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Abstract. In [17] and [19, 20], the global existence and large time behaviors of smooth
compressible fluids (including inviscid gases of Euler equations, viscous gases of
Navier-Stokes equations, and rarified gases of Boltzmann equation, respectively) have
been established in an infinitely expanding ball with a constant expansion speed. This
paper concerns with the viscous fluids in a slowly expanding ball. By involved analy-
sis on the density function and the weighted energy estimates, we show that the fluid
in the slowly expanding ball smoothly tends to a vacuum state and there is no appear-
ance of vacuum in any part of the expansive ball. Our present result is a meaningful
supplement to the one in [19].
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1 Introduction

In this paper, as in [17] and [19, 20], we continue to study the global existence and sta-
bility of a smooth compressible viscous flow in a 3-D slowly expanded ball. The slowly

expanded ball at time t is described by St ={x : |x|=
√

x2
1+x2

2+x2
3≤R(t)}, where R(t)∈

C4[0,∞) satisfies R(0)=1, R′(0)=0, R′′(0)=0, moreover, R(t)=(1+ht)α holds for t≥1,
here α∈ (0,1) and h> 0 are fixed constants. As in [19], we suppose that the movement

of gases in Ω={(t,x) : t≥0, |x|=
√

x2
1+x2

2+x2
3≤R(t)} is described by 3-D compressible

barotropic Navier-Stokes equations:

ρt+div(ρu)=0, (1.1a)
ρut+ρu·∇u+∇P(ρ)=µ∆u+(µ+λ)∇divu, (1.1b)
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Figure 1: A viscous flow in a 3-D slowly expanded ball.

where ρ≥0 is the density, u=(u1,u2,u3) is the velocity, µ>0 and λ are the first and second
viscosity coefficient respectively, µ+ 2

3 λ>0 holds, and the state equation is P(ρ)=ργ with
γ>1.

By the physical property for the viscous flow, as in [19], one can naturally pose the
following initial-boundary conditions for Eqs. (1.1a)-(1.1b)

ρ(0,x)=ρ0(x), u(0,x)=u0(x), for x∈S0,

u(t,x)=
R′(t)x
R(t)

, for (t,x)∈∂Ω,
(1.2)

where ρ0(x)∈H3(S0), u0(x)∈H3
0(S0), ρ0(x)>0 for x∈S0, and ∂Ω={(t,x):t≥0, |x|=R(t)}.

For Eqs. (1.1a)-(1.1b) together with (1.2), completely similar to the proof of Theorem 2.1
in [19], we can obtain a local existence result as follows:

Theorem 1.1. If ρ0(x)∈H3(S0), ∇ρ0(x)∈H1
0(S0), u0(x)∈H3

0(S0), and R(t)= (1+ht)α for
t≥1, then there exist a constant h0 >0 and a small constant ε0 >0 depending only on h0 and α
such that when

sup
0≤t≤1,1≤k≤4

|R(k)(t)|+‖ρ0(x)−1‖H3(S0)+‖u0(x)‖H3(S0)< ε0 and 0<h<h0,

there exists some constant T∗ > 1 such that Eqs. (1.1a)-(1.1b) with (1.2) have a unique local
solution (ρ,u) which satisfies{

ρ∈C([0,T∗], H3(St))∩C1([0,T∗],H2(St)),
u∈C([0,T∗], H1

0(St)∩H3(St))∩C1([0,T∗],H1
0(St))∩L2([0,T∗],H4(St)).

Moreover, ρ(t,x)≥C>0 holds for (t,x)∈ [0,T∗]×St, and

‖ρ−1‖C([0,T∗],H3(St))+‖ρt‖C([0,T∗],H3(St))+‖u‖C([0,T∗],H1
0 (St)∩H3(St))

+‖ut‖C([0,T∗],H1
0 (St))

≤Cε.
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Remark 1.1. It follows from the assumptions R′′(0) = 0, ∇ρ0(x) ∈ H1
0(S0) and u0(x) ∈

H3
0(S0) in Theorem 1.1 that the compatibility of the initial velocity u0(x) on the boundary

∂S0 ={x : |x|=1} holds and meanwhile ut(0,x)∈H1
0(S0) is derived from Eq. (1.1b). This

fact will play a basic role in proving the local existence result in Theorem 1.1 (one can see
the details in [19]).

Based on Theorem 1.1 and the continuity argument, we will establish the following
global existence result:

Theorem 1.2. Under the assumptions of Theorem 1.1, when the adiabatic exponent γ satisfies
1<γ< 2

3+
1
α , then Eqs. (1.1a)-(1.1b) with (1.2) admit a global solution (ρ,u) in Ω which fulfills

ρ(t,x)∈C([0,∞),H3(St))∩C1([0,∞),H2(St)), (1.3a)

u(t,x)∈C([0,∞),H3(St))∩C1([0,∞),H1(St)), (1.3b)
1

2R3(t)
≤ρ(t,x)≤ 3

2R3(t)
for t≥1. (1.3c)

Remark 1.2. The assumption of γ < 2
3 +

1
α in Theorem 1.2 is applied to guarantee the

uniform integrability of the integral
∫ t

τ̃0
τ̃

3α(γ−1)−4
1+α dτ̃ in (3.67) of Section 3, which is required

to derive the global a priori energy estimate for the solution of (1.1a)-(1.1b) with (1.2). In
addition, we specially point out that, for the air (γ≈1.4) and the polytropic gases (γ≈ 5

3 ),
the assumption of γ< 2

3 +
1
α with 0<α<1 in Theorem 1.2 is obviously fulfilled.

