a vector.

Fig 1.1. Mnemonic diagrams of the Morley FEM (left) and the Crouzeix-Raviart FEM (right).

2. The Saturation Property for the Morley FEM

Given f € L?(Q2), the biharmonic problem seeks u € H?(Q) with

A%y =f inQ and u:%:() on 0f.
v
Its weak form incorporates the boundary conditions in the space V := HZ({) and then seeks
u € V with

(DQ’UJ, D2U)L2(Q) = (f,’U)Lz(Q) forallv e V. (21)

Given a regular triangulation T}, of the bounded Lipschitz domain 2 with polygonal boundary
0%2 into triangles with the set of edges F), and the set of vertices Ny, let F5,(€2) and N3, (2) denote
the sets of interior edges and interior vertices. Throughout the paper, Py (7T}) denotes the space
of piecewise polynomials with respect to T, of degree < k and Vyc (resp. D2.) denotes the
piecewise action of the gradient (resp. the Hessian). The Morley finite element space [23] reads

v is continuous at Np,(€2) and vanishes at N, (0);
M(Tp) == < v e Py(Th)| Vicev is continuous at the interior edges’ midpoints
and vanishes at the midpoints of the edges of 99

The Morley finite element discretisation of (2.1) seeks up, € M(T}p) with
(DI%CU}L, DI%C’Uh)L2(Q) = (f, ’Uh)Lz(Q) for all v, € M(‘Ih). (2.2)

A priori error estimates (such as (2.3) below) are proved in [16,21,27]. The Morley FEM
was also studied with regard to its superconvergence [9, 18], lower discretization error bounds
[22], eigenvalue problems [25], and lower eigenvalue bounds [4,17,30]. Furthermore, there are
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modified versions of the Morley FEM for singular perturbation problems [10,24] or anisotropic
meshes [26].

Let T denote a family of shape-regular triangulations of 2. A triangulation T3, € T is called
a uniform refinement of Ty € T if T, is a refinement of Ty by the (successive) application of
some refinement rule that bisects each edge in Fp. The main result verifies (1.1) for the Morley
finite element method.

Theorem 2.1 (Saturation). There exist mesh-size independent constants 0 < p < 1 and
0 < C < oo which depend on T but neither on any mesh-size nor on any number of triangles
such that the following holds. Let Ty € T be a uniform refinement of the regular triangulation
Ty € T with mesh-size function H € Py(Tg). The discrete solutions ug € M(Ty) and
up, € M(Tp) satisfy

D36 (1 = un)||* < p|Dc(u — um)|* + C | H .
Classical a priori error estimates [21,27] state linear convergence
1D (u = un)|| < Ch (|[ull g2y + RIS (2.3)

and one observes that the term C' || H2 f||? in Theorem 2.1 is of higher order under uniform mesh-
refinement compared with the piecewise constant approximation of the Hessian. The required
H?3 regularity for the a priori estimate (2.3) is for example satisfied if 2 is convex [3,14].

The remaining parts of this section are devoted to the proof of Theorem 2.1. The proof
analyzes the explicit residual-based error estimator from [1,19]. The unit tangent vector of an
edge F is denoted by 7g. For any interior edge F € F3(£2), there exist two adjacent triangles
T4 and T_ such that F = 9T N 9T-. Given any (possibly vector-valued) function v, define
the jump of v across E by [v]g := v|r, —v|7_. Let for each edge E € J},, the edge-patch be
denoted by

WE, = int(U{T €Ty, | E is an edge of T'}).

The explicit residual-based error estimator reads
= ¥ (TP + X 1B IID2culoreliace )
TeT, EeF(T)

The global error estimator 7y, is known [1,19] to be reliable in the sense that there exists a
mesh-size independent constant Cye such that

D3 (u = up)[|* < Crern- (2.4)

The proof of Theorem 2.1 is based on the following two lemmas. The first lemma states
quasi-orthogonality which has been proven by [20] and [13].

Lemma 2.1 (Quasi-orthogonality, Lemma 3.4 of [20]). Let T, € T be a uniform refine-
ment of Ty € T. The discrete solutions ug € M(Ty) and up, € M(T}) satisfy for a constant
Cqo = 1 that

(D2c(w = un), D2 (un — um)) 2| < Coo > (Tl 2) | Die(u — un)llz2cr).-
TeTu\Th
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The second lemma states discrete efficiency of edge-residuals. This notion of discrete effi-
ciency was first introduced by [8] for second-order problems. The version stated here for the
Morley FEM appears to be new.

