Commun. Comput. Phys. Vol. 26, No. 1, pp. 265-310
doi: 10.4208/ cicp.OA-2018-0021 July 2019

Domain Decomposition for Quasi-Periodic
Scattering by Layered Media via Robust
Boundary-Integral Equations at All
Frequencies

Carlos Pérez-Arancibia!, Stephen P. Shipman?*, Catalin Turc® and
Stephanos Venakides*

! Institute for Mathematical and Computational Engineering, School of Engineering
and Faculty of Mathematics, Pontificia Universidad Catlica de Chile, Santiago, Chile.

2 Department of Mathematics, Louisiana State University, Baton Rouge, LA 70803,
USA.

3 Department of Mathematical Sciences, New Jersey Institute of Technology, Newark,
NJ 07102, USA.

4 Department of Mathematics, Duke University, Durham, NC 27708, USA.

Received 19 January 2018; Accepted (in revised version) 16 June 2018

Abstract. We develop a non-overlapping domain decomposition method (DDM) for
scalar wave scattering by periodic layered media. Our approach relies on robust boun-
dary-integral equation formulations of Robin-to-Robin (RtR) maps throughout the fre-
quency spectrum, including cutoff (or Wood) frequencies. We overcome the obsta-
cle of non-convergent quasi-periodic Green functions at these frequencies by incor-
porating newly introduced shifted Green functions. Using the latter in the defini-
tion of quasi-periodic boundary-integral operators leads to rigorously stable computa-
tions of RtR operators. We develop Nystrom discretizations of the RtR maps that rely
on trigonometric interpolation, singularity resolution, and fast convergent windowed
quasi-periodic Green functions. We solve the tridiagonal DDM system via recursive
Schur complements and establish rigorously that this procedure is always completed
successfully. We present a variety of numerical results concerning Wood frequencies
in two and three dimensions as well as large numbers of layers.
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1 Introduction

Simulation of electromagnetic wave propagation in periodic layered media has numer-
ous applications in optics and photonics (photovoltaic devices, computation of plasmons,
etc.). The use of periodic structures, such as diffraction gratings, which transmit and
reflect waves along a discrete set of propagating directions, opens up interesting possi-
bilities to guide and direct waves in unusual ways. Volumetric discretizations (finite-
difference (FD) [46], finite element (FE) [32]), that constitute the vast majority of numer-
ical methods, require very large numbers of unknowns to suppress their inherent pollu-
tion effect, and thus produce very large linear systems requiring good preconditioners,
which may not be readily available. Furthermore, such methods must enforce radiation
conditions in infinite domains by means of absorbing boundary conditions (ABC) or per-
fectly matched layers (PML) (see, for example, [3,27,29]), both of which meet difficulties
in the treatment of surface waves and evanescent modes [33].

In the technologically relevant case of piecewise constant periodic layered media, sim-
ulation methods based on boundary-integral equations (BIE) and quasi-periodic Green
functions are attractive candidates. Radiation conditions are enforced automatically, and
discretizations of material interfaces are much smaller than volumetric discretizations
and do not suffer from the pollution effect. Quasi-periodic Green functions are infinite
sums of free-space Green functions with periodically distributed monopole singularities.
These double sums converge, although very slowly, for all but a discrete set of “cutoff”
frequencies, for a given quasi-periodicity parameters (Bloch wavevector). These are cut-
off frequencies at which a Rayleigh diffraction mode transitions between propagating
and evanescent and the number of propagating directions jumps. Around these frequen-
cies, the energy is rapidly redistributed along emerging new directions and is associated
with anomalous scattering behavior. These frequencies are often referred to as Wood fre-
quencies (or Wood configurations of wavevector and frequency) because their problem-
atic association in the literature to Wood’s anomaly; see the works [30,41,45,48], [39, Ch. 1]
and references therein for discussions on this phenomenon. Popular methods for accel-
erating the slow convergence at non-Wood frequencies include Ewald summation [25]
and lattice sums [37]. At very high frequencies, asymptotic methods help to accelerate
computation; see for example [34].

While the underlying scattering problems are, with regard to the PDE, generically
stable at Wood configurations of wavevector and frequency, the latter pose a challenge
to BIE for quasi-periodic problems. In three dimensions, they become increasingly close
together at high frequency, and this puts the solution of quasi-periodic problems based
on the quasi-periodic Green function out of reach. For periodic layered media with large
numbers of layers, such as thin films used in photovoltaic cells, the probability of encoun-
tering Wood frequencies is high. Another difficulty is the need for an efficient algorithm
for the evaluation of quasi-periodic Green functions and their integration into existing
fast BIE solvers. In the solution of the ensuing dense linear systems, the BIE formula-
tions of periodic layered media give rise to tridiagonal solvers, whose structure can be
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exploited to lead to efficient direct solvers [18].

The above challenges faced by BIE-based quasi-periodic solvers were addressed in
two recent computational methods. Alternative periodization schemes for boundary-
integral formulations of quasi-periodic problems that do not rely on the classical quasi-
periodic Green functions were proposed in [2,18]. These methods have ideas in com-
mon with the work presented in [28] as well as kernel-independent FMM methods [49]
and rely on representations of fields as sums of layer potentials and linear combina-
tions of free-space fundamental solutions (radial basis functions) [28] whereby the quasi-
periodicity and radiations conditions are enforced numerically and are not intrinsically
satisfied. This approach gives rise to efficient direct solvers for transmission problems
in two-dimensional periodic layered media, and can yield results even at Wood frequen-
cies [18,36]. Its rigorous analysis appears to be absent in the literature, and we are not
aware of evidence that these methods are capable of handling Wood frequencies in three
dimensions.

For the first time in this arena, a rigorous solution was provided to the problem of
boundary-integral equation formulations of quasi-periodic problems at Wood frequen-
cies in both two and three dimensions through a new method, in which the well-posed-
ness of the formulation and the stability of the numerical scheme were proven, each
in its own right [10, 15, 16]. Smooth windowed truncations of the lattice sums for the
Green functions were introduced and analyzed in [16]. It was first shown in the same
reference [16] that the windowed Green functions (WGF) converge to their correspond-
ing quasi-periodic Green functions superalgebraically away from Wood frequency/wave
vector configurations as the radius of truncation increases. The incorporation of WGF
in existing fast boundary-integral solvers is relatively straightforward. Remarkably, the
WGF method can be adapted to handle scattering problems in layered media whose infi-
nite interfaces are no longer periodic [12,13]. Then, shifted Green functions that converge
at and around Wood anomalies were used in a boundary-integral equation setting to pro-
vide accurate solutions of scattering problems for perfectly reflecting gratings throughout
the frequency spectrum. The shifted Green functions converge algebraically fast at Wood
frequencies, and the rate of convergence grows with the number of shifts. However, the
shifted Green functions introduce new singularities (poles) in addition to those already
present in the quasi-periodic Green functions. Remarkably, these additional singularities
turn out to be benign in the case of perfectly reflecting periodic gratings as they can be ar-
ranged to be outside the computational domain if one uses indirect formulations [10,15].

In this article, we extend the shifted Green function method to the case of scalar
transmission problems in periodic layered media. By using a domain decomposition
method (DDM), we overcome the difficulty of poles of the shifted Green function inside
the computational domain, and we establish the well-posedness of the ensuing system of
boundary-integral equations. There is a vast literature on DDM,; the reader is referred to
the seminal works of B. Després [21,22] and the expository books [24,47]. DDM is well
suited to the Helmholtz/Maxwell equations in periodic layered media because of the ro-
bustness of the Robin-to-Robin (RtR) operator for each layer [40,44]. For a given periodic
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layer, it maps incoming (interior boundary) Robin data to outgoing (exterior boundary)
Robin data on the interfaces that bound that layer. In this way, Robin data are matched
on each interface of material discontinuity. This procedure produces a tridiagonal system
whose unknowns are the Robin data on interfaces, and whose non-zero blocks consist of
RtR operators. If a particular layer has constant material properties, the RtR operators
can be computed robustly in terms of boundary-integral operators that use the ordinary
quasi-periodic Green function for frequencies that are not Wood frequencies, and shifted
Green functions for wavenumbers that are near or at Wood frequencies. Interestingly, the
computations of RtR do not require use of hypersingular boundary-integral operators.
We establish rigorously in this work two important facts.

1. The computations of RtR maps via boundary-integral operators are robust through-
out the frequency spectrum if shifted Green functions are employed at Wood fre-
quencies.

2. The DDM for solution of scalar transmission problems in periodic layered media
with piecewise constant material properties presented in this paper is equivalent to
the original PDE, assuming that the PDE problem is well-posed.

We develop a high-order discretization of the tridiagonal DDM system based on Nystrom
discretizations of periodic boundary-integral operators. The latter, in turn, rely on trigo-
nometric interpolation, logarithmic singularity extraction in two dimensions and ana-
lytic resolution of singularity in three dimensions, and the windowed Green function
method [10,15]. We solve the DDM system using recursive Schur complements to elim-
inate sequentially the discretized Robin data corresponding to each layer in a top-down
sweep, a procedure that leads to a computational cost that is linear in the number of
layers. We also present theoretical arguments to explain why the Schur complement
elimination procedure can be always completed successfully. The variety of two- and
three-dimensional numerical results presented in this paper showcase the capability of
our DDM solver to handle large numbers of layers, challenging Wood configurations,
and inclusions in a periodic layered medium. The DDM solvers presented in this paper,
being built on quasi-periodic Green functions, must be re-assembled when the quasi-
periodic parameter changes. Also, the computations of RtR operators require inversions
of boundary-integral operators. In summary, the DDM solvers developed in this paper
enjoy the following attractive features.

e The computations of the RtR maps are stable across the frequency spectrum.

e The DDM system can be solved via recursive Schur complements, leading to a com-
putational cost and memory usage that are linear in the number of layers; and it can
be shown rigorously that this procedure does not break down.

e The DDM approach, being modular, allows for use of heterogeneous discretiza-
tions such as FE and BIE and use of non-conforming discretizations on interfaces
pertaining to layers with different material properties.
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e DDM are easily parallelizable.

The integration of WGF and shifted Green functions in existing three-dimensional boun-
dary-integral operator discretizations presented in this contribution is relatively seamless
and results in a rigorous treatment of Wood configurations in three dimensions. DDM
approaches will be feasible for the solution of three-dimensional electromagnetic trans-
mission problems in periodic layered media based on quasi-optimal transmission condi-
tions [7, 8, 31] that renders them amenable to Krylov subspace iterative solvers. Quasi-
optimal transmission conditions arise from a judicious choice of the complex wavenum-
ber in the transmission operator that gives rise to a DDM whose rate of convergence is
practically independent of frequency [5].

The RtR DDM that employs a shifted Green-function scheme can handle interfaces
between layers that are very general (including those that are not the graph of a function)
and general frequencies. There are of course situations in which other methods would
be superior or should be used in combination with the RtR DDM. In the case of small,
smooth perturbations of flat interfaces, the method of variation of boundaries would pro-
vide increased acceleration [14], even if the perturbations are not that small [40,42]. And
as noted above, at high frequencies, asymptotic methods should be used to accelerate the
computation [34].

The paper is organized as follows. In Section 2 we present the scalar scattering prob-
lem in two-dimensional layered media and we review the main results about the well-
posedness of these problems. In Section 3 we present a DDM formulation of the transmis-
sion problems that uses matching of classical Robin boundary conditions of the material
interfaces, and we present computations of ensuing RtR maps that are shown to be stable
throughout the frequency spectrum. We continue in Section 4 with a description of the
Nystrom discretization of the RtR maps and we provide and analyze a recursive Schur
complement elimination algorithm for the direct solution of the discrete DDM system.
Finally, we present in Section 6 a variety of numerical results of wave scattering at mostly
Wood frequency configurations in periodic layered media.

2 Scalar transmission problems

We consider the problem of quasi-periodic scattering by penetrable homogeneous peri-
odic layers. For the sake of simpler notations, we present the two-dimensional case. We
mention that all the derivations that we present are easily translatable to three-dimen-
sional configurations. The periodicity of the layers is taken to be in the horizontal x;
direction, that is the layers are given by Q; = {(x1,%2) € R?: F;(x1) < xp < F;_1(x1)} for
0<j<Nand Qy={(x1,%2) ER*:Fy(x1) <x2} and On11={(x1,%2) ER?*: 20 <Fy(x71)}, and
all the functions F; are periodic with principal period d, that is F;(x1+d) = F;(x1) for all
0<j<N. We assume that the medium occupying the layer (}; is homogeneous and its
permittivity is ¢;; the wavenumber k; in the layer (); is given by kj=w, /€. A plane wave
u(x) =exp(i(ax1 +iBxz)) where a*>+ 2 =k3 impinges on the layered structure. We seek
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a-quasi-periodic fields u; (i.e. u;(x1+d,x2) =e™u(x1,x7) for all (x1,x2) € R?) that satisfy
the following system of equations:

Auj+k]2uj:0 in ijer::{(xl,xz)e()jzogxl Sd},
uitdou™=uj 1 on Ij={(x1,x2):0<x1<d, xo=F(x1)}, (21)
V(O +000nu"™) = —Yj 110y, ,uj+1 on I,

where ¢y is the Dirac distribution supported on I'g and 7; denote the unit normals to the
boundary d(); pointing to the exterior of the subdomain ();. Note that we assigned to the
partial derivatives on a given interface the index of the domain on whose side the partial
derivative is taken; thus, on the interface I'; we have n; = —n;, 1. We also assume that 1
and uy in Egs. (2.1) are radiative in (g and Q1 respectively. The latter requirement
amounts to expressing the solutions 1y and uy1 in terms of Rayleigh series

up(x1,%) = Z Crexitibora  x) > maxF (2.2)
reZ
and
_ — iy X1 —iBNt1,r%2 i
un1(x1,x2) =) Cye 2, xp <minFy (2.3)
reZ

in which a, =a+%r and Bo, = (k§—a?)'/? and B% ., , = (K4, —a?)'/?, where the square
is root chosen such that v/1 =1 with branch cut along the negative imaginary axis. We

assume that the wavenumbers k; and the quantities +y; in the subdomains (); are positive
real numbers.