Remark 1.3. By Theorem 1.1 and Theorem 1.2, one can conclude that the solution of
(1.1a)-(1.1b) with (1.2) does not contain vacuum state in any finite time.

So far there have been extensive studies on the global existence and behaviors of so-
lutions to the compressible Navier-Stokes equations. For one-dimensional case, see [8,15,
18] and the references therein. For multi-dimensional case with constant viscosity coeffi-
cients, the local existence of classical solution has been established in [14] in the absence
of vacuum, and the local existence of strong solutions is also shown in [1, 2], when the
initial density may vanish in some open sets. The global existence of classical solution
was first obtained in [12, 13] for the initial data close to a non-vacuum state and then
these results were generalized in other weighted energy spaces (one can see [3,16] and so
on). In addition, the author in [6] studied the global existence with discontinuous initial
data. Recently, for the case when the initial density may vanish in some region, under
the smallness assumption on the total energy, the authors in [7] established the global
existence and uniqueness of classical solutions. For large initial data with the finite to-
tal energy and different assumptions on the adiabatic constant γ, the global existence of
weak solutions was firstly established by P.L. Lions in [11] and subsequently was im-
proved in [4,9]. For the Eqs. (1.1a)-(1.1b) (or including the energy equation) with suitable
initial-boundary values have also been extensively studied, for examples, see [10,13] and
the references therein. On the other hand, the authors in [5] obtained the global existence
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of weak solution to the compressible barotropic Navier-Stokes system in a time depen-
dent domain with slip boundary condition. Finally, we point out that the authors in [17]
and [19, 20] have established the similar conclusions as in Theorem 1.1-Theorem 1.2 for
R(t)=1+ht by taking the delicate weighted energy analysis through the related special
solutions. However, in the case of 0<α<1 for R(t)=(1+ht)α, it seems that the special so-
lution of (1.1a)-(1.1b) with (1.2) is difficult to be found, moreover, the resulting linearized
system is slightly different from that for α = 1. This leads to somewhat different proof
of Theorem 1.2 from the main result in [19]. Here we emphasize that although the proof
of Theorem 1.2 is strongly motivated by [19], we still give out all the details for reader’s
convenience.

The paper is arranged as follows. In Section 2, we reformulate problem (1.1a)-(1.1b)
with (1.2) and cite an analogous local existence result in [19]. Moreover, some uniform
weighted inequalities are derived by involved analysis. Based on the analysis in Section
2, the uniform energy estimate will be given in Section 3 and then the proof of Theorem
1.2 is completed in Section 4.

The following notations will be used throughout this paper:

‖ f ‖2=
(∫

S0

| f |2dy
) 1

2
,∫ t

0
‖V(τ)‖dτ=

∫ t

0
‖V(τ,·)‖dτ, and Dg represents ∂kg,

for any k=1,2,3.

2 Reformulation of (1.1a)-(1.1b) with (1.2) and some uniform
weighted energy inequalities

At first, as in [19], we take a transformation of the variables (t,x) as follows τ= t,
y=

x
R(t)

. (2.1)

In this case, Ω is changed into the domain [0,∞)×S0, and (1.1a)-(1.1b) have such new
forms in the coordinates (τ,y)∈ [0,∞)×S0

ρτ−
R′

R
y·∇ρ+

1
R

div(ρu)=0,

(ρu)τ−
R′

R
y·∇(ρu)+

1
R

div(ρu⊗u)+
1
R
∇P(ρ)=

1
R2 (µ∆u+(µ+λ)∇divu),

(2.2)
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where and below all the derivatives ∇ and div are about the variable y. Let φ=R3ρ and
v=u−R′(t)y. Then (2.2) is changed as

φτ+
1
R

div(φv)=0, (2.3a)

φvτ+φR′′y+φv· 1
R
∇v+

1
R

φR′v+R2∇P(ρ)=R(µ∆u+(µ+λ)∇divu). (2.3b)

Meanwhile, the initial-boundary condition (1.2) becomes{
φ(0,y)=ρ0(y), v(0,y)=u0(y), y∈S0,
v(τ,y)=0 on [0,∞)×∂S0.

(2.4)

By completely analogous proof of Theorem 2.1 in [19], one can obtain Theorem 1.1 (here
we omit the details). Next, we start to establish some global a priori energy estimates on
the solutions of (2.3a)-(2.3b) with (2.4). Let s= 3

2 (γ−1) and w=φ−1. Then (2.3a)-(2.3b)
can be written as

wτ+
1
R

divv= f̃ ,

vτ+
R′

R
v+

γ

R2s+1∇w−RLv= g̃,

where

f̃ =− 1
R

div(wv),

Lv=µ∆v+(µ+λ)∇divv,

g̃=− 1
R

v·∇v−R′′(t)y− 1
R2s+1∇P1(w)− w

1+w
RLv,

and

P1(w)=w2
∫ 1

0
γ(γ−2)(1+θw)γ−3dθ.