Lemma 2.2 (Discrete efficiency). Let T), € T be a uniform refinement of Ty € T with
discrete solutions up, € M(T) and ugy € M(Ty). Any edge E € Fg in the coarser triangulation
satisfies the discrete efficiency

|E| I[D}cureTellT2(5) S D% (un = wr) |7 2(0p -

Proof. Let by € P1(Th) denote the piecewise affine function with respect to the fine trian-
gulation T, with bg(mid(E)) = 2 and bg(z) = 0 for all vertices z € Ny, \ {mid(E)} in the fine
triangulation which are different from mid(E). This discrete bubble function satisfies

suppbr =@EH,  Ibslli~@ =2, and ][ o ds = 1.
E

Define ¢ := (bp[D2 un|pTe) € Hi(wp m;R?). Since [D2 upg]k is constant along E, a direct
calculation with the property ||blE'/2||%2(E) = [,bpds = |E| leads to
1/2
D2 cun)e7Bll32 ) = B [D2cunlpre® = |04 D2cun p7ell32m)-
The Curl of a vector field 3 € H'(€;R?) is defined as

—3[31/31“2 3[31/3331)
—3[32/31“2 8[32/83:1 '

An inverse inequality on the edge-patch wg g proves

Curl g := (

[Cwl gl L2(wp ) = [DicunlpTel |Curlbs| 2wy, m S [Dicun]pTel- (2.5)

An integration by parts reveals
||blE/2[D§CUH]ETE”%2(E) = /E (Vg - [Dicun)eTe) ds
= / D? (up —ug) : Curlypg d.
WE,H

(The last identity follows with the L?-orthogonality of Curltz to D2, up.) The Cauchy in-
equality and the inverse estimate (2.5) prove that this is bounded by

IDZc(un — wm)l L2 (wp, ) | COrl Ve L2 1)
SN DR (un = wrm) || 2w ) | [DRcun] £ |
= || D20 (un — upn)|| L2 )| Bl 2 D2cun)pell L2 (5)-
The combination of the preceding estimates concludes the proof. g
Proof. [Proof of Theorem 2.1] The reliability (2.4) and the discrete efficiency of Lemma 2.2
together with the finite overlap of edge-patches lead to
ID3c(u—ur) > SNE?FIP+ Y B [Dicun]67eli(m)
EeF(T)
SNH?fIP + 1 DRe (un — w1
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Thus, there exists some constant ¢ < 1 such that
ol D3o(u —um)l* < |H? | + | D3c(un — um)||.
The quasi-orthogonality of Lemma 2.1 and the Young inequality for any 0 < o < ¢/Cyqo yield

D% (un — ur)|?

= ”Dfrc(u - UH)||2 - HDI%IC(U’ - Uh)H2 - 2(Dfrc(u - uh)v Dfrc(uh - UH))LZ(Q)

< ID3c(u = um)l* = (1 = aCoo)[I1D3c (u — un)|* + Cao/a| H* f*.
The combination of the foregoing two displayed inequalities shows
cl|D3c(u—um)l* < [D3c(u —um)|* = (1 = aCqo) [ DEc(u — un)||* + (1 + Coo /) | H* £||?.
This is equivalent to

1-c a+ Cq

D2 _ 2 _17C¢ p2 _ 2 _@TCla ypoe2
D800 wn) I € i WDl — w2
Any choice of o < ¢/Cyp leads to p:= (1 —¢) /(1 — aCqo) < 1 and
1020 — un)|? < pl| D2t — ug) |2 + —2F G0 yg2p
Ne - Ne a(l — aCy)

3. Hierarchical a Posteriori Error Control

The hierarchical error control through (1.3) is established in this section for the Morley
finite element scheme for the biharmonic equation in the notation of the previous section. Let

n:=||D3c(un —um)ll and p:=||H*f| (3.1)
with the right-hand side f € L?(2) and its oscillations with respect to the mesh Ty, namely

osc(f, Tu) := [ H(f — o, f)]l

The saturation property implies the reliability of the hierarchical error estimator n + p and
efficiency up to data oscillations.