Wood frequencies are those values of k for which there exist indices ro such that
a7 =k?. The well posedness of the Eqs. (2.1) was established in [17] in the case of two
domains )y and (); separated by the periodic interface I'y with 9 =1 =1 and any real
wavenumbers ko and k1, including Wood frequencies. The techniques presented in [17]
are easily applicable to periodic configurations with arbitrary number of layers. To the
best of our knowledge, any attempt at establishing uniqueness of solutions of Egs. (2.1)
was based on the aforementioned techniques. However, certain requirements [1] must
be imposed on the material parameters (kj,'yj), 0<j <N in order to establish rigorously
the uniqueness of solutions of Egs. (2.1) using those techniques. For the sake of complete-
ness, we provide in Appendix A a proof of uniqueness of solutions of Egs. (2.1) under the
assumption of monotonicity of the wavenumber k]-, 0<j<N+landv;=1,0<j<N+1. In
general, for a fixed periodic layered configuration with material properties ¢;, the trans-
mission problem (2.1) has a unique solution with the exception of a discrete set of fre-
quencies w whose only accumulation point is infinity [1,4,23]. The same comprehensive
reference [1] contains a proof of existence of solutions for the transmission problem (2.1)
using both variational and boundary-integral equation arguments.
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Figure 1: Typical periodic layer structure with N =2; the xq-axis is horizontal, and the xj-axis is vertical.

3 Domain decomposition approach

We present a domain decomposition method (DDM) based on boundary-integral equa-
tions (BIEs) for the numerical solution of transmission problems (2.1). Just like BIE for-
mulations, DDM formulations recast the original PDEs in terms of unknown quantities
defined on the interfaces of material discontinuity. A non-overlapping domain decom-
position approach for the solution of Egs. (2.1) consists of solving Helmholtz subdomain
problems in },j =0,---,N+1 with matching Robin transmission boundary conditions
on the common subdomain interfaces 1"]- for j=0,---,N. The main motivation for using
DDM is the seamless treatment of periodic configurations at Wood frequencies via BIE
formulations, as well the ease with which it can handle inclusions in the periodic layers.
Specifically, DDM amount to computing a-quasi-periodic subdomain solutions:

Auj+k]2uj:0 in Q;m,

Y0(Ongtto+ I, u™) —in (g +u"™) = —y10p,u1 —in u; on Ty,

Y10, U1 — i1 U = —Y0(Ony o+ 0n,u™) —in (uo+u™) on Ty, (3.1)
YjOnUj—if] Uj=—Yj410n;, Ujy1—if Uujy1 on I, T<j<N,
’)’j+1an].+luj+]—i7] uj+1:—’yj8njuj—i17 uj on Ij; 1<j<N.

In addition, we require that 1y and ux41 be radiative and that 7 > 0. The latter require-
ment ensures that the Robin problems in the semi-infinite domains )y and Q1 are well
posed; see Theorem 3.1.

The essence of the domain decomposition (3.1) is solving a Robin boundary-value
problem in each layer subdomain and connecting the Robin boundary data across in-
terfaces via the so-called Robin-to-Robin (RtR) maps [19] — also see below. For a given
layer subdomain (); with 1<j <N we seek w; a-quasi-periodic solutions of the following
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Helmholtz boundary-value problem
ij+k]2wj =0 in Q]W,
'y]an]w]—ny w]‘:g]‘,llj on r]‘,l, (32)
’)/]an]w]—lﬂ w]‘ :g],] on r]‘,

where ¢; 1 and g;; are generic a-quasi-periodic functions defined on I';_; and ;. The
RtR map &/ is defined as

e A A (3.3
8 (jOn;wj+ i w;)r,

The computation of the RtR maps S/ requires solving the Helmholtz boundary value
problem (3.2). Of the two indices of the boundary data g in Egs. (3.2), the first index is the
index of the interface and the second index is the index of the subdomain. Thus, g; 1
refers to boundary data on the interface I';_; on the side of the subdomain ();. The block
structure of the RtR operators S/ defined in Eq. (3.3) is

j j
S [gj—l,]} _ [5]'—],1,]'—1 Sf—jl,f] [&'—14} - (3.4)
8ji 8]',]‘_1 8]‘,]' 8jij

For the semi-infinite subdomain )y wy is the a-quasi-periodic outgoing solution of the
Helmholtz boundary value problem

Awo+kjwo=0 in Q) (3.5)

Y00n,Wo— i) wo=goo on I,

in which g is a a-quasi-periodic function defined on I'y, and we define the RtR map S°
by
SOgO,O = ('yoanow0+i17 wo) |r0. (36)

The RtR map SNT! corresponding to the semi-infinite subdomain Q1 is defined in a
similar manner to S° but for boundary data gn_1 y defined on T'y.
In DDM formulations (3.1), the unknown Robin data associated with each interface

¥

.. O Ui —1i A
fij (Vj+10n 11 — 11 wj) |1,

are matched via the subdomain RtR maps S/,0<j< N+1 giving rise to a (2N+2) x (2N +
2) operator linear system. The unknown Robin data f=[fy f1 -+ fn]' are the solution of
the following linear system

Af=f", (3.7)
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in which the DDM matrix A is a tridiagonal block matrix whose first two rows, and
the rows indexed by 2j+1 and 2j+2 (corresponding to the unknown Robin data f;; and
fjj+1), and the last two rows, are given in explicit form

(1 Sy S§; - 0 0 0 0 0o 0 - 0 0 ]
s 1 o0 -0 0 0 0 o 0 - 0 0
0 - 0 0 I sitt st
A= : ; Jid Ji+1
0O --- 0 Sj,j—l Sj,j I 0 0
I SN+1
L Sﬁ,Nfl Sﬁ,N I i

and in which the right-hand-side vector fi" = [fin fi... fix]T has zero components fi" =
[00]7,1<¢< N, with the exception of the first component

ine __ | T (’)/oano u%nc _ i17 u%nc) ’ro
0 _ (,)/Oanoumc _|_”7 umc) ’1_,0

In what follows, we study spectral properties of the RtR operators S/,0<j< N+1, prop-
erties that will shed light onto the solvability of the DDM system (3.7).

3.1 Spectral properties of the RtR operators

The first question that arises is whether the RtR operators are properly defined under the
assumptions on wavenumbers k]- and coefficients v;>0,j=0,---,N+1. We establish the
following result, whose proof is essentially a simple extension of arguments presented
in [17].

Theorem 3.1. Let wy be the a-quasi-periodic outgoing solution of the following Helmholtz equa-
tion

Awo+Kwo=0 in O,

anowo—in'yo_lwo =0 on Ty.
Then wy is identically zero in Q.
Remark 3.1. A similar uniqueness result holds for the homogeneous problem

2 _ . per
A'Z/UN+1 +kN+1w1\]+1 =0 in QN+1’

o
Oy WN+1— YNy WN+1=0 on Ty.
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Proof. Consider again & >maxFy and the domain Q) :={(x1,22) € Q)" : Fo(x1) <xp <h}.
A simple application of Green’s identities leads to

[ (900 RfawoP)ix= [ Buuimsds - | a0 d,
Q To Loy

0,1

Ziﬂ761/r ]w0|2 ds—k/r 0, WowWo dx1,
0 0,h

where I'y j,:={(x1,%2):0<xy <d, x,=h}. Taking into account the fact that wy is radiating,
we can express wy on the line segment I'y j, in terms of the following Rayleigh series

wo(x1,h) = Z Cefaraitiborh
reZ

from which it follows that

/ dwomodn =id Y Bo,|CH[.
Loy reZ,Bo,>0
Consequently,
[ (Vw0 Rz =i [ fwoPdstid Y porlcHP
0

0,h reZ,ﬁo,r>0

The left-hand-side of this identity is real, whereas the right-hand side is a sum of non-
negative imaginary terms, and thus each of these terms vanishes. This implies that wy=
0 on I'g, and thus 9,,wp =0 on I'y as well. The result now follows from Holmgren’s
uniqueness theorem [26]. O

Consider now the following Helmholtz equation. Let wg be the a-quasi-periodic out-
going solution of
Awy+kiwo=0 in Qf,
0y W0 —i17'yo_1wo =g0 on Ty,
where gy is a x-quasi-periodic function defined on I'g. The matter of existence of such
a solution will be settled in the next section through boundary-integral equation argu-

ments. We are interested in estimating the norm of the RtR operator S° as a continuous

operator from L%e,(l"o) to itself. We have

01 = (Puiwol-+115 2 a0 )ds ~275™S [ w0 5 ds
0 0

and
H‘S‘OgoH%:/r (lanowO!2+112762!wo|2)d5+2mal%/r Ay WOTOY ds.
0 0
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Again, we have that

- (9002~ o2 = [ Do ds+ [0 o
@) 1—'0 rO,h

0,1

Assuming the Rayleigh series expansion

wo(x1,h) = Z Cjei“rxl*H,BO,rh/
reZ

we derive

S / dnwomods=—d Y Bos|CIP
To reZ,Bo,>0

and hence
18°80ll5 < llgoll2

for all g is a a-quasi-periodic function defined on Ty. It follows that ||S?|| 12,,(Tg)—12,,(Ty)

. . . N+1 7 .
<1. Similar arguments lead to the estimate ||S™ || 12,(Ty 1)~ 12, (Ty.) < 1. Green’s iden-

tities establish the following theorem.

Theorem 3.2. The RtR operators S/ are unitary in the space L%,er(Fj) X L%e,(l"]-ﬂ)for all j:1<
j<N.

This unitarity can be used to establish the pointwise convergence of the Jacobi fixed-
point iterations for the solution of the DDM formulation (3.7) by a relatively straightfor-
ward adaptation of the arguments presented in [19] to the quasi-periodic setting.

3.2 Calculations of RtR operators in terms of boundary-integral operators
associated with quasi-periodic Green functions

Implementation of DDM requires computation of RtR maps. We present in this section
explicit representations of RtR maps in terms of boundary-integral operators associated
with quasi-periodic Green functions that will serve as the basis of the implementation of
the DDM algorithm.

3.2.1 Quasi-periodic Green functions, layer potentials and integral operators

For a given free-space wavenumber (normalized frequency) k, define the a-quasi-periodic
Green function ‘
Gl(xx2)=Y_ e ™Gy (x14nd,x), (3.8)

nez
_ i1 _ . e 27 _ (12 a2Y\1/2
where G (x1,x2)=1H, ' (k|x|),x=(x1,x2). Define a,:=a+=Fr and B, =p,(k):=(k*—a;)"/*,
where the branch of the square roots in the definition of j, is chosen in such a way that

Vv1=1, and that the branch cut coincides with the negative imaginary axis. It can be
shown that the series in the definition of the Green function G/ in Eq. (3.8) converge for
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wavenumbers k for which none of the coefficients B, is equal to zero. In such cases it can
be shown that G/ can be expressed in the frequency domain in the form

i eltrx1+ipy|x2]

Gl (x,x2) = 5

3.9
reZ ‘BV ( )

When the wavenumber k is a Wood frequency, the set W=W (k):={ro€Z:B,,(k)=0}
is nonempty. For wavenumbers that are Wood frequencies, the series in the definition
of the Green function GZ in Eq. (3.8) does not converge. In the case when k is a Wood
frequency, we introduce the following shifted Green functions [10]

(xx2)=) e —iand Z ( >Gk (x1+nd,x2+0h)+ Y ¢ eleratilsignh)fa (3 10)
nez rew

for shifts 1 # 0, integers j > 0, and non-zero coefficients ¢, € C. The functions GZ]Q are
radiating a-quasi-periodic Green function in the halfplane x; >0 for #>0 and respectively
in the halfplane x, <0 for h <0; these functions have poles at x;=0and x,=—/¢ h,0</<].
We note that the quantities G% defined in Eq. (3.10) still make sense when k is not a Wood
frequency, in which case the set W can be defined as W:= {ro € Z:|B,,| < e}, where ¢ is
chosen to be sufficiently small; obviously, the set W can be empty in some cases.