On the other hand, setting

τ̃=(1+ht)1+α, m=
2α

1+α
and s′=

3α(γ−1)
2(1+α)

,

we then have that for τ̃≥ τ̃0≡ (1+h)1+α,

(1+α)h∂τ̃w+ τ̃−mdivv= f , (2.5a)

(1+α)h∂τ̃v+
αh
τ̃

v−Lv+
γ

τ̃2s′+m∇w= g, (2.5b)

w(τ̃,y)|τ̃=τ̃0 =w0(y)≡φ(τ̃0,y)−1, v(τ̃,y)|τ̃=τ̃0 =v0(y)≡v(τ̃0,y), (2.5c)
v=0 on [τ̃0,+∞)×∂S0, (2.5d)
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where

f =− 1
τ̃m div(vw),

Lv=µ∆v+(µ+λ)∇divv,

g=− 1
τ̃m v·∇v− 1

τ̃m+2s′∇P1(w)+α(1−α)h2τ̃−
2

1+α y− w
1+w

Lv.

We now derive a series of basic energy estimates on (w,v). Set

f0=−
w
τ̃m divv and

dϕ

dτ̃
=(1+α)hϕτ̃+

1
τ̃m v·∇ϕ.

Then we have

Lemma 2.1 (Weight L2-estimate of (w,v)). For small h>0 and t≥ τ̃0, one has

h(‖w‖2
2+‖τ̃s′v‖2

2)+
∫ t

τ̃0

(
‖τ̃s′∇v‖2

2+‖τ̃s′+m dw
dτ
‖2

2

)
dτ̃

≤C
(

h‖(w0,v0)‖2
2+
∫ t

τ̃0

(|( f ,w)|+|(τ̃2s′g,v)|+‖τ̃s′+m f0‖2
2)dτ̃

)
. (2.6)

Proof. By
∫

S0
(2.5a)×γwdy and

∫
S0

τ̃2s′(2.5b)·vdy, we have

1
2
(1+α)γh∂τ̃‖w‖2

2+
γ

τ̃m (divv,w)=(γ f ,w) (2.7)

and
((1+α)hτ̃2s′∂τ̃v,v)+αhτ̃2s′−1(v,v)− τ̃2s′(Lv,v)+

γ

τ̃m (∇w,v)=(τ̃2s′v,g). (2.8)

Note that

((1+α)hτ̃2s′∂τ̃v,v)+(αhτ̃2s′−1v,v)=
1
2
(1+α)h∂τ̃‖τ̃s′v‖2

2+(α−(1+α)s′)h‖τ̃s′− 1
2 v‖2

2

and

−(τ̃2s′Lv,v)=µ‖τ̃s′∇v‖2
2+(µ+λ)‖τ̃s′divv‖2

2.

Then substituting the above two equalities into (2.8) and subsequently adding (2.8) to
(2.7), we have

1
2
(1+α)

d
dτ̃

(
hγ‖w‖2

2+h‖τ̃s′v‖2
2

)
+µ‖τ̃s′∇v‖2

2+(µ+λ)‖τ̃s′divv‖2
2

=(α−(1+α)s′)h‖τ̃s′− 1
2 v‖2

2+(γ f ,w)+(τ̃2s′g,v). (2.9)
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By Poincare inequality for v, we see that

‖τ̃s′− 1
2 v‖2

2≤C‖τ̃s′∇v‖2
2. (2.10)

Combining (2.10) with (2.9) yields that for small h>0,

d
dτ̃

(
hγ‖w‖2

2+h‖τ̃s′v‖2
2

)
+C‖τ̃s′∇v‖2

2≤ (γ f ,w)+(τ̃2s′g,v). (2.11)

Integrating (2.11) with respect to the variable τ̃ over (τ̃0,t) derives

h(‖w‖2
2+‖τ̃s′v‖2

2)+
∫ t

τ̃0

‖τ̃s′∇v‖2
2dτ̃

≤Ch‖(w0,v0)‖2
2+C

∫ t

τ̃0

(|(γ f ,w)|+|(τ̃2s′g,v)|)dτ̃. (2.12)

In addition, one has that from (2.5a)

dw
dτ̃

=− 1
τ̃m divv+ f0,

which easily implies

‖τ̃s′+m dw
dτ̃
‖2

2≤2‖τ̃s′divv‖2
2+2‖τ̃s′+m f0‖2

2. (2.13)

From (2.12)-(2.13), we can obtain (2.6).