Theorem A (Hierarchical error control). Let T, € T be a uniform refinement of the
regular triangulation Ty € T. Then the error estimator n + p defined in (3.1) is reliable and
efficient in the sense that

ID¥c(u —um)ll S n+p < N1 = o,rr) DY cull + osc(f, Tr).

Proof. The combination of the saturation property from Theorem 2.1 with the Young and
triangle inequalities proves for any ¢ > 0 that

D3 —um)* < (1+6/2)| DIc(u = wn)||* + (1 +1/(20) | DX (un — um)|®
< (1+6/2) (ol D3c(u — um)|* + Ol H*£]|?)
+(1+1/(20))| D3 (un — um)||*.
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The choice of sufficiently small § such that (1 +§/2)p < 1 implies
ID¥e(w = um)ll S D% (un — ur)|| + [ Hf]-

This proves the reliability. The efficiency of the term ||H2f]|| is proved in [1,19,29]. The
efficiency of the hierarchical error estimator therefore follows from the triangle inequality and
the best-approximation property from [16]

ID%e(w = um)|l S (1 = o,z) DY cull + osc(f, Trr),  and

D3 (u —up)|| S (1 = o,n) Dicull + osc(f, Tp).

Remark 3.1 (Other mesh-refinement strategies). The notion of uniform refinement in
the main theorems is quite general in that it only requires bisection of edges in the triangu-
lations which preserves the shape-regularity. Corresponding results for conforming FEMs [7]
require newest-vertex bisection or red-green-blue refinement and have to avoid special mesh
configurations. The result in this paper can dispense with any restriction on the mesh.

4. Numerical Experiments

The aim of this section is to gain empirical insight in the efficiency index of the hierar-
chical error estimator and the performance of adaptive mesh refinement driven by the local
contributions of the hierarchical error estimator.

Fig. 4.1. Red-refinement of a triangle.

Fig. 4.2. Left: initial mesh. Right: adaptive mesh generated by AFEM Variant 2 in level 10
of the adaptive loop; the number of triangles is 2730.
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4.1. Numerical Realization

Consider the domain Q = (—1,1)* \ (conv{(0,0), (1,—1),(1,0)}). Define w := 7r/4 and
a := 0.50500969. The exact singular solution [15] is given in polar coordinates by

u(r,0) = (r* cos? @ — 1)% (r*sin? 6 — 1)2 17 g(6)

for
g(6) = [Sm((of‘__ll)“) - sm(f‘jll)“’)} (cos((a — 1)8) — cos((a + 1)6))
_ [sm(gy——ll)@) - s1n(ioz+—|—11)9)] (cos((a — Lw) — cos((a + 1)w)).

The initial mesh is displayed in Fig. 4.2. The hierarchical error estimator is computed with
respect to one red-refinement, where each triangle is subdivided into four congruent children as
depicted in Fig. 4.1. The utilized Matlab programs for the Morley finite element method are
described in [6].

4.2. Uniform Mesh Refinement

On a sequence of quasi-uniform meshes, the error estimator contribution w is higher order
compared to the error u — uy measured in the discrete energy norm. Fig. 4.3 displays the
convergence of the error and the error estimator contributions with respect to the number of
degrees of freedom. The convergence rate is observed to be suboptimal. Fig. 4.4 displays the
efficiency indices. The ratio of (n+ ) and the true energy error lies between 0.8 and 0.9. The
quotient of n and the true error is between 0.7 and 0.9. The efficiency index for y converges to
zero, which reflects the fact that u is of higher order for uniform meshes.

10!

—%— [|DEc(u — upp)ll
——ntnu

—o—n

— — — slope—1/2

10°

10~!

ndof

Fig. 4.3. Convergence history for uniform mesh-refinement.

4.3. Adaptive Mesh Refinement

The numerical experiments in this subsection are devoted to the empirical study of the per-
formance of self-adapted mesh-refinement based on the following refinement indicators, defined
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—%— (n + p)/en (uniform)
—o—n/en (uniform)
—— p/ep (uniform) 2
—2— (n+ p)/en (AFEM Var 1)
—6—n/en (AFEM Var 1)
—— /ey (AFEM Var 1)
—+— (n+ p)/en (AFEM Var 2) 1
—%—n/exr (AFEM Var 2)
—4— /ey (AFEM Var 2)

Fig. 4.4. Efficiency indices for uniform mesh-refinement, adaptive mesh-refinement
(Variant 1) and adaptive mesh-refinement (Variant 2) with ey := |[[D2,(u — ug)||.