Assume now that the interface I'**" is defined as I'**":={(x1,F(x1)):0<x; <d} where
F is a C? periodic function of principal period equal to d. Given a density ¢ defined on
I'P¢" (which can be extended by a-quasi-periodicity to arguments (x1,F(x1)),x1 € R) we
define the single-layer potentials corresponding to a wavenumber k

sLip)x):= [ Glxyeyisty), [SLielx)i= [ Gllxyeydsly) @1

for x¢ TP’ and x = (x1,x,) such that 0 < x; <d. The quantities SL]¢ can be extended by
a-quasi-periodicity to define a-quasi-periodic outgoing solutions of the Helmholtz equa-
tion corresponding to wavenumber k in the domains {x:x2 > F(x1)} and {x:x2 <F(x1)}.

Similarly, the quantities SL}’ ¢ can be extended by a-quasi-periodicity to define a-quasi-
periodic outgoing solutlons of the Helmholtz equation corresponding to wavenumber k
in the domains {x:x2 > F(x1)} for >0 and respectively in the domain {x:x, <F(x1)} for
h <0. Assuming that n is the unit normal to I'?*" pointing into the domain {x:x, > F(x7)}
one obtains the single layer potential on the interface I'’*,

SH(e))(x):=lim[SL{g](xxen(x)) = [ Gl(xy)e(y)ds(y), xeI’, (312

Trer

and

(517 (9)](x) :=Um[SL{" ¢] (x+en(x)) = /r ch;;(x,y)go(y)ds(y), x€TP, h>0, (3.13)

e—0
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as well as

[S]7 ()] (x) :=lm[SL{" ¢] (x—en(x)) = /r p”GZ,’{;(x,y)go(y)ds(y), xe€TP’, h<0. (3.14)

e—0

Also, we have

limV[SLLg] (xen(x)) n(x) = F 5900+ (K] (9)](x), xeTP (315

and

lim Y [SLY ) (xten(x) m(x) =3 () +[(KED T (@) (0, XTI, >0, (316)
as well as

lim V[SLY} o] (x—en(x)) -n(x) = 59 () +[(K]}) T (9)](x), x€T*, h<0.  (317)

In Egs. (3.15), the adjoint double-layer operators can be defined explicitly as

T(x,
KD (@00= [ D pigyasy), xerm 618)

reer - on(x)
with similar definitions for the operators defined in Egs. (3.16) and (3.17) respectively.

3.2.2 Boundary-integral representation of RtR maps

Having defined the a-quasi-periodic boundary-integral operators above, we are now in
a position to compute the various RtR operators S/. We start with the RtR operator S
corresponding to problem (3.5). We define Zo =17y, ! and seek wy in the form

wo ::SLZ0 ®o,

in which the single-layer potential S LZO is defined in (3.11) integrating on the curve T.
We obtain an explicit formula for the RtR operator S° defined in Eq. (3.6),

1 -1
S§'=1+22o8} <§I+ (Kf o) " = zosﬁka) , (3.19)

in which the operators (Klllolko)T are defined just as in Egs. (3.18) but with unit normal n
pointing into (), (exterior of ()9). Here and in what follows we introduce an additional
subscript to make explicit the curve that is the domain of integration of the boundary-
integral operators.

The invertibility of the operator featured in Egs. (3.19) can be established in a straight-
forward manner.



278 C. Pérez-Arancibia et al. / Commun. Comput. Phys., 26 (2019), pp. 265-310

Theorem 3.3. Under the assumptions that Fy is C?, and ko is not a Wood frequency, the operator

1
Agi= 51+ (K )" =208t 1 Ao:Lye(To) = Ly, (To)
is invertible with continuous inverse.

Proof. Because of the regularity of the boundary I'y, both operators (Kl‘iO,kO)T 1 L3 (To) —

Lfm(l"o) and Slblo,ko :L%er(Fo) — L%er(l"o) are compact. Thus, the conclusion of the Theorem
follows once we establish the injectivity of the operator Ay. Let ¢g € Ker(Ap) and define
vg:=S LZO @o in R2\ {(x1,Fo(x1)),x1 €R)}. The function vy is a radiating a-quasi-periodic
solution of the Helmholtz equation in )y with impedance boundary conditions 9,,,v9 —
Zyvg =0 on I'g, and thus, by Theorem 3.1, we have that vy is identically zero in ()g. In
particular, it follows that v9=0 on I'y. Thus, vy is a radiating, a-quasi-periodic solution of
the Helmholtz equation with wavenumber kg in the domain O :={(x1,x2) :x20 <Fo(x1)}
with zero Dirichlet boundary conditions on I'y. This implies that vy is identically zero in
the domain (), by uniqueness the Dirichlet problem. Finally, the jump conditions of the
normal derivatives of single-layer potentials imply that ¢o=0 on I'y. O

Alternatively, we can seek wy in the form
wo:=SL}, ¢,

from which we obtain a representation of the RtR operators S° in the form

. 1 , . -1
0 _ q] q.] T q.]
S'=1+22o8Y, <§I+ (K )" = ZOSro,ko,h> , h>0. (3.20)

The invertibility of the operators that feature in Eq. (3.20) is much more subtle. It can
be established by modification of arguments presented in a recent paper of some of the
authors [15]. The proof is presented there for doubly periodic layered media in three
dimensions. The theorem below is also valid in three dimensions; its proof in the two-
dimensional reduction is given in Appendix B.

Theorem 3.4. Under the assumption that Fy is C? and that ko is a Wood frequency, the operator

1 : i ,
A(),h = E I+ (K?‘;)],kg,h)—r - ZOS?‘O],ko,h’ ] 2 1/ AO,h : L%er (FO) — L%Jer(ro)

is invertible with continuous inverse for all but a discrete set of values of the shift h> 0.

Note that the calculations of the RtR maps SN+ can be performed similarly to arrive
at

1 -1
N+1 _ q q T q
SN =142Zn 18], 4. <§1+(KerkN+1) —ZNHSTN,,(NH) , (3.21)

SN =142Zy511S) <§1+ (K}

I'nkni1h I'nkni1h

‘ -1
)T_ZN+151{1'I{],;<N+1’;Z> , h<0, (3.22)
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Figure 2: Typical middle-layer structure.

where Zn 1= i17’yg,1+1 and the adjoint double-layer operators are defined with respect to
the unit normal ny1 pointing outside of the domain Q) 1. The invertibility of the oper-
ators in Egs. (3.21) and (3.22) can be established analogously to the results in Theorems 3.3
and 3.4.

Finally, the RtR maps for the domains (};,1 <j < N can be expressed in closed form
via boundary-integral equations. Indeed, consider a generic domain Q" :={(x1,x2):0<
x1 <d,F,(x1) <x2 <F(x1)} where F; and F, are d-periodic C? functions. Let us denote
by I't:={(x1,%2):0<x1 <d,xo=Fi(x1)}, Tp:={(x1,%2):0<x1 <d,xo=Fy(x1)}, and let n
denote the unit normal to I'; UT, pointing outside of the domain ()" — see Fig. 2. Then
the Helmholtz problems (3.2) can be all expressed in the generic form

Aw+KPw=0 in QF, (3.23)
ow—Zw=g; on I},

ohw—Zw=g, on I},

where g; and gy, are a-quasi-periodic functions and SZ >0. The RtR operators S/,1<j<N
are related to the following RtR operator associated with the Helmholtz problems (3.23):

y [gzj B [(anw+z w) yﬂ ' (3.24)

Seeking the solution w of Egs. (3.23) in the form
w=SLLp+SLL g1

in which SLZ’t (S LZ,h) denotes the quasi-periodic single-layer potential whose domain of
integration in I'; (I';), we arrive at the following expression for the RtR operator S:

10 Sq Sq
S:|: :|—|—2Z kit l{;,b,t]

5 (1/2)1+(Kz,t,t)T+ZSZ,t,t (Kz,h,t)T+ZSZ,h,t
01 Sk,t,b Sk,b,b

(Ko " +ZS s (1/2)T+(Kyp) " +Z5])
(3.25)

We note that in Eq. (3.25), the subscripts in the notation SIZ,b,t signify that in Eq. (3.12) the

target point x € I'; and the integration point y € I';, whereas in the notation SZ,b,t signify
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that in Eq. (3.12) the target point x € I'; and the integration point y € I',. All the other
additional subscripts in Eq. (3.25) have similar meanings related to the locations of target
and integration points for single and adjoint double-layer boundary-integral operators.
The invertibility of the operators featuring in Eq. (3.25) can be established using similar
reasoning to that in the proof of Theorem 3.3.

In the case when k is a Wood frequency, an equivalent representation of the RtR op-
erator S can be obtained if we replace the quasi-periodic boundary-integral operators in
Eq. (3.25) by shifted quasi-periodic boundary-integral operators, provided the shift 1 >0
is chosen larger than the width of the domain ()*; the latter requirement is needed to
ensure that no poles of the shifted quasi-periodic functions are contained in the domain
QP The invertibility of the ensuing matrix operator is the subject of the following theo-
rem:

Theorem 3.5. Assume k is a Wood frequency. Then the operator

aj T aj W \T 9]
A m (/2 I+ (K i) 2S00 (Kihpe) +ZShne
(K{en) 28k (1/2) 1+ (KL ) " +ZS0 0

is invertible with continuous inverse in the space L%,er(Ft) X L%er(Fb) for all but a discrete set of
values of the shift h> 0.

Proof. Given that all the boundary-integral operators that enter the definition of the ma-
trix operator A, are compact in Lfm(l"t) X Lfm(l"h), the result follows once we establish

the injectivity of the operator Aj. Let (¢, ¢;) € Ker(Ay,) and define
w=SLY) pr+SLY @y in R2\(T;UTy).

Clearly w is a a-quasi-periodic solution of Eq. (3.23) with zero Robin boundary conditions
on I'y and I'y, and as such w =0 in (P’ In particular, w vanishes on I';. Also, given that
the shift / is chosen so that the poles of GZ,ﬁ are in the domain Q) := {(x1,x2):0 < xq
<d,xp <Fy(x1)}, w is a radiating a-quasi-periodic solution of the Helmholtz equation in
the domain Q; = {(x1,x2):0<x; <d,F;(x1) <x}, which vanishes on I';. This means that
w=01in Q% [17]. Using the jump conditions of the normal derivatives of single-layer
potentials across I't, we get that ¢; =0 on I';. Accordingly, we have that

w=SLY, @y in RA\T,

vanishes in the domain QZF ={(x1,x2):0<x1 <d,Fy(x1) <x2}. The arguments in the proof
of Theorem 3.4 can be repeated verbatim to conclude that ¢, =0 on I';. O

Remark 3.2. The computation of the layer RtR maps described in Egs. (3.25) can be ex-
tended in a straightforward manner to the case when impenetrable or penetrable inclu-
sions are present in the domain (OF*". In this case, the matrix S in Egs. (3.25) needs be
augmented by blocks that account for the interactions of the inclusions D with I'; and Iy,
as well as its self-interactions that account for the boundary conditions to be imposed on
aD.
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4 DDM Nystrom discretization

Our numerical solution of Egs. (3.7) relies on Nystrom discretizations of the boundary-
integral operators featured in the computation of the RtR operators given in Section 3.2.
In order to speed up the notoriously slow convergence of the quasi-periodic Green func-
tion G/ defined in Eq. (3.8) for frequencies that are away from Wood frequencies, we make
use of the recently introduced windowed Green function Method [10,15,16]. Specifically,
let x(r) be a smooth cutoff function equal to 1 for r<r; and equal to 0 for r>r, (0<r; <r7)
and define the windowed Green functions

GZ’A(x,xz) =Y e WG (x1+nd,x2)x(rn/A), ta=((x1+nd)?+x3)V2 (4.1

nez

and

(xx2)=) e_“"”dz < )Gk x1+nd,xy+0h)x(r, 0/ A)

nez
+ Y e "1+l(518nh)!3rx2/ 42)
rew
Fuo=((x1+nd)?+ (x2+4h)?)/2,

On account of the windowed function y, the summations in Egs. (4.1) and (4.2) are over a
finite range of indices n. The functions GZ’A were shown to converge superalgebraically
fast to GZ as A — co when k is not a Wood frequency [10, 15, 16], whereas the functions

GZ,’{[’A were shown to converge algebraically fast to a a-quasi-periodic Green function as
A — oo (the rate increases as the number of shifts j grows) in the half-plane x, >0 when
h >0 and respectively x, <0 when h <0 for all frequencies k, including at and around
Wood frequencies [10].