Lemma 2.2 (Weighted L2-estimate of ∇v). For t≥ τ̃0, we have

h‖τ̃s′∇v‖2
2+
∫ t

τ̃0

(‖hwτ̃‖2
2+‖hτ̃s′vτ̃‖2

2)dτ̃

≤η1h2
∫ t

τ̃0

∥∥∥ ∇w
τ̃s′+1+m

∥∥∥2

2
dτ̃+

Ch
η1
‖(w0,v0)‖2

H1+
C
η1

∫ t

τ̃0

A1dτ̃+
∫ t

τ̃0

A2dτ̃, (2.14)

where 0<η1 <1 is a small fixed constant, A1 = |(γ f ,w)|+|(τ̃2s′g,v)|, and A2 = |(γ f ,hwτ̃)|+
|(τ̃2s′g,hvτ̃)|.

Proof. Computing
∫

S0
(2.5a)×γhwτ̃dy and

∫
S0

τ̃s′(2.5b)·hvτ̃dy yields

(1+α)γ‖h∂τ̃w‖2
2+
( γ

τ̃m divv,hwτ̃

)
=(γ f ,hwτ̃) (2.15)

and

(1+α)‖hτ̃s′∂τ̃v‖2
2+αh(τ̃2s′−1v,hvτ̃)−(τ̃2s′Lv,hvτ̃)+

( γ

τ̃m∇w,hvτ̃

)
=(τ̃2s′g,hvτ̃). (2.16)
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Next we treat the terms in the left hand sides of (2.15)-(2.16) separately. For the term
−(τ̃2s′Lv,hvτ̃), we have

−(τ̃2s′Lv,hvτ̃)

=h
µ

2
∂τ̃‖τ̃s′∇v‖2

2+h
µ+λ

2
∂τ̃‖τ̃s′divv‖2

2

−hs′µ‖τ̃s′− 1
2∇v‖2

2−hs′(µ+λ)‖τ̃s′− 1
2 divv‖2

2. (2.17)

For the terms αh(τ̃2s′−1v,hvτ̃) and ( γ
τ̃m divv,hwτ̃), one has

αh(τ̃2s′−1v,hvτ̃)≤
1
2
‖hτ̃s′v‖2

2+
1
2
‖τ̃s′−1hvτ̃‖2

2, (2.18a)( γ

τ̃m divv,hwτ̃

)
≤ γ

4
‖hwτ̃‖2

2+γ‖ 1
τ̃m divv‖2

2. (2.18b)

For the term ( γ
τ̃m∇w,hvτ̃), we have( γ

τ̃m∇w,hvτ̃

)
=−∂τ̃

(
h

γ

τ̃m w,divv
)
+m

γ

τ̃1+m (∇w,hv)+
( γ

τ̃m h∂τ̃w,divv
)

.

This, together with Holder’s inequality, yields for small η1>0,(γ

τ̃
∇w,vτ̃

)
≥− d

dτ̃

( hγ

τ̃m w,divv
)
−η1h2

∥∥∥ ∇w
τ̃s′+1+m

∥∥∥2

2
− C

η1
‖τ̃s′v‖2

2−
γ

4
‖hwτ̃‖2

2−γ
∥∥∥ 1

τ̃m divv
∥∥∥2

2
. (2.19)

Substituting (2.17)-(2.19) into (2.15)-(2.16), we arrive at

γ‖h∂τ̃w‖2
2+‖hτ̃s′∂τ̃v‖2

2+h∂τ̃

(
µ

2
‖τ̃s′∇v‖2

2+
µ+λ

2
‖τ̃s′divv‖2

2−
( γ

τ̃m w,divv
))

≤η1h2
∥∥∥ ∇w

τ̃s′+1+m

∥∥∥2

2
+

C
η1
‖τ̃s′∇v‖2

2+C((γ f ,hwτ̃)+(τ̃2s′g,hvτ̃)). (2.20)

Note that

−
( γ

τ̃m w,divv
)
≤ µ

4
‖ 1

τ̃m divv‖2
2+

γ2

µ
‖w‖2

2.

Together with
∫ t

τ̃0

( C
η1
×(2.11)+(2.20)

)
dτ̃, this yields

h‖τ̃s′∇v‖2
2+
∫ t

τ̃0

(‖hwτ̃‖2
2+‖hτ̃s′vτ̃‖2

2)dτ̃

≤
∫ t

τ̃0

η1h2
∥∥∥ ∇w

τ̃s′+1+m

∥∥∥2

2
dτ̃+

C
η1
‖(w0,v0)‖2

H1

+
∫ t

τ̃0

((γ f ,hwτ̃)+(τ̃2s′g,hvτ̃))dτ̃+
C
η1

∫ t

τ̃0

((γ f ,w)+(τ̃2s′g,v))dτ̃,

which completes the proof of Lemma 2.2.
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Lemma 2.3 (Weighted L2-estimate of (wτ̃,vτ̃)). For t≥ τ̃0, we have

h‖hwτ̃‖2
2+h‖hτ̃s′vτ̃‖2

2+
∫ t

τ̃0

‖hτ̃s′∇vτ̃‖2
2dτ̃

≤C(η2)h‖(w0,v0)‖2
H2+cη2h2

∫ t

τ̃0

‖ ∇w
τ̃s′+1+m ‖

2
2dτ̃+C(η2)

∫ t

τ̃0

(A1+A2+A3)dτ̃, (2.21)

where A3= |(γh fτ̃,hwτ̃)|+|(τ̃2s′hgτ̃,hvτ̃)|.