InpPUT. Toe Tand 0 <0 <1

FOR{=0,1,2,...
SOLVE. Set Ty := Ty and compute Morley FEM solution ugy € M(Tg).
ESTIMATE. Compute Morley FEM solution up € M (T3) on a uniform re-
finement T, of Ty and local error estimator contributions n?(T'), u2(T') for
all T € Tp.
MARK. Compute a subset M C T of (almost) minimal cardinality such that

0> (T +pg(T) < > ((T) + 1z (T)); (Variant 1)
TEeT, TeM
0 Z nZ(T) < Z nZ(T). (Variant 2)
TET, TeM

REFINE. Compute a refinement Ty of Ty of minimal cardinality such that
M N Tpp1 = (0 using newest-vertex bisection [2,28].

END FOR

OuTPUT. Sequences of finite element solutions and meshes.

Fig. 4.5. The adaptive algorithm in its two variants.

for any T € Ty by
17 (T) = |D3c(un — un)|F2ery and  pi(T) = [[H?f|| 2207y

For a given marking parameter 0 < § < 1, the adaptive finite element method (AFEM) starts
from a coarse initial triangulation Ty and runs the loop from Fig. 4.5. In the experiments, the
bulk parameter is § = 0.3. In Variant 1, the local contributions of n7(T) + uZ(T') are used as
refinement indicators for the Dorfler marking [11]. In Variant 2, only the local contributions
of nf(T) are used as refinement indicators. Fig. 4.2 displays an adaptive mesh generated by
Variant 2. Fig. 4.6 displays the convergence of the error and the error estimator contributions
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10"
—— || Dic(u — up)|| (Variant 1)
—&—n + p (Variant 1)
0
—+—n (Variant 1) 10
—&— o (Variant 1)
—6— || Dic(u — ug)|| (Variant 2) L
—A—n + p (Variant 2) 10
—o— 1 (Variant 2)
—— 4 (Variant 2)
-2
- - - slope—1/2 10
1077
10? 10? 10* 10° 10°
ndof

Fig. 4.6. Convergence history plot for adaptive mesh-refinement.

with respect to the number of degrees of freedom. The convergence rate is observed to be
optimal for both Variant 1 and Variant 2. The efficiency indices are displayed in Fig. 4.4. The
efficiency indices of u are larger than in the case of uniform-mesh refinement, but seem converge
to zero also in this case.

5. Saturation for the Crouzeix-Raviart FEM
This section briefly discusses the saturation (1.1) for the nonconforming Crouzeix-Raviart
discretisation of the second-order Laplace equation. Given f € L2(2), the Poisson model
problem seeks u € Hg () with

(VU, V’U)Lz(Q) = (f, ’U)Lz(Q) for all v € H& (Q)

Given a regular triangulation T}, of €2, the Crouzeix-Raviart finite element space reads

CR}(Ty) = {v € P (Th)

v is continuous at the interior edges’ midpoints
and vanishes at the midpoints of the edges of 9

The nonconforming FEM seeks uj, € CRj(T3,) such that
(Vxctn, Vaon)z2) = (f,vn)r2@)  for all vy, € CRY(T,).

A direct extension of the results of this paper to the nonconforming P; FEM for the Poisson
problem leads to the following result-the proof is omitted for brevity.

Theorem 5.1. There exist mesh-size independent constants 0 < p < 1 and 0 < C < 0o such
that the following holds. Let T}, € T be a uniform refinement of the reqular triangulation Ty € T
with mesh-size function H € Py(Ty). The discrete solutions uy € C’R(l)(‘.TH) and uy, € C'R(l)(‘.Th)
satisfy

[Ve(u = un)l* < pl|Vic(u —un)|* + C | H S|
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In contrast to Theorem 2.1, the data term in this estimate is not of higher order in general.
However, in case that the solution is singular in the sense that u € Hg(Q)\ H?(f2), the asymp-
totic convergence rate O(h*) for some o < 1 shows that the data term is indeed of higher order
on uniform meshes and the saturation assumption is valid up to a higher-order term.
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