Our Nystrom discretizations rely on trigonometric collocation in two dimensions. As
such, we reformulate the DDM system in terms of periodic quantities by extracting the
phase e~ "®*1 from all Robin data, the right-hand side, as well as RtR maps. The calculation
of the RtR maps is performed via boundary-integral operators acting on periodic densi-
ties ¢ defined as @(x1,x2) := @(x1,%2)e"*" and periodic kernels ei“(xlfyl)GZ(xl,xz;yl,yz).
Furthermore, the discretization of the boundary-integral operators featured in Section 3.2
is done by replacing the Green functions Gq and GZ] in their definitions by the fast con-

vergent windowed approximations Gq and GZ]Q defined in Egs. (4.1) and (4.2) respec-
tively. Finally, our numerical scheme requires a simple modification of the Martensen-
Kussmaul (MK) periodic logarithmic splitting Nystrom approach [35,38] in order to en-
able high-order evaluations of boundary-integral operators whose kernels are windowed
periodic Green functions — full details of this approach are given in [10]. In a nutshell,
boundary-integral operators that feature the windowed Green functions GZ’A and GZ/’,QA
defined in Egs. (4.1) and (4.2) respectively are recast in a form that involves integration
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around target points x but with domains of integration that span the whole real axis —
the latter is achieved via the windowing functions x and by periodic extensions of the
densities ¢. This setting allows for a direct extension of the periodic logarithmic split-
ting of the Green functions that is central to MK Nystrém approach. In three dimensions,
our Nystrom discretizations also rely on global trigonometric interpolation, use of floating
partitions of unity and analytic resolution of singularities, as well as the use of windowed
Green functions [15]. Interestingly, using global trigonometric interpolation in conjunc-
tion with changes of variables to polar coordinates in the resolution of Green function
singularities allows for straightforward constructions of Nystrom collocation matrices
of three-dimensional boundary-integral operators via two-dimensional Discrete Fourier
Transform matrices. The availability of such Nystrom collocation matrices in three di-
mensions plays an important role in the efficient computations of RtR maps, as we ex-
plain next.

Following the prescriptions outlined above, a boundary-integral operator whose ker-
nel is a windowed Green function (or its normal derivative) acting on a periodic density
¢ and whose domain of integration is a generic curve I'’*" per the definition given in
Section 3.2 (i.e. TP :={(x1,F(x1)):0<x; <d}, where F is a C? periodic function of prin-
cipal period d) is Nystrom discretized as a M x M matrix where the periodic density ¢ is
trigonometrically collocated at the equi-spaced mesh {(t;,F(t;)):ty=0d/M,0<{<M=
2m}. For a fixed M =2m,m > 0, assuming that the Robin data fi= [f]] f]-,]qu]T on each
interface I';,0 <j < N is collocated at the mesh L;:= {(tg,F]‘(tg)) ctp=40d/M,0<{< M},
it follows that the RtR maps S° and SN*! are discretized as M x M Nystrém matrices
89, and SN via Nystrém discretizations of the boundary-integral operators featured
in Egs. (3.19) and (3.21) respectively in the case when neither ko nor kx4 are Wood fre-
quencies or in Egs. (3.20) and (3.22) respectively in the case when k¢ and ky1 are Wood
frequencies (same considerations apply in three dimensions). We note that according
to Egs. (3.19) and (3.21) (and their analogues (3.20) and (3.22)), the calculation of the
Nystrém matrices Sy, and S N+ require inversions of M x M matrices, which is done us-
ing LU factorizations. Similarly, the RtR maps &/,1<j<N are discretized as (2M) x (2M)
Nystrém matrices S), via Nystrom discretizations of the boundary-integral operators
featured in Egs. (3.25), and their calculations require, in turn, inversions of (2M) x (2M)
matrices; these inversions are also performed through LU factorizations. It is also pos-
sible to employ Schur complements to perform the inversion of the matrices needed in
the calculations of the RtR maps Si1< j < N — see the proof of Theorem 5.1; in that case
matrices of size M x M need be inverted. The Nystrom discretization matrices S}, are
further expressed in M x M block form

, j j

s |S1ium Siciim

M S S ’
jj—1LM j.j.M

where each of the matrices above constitutes a Nystrom discretization matrix of the op-
erators on the right-hand-side of Eq. (3.4).
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Based on these Nystrom discretizations of RtR maps, the DDM algorithm computes
matrix approximations of all the RtR maps needed. Clearly, the procedure outlined above
allows us to assemble a block tridiagonal 2M (N +1) x2M(N+1) Nystrom discretization
matrix Ay of the operator matrix A in Eq. (3), where each operator block in Eq. (3) is
replaced by its corresponding Nystrom discretization matrix. The computation of col-
located Robin data f; y at the grids L; for 0 <j < N requires solution of a linear system
featuring the matrix Ap;. We present in what follows an efficient algorithm for the solu-
tion of this system that eliminates sequentially the unknowns f; 3,0 <j < N using N+1
stages of recursive Schur complements; storage of all of the non-zero blocks in the ma-
trix A is not required by this algorithm. The key technical ingredient is that in the case
when matrices

D.= [I A}

B 1

are invertible, then their inverses can be computed explicitly

Dl [1+A(I—BA)‘1B —A(I—BA)‘l] 43)

—(I-BA)"'B (I-BA)™!

The Schur complement elimination algorithm begins with

Stage 1: Elimination of the unknowns forr. We express the discrete DDM system in the
following block form that separates the contribution of the Robin data f s from the rest
of the Robin data. In detail,

R S
Bom  Com | [fom| |[Oanma]’
RIS
D, — 0,0,M
o,M _S](\)/I IM :|/
[S] Oy O _
Aom= 8,1,M OM OM,Z(N l)M:|/
| Om  Om Opon—1)m
[ Om Om
BO,M: OM 811,0,1\/1 ’
O nv—vymm O2(nv—1)Mm
[ Im 812,1,M
CO,M: 811,1,1\4 IM I

where fon = [fimfom-fum] . In the notations above and in what follows, we make
explicit the matrix size of various zero matrices; for instance, the notation Opq denotes a
zero matrix with p rows and q columns, and 0, denotes the zero p X p matrix. We have

1 = g
fom=—=Dy s Aomfom~+ Dy pifom
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and hence
(Co,m—Bo,mDyg pAo.m) fom = i, fiom:=—BomDo mfom

which can be written in expanded form using formula (4.3) to compute the inverse of
DO,M:

[Dl,M Al,M:| [JilM] Y ]

Bim  Cim Oy (n—1ym

fim
,] 5
flr:;\/[ = _BOIMDO,M (1)1;‘5\/1;
i 2
Im 81,1,M
Dl,M = Stop I ’
1,M M

top _ ol 0 ol 100 ol 1
S m=S1omIMm—SuSoom) ™ SmSo1,m+Si1,m0

S? Opm O
- [ 1M M,Z(N—Z)M} ,
M Om  Om Oman—2)m

Om Om
Biy= Om Sm |
Oon—2ymm  O2(n—2)mM
[ Im S%,Z,M

— |2
CLm= SZ,Z,M Im B

where fi m=[fomfsm- - fam) -

Stage j: elimination of the unknowns f; 1. Repeating the same steps outlined above
we continue the elimination process until we arrive at the following linear system

[Djl,M Ajl,M] [fl‘—l,M} | ffum
Bi-im Ciam] fiaml  [Oov—jryma ]’
[ Iy S,
Djam= tol;\o/I = _1'M]/
_Sj—l,M Im
[ <f
Aj-1m= Si-ijm Om Oman—jm ,
’ L O Om Oman—jm
Y Oum
B 1m= Om Sioam |-
| OoN—jymm O2(N—j)mm
j+1
Im Sijm
Cj*l,M e 8]],],M IM N
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where ch;fl,M = fimfirim fN,M]T. We proceed by eliminating the unknowns f; 1 um
from the linear system above. First, we have that

_ -1 i N -1 inc
fi-um==D;5 yAj-mfi-Lm+Di 5 pmfi 1 m

and thus
-1 ra _ i i . . -1 i
(Cj,m=Bja,mDP 2y mAj-1.m) fi-.m= i fim==Bj,mDiy mfi 1 m-

The last linear system can be in turn written in expanded form if we make use of for-
mula (4.3) to compute the inverse of D; 1,

[Dj,M A',M] FJ)M] | fim
Bim Cim| Lfim O2(n—j)m,1
inc __ . -1 inc
M _BJ—LMD]‘—Lijfl,M'
r j+1
Do | M Siim
M Stop I ’
L~ .M M

top _ oj top j —1 otop j j
Sj,M = Sj,jfl,M (Im— ijl,Mijl,jfl,M) ijl,Mijl,j,M +8j,j,M/

j+1
Ajm= Sijrim OM Onan—j-1m ,
' | Om Om Oman—j-1)m
[ O Opm
i+1
Bjm= Om 8]]‘+l,j,M ’
| O2(Nn—j—ymm  O2(N—j-1)mM
- j+2
, Im Sj+l,j+l,M
C]‘,M: S]'H Im ey,

j+1Lj+1,M

where ﬁ,M =firimfirom - fum) "
The algorithm ends with a linear system involving only the Robin data fy u corre-
sponding to the last interface I'y;,

IM 811\\/]1' i inc inc -1 inc
SfOP I szM:fN,M/ fN,M::_BN—l,MDN_LMfN,LM, (44)
N,M M

which is solved using again formula (4.3) and LU factorizations. Once the discretized
Robin data fy a is computed, all the other discretized Robin data corresponding to the
interfaces I';,0<j < N are computed using backward substitution via the recursions

— -1 r -1 inc H
fi-um= =D yAj-imfi-im+Di oy mfim, 1SN,
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where we recall that f;,ll m=[fimfir1,m - fn,m] . In order to streamline the recursions
above, we store in the elimination process the quantities D ]-__11, mfi1,m and the non-zero
blocks of the matrices D]Zl1,MAj—1,M (for each index j there are only two M x M such
blocks). Thus, the storage require to perform the elimination algorithm followed by the
backward substitution process is O(2NM?).

We first note that the elimination process presented above consists of N+1 steps, each
step requiring (a) the calculation of the Nystrom matrices S}, whose cost is O(M?), as
well as (b) the inversion of a M x M matrix for the calculation of D ]’Al/f per formula (4.3),
which leads to a total computational cost proportional to (N+1)M3. One drawback of
the elimination algorithm presented above is that it is sequential: essentially the Robin
data is peeled off layer by layer from the DDM linear system. We are exploring alter-
native strategies based on hierarchical RtR matrices mergings that could lead to efficient
parallelization strategies [43]. Of course, for a large numbers of layers, iterative solvers
such as GMRES could also provide an alternative strategy for the solution of the DDM
linear system. However, large numbers of layers/subdomains produce large numbers of
DDM iterations [31] if classical Robin conditions are used on subdomain interfaces.

5 Analysis of the Schur complement elimination algorithm

A natural question is why the elimination procedure described in Section 4 does not break
down. This issue has been explored in a different context in [43], where the elimination

process was shown to be equivalent to merging of RtR maps. Indeed, the matrices 8;0151
are themselves Nystrom discretization matrices of the RtR operators

S1PI () := (vj0nu+in u)|r;, G1)

where u is the solution of the following well posed problem:

Au+k(x)>u=0 in UZ:OQE'
k(x):kg, XEQg, OSZS],
’)’janjbl—i—iﬂbl:lpj on 1"]-,

with (i) u and 7y,9,,u continuous across I'y for 0 < <j; and (ii) u radiating in ()9. Thus,
the recurrence formula

top _ of top ] —1 otop j 7 .
Sim=SjamIM—8 5 S jmim) SitimSimjmtSim for 1<, (5.2)
where Séofd :=8Y,, can be viewed as a means to compute Nystrom discretization of the
RtR map S"PJ defined in Eq. (5.1) via recursive merging of the Nystrom discretization
matrices of the RtR maps S’. We will establish in this section the invertibility of the

operators [ - S ;3*’18].'

i_1,j-1 in appropriate functional spaces.
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The matrices Iy;— 8;0'1 MS]] 1,j-1,m I (5.2) are high-order Nystrom discretizations of
the operators [ — S fop 8]] 11 As such, the invertibility of the former matrices is a con-
sequence of the 1nvert1b111ty of the latter operators owing to the fact that 8 v and
8]] Lji-1,
M — o0 [20].

We start by analyzing the invertibility of the operators [—S8°Sj,, on which hinges
Stage 1 of the elimination algorithm. We will make use of the quasi-periodic Sobolev
spaces H,,,(I') of a-quasi-periodic distributions defined on a generic interface I' that is
the graph of a periodic function of period d. These spaces can be defined in terms of
Fourier series. We use the mapping properties of boundary-integral operators associ-
ated with quasi-periodic Green functions G| and shifted quasi-periodic Green functions

to
M can be shown to converge in strong operator norms to S °l and 8]

]1]188

G% Since both of these functions have the same singularity as the free space Green
function Gy corresponding to the same wavenumber k, the mapping properties of the
boundary-integral operators associated with quasi-periodic Green functions can be eas-
ily derived by simply translating to the periodic setting the classical mapping properties
of boundary-integral operators whose domain of integration is a closed curve in R%. The
invertibility of the operator [ -S OS&O is established via Fredholm arguments, and it relies
on the explicit representations of the operators SY and S! derived in Egs. (3.19) and (3.25)
in the case when neither ko nor k; are Wood frequencies. In the cases when ko or k;
are Wood frequencies, representations (3.20) and that given in Theorem 3.5 ought to be
used. Nevertheless, given that the shifted quasi-periodic Green functions have the same
singularities as the quasi-periodic Green functions, in the computational domains under
considerations, the arguments in the proof of the result below essentially do not change
in the Wood-frequency case. In what follows, we suppose that (1) k; <k;;1 for all j and
(2) vj=1for all j (we will show in Appendix A that these two assumptions guarantee the
well-posedness of the transmission problem under consideration). We establish

Theorem 5.1. The operator —S°S} y: H,.t/*(To) — Hy,?(To) is Fredholm of index 0 under the

assumption that Tg is C2.