Proof. Computing
∫

S0
∂τ̃(2.5a)×γh2wτ̃dy, we have

1
2
(1+α)hγ

d
dτ̃
‖hwτ̃‖2

2+
( γ

τ̃m hdivvτ̃,hwτ̃

)
−m

( γ

τ̃1+m hdivv,hwτ̃

)
=(γh fτ̃,hwτ̃). (2.22)

Computing
∫

S0
τ̃2s′h∂τ̃(2.5b)·hvτ̃dy yields

1
2
(1+α)h∂τ̃‖hτ̃s′vτ̃‖2

2+(α−s′(1+α))h‖hτ̃s′− 1
2 vτ̃‖2

2−α(hτ̃2s′−2v,hvτ̃)−(hLvτ̃,τ̃2s′hvτ̃)

+
( γ

τ̃m h∇wτ̃,hvτ̃

)
−(2s′+m)

( γ

τ̃1+m h∇w,hvτ̃

)
=(τ̃2s′hgτ̃,hvτ̃). (2.23)

Noting that for small η2>0,

−(hLvτ̃,τ̃2s′hvτ̃)=µ‖hτ̃s′∇vτ̃‖2
2+(µ+λ)‖hτ̃s′divvτ̃‖2

2, (2.24a)

(2s′+m)
( γ

τ̃1+m h∇w,hvτ̃

)
≤η2h2

∥∥∥ ∇w
τ̃s′+1+m

∥∥∥2

2
+

C
η2
‖hτ̃s′vτ̃‖2

2, (2.24b)

and ( γ

τ̃1+m hdivv,hwτ̃

)
≤‖hwτ̃‖2

2+
γ2

4
‖hτ̃s′divv‖2

2.

Then substituting this and (2.24a)-(2.24b) into (2.23), and subsequently combining with
(2.22), we arrive at

d
dτ̃

(h‖hwτ̃‖2
2+h‖hτ̃s′vτ̃‖2

2)+‖τ̃s′h∇vτ̃‖2
2

≤η2h2
∥∥∥ ∇w

τ̃s′+1+m

∥∥∥2

2
+

C
η2

(‖τ̃s′hvτ̃‖2
2+‖hwτ̃‖2

2)

+C‖τ̃s′h∇v‖2
2+C(|(γh fτ̃,hwτ̃)|+|(hτ̃2s′gτ̃,hvτ̃)|), (2.25)

here we have applied such a fact

|h(hτ̃2s′−2v,hvτ̃)|≤h‖hτ̃s′vτ̃‖2
2+Ch‖τ̃s′h∇v‖2

2.
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Integrating (2.25) over (τ̃0,t) with respect to the variable τ̃, one has

h‖hwτ̃‖2
2+h‖hτ̃s′vτ̃‖2

2+
∫ t

τ̃0

‖hτ̃s′∇vτ̃‖2
2dτ̃

≤Ch‖(w0,v0)‖2
H2+η2h2

∫ t

τ̃0

∥∥∥ ∇w
τ̃s′+1+m

∥∥∥2

2
dτ̃+

C
η2

∫ t

τ̃0

(‖hτ̃s′vτ̃‖2
2+‖hwτ̃‖2

2)dτ̃

+C
∫ t

τ̃0

(‖τ̃s′h∇v‖2
2+(|(γh fτ̃,hwτ̃)|+|(τ̃2s′hgτ̃,hvτ̃)|))dτ̃. (2.26)

Computing C
η2
×(2.14)+C×(2.6)+(2.26), we see that

h‖hwτ̃‖2
2+h‖hτ̃s′vτ̃‖2

2+
∫ t

τ̃0

‖hτ̃s′∇vτ̃‖2
2dτ̃

≤Ch‖(w0,v0)‖2
H2+

Ch
η1η2
‖(w0,v0‖2

H1

+
C

η1η2

∫ t

τ̃0

A1dτ̃+
C
η2

∫ t

τ̃0

A2dτ̃+
( C

η2
η1+η2

)
h2
∫ t

τ̃0

∥∥∥ ∇w
τ̃s′+1+m

∥∥∥2

2
dτ̃

+C
∫ t

τ̃0

(|(γh fτ̃,hwτ̃)|+|(τ̃2s′hgτ̃,hvτ̃)|)dτ̃.

Set η1=η2
2 , we then complete the proof of Lemma 2.3.

Lemma 2.4 (Weighted L2-estimate of ∇vτ̃). For t≥ τ̃0 and 0<η3<1, we have

h‖τ̃s′h∇vτ̃‖2
2+
∫ t

τ̃0

(‖h2wτ̃τ̃‖2
2+‖h2τ̃s′vτ̃τ̃‖2

2)dτ̃

≤Ch‖vτ̃(τ̃0)‖2
H1+C(η3)h‖(w0,v0)‖2

H2+Cη3h2
∫ t

τ̃0

∥∥∥ ∇w
τ̃s′+m+1

∥∥∥2

2
dτ̃

+C(η3)
∫ t

τ̃0

(A1+A2+A3+A4)dτ̃, (2.27)

where A4= |(γh fτ̃,h2wτ̃τ̃)|+|(τ̃ss′hgτ̃,h2vτ̃τ̃)|.

Proof. Computing
∫

S0
∂τ̃(2.5a)×γh3wτ̃τ̃dy and

∫
S0

τ̃2s′h∂τ̃(2.5b)·h2vτ̃τ̃dy yields respectively,

(1+α)γ‖h2wτ̃τ̃‖2
2+
( hγ

τ̃m divvτ̃,h2wτ̃τ̃

)
−m

( hγ

τ̃1+m divv,h2wτ̃τ̃

)
=(γh fτ̃,h2wτ̃τ̃) (2.28)

and

(1+α)‖h2τ̃s′vτ̃τ̃‖2
2+hτ̃2s′−1(hvτ̃,h2vτ̃τ̃)−hτ̃2s′−2(hv,h2vτ̃τ̃)−(τ̃2s′hLvτ̃,h2vτ̃τ̃)

+
( hγ

τ̃m∇wτ̃,h2vτ̃τ̃

)
−(2s′+m)

( hγ

τ̃1+m∇w,h2vτ̃τ̃

)
=(τ̃2s′hgτ̃,h2vτ̃τ̃). (2.29)
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We now treat the terms in (2.29) separately. For the term −(τ̃2s′hLvτ̃,h2vτ̃τ̃),

−(τ̃2s′hLvτ̃,h2vτ̃τ̃)

=h∂τ̃

(
µ

2
‖τ̃s′h∇vτ̃‖2

2+
µ+λ

2
‖hτ̃s′divvτ̃‖2

2

)
−s′hµ‖τ̃s′− 1

2 h∇vτ̃‖2
2−s′h(µ+λ)‖τ̃s′− 1

2 hdivvτ̃‖2
2. (2.30)

For the term ( hγ
τ̃m∇wτ̃,h2vτ̃τ̃), one has( hγ

τ̃m∇wτ̃,h2vτ̃τ̃

)
=− d

dτ̃

(hγ

τ̃
wτ̃,h2divvτ̃

)
−m

γ

τ̃1+m (hwτ̃,h2divvτ̃)+
γ

τ̃m (h2wτ̃τ̃,hdivvτ̃)

≥− d
dτ̃

( hγ

τ̃m wτ̃,h2divvτ̃

)
−Ch

(
‖hwτ̃‖2

2+
∥∥∥ h

τ̃1+m divvτ̃

∥∥∥2

2

)
− γ

2
‖h2wτ̃τ̃‖2

2

− γ

2

∥∥∥ h
τ̃m divvτ̃

∥∥∥2

2
. (2.31)

For the term −( hγ
τ̃1+m∇w,h2vτ̃τ̃), we can obtain that for η3>0,

−
( hγ

τ̃1+m∇w,h2vτ̃τ̃

)
=− d

dτ̃

( hγ

τ̃1+m∇w,h2vτ̃

)
−(1+m)

( 2γh
τ̃2+m∇w,h2vτ̃

)
+
( hγ

τ̃1+m∇wτ̃,h2vτ̃

)
≥− d

dτ̃

( hγ

τ̃1+m∇w,h2vτ̃

)
−η3h2

∥∥∥ ∇w
τ̃s′+m+2

∥∥∥2

2
− C

η3
‖τ̃s′h2∇vτ̃‖2

2−‖hwτ̃‖2
2. (2.32)

Substituting (2.30)-(2.32) into (2.29) and then combining with (2.28) yield

γ‖h2wτ̃τ̃‖2
2+‖h2τ̃s′vτ̃τ̃‖2

2+h∂τ̃

(
µ

2
‖τ̃s′h∇vτ̃‖2

2+
µ+λ

2
‖hτ̃s′divvτ̃‖2

2

−
( hγ

τ̃m wτ̃,hdivvτ̃

)
−(2s′+m)

( hγ

τ̃1+m∇w,hvτ̃

))
≤η3h2

∥∥∥ ∇w
τ̃s′+m+2

∥∥∥2

2
+

C
η3
‖hτ̃s′∇vτ̃‖2

2+C‖hτ̃s′∇v‖2
2+C‖hwτ̃‖2

2+C(γh fτ̃,h2wτ̃τ̃)

+C(τ̃ss′hgτ̃,h2vτ̃τ̃). (2.33)

In addition,

µ

2
‖τ̃s′h∇vτ̃‖2

2+
µ+λ

2
‖hτ̃s′divvτ̃‖2

2−
( hγ

τ̃m wτ̃,hdivvτ̃

)
−(2s′+m)

( hγ

τ̃1+m∇w,hvτ̃

)
≥µ

4
‖τ̃s′h∇vτ̃‖2

2−
(2γ2

µ
‖hwτ̃‖2

2+
2(2s′+1)2γ2

µ
‖hw‖2

2

)
. (2.34)
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Thus, it follows from
∫ t