Proof. Let us assume that kj is not a Wood frequency. We first establish that, given the
representation

1 -1
0_ q 9 )T
S _I+2ZOST0,k0 <§I+(Kr0 kO) ZOSFO k0> 7

the operator S” can be expressed in the form

S¥=14+420S] i +To, To:Hpy/?(To) = Hyl7(To), e0>0, Zo=in, (5.3)

The decomposition in Eq. (5.3) can be achieved if we choose the operator 7y in the fol-
lowing manner:

1 _1
q q 9 T q 9 \T
To=4Zo(S] To.ko Sroko+zeo)+8205ro,ko<§I+2(Kro,ko) _ZZOSro,ko> ((Kfx,) ZOsroko)
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Now, given that

ST k= Stokorico: Hper'*(T0) = Hot? (To),  SL  :Hye(To) = Hy! (To)  for  —1/2<s<1,

and
(Kf )" Hyer(To) = Hyg2(To) - for  —1/2<s<0,

it follows that 7y: H p}}/ 2(Tg)—H 26/,2(1"0). The role of the complex wavenumber k+igg in
the definition of the quasi-periodic single-layer operators in Eq. (5.3) will be made clear
in what follows.

We establish next a decomposition of the operator Sj, similar in spirit to that in
Eq. (5.3). To this end, we revisit representation (3.25), valid for a general periodic layer
and a wavenumber k that is not a Wood frequency. Let us define

Ao (1/2)I+(K}, )T +ZS],, (KL, )T +2S],, :{Au At,b}
(K{pp) " +2ZS{,, (1/2)I1+(K{,,) " +28],, App App
We have
A_lz[At,}thtltlAt,bDAb,tAtlf —AtltlAth}: A A
—D.Ab,t.A;tl D Ab,t Ab,b ’
where

D= (App—Aps A Arp)

The invertibility of the operator A;; needed in formulas above can be established simi-
larly to the result in Theorem 3.3. The invertibility of the operator D, in turn, can be seen
to be equivalent to the invertibility of the matrix operator A. Given that the kernels of
the boundary-integral operators that enter in the definition of A;; and A;; are regular,
we have A, ;: H,, (Tt) = Hyi2(Ty) and Ay Hy,, (Ty,) — H352(T4). Since

per
S— [I 0] 127 Siee Sibe A= [St,t St,b:|
0 I SZ,t,b SZ,b,b St Sop]’
we have
Sti=142ZS] Ap+228], Apy=I1+4ZS] . +Sus, (5.4)
St Hp/2(Ty) — HYH(TY), (5.5)
taking into account the fact that S}, . Hype, (Ty) — H;jrz(l"t). In addition, we obtain
Spp=1+2ZS], , Ap+22S], Aoy =T-+4ZS] o +Shis (5.6)
Spo: Hper/2(T) = Hy 2 (T) (5.7)
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as well as the following smoothing properties of the cross operators S; , and Sy,

St Hpt2(Ty) = HJA(Ty), Syt Hoph/(Ty) — HIA(TY). (5.8)

Combining the results in (5.3) and (5.4), we obtain

[-8%850=—8Z0S] \ e, +T01, To1:Hpe'*(To) = Hyt? (To).

Classical arguments [6] can be adapted to the periodic setting to establish
q - 2
%(Sl"o,ko-i-zeoqo'q)) 2C0|‘¢|‘Hp_glr/2(r0), C0>0/
from which we obtain
%(_Szoslq‘o,k(y‘rlq)q)’@) 2877(:0”90”%1;7—817/2(1*0)1 o >0’ 17 >0'

Finally, given that 7 1:H I;e}/ 2(Tg)—H ;3;({,2 (To), it follows that the operator 7o 1:H I;e}/ 2(To)—

H ;e/,z(l"o) is compact, and thus the operator I -S°Sj : H;e}/ 2(Ty)—H rl,e/rz(l"o) can be seen

to satisfy a Garding inequality. The result of the Theorem is thus established. The case
when ko and/or k; are Wood frequencies can be treated similarly. O

We are now in the position to prove

Theorem 5.2. The operator [—8°Sj H;e}/ 2(Ty) — H;grz(FO) is invertible with continuous
inverse.

Proof. Owing to the Fredholm alternative, the theorem follows once we establish the in-
jectivity of the operator [-S8°Sj,. Let ¢ € Ker(I-S8°Sj,) and consider the following
a-quasi-periodic Helmholtz equation

Awi+K2w =0 in Qf,
On, w1 —Zowi=¢ on Iy,
anlwl —Zow1 =0 on Fl,

where Zp=i7. Then
8(%,O(P = (aﬂlwl +Zowr) |Fo'

Consider also the a-quasi-periodic Helmholtz equation

Awo+kiwo=0 in
anowo - ZoZUo = Sé,O(P on ro,

with wy radiating. Then using the fact that S°Sj,¢ = ¢ on I'y, we obtain

808&,O§0:aﬂ0w0+20w0:an1w1_Zowl on TYy.
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Thus, we have derived the following system of equations on Iy

OnoWo — ZoWo = 0y, W1 + ZowWy,
Oy Wo + Zowo = 0y, w1 — ZoW1,

from which we obtain
wolry=—wi|ry,  OnyWolry =, Wir,- (5.9)

Recall from the proof of Theorem 3.1 the following identity for wy:

lim (]Vwo|2—k%]w0]2)dx:/ dnpwoods+id Y Bos|CHI
I

per
h—c0 Qo,h reZ,Bo,>0

On the other hand,
[ (VP =Rl P)dx= [ oy, wionds-+i [ fuwn s
ol To I
Adding the last two identities and taking into account Eq. (5.9), we derive

lim (|Vwolz—k%|wo]2)dx+/nm(|Vw1lz—kﬂwl]z)dx
1

h—o0J QP

0,h
—id Y /30,|c,+12+i;7/rlywl|2ds.

reZ,Bo,>0

This implies that w; =0 on I'y, and hence w; =0 in ) by Holmgren’s theorem [26].
Using (5.9) again we obtain that wp =0 and d,,,wy =0 on I'y, which, in turn, implies that
wo =0 in )p. From this we finally conclude that ¢ =0 on I',. O

As a consequence of the results in Theorem 5.1 and Theorem 5.2 we obtain

Corollary 5.1. The operator 8;0” defined in Eq. (5.1) can be expressed in the form

SISy FTi i B2 S HLRTD), >0

Proof. Consider the following Helmholtz scattering problem with Robin boundary con-
ditions on I';: Find a-quasi-periodic solutions ug and u; such that

Auo—f-k%M:O in  Q),
Auy+k3ur =0 in O,
Up=uq on ro,
Onytlo = —0p, U1 on Ty,

Y19 u+inui=1; on Iy,
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and ug is radiating in p. The arguments in the proof of Theorem 5.2 can be applied
to show the well-posedness of the this problem. Reformulating it in terms of matching
Robin data on I'g and applying the same arguments as in Section 4 but at the operator
(continuous) level, we obtain

S =81y(1-8°88 ) 18°Sg 1 +81,.

Using the representation above together with the properties recounted in Egs. (5.6) and
(5.6) with I't =T, I', =TI'1, and Z =Zy =iy, the result follows. O

The procedure presented above can be repeated inductively at the operator level, and
can be viewed as means to recursively merge the RtR operators Sjti’i and &' in order to

obtain the RtR operator S;op according to the formula

Stop S]

i1 +Sf 2<]. (5.10)

top of t
(I—SjiﬁS]]-_Lj_l) s OPS]] 1,
Eq. (5.10) constitutes the continuous analogue of Eq. (5.2). The invertibility of the opera-
tors [—S ]-tzplSJJ-_L i1 for 2<j <N can be established similarly to the results in Theorem 5.1
and Theorem 5.2 using the link in Corollary 5.1. Indeed, it is straightforward to establish
by induction that

Si%h = 14-47,5]

- + T, T Hpy 2 (1) = Hy2(Tjoy), €-1>0, 3<j<N.

Tj1ki+igj per

We note that this latter representation suffices to establish the Fredholm property of the
operator I — S op S] 11 for all j:3<j<N; see Theorem 5.1. The arguments in the proof
of Theorem 5. 2 also translate almost verbatim to obtain the invertibility of the operators
I —S]‘ti’iS]];l’ i1 for all j:3 <j<N. It is the very last step in the algorithm when we merge
S;\‘;p and SN*! that is markedly different on account of the fact that the layer Q1 is
semi-infinite and thus the arguments in the proof of Theorem 5.2 have to be modified
according to those in Theorem A.1 in Appendix A.

Theorem 5.3. The operator I—SEPSN”:HP_E}M(F )—H}[2(Tn) is invertible with continuous
inverse.

Proof. Note that the Fredholm property of the operator I —S;\?p SN*1 essentially follows
via the same arguments as in Theorem 5.1. Owing to the Fredholm alternative, the result

follows once we establish the injectivity of the operator I— 8 JFSNFL Let ¢ € Ker(I—
S It\‘; PSN+1) and consider the following a-quasi-periodic Helmholtz equation

2 . per
Awn 11 +kN+1wN+l =0 in QN-H’
Oy, WN+1—Zown+1=¢ on Iy
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with wy41 radiating in Qn 1 and Zp=iy. Then

8N+1(P = (aﬂN+1wN+l +ZOWN+1) |FN'

Consider also the following a-quasi-periodic Helmholtz equation

Aw+k(x)?>w=0 in UN,Qy
Inyw—Zow=8N*1p on Ty,

where w and d,,,w are continuous across the interfaces I'; for 0 </ <N —1 and w is radi-
ating in the domain ()9. We have then

SEPSN+1§0:aan—i-Zow:anNHwN_i_l—ZowN_H on FN
using the fact that Sy’ SN*1¢ = ¢ on T'y. Thus

w|FN:_wN+1’rN/ aan’FN:anNHwN—&-l’FN- (511)

Applying Green’s identities in each domain Q]W for 0<j<N+1 and taking into account
the continuity conditions (5.11) together with the continuity of w and its normal deriva-
tives across interfaces 1"]-, 0<j<N-1, we obtain that C,f =0 for all indices r such that
Bo, >0 and C, =0 for all indices r such that fy1, > 0. The proof of the Theorem fol-
lows by applying analogous arguments as in the proof of Theorem A.1 to d,,w (which is
continuous across the interfaces I'; for 0<j < N—1) and —dy,wn+1- O

We presented in this section an explanation of the fact that the Schur complement
elimination process described in Section 4 does not break down. Incidentally, we ob-
tain as a byproduct of the results in this section a proof of the equivalence between the
scattering PDE problem (2.1) and its DDM formulation (3.7) under the assumption that
the former is well posed. According to the Fredholm results established in Theorem 5.1
and Theorem 5.3, the DDM formulation (3.7) requires inversions of operators that are
compact perturbations of single layer boundary integral operators. As such, the DDM
formulation (3.7) is not particularly suitable to Krylov subspace linear algebra solvers,
especially for configurations that involve large numbers of layers. It is possible to derive
DDM formulations that are more amenable to Krylov subspace linear algebra solvers if
more general transmission operators are used instead of the multiplicative factors iz in
the Robin conditions [7]. We are investigating such an approach in the context of periodic
layered media.

6 Numerical results

We present a variety of numerical results regarding transmission scattering problems in
periodic layered media. In all cases we assume that all the coefficients -y; that appear in
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Egs. (2.1) are equal to 1, and all the numerical results presented are at normal incidence.
Qualitatively similar results are obtained in the case of general 7; and oblique incidence.
We present two error indicators, one concerning the energy balance and one concerning
errors in the Rayleigh coefficient Bj in expansion (2.2). The energy conservation defect
is defined as

+_2: 5N+1r

reld- 'B

=] T BEIG 6.1)

reut
where UT:={reZ:Bo, >0} and U :={reZ:Bn+1,>0}. In all the numerical tests pre-
sented in this section, the energy conservation defect turned out to be indicative of the
errors achieved in the Rayleigh coefficients of the scattered /transmitted fields. We also
denote by ¢; the relative error achieved in the Rayleigh coefficient CJ, measured against
a reference solution that was produced with refined discretizations and large enough val-
ues of the parameter A in the windowed quasi-periodic functions (4.1) and (4.2) respec-
tively. This parameter is chosen to be large enough so that very small energy conservation
defects were achieved. We do not know of a theoretical way to determine the parameter
A in the various layers that optimizes the balance between accuracy and efficiency. In
practice, this parameter is selected using information gathered from numerical experi-
ments. Particularly, we choose values of A large enough so that the RtR discretizations
S}, have norms as close to 1 as possible.