τ̃0
(2.33)dτ̃+ 2γ2

µ ×(2.21)+ 2(2s′+1)2γ2

µ ×(2.12) together with (2.34) that

h‖τ̃s′h∇vτ̃‖2
2+
∫ t

τ̃0

(‖h2wτ̃τ̃‖2
2+‖h2τ̃s′vτ̃τ̃‖2

2)dτ̃

≤Ch‖vτ̃(τ̃0)‖2
H1+C(η2)h‖(w0,v0)‖2

H2+Cη2h2
∫ t

τ̃0

∥∥∥ ∇w
τ̃s′+m+1

∥∥∥2

2
dτ̃

+C(η2)
∫ t

τ̃0

(A1+A2+A3)dτ̃+η3h2
∫ t

τ̃0

∥∥∥ ∇w
τ̃s′+m+2

∥∥∥2

2
dτ̃+

C
η3

∫ t

τ̃0

‖hτ̃s′∇vτ̃‖2
2dτ̃

+C
∫ t

τ̃0

(‖hτ̃s′∇v‖2
2+‖hwτ̃‖2

2+(γh fτ̃,h2wτ̃τ̃)+(τ̃ss′hgτ̃,h2vτ̃τ̃))dτ̃. (2.35)

Utilizing the estimates of
∫ t

τ̃0
‖hτ̃s′∇vτ̃‖2

2dτ̃,
∫ t

τ̃0
(‖hτ̃s′∇v‖2

2+‖hwτ̃‖2
2)dτ̃ in Lemmas 2.1-

2.3, and setting η2=η2
3 , we then complete the proof of (2.27) from (2.35).

To derive the higher order energy estimates of (w,v), as in [19], we will treat the
interior energy estimates and the boundary energy estimates of (w,v) separately.

Lemma 2.5 (Weighted interior energy estimates of (w,v)). For δ∈ (0,1), define Bδ = {y :
|y|<δ}. Choosing the function χ0(y)∈C∞

0 (Bδ), then we have that for t≥ τ̃0, and k=1,2,3,

h‖χ0Dkw‖2
2+h‖τ̃s′χ0Dkv‖2

2+
∫ t

τ̃0

(
‖τ̃s′χ0∇Dkv‖2

2+
∥∥∥χ0Dkw

τ̃s′+m

∥∥∥2

2

)
dτ

≤C
∫ t

τ̃0

(
‖τ̃s′Dk−1v‖2

H1+|(χ2
0Dk f ,Dkw)|+‖τ̃s′Dk−1g‖2

2+‖hτ̃s′Dk−1vτ‖2
2

)
dτ

+C‖(w0,v0)‖2
Hk . (2.36)

Proof. Computing
∫

S0
χ2

0(y)γDk(2.5a)×Dkwdy and
∫

S0
χ2

0τ̃2s′Dk(2.5b)·Dkvdy yield respec-
tively

1
2
(1+α)hγ

d
dτ̃
‖χ0Dkw‖2

2+
γ

τ̃m (χ2
0divDkv,Dkw)=(γχ2

0Dk f ,Dkw) (2.37)

and

1
2
(1+α)h

d
dτ̃
‖τ̃s′χ0Dkv‖2

2+(α−s′(1+α))h‖τ̃s′− 1
2 χ0Dkv‖2

2−(χ2
0τ̃2s′LDkv,Dkv)

+
( γ

τ̃m χ2
0∇Dkw,Dkv

)
=(χ2

0τ̃2s′Dkg,Dkv). (2.38)

Note that

−(χ2
0τ̃2s′LDkv,Dkv)

=µ(τ̃2s′∇Dkv,∇(χ2
0Dkv))+(µ+λ)(τ̃2s′div(Dkv),div(χ2

0Dkv))

≥µ

2
‖χ0τ̃s′∇Dkv‖2

2−C‖τ̃s′Dkv‖2
2, (2.39)
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and for small η4>0,

γ

τ̃m (χ2
0divDkv,Dkw)+

( γ

τ̃m χ2
0∇Dkw,Dkv

)
=− γ

τ̃m (Dkw,∇χ2
0 ·Dkv)

≤η4

∥∥∥χ0Dkw
τ̃s′+m

∥∥∥2

2
+

C
η4
‖τ̃s′Dkv‖2

2. (2.40)

Adding (2.37) to (2.38) and then applying (2.39)-(2.40), we arrive at

1+α

2
d

dτ
(hγ‖χ0Dkw‖2

2+h‖τ̃s′χ0Dkv‖2
2)+

µ

2
‖τ̃s′χ0∇Dkv‖2

2

≤η4

∥∥∥χ0Dkw
τ̃s+m

∥∥∥2

2
+

C
η4
‖τ̃s′Dkv‖2

2+(γχ2
0Dk f ,Dkw)+(χ2

0τ̃2s′Dkg,Dkv). (2.41)

Since

(χ2
0τ̃2s′Dkg,Dkv)=−τ̃2s′(Dk−1g,D(χ2

0Dkv))