At the heart of our DDM algorithm are computations of RtR maps, which rely on eval-
uations of boundary-integral operators involving quasi-periodic Green functions. The
quasi-periodic functions are approximated via windowing functions cf. (4.1) and (4.2).
We discuss the selection of various parameters that enter the definition of the windowed
Green function defined in Eq. (4.1) and the shifted windowed Green function defined in
Eq. (4.2). In cases when the wavenumbers k, are not Wood frequencies we had to choose

only the parameter A in the definition of the windowed Green function GZ;A defined in

Eq. (4.1); the windowed Green function Gq’ converge superalgebraically to the quasi-
periodic Green function Gq as A—oo[16]. On the other hand, in cases when k, is a Wood

frequency, we had to select two additional parameters in the definition of Gq’] n, (42): the
number j of shifts and the value of the shift . The rate of convergence of the Green func-

tions Gq’]h is algebraic in £ as A — oo [10]. Naively, the cost of evaluating Gq’]’ is j+1

times more expensive than that of evaluating GZ; for a fixed value of A. However, the

quantities Gq’]’ can be evaluated at considerably reduced costs via accurate asymptotic

expansions [10i The values of the shifts /1y should be such that the poles of the Green
function Gq’] ", are outside the computational domain (); this requirement entails that
ho >0 and hN+1 <0, whereas the shifts h;,1 </ <N should be positive and larger than the
width of the corresponding layer domain (), measured in the x, direction. In addition

to these requirements on the shifts h/, there are discrete sets of values of the shifts for
which the shifted Green functions Gq’] », donot converge, and those sets can be explicitly
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computed [10]. Indeed, as explained in the proof of Theorem 3.4, in the domain ) the
forbidden set of shifts consists of values &, such that e’ =1 for an index r € U,, where
Uy is the set of propagating modes corresponding to the wavenumber /. In practice it is
straightforward to choose the shifts so that all the requirements specified above are met.
Of course, one can use a fixed number of shifts in the shifted Green function for all layers
at all frequencies, and this is guaranteed to work as long as the discrete set of shifts h
is avoided. This set is easy to compute for a given structure. If one wishes to optimize
the computational performance, the Wood frequencies for each layer can be computed a
priori to decide whether the shifted Green function or simply the smoothly windowed
one should be used.

After selection of the parameters that enter the various windowed Green functions,
the DDM algorithm is implemented according to its description in Section 4. We detail in
all the numerical experiments the size M of the discretization points used to approximate
each Robin data f;. The DDM linear system consists of 2(N+1)M unknowns. We men-
tion that it is also possible to use non-conforming discretizations of Robin data, that is to
use different M; for each layer ();; the values of M; are chosen to resolve the wavenum-
bers k; as well as the profiles I'; [7]-see Table 8. The Schur complement elimination al-
gorithm described in Section 4 allows for solution of large DDM linear systems using
only limited memory storage. For instance, the numerical experiments in Table 9 and
Table 14 involving DDM linear systems with 81920 and respectively 163840 unknowns
were run on a MacBookPro machine with 8Gb of memory. An important drawback of
the elimination algorithm described in Section 4 is its sequential nature.

We organize the presentation of the numerical experiments into four categories. First
we treat the case of one interface I'y which is important in its own right for several ap-
plications; then we present results for large numbers of layers; we continue with results
involving periodic layers that contain periodic inclusions, as such configurations are rel-
evant to photonics applications; and we conclude with three-dimensional results. We
emphasize Wood frequencies to demonstrate the versatility of the shifted Green function
method, as such cases are computationally more challenging. We indicate in the headings

of each table whether the windowed Green function GZ’A or the shifted Green function

JA . . .
GZ{I were used in the numerical experiments.

Results for periodic transmission problems with one grating interface. We start with an
illustration in Table 1 of the high-order accuracy that can be achieved by the DDM solver
in the case of one periodic interface/grating I'g given by the graph of the 27t periodic
function x, = H/2cosx; for two values of the height H=0.6 and H =2; in this example
we took kg =4.1 and k; =16.1 and thus the period of the interface I'y is respectively 4.1
and 16.1 wavelength across.

We continue in Table 2 and Table 3 with numerical results concerning the convergence
of the DDM algorithm in the case of one grating profile I'g given by the graph of the 27t
periodic function xp = H/2cosx;, H = 0.6 for two values of the wavenumbers kg and k;
that are simultaneously Wood frequencies. In Table 2 we consider medium frequencies
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Table 1: Convergence of the DDM transmission solver in the case of one interface of material discontinuity I’y
given by the grating profile x,=H /2cosx; under normal incidence, with wavenumbers kyp=4.1 and k1 =16.1, and
M=64. The reference solutions were computed using (1) A=240 in the case H=0.6 — with a corresponding
€en =59 X% 10~% and A=400 in the case H=2 — with a corresponding €., =3.5 X 10~8, and M =128 in both

cases.

Gl ko=41,k1 =161, H=06 | G ko=41k1=161, H=2
A Een €1 A Een €1

20 | 24x107° | 34x107° | 40 [ 35%x107* | 81x10°°
40 | 30x1077 | 1.2x1077 | 120 | 5.6 x107° | 82 x 10°°
80 | 6.1x10°8 | 1.9x10°% | 240 | 84x1077 | 20 x 10°°

Table 2: Convergence of the DDM transmission solver in the case of one interface of material discontinuity
Ty given by the grating profile x; = H/2cosxq, H=0.6, under normal incidence, with kg =8 and ki =32,
and M =128. In this case both wavenumbers ky and ki are Wood frequencies. The reference solutions were

computed using A =240, j=5 and shifts hp = —h; =1.3 with a corresponding €., =1.6 x 10-1.

GIl j=3,g=—Ih1 =1.3,kg=8,k; =32, H=0.6 | G]’}",j=5hg=—I1=13,kg=8,k; =32, H=0.6
A Een €1 A Een €1

20 | 1.5x 1073 5.7 x 1074 20 | 7.9 x 107* 5.1 x107*

40 | 74 x 1074 1.2 x 1074 40 | 1.5x 1074 7.5 % 107°

80 | 1.3 x10°* 22x10°° 80 | 3.0x10°° 1.3 x 107°

120 | 4.1 x 10°° 7.2 x 107° 120 | 9.7 x 1078 1.5 x 107°

Table 3: Convergence of the DDM transmission solver in the case of one interface of material discontinuity I’y
given by the grating profile x,=H/2cosx;, H=0.6, under normal incidence, with higher frequency wavenumbers
ko=15 and k1 =60, and M=256. In this case both wavenumbers kjy and k; are Wood frequencies. The reference

solutions were computed using A=240, j=5, hy=—h1=0.3, and M =256 with a corresponding e¢;, =2.2 X 10-10,

Gl j=3,hg=—h1 =0.3,kg=15,ky =60, H=06 | G}’ j=5hg=—11 =03, kg=15,k; =60, H=0.6
A €en €1 A €en €1

20 | 48 x10°* 4.6 x10°° 20 | 1.3 x10°° 2.7 x 107>

40 | 5.0 x 1072 8.0 x 107 40 | 3.0 x 1077 2.1 %107

80 | 5.5 x 107° 1.3 x 107 80 | 2.8 x 1078 1.6 x 1077

Table 4: Convergence of the DDM transmission solver in the case of one interface of material discontinuity I’y
given by the grating profile x, = H/2cosx1, H=2, normal incidence, with kg =4 and k; =16, and M =192.
In this case both wavenumbers ky and ki are Wood frequencies. The reference solutions were computed using
A =240, j=5, hg=—h; =0.21, and M =256 with a corresponding e, =2.2x 10710,

Gl j=3,ho=—h1 =021, ko=4,k1 =16, H=2 | G]’}", j=5hg=—h1 =021, kg =4,k =16, H=2
A €en €1 A Een €1

20 | 1.7 x 10°* 3.0 x 107 20 | 3.1x10°° 2.8 x10°°

40 | 25 x 1075 5.1 x 107 40 | 15 x 1077 24 %1077

80 | 3.6 x 107 9.3 x 1077 80 | 1.4 x 1078 2.0 x10°8
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—theset U :={reZ:By, >0} consists of 17 propagating modes and the set U~ :={re
Z:BN+1, >0} consists of 65 propagating modes; in Table 3 higher frequencies — the set
UT:={reZ:po,>0} consists of 31 propagating modes and the set U~ :={reZ:fn+1,>0}
consists of 121 propagating modes. In the configuration in Table 2 the period of the
interface I'y is 8 and 32 wavelengths across on each side, whereas in the configuration in
Table 3 the period of the interface I'y is 15 and 60 wavelengths across on each side.

In Table 4 we present results concerning a deep grating profile I'y given by the graph
of the 27t periodic function x, = H/2cosx1, H =2 for two values of the wavenumbers kg
and k; that are simultaneously Wood frequencies, that is kg =4 and k; =16. We note that
high-accuracy results can be achieved in this case by increasing the size of discretization.

We conclude the numerical results in this part with a case in Table 5 with a transmis-
sion experiment involving one interface of material discontinuity I'y and two wavenum-
bers such that one of them is not a Wood frequency while the other is a Wood frequency:.

Multiple layers. The next set of results concern transmission experiments involving
multiple periodic layers. In the example that follows we consider the first profile I'g de-
scribed by (a) xp=Fy(x1), Fo(x1):=H /2cosx1 and (b) xa=Fy(x1), Fo(x1):=7 H(0.4cos(x1)—
0.2cos(2x1)+0.4cos(3x1)) and the subsequent profiles I'; being simple down shifted ver-
sions of the first profile, that is the grating I'y is given by x, = Fy(x1),Fs(x1) := —¢L+
Fy(x1),0<¢<N. The first set of results in Table 6 concerns the convergence of the DDM
transmission solver in layered configurations consisting of 4 layers (that is N =2) sepa-
rated by interfaces I'y,0 < <2, when each wavenumber k;,0 <¢ <3 is a Wood frequency.

In the next set of results in Table 7 we present numerical experiments concerning
periodic configurations that involve large numbers of layers (i.e 10, 20, and 40 layers) and
associated wavenumbers that are all Wood frequencies. We used shifted Green functions
with a number j =3 of shifts, as this choice leads to small energy conservation defects.
In the examples presented in Table 7, the interface I'; is j+1 wavelengths across, leading
thus to problems that overall are 55, 210, and respectively 820 wavelengths in size.

In applications that involve high-contrast layer media, using non-conforming DDM
discretizations leads to more efficient solvers. We present experiments in Table 8 con-
cerning configurations consisting of layers with alternating high-contrast material prop-
erties. In such settings it is natural to use coarser discretizations to compute the RtR maps
corresponding to layers with smaller wavenumbers as well as restriction/interpolation
Fourier matrices to match non-conforming interface Robin data.

In the last set of results in this part we present in Table 9 numerical experiments con-
cerning very large numbers of layers and associated wavenumbers that are not Wood
frequencies. In such cases, the Schur complement elimination algorithm for the solution
of the DDM algorithm reduces the memory requirements via the forward /backward do-
main sweep. In the examples presented in Table 9, the interface I'; is approximately j+1
wavelengths across, leading thus to problems that overall are about 820 and respectively
3240 wavelengths in size. We mention that all the matrices D; » (see Section 4) that need
be inverted in the Schur complement solution of the problems presented in Table 9 are
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Table 5: Convergence of the DDM transmission solver in the case of one interface of material discontinuity I’y
given by the grating profile x, = H/2cosx;, H=0.6, normal incidence, with kg =4.1 and k; =16, and M =64.
In this case kg is not a Wood frequency and ky is a Wood frequencies. The reference solutions were computed

using A=240, j=5, hg=—hy=0.3, and M =128 with a corresponding &,;, =1.7 x 10~7.

Gl Gl =3 Gl Gl =5,
hg=—h; =03, kg=4.1,k; =16, H=0.6 | hg=—h;=0.3, kg=4.1, ky =16, H=0.6
€en €1 A Een €1
20 | 1.3x 1073 5.4 x 1074 20 | 5.8 x 107° 34 x10°°
40 | 44 x107* 9.8 x 107 40 | 2.1 x 1077 2.2 x 1077
80 | 8.6 x 107> 1.7 x 107 80 | 20 x 1078 23 %108

Table 6: Convergence of the DDM transmission solver in the case of a periodic configuration consisting of 4
layers (that is N=2), where the interfaces 'y, 0< ¢ <2 are given by grating profiles Fy(x1)=—¢L+H/2cosx1,
H=0.6, L=1.3, 0<{<2—top panel and Fy(x1)=—¢L+7m H(0.4cos(x1)—0.2cos(2x1)+0.4cos(3x71)), H=0.1,
L=1.3—bottom panel, under normal incidence, with k,=¢+1 for 0<{<3, and M=64. All of the wavenumbers
ky are Wood frequencies. The shifts were chosen hy=0.3, hi =hy=2.7, and h3=—0.3. The reference solutions
were computed using A=120, j=5, and M =128 with a corresponding 6671:2.6><10_6 (top) and A=120, j=5,
and M =128 with a corresponding €., =2.9x10~® (bottom).

A [
szvhz" j=3 Gk(/h( J=5
A Een €1 A Een €1

20 | 70x10°1 | 72%x 1072 | 20 | 7.0 x 1072 | 7.2 x 102
40 | 87x107* | 1.0x103 | 40 | 85x10°* | 1.1 x 1073
80| 1.0x107% | 72x107° | 80 | 27 x107° | 31 x10°°
20193%x107! | 24%x1072 |20 |94x%x101 | 24 %102
40 | 26x107% | 14x103 | 40 | 27x1073 | 1.5x 1073
80| 19x10%|16x10* |8 | 19%x10°° |73x10°

Table 7: Energy defect errors produced by the DDM transmission solver for configurations consisting of N+
2 layers for various values of N, where the interfaces I'y, 0 < /¢ < N are given by grating profiles Fy(x1) =
—{L+H/2cosxq, H=0.6, L=1.3, 0<¢< N (top panel) and Fy(x1)=—¢L+m H(0.4cos(x1)—0.2cos(2x1)+
0.4cos(3x1)), H=0.1, L=1.3, 0</<N (bottom panel), under normal incidence, with k;=¢+1 for 0</<N+1,
and various values of the discretization size M. All of the wavenumbers k, are Wood frequencies. The shifts
were chosen hy=0.3, hy=2.7, 1</{<N, and hyy1=—0.3. The discrete DDM linear system has in each case
1280, 5120, and respectively 15360 unknowns and is solved via the Schur complement elimination procedure.

q,3,A o q,3,A o q,3,A -
kay , N=9 ka,m , N=19 Gk//h/ , N=39
A M Een A M Een A M Een

40 | 64 | 41x1073 | 40 | 128 | 3.6 x 1073 | 40 | 192 | 58 x 1073
80 | 64 | 1.2x1073 | 80 | 128 | 82x107* | 80 | 192 | 1.9 x 1073
80 | 128 | 1.3 x 1073 | 80 | 192 | 7.6 x 1072 | 80 | 256 | 4.7 x 102
120 | 128 | 29 x 107% | 120 | 192 | 3.1 x 10~* | 120 | 256 | 4.3 x 10~*
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Table 8: Energy defect errors produced by the DDM transmission solver for configurations consisting of N+2
layers for various values of N, where the interfaces I'y, 0< /<N are given by grating profiles Fy(x1)=—/¢L+
H/2cosx1, H=2, L=0.3, 0</<N (top panel) and Fy(x;)=—¢L+7m H(0.4cos(x1)—0.2cos(2x1)+0.4cos(3x1)),
H=1, L=0.3, 0</<N (bottom panel), under normal incidence, with ky=4.2 for £ even and k;=16.2 for £ odd,
and various values of the non-conformal interface discretization size M; and Mj. For the numerical experiments
presented in the top panel the discrete DDM linear system has in each case 1440, 2880, and respectively 5760
unknowns for the coarser discretizations and respectively 1920, 3840 and 7680 for the finer discretizations. For
the numerical experiments presented in the top panel the discrete DDM linear system has in each case 2560,
5120, and respectively 10240 unknowns for the coarser discretizations and respectively 3520, 7040 and 14080 for
the finer discretizations. In each case the DDM linear system is solved via the Schur complement elimination
procedure.

G/, N=9 Gl N=19 G/, N=39
A M1 /Mz Een A Ml,Mz Een A Ml,Mz Een
30 | 48/96 | 1.0x1072 | 30 | 48/96 | 1.8 x 1072 | 30 | 48/96 | 1.6 x 1072
30 | 64/128 | 1.8 x 1073 | 30 | 64/128 | 1.6 x 1073 | 30 | 64/128 | 2.0 x 1073
30 | 64/192 | 1.1 x 1071 | 30 | 64/192 | 41 x 1071 | 30 | 64/192 | 3.9 x 10~1
30 | 96/256 | 1.5x 1073 | 30 | 96/256 | 8.0 x 1073 | 30 | 96/256 | 8.1 x 1073

Table 9: Convergence of the DDM transmission solver for configuration consisting of N+2 layers for various
values of N, where the interfaces Iy, 0< /<N are given by grating profiles Fy(x1)=—/¢L+H/2cosxy, H=2,
L=0.3, 0</<N (top panel) and Fy(x1)=—¢L+7m H(0.4cos(x1)—0.2cos(2x1)+0.4cos(3x1)), H=1, L=0.3,
0<{¢<N (bottom panel), under normal incidence, with k; =¢+1.2 for 0 </ < N+1, and various values of
the discretization M. None of the wavenumbers are Wood frequencies. In the case N =39 we used M =256
resulting in a discrete DDM linear system with 20480 unknowns; in the case N=79 we used M =512 resulting
in a discrete DDM linear system with 81920 unknowns. The large sized DDM systems are solved via the Schur
complement elimination procedure.

Gl N=39, ky=(+12,0<(<40 | GI"", N=79, k;=(+1.2,0< (<80
A Een A Een

20 5.4 x 1072 20 55 x 107!

40 1.3 x 1073 40 2.3 x1073

80 21 x10°* 80 45 x 1074

20 6.1 x 1072 20 71 x 107!

40 1.1 x 1073 40 1.0 x 1072

80 9.8 x 1075 80 2.4 %1073

well conditioned, with condition numbers in the interval [19,400]; also, the condition
numbers of the matrices D; 1 grow with the layer index j. However, the condition num-
bers of the matrices Dj ) grow with the size M of the discretization cf. Theorem 5.1
and Theorem 5.3, yet not drastically. On the other hand, if the solution of the DDM corre-
sponding to transmission problems with N=9,19,29 layers and wavenumbers k;=/+1.2,
0 </ < N+1 were attempted via iterative solvers, the numbers of GMRES iterations re-
quired to reach a relative residual of 10~% are 270, 718, 1292 for the grating interfaces
Fy(x1) = —¢L+H/2cosx;, H=2, L=0.3, 0 </ <N, and respectively 318, 814, 1498 for
the grating interfaces Fy(x;) = —¢L+ 7 H(0.4cos(x;1)—0.2cos(2x1)+0.4cos(3x1)), H=1,
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Figure 3: Typical inclusions in a layered medium.

L=0.3, 0< /<N when the discretized RtR matrices are of size M2, M =192 and n=1.
Despite the large numbers of GMRES iterations required for DDM convergence in the
experiments above, the condition numbers of the DDM matrices (which can be built in
these cases) are reasonable: 99.1, 317.6, 671.4 in the first case, and respectively 119.2, 427.1,
947.6 in the second case.

Inclusions in periodic layers. In the last part of the numerical results section we present
numerical experiments concerning periodic layers with embedded perfectly reflecting
inclusions as presented in Fig. 3. Specifically, we consider perfectly reflecting inclu-
sions D whose boundary 9D is a smooth closed curve given in parametric form 0D :=
{(x1(t),x2(t)): x1(t) =3.347r(t)cost,xp(t) =—1+r(t)sint, r(t) =0.840.4cos3t, 0<t <27 }.
The inclusions D are embedded periodically in a layered structure whose top boundary
is explicitly given by either I'y:={(x1,Fy(x1)):Fo(x1)=0.6+H /2cosx1, H=0.6} or the flat
interface T'y:={(x1,0.6) }, and the bottom interface is given by shifting the top interface
3 units down the x, axis. The first set of numerical results presented in Table 10 con-
cerns such configurations in the case when all three wavenumbers ko,k; and k, are Wood
frequencies.

Finally, we conclude with a numerical experiment in Table 11 concerning scattering by
a periodic arrays of perfectly reflecting cylinders D described above at Wood frequencies.
We treat this case via fictitious periodic layers bounded by flat interfaces as in the right
panel of Fig. 3, for which we apply the DDM transmission algorithm with ko = k; = k».
The DDM approach for the solution of scattering by array of cylinders at Wood frequen-
cies requires discretization of fictitious boundaries and as such is not as computationally
efficient as alternative approaches that rely on Sherman-Morrison formula [11]. Never-
theless, we believe that the DDM approach is more straightforward and more modular
in the sense that it consists of several black-box solvers that can be easily assembled to
treat complex periodic-layered cases.

3D results. We start our presentation of three-dimensional results with the case of
scalar Helmholtz transmission problems featuring one interface of material discontinuity
given by the doubly periodic grating surface x3 = f(x1,x2) = (1/2)cos(27tx1)cos(27x7).
For all the numerical experiments presented here, a single patch was used to represent the
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Table 10: Convergence of the DDM algorithm in the case of transmission problems for periodic configurations
with perfectly reflecting inclusions depicted in Fig. 3 with k,=/¢+1, 0<I<2in the top panel and k;=/¢+4, 0<2
in the bottom panel, M =64 in each case. The wavenumbers were chosen to be Wood frequencies, and the
shifts were chosen to be hg=0.4=—hy, and hy =3.3. Each panel in the table (left, center, right) corresponds to
the analogue periodic configuration in Fig. 3. We used reference solutions for which the conservation of energy

balance was of the order 1075.

Gl Gl Gl

A Een € A Een € A Een €

40 | 18x1072[28x1072| 40 [11x102|18x10°1 | 40 | 78x1073 | 22 x 1072
80 | 43x1073 | 48x%x103| 80 |26x103|30x103| 80 |24x%x103|37x1073
120 [ 1.6 x 1073 | 1.4 x 1073 | 120 | 32 x107* | 8.0 x 1074 | 120 | 2.6 x 107% | 1.1 x 1073
40 | 15x1072 | 41x103 | 40 [ 18x102|60x103 | 40 |41x103 |71x103
80 | 53x1073|62x107%| 80 [57x107%|94x107*| 80 |21x1073 |12x1073
120 [ 1.0x 1073 | 21 x107% | 120 | 1.1 x 1073 | 21 x 1074 | 120 | 2.7 x 10~% | 3.7 x 10~*

Table 11: Scattering by an array of cylinders as presented in the right panel of Fig. 3 with ko =k =k, =k,
M =64 in each case. The wavenumbers were chosen to be Wood frequencies, and the shifts were selected to
be hyp=0.4=—hy, and h; =3.3. We used reference solutions for which the conservation of energy balance was

of the order 108 for k=1 and respectively 10~° for k=2,4.

Gl Gl Gl
A Een € A Een € A Een €1
100 | 6.4 x107° | 7.8 x 1072 | 100 | 7.9 x 1073 | 2.1 x 1073 | 100 | 82 x 1073 | 1.2 x 1073
200 | 1.0 x107° | 12x107° [ 200 | 1.4 x 1073 [ 35x107% | 200 | 1.1 x10°3 | 1.5 x 10~*
400 | 6.7 x 1077 | 1.6 x 1070 | 400 | 24 x10™% | 42 x 107> | 400 | 1.5x107% | 1.5 x 107>

Table 12: Convergence of the DDM transmission solver in the case of one interface of material discontinuity I'y
given by the grating profile x3=(1/2)cos(27tx1)cos(27tx;), normal incidence, and various wavenumbers that

are both Wood frequencies. In both cases we used shifted quasiperiodic Green functions GZ;%A with h=1.4 and

M=1024. The reference solutions were computed using A =100 with corresponding €., of the order 10°.

ko ky A Een 3|

27 | 2v2m | 20 | 45 %1073 | 1.5 x 1073
27 | 2v/2m | 30 | 1.5x 1073 | 3.1 x 10~*
271 | 2v2m | 40 | 24 x107° | 2.1 x 1070
27| 4m |20 | 74x1073 | 34 x 1073
2| 4m |30 | 57x107% | 31 x10°*
2 | 4m | 40 | 45x107° | 3.6 x 1070

doubly periodic surfaces. We illustrate in Table 12 the high-order convergence achieved
by our DDM solvers in the case of transmission problems involving Wood frequencies in
both semi-infinite domains. For the grating considered, under normal incidence, the first
three Wood frequencies occur at 27, 2v/27, and 47 respectively.
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Table 13: Convergence of the DDM transmission solver in the case of three layers (N =2) separated by grating
profiles grating profile Fy(x1,x2) = (1/2)cos(27txy)cos(27txp) and Fy(xq,x2) = Fo(x1,x2)—1.3 under normal

incidence. In both cases we used shifted quasiperiodic Green functions GZ(’?;’!A and GZ?’_I‘}Z with h=1.4 and

M=1024. The reference solutions were computed using A=100 with corresponding ¢, of the order 107°.

ko k1 kz A Een €1
1 2 27 (W) | 20 | 1.2 x 1071 | 5.0 x 102
1 2 271 (W) | 40 | 27 x 1073 | 1.7 x 102
1 2 2 (W) | 60 | 42 x107% | 6.4 x 1074
1 271 (W) 2 20 | 1.1x 1071 | 73 x 1072
1 271 (W) 2 40 | 74 %1073 | 87 x 1073
1 27 (W) 2 60 | 1.4x1073 | 6.4 x10°*
2m (W) | 2v2 (W) | 4w (W) | 20 | 53 x 1072 | 2.5 x 102
2m (W) | 22 (W) | 4w (W) | 40 | 7.7 x 1073 | 5.7 x 1073
21 (W) | 22 (W) | 4r (W) | 60 | 1.8 x 1073 | 6.3 x 10~*

Table 14: Convergence of the DDM transmission solver for configuration consisting of N+2 layers for
various values of N, where the interfaces Iy, 0 < ¢ < N are given by grating profiles Fy(x1,x2) = —¢L+
(1/2)cos(27mx1)cos(2tx;), L=1.3, 0< £ <N, under normal incidence, with k;, drawn randomly from the
interval [1,25], and discretization size M =1032 resulting in discrete DDM linear systems with 40960 unknowns
in the case N=19 and respectively 163840 unknowns in the case N=79. The ensuing DDM systems are solved
via the Schur complement elimination procedure.

G, N=19 | Gl N=79

4 4

A Een A Een

40 | 21x1072 | 40 | 1.1 x 1071
60 | 39 x1073 | 60 | 2.8 x 1072

We continue in Table 13 with an illustration of the accuracy achieved by our DDM
solvers in the case of three layers separated by two doubly periodic gratings and wave-
number configurations that involve Wood frequencies. Finally, we conclude with an il-
lustration in Table 14 of the ability of the Schur complement DDM solvers to handle
very large numbers of layers in three dimensions that require large discretizations; for
instance, the largest problem considered in Table 14 involves a periodic layered config-
uration consisting of 80 doubly periodic interfaces of material discontinuity, spanning
about 160 wavelengths, whose DDM discretization required 163840 unknowns. We men-
tion that the condition numbers of the matrices D; y (see Section 4) that need be inverted
in the Schur complement solution of the problems presented in Table 14 belong to the
interval [102,3.3x103].

While the grating profiles considered in this paper are relatively simple, qualitatively
similar results can be obtained for more geometrically complex profiles. We mention that
extensions to grating profiles that involve corners is straightforward in two dimensions;
graded meshes and weighted versions of RtR maps are needed to treat those cases [31].
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Extensions to three-dimensional gratings with edges and corners can be done by apply-
ing existing technology [31]. The results presented in this section were produced on a
MacBookPro with a 2.7 GHz Intel processor and 8Gb of RAM based on a MATLAB im-
plementation of the DDM algorithm. We did not strive to optimize the code in order to
harness the best sequential computational performance; this is certainly possible, and it
has been done in [9,16] via fast methods based on equivalent sources. Instead, we wanted
to illustrate that, within a DDM approach, the use of windowed Green function method
combined with shifted Green functions leads to a computational method for scattering
by periodic layered media that is accurate and robust at all frequencies, including the
challenging Wood frequencies.

7 Conclusions

We presented analysis and numerical experiments concerning boundary-integral opera-
tors-based DDM for two and three-dimensional periodic layered media scalar scattering
problems. We have shown that the RtR maps that are needed by DDM can be com-
puted in a robust manner at all frequencies, including Wood frequencies. The Wood fre-
quencies configurations were treated via boundary-integral operators that incorporate
shifted quasi-periodic Green functions that converge at Wood frequencies. The tridiago-
nal DDM linear system associated with transmission problems in periodic layered media
was solved via recursive Schur complements resulting in a computational cost that is
linear in the number of layers. Extensions to full three-dimensional electromagnetic con-
figurations are straightforward. We are currently investigating the design of DDM with
quasi-optimal transmission conditions for the solution of transmission problems in peri-
odic layered media.
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Appendix A

Theorem A.1. Under the assumptions that (1) the wavenumbers k; are such that 0 <k; <kjq
for all 0 <j < N and (2) the coefficients yj =1 for all 0 <j < N+1, the system of Helmholtz
equations (2.1) has a unique solution when the functions F; are C.

Proof. Clearly, the uniqueness of solutions amounts to showing that when the incident
field is zero, the only solution of the transmission Egs. (2.1) is the trivial solution. The key
ingredient in the proof is the application of Green’s identities. Let us choose h >maxF
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and define the domain ng,f i={(x1,%2) €Q)" : Fy(x1) <x, <h}. A simple application of
Green’s identities leads to

[ (1 00P = Rluol)ix = [ dyyuomsds+ [ onuomss
0 Iy Lo

0,1

where T := {(x1,%2) :0<x1 <d, xp =h}. Note that the integrals over the vertical lines
vanish due to the quasi-periodicity of the field. Taking into account the fact that ug is
radiating, we can express 1 on the line segment Iy, in terms of the following Rayleigh
series

ug(xy,h) =Y Crelritiforh
reZ

from which it follows immediately that

lim | Oyuoligdxy=id Y Pos|CI %

h—e0 /Ty, r€Z,B0,,>0

Hence, we get

/Qper(|V”0|2_k%|“0|2)dx:/rano”O”_0d5+id Z :BO,r’Cﬂ?
0 0

reZ,Bo,>0

Taking the imaginary part of the equation above we arrive at

S [ @uuomds=—d Y po,lC/ (A1)
I

reZ,Bo,>0

On the other hand, application of the Green identities in the layers Q]W, 1<j<N that
have a finite width in the x» leads to

/QW(]Vuj|2—k]2-|uj|2)dx:/r anjuju_jds+/r Oy, UjlLjds.
- -1 j

]

Taking the imaginary part in the equation above we obtain
S [ @uuy)ads==S [ (2u,u;)ds. (A2)

Applying the same arguments that led to the derivation of Eq. (A.1) in the case of the
semi-infinite layer ()1 we obtain

S [ @uiv)ivgads=—d Y il P (A3)
N

FEZ,‘[SN+1,¢>0
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Adding the left-hand sides as well as the right hand sides of Egs. (A.1), (A.2), and (A.3)
and taking into account the continuity conditions in the transmission system (2.1) we
obtain
Y. BoCTPP+ ). BnwislCr =0
reZ,Bo,>0 r€Z,BNy1,>0

The last equation implies that the Rayleigh coefficients of the propagating modes corre-
sponding to up and uy1 are all equal to zero, that is C; =0 for all r such that B, >0 as
well as C,;” =0 for all r such that Bx41,>0. We have then

Mo(xllh) — Z Cjemrxl‘H,BO,rh + Z Cjemrxlﬂﬁo,rh_
reZ,Bo,=0 reZ,3Por>0

We define v :=9dy, 1o in the domain )y and we apply Green’s third identity to the func-
tions 1y and 7y in the domain Qgehr and take h — o0 to obtain

/ O, 0TS = / 1409, T 5. (A4)
To Ty
We similarly define v;:=dy,u; in the domains (); for 1 <j< N and we obtain in a similar
manner

/r | T /r 175 = /r Ty /r U ids, 1SJN (A
as well as

/ anN+1uN+1UN+1dS:/ MN+1anN+IUN+1dS. (A6)
I'nt1 N+

Now, using the continuity of the normal derivatives and the tangential derivatives of the
fields u; across interfaces I';, it follows immediately that the quantities v; are continuous
across the interfaces T';. Also, as shown in [17], we have that

anjvj%—anmvjﬂ:(ka+l—k]2)nj,xZu]- on I;1<j<N, (A.7)

where 7, denotes the component of the normal 7; along the x; axis. Taking these last
two facts into account, we add the left-hand sides and right hand sides of Egs. (A.4), (A.5),
and (A.6) and we get

N N
Z/r (anjuj—kanmujﬂ)v_jds:Z/r Uj(0n;0j+ 0, 0j11)ds. (A.8)
j=07"1 j=0"1j

Now, given that an]. uj +8n]. a4jr1=0o0nT; for 0 <j<N, and taking into account the conti-
nuity condition in Eq. (A.7), we obtain

N
Y. (B, —K) / 1, 3y |1:]2ds =0. (A.9)
=0 I
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Now, given the assumption (1) and the fact the normals 7; are chosen to point to the
exterior of the domains (); and hence n;,, <0 for all 0 <j <N, it follows in particular that
up=0on I'p. In the light of this fact, we revisit formula (A.4) and we get that

OnyUo0ods =0.
Ty

Given that up=0 on I'y, it follows that its tangential derivative is also equal to zero on I'y.
Denoting by wq:= 0y, 1p in ), the latter fact translates into 1, wo =19, vo on I'g. Since
Do U0 T0 = 10,2, W0 Tg+10,x, |00 |* =10 x, |wo >+ 10,1, |00 |*, we get

[ oss (ol + oo/ ds =0,
0

Hence, 19 =0, dy,up=0 on I'g, which implies that 19 =0 in ()9 by Holmgren’s theorem.
Now the use of continuity conditions across interfaces I'; for 1 <j < N and Holmgren’s
theorem leads to the conclusion of the theorem. O

Appendix B

We devote this appendix to proving the following result.
Theorem B.2. Under the assumption that Fy is C? and that ko is a Wood frequency, the operator

1

A()’h = E I+ (K?‘g,kg,h)—r - ZOSIq‘:)]’kO’h/ ]2 11A0,h : L%er(ro) — l%er(ro)

is invertible with continuous inverse for all but a discrete set of values of the shift h > 0.

Proof. Since for a given y €Iy, the kernels GZOJ ,(-—Yy) have the same singularity on Iy (that
is at x=y) as the kernels G/ (-—y), then both operators (K{’, )" : L%, (To) = L3,,(To)

and Slqloj,ko,h : L%er(l"o) — Lfm(FO) are compact. Thus, the conclusion of the Theorem follows

once we establish the injectivity of the operator Ay . Let ¢ € Ker(.Ag ;) and define
wo:=SL{Y ¢ in RA\I.

The function wy is a radiating a-quasi-periodic solution of the Helmholtz equation in the
domain )y with zero Robin boundary values on I, that is

anowo —ZoZUO =0 on ro.

It follows from Theorem 3.1 that wo =0 in (). It is straightforward to see that the shifted
function GZOJ , has the following frequency domain representation [10]:

i iy ins e A=) g ins(x1-91)
Gy h(xlrxz;yhyz):—ze ' —e +Zcre ’
v 2d rel r rel
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with (x1,%2) € Qo, (y1,y2) € Qo, where U:={reZ:,=0}; clearly U is not empty since ko
is a Wood frequency. Hence, the solution wy admits the following representation

wo(x1,%2) =Y _wg,(x2)e™™,  xp>maxF,
T

where

. ibre (l%ifrh)jbj/ re U,
wO,r(xz) - 4
cby, reld

with )
1 o s
b =54 neoe B2 (y1,2)ds (y1,2)-
Assuming that the shift / is chosen such that 1—ef" £0 for all r € U, it follows immedi-
ately that wy =0 in )y implies that all the coefficients b;" =0 for all r.
The key insight in the proof [15] is to introduce the following x-quasi-periodic Green
function that is defined even at Wood frequencies

Z\X\

B xl x2 Z i x1 Zelarx1l’x2’
' Zdreéu 7 drell

The function B7 is not an outgoing Green function on account of the linear term |x;|. Now
define

o(x):= [ BIc-y)o(y)ds(y), x#To

Then the function v admits the representation

v(x1,x2) Zv )™ X1, xp >maxF,
where 5
eifra 4
of (xp) =4 Fr b, réd,
r . .
ixobt —ib), rel
with

b= zl_d/r e " My29(y1,y2)ds(y1,y2), reU.
0

Given that we established the fact that b;” =0 for all r, we obtain v(xy,x2) =Y, (—ib})
x e~ for x, >maxF. Certainly, v(x) is a solution of the Helmholtz equation for x ¢ Ty,
and v(x) is independent of x; for x, >maxFy. But v(x) is real analytic for x ¢ Iy, so it
follows from analytic continuation that v(x) is actually independent of x, everywhere in
9. Thus, we have

U(Xl,XZ):Z(—ib;)eimrxl for XZzFo(xl).
reld
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We study next the behavior of the function v(x1,x2) for x, < minFy. We get immediately
that v also admits the representation

v(xl,xz):Zv;(m)ei“rxl, Xp < minFy,
r

where eibriay reu
U; (-xZ) — ﬁr r 7
—ixpb, +ib,, rel
with .
b = é e PV o (y1,yy)ds (y1,y2), TEZ.
Iy

Comparing the definitions of the coefficients b;” and b, we see that they differ in general
for r ¢ U. However, and most importantly, we have that b, =b;" for r € U since B, =0 for
re U. In conclusion, we have

e~ iPrxg 4
£ —b r¢u
_ _ ﬁr ros 7
0, (X2)=
r (%) {ib;, rell.

The very last fact we established implies that v is actually a radiating a-quasi-periodic
solution of the Helmholtz equation in the domain Q : {(x1,x2) : xp < Fy(x1)}. In the last
step of the proof we define

ﬁ(xl,xz)::v(xl,xz)—Z(—ib;)e_i"‘fxl for (x1,x) €ER?,
reld

which is a a-quasi-periodic solution of the Helmholtz equation that satisfies the radiation
condition as xp — oo as well as x, — —oo, while vanishing in (). Clearly, 7 is a radiating «-
quasi-periodic solution of the Helmholtz equation in the domain (), that vanishes on T'y.
Consequently, =0 in () [17]. Using the jump conditions of the normal derivative of the
normal derivative of the single-layer potentials, we get that ¢ =0 on I'g which concludes
the proof of the theorem. O
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