=− τ̃2s′(Dk−1g,D(χ2
0)Dkv)− τ̃2s′(Dk−1g,χ2

0Dk+1v),

we have

|(χ2
0τ̃2s′Dkg,Dkv)|≤ µ

4
‖τ̃s′χ0Dk+1v‖2

2+C‖τ̃s′Dk−1g‖2
2. (2.42)

Then substituting (2.42) into (2.41) yields

1+α

2
d

dτ̃
(hγ‖χ0Dkw‖2

2+h‖τ̃s′χ0Dkv‖2
2)+

µ

4
‖τ̃s′χ0∇Dkv‖2

2

≤η4

∥∥∥χ0Dkw
τ̃s+m

∥∥∥2

2
+

C
η4
‖τ̃s′Dkv‖2

2+(γχ2
0Dk f ,Dkw)+C‖τ̃s′Dk−1g‖2

2. (2.43)

In addition, it follows from 1
τ̃m×{(2µ+λ)τ̃m×∇(3.1)+(3.2)} and direct computation that

(1+α)(2µ+λ)h∂τ̃(∇w)+
γ∇w

τ̃2s′+2m

=− µ

τ̃m (∇divu−∆u)+(2µ+λ)∇ f

− 1
τ̃m

(
(1+α)h∂τ̃v+

αh
τ̃

v
)
+

1
τ̃m g. (2.44)
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And computing
∫

S0
χ2

0Dk(2.44)·∇Dkw yields

1+α

2
(2µ+λ)h

d
dτ̃
‖χ0∇Dkw‖2

2+γ
∥∥∥χ0∇Dkw

τ̃s′+m

∥∥∥2

2

≤ µ

τ̃m |(χ
2
0Dk(∇divv−∆v),∇Dkw)|

+C
∣∣∣((2µ+λ)χ0∇Dk f− χ0

τ̃m

(
hDkvτ+

hDkv
τ̃
−Dkg

)
,χ0∇Dkw

)∣∣∣
≤γ

2

∥∥∥χ0∇Dkw
τ̃s′+m

∥∥∥2

2
+C(|χ2

0Dk+1 f ,Dk+1w|+‖hτ̃s′Dkvτ‖2
2+‖τ̃s′Dkv‖2

H1

+‖τ̃s′Dkg‖2
2), (2.45)

here we have used the following fact

(χ2
0Dk∆v,∇Dkw)=−∑

i,j
(∂jDkvi,∂j(χ

2
0∂iDkw))

=−∑
i,j
(∂jDkvi,∂j(χ

2
0)∂iDkw)+∑

i,j
(∂i(χ

2
0)∂jDkvi,∂jDkw))+∑

i,j
(χ2

0∂i∂jDkvi,∂jDkw))

=−∑
i,j
(∂jDkvi,∂j(χ

2
0)∂iDkw)+∑

i,j
(∂i(χ

2
0)∂jDkvi,∂jDkw))+(χ2

0∇divDkv,∇Dkw))

to derive

1
τ̃m |(χ

2
0Dk(∇divv−∆v),∇Dkw)|≤ γ

8

∥∥∥χ0∇Dkw
τ̃s′+m

∥∥∥2

2
+C‖τ̃s′Dkv‖2

H1 .

From (2.45), we have that for k=1,2,3,

h
d

dτ
‖χ0Dkw‖2

2+
∥∥∥χ0Dkw

τ̃s′+m

∥∥∥2

2

≤C
(
|(χ2

0Dk f ,Dkw)|+‖hτ̃s′Dk−1vτ‖2
2+‖τ̃s′Dk−1v‖2

H1+‖τ̃s′Dk−1g‖2
2
)
. (2.46)

Adding (2.43) to (2.46) and choosing η4=
1
2 yield

h
d

dτ
(γ‖χ0Dkw‖2

2+‖τ̃s′χ0Dkv‖2
2)+‖τ̃s′χ0∇Dkv‖2

2+‖
χ0Dkw
τ̃s′+m ‖

2
2

≤C
(
‖τ̃s′Dk−1v‖2

H1+|(χ2
0Dk f ,Dkw)|+‖τ̃s′Dk−1g‖2

2+‖hτ̃sDk−1vτ‖2
2
)
. (2.47)

Integrating (2.47) with respect to the variable τ over (τ̃0,t) derives (2.36).

Next we treat the weighted energy estimates of (w,v) near the boundary [0,T]×∂S0.
To this end, it is convenient to use the following spherical coordinate transformation

y1= rcosθ,
y2= rsinθcosϕ,
y3= rsinθsinϕ,
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and decompose v=(v1,v2,v3) as
vr =cosθv1+sinθcosϕv2+sinθsinϕv3,
vθ =−sinθv1+cosθcosϕv2+cosθsinϕv3,
vϕ =−sinϕv2+cosϕv3,

where ϕ∈ [0,2π] and θ∈ [0,π]. Set V=(vr,vθ ,vϕ)T and VΓ =(vθ ,vϕ)T, and denote

divV=∂rvr+
1
r

∂θvθ+
1

rsinθ
∂ϕvϕ,

∆=∂2
r +

1
r2 ∂2

θ+
1

r2sin2θ
∂2

ϕ,

∇′=
(1

r
∂θ ,

1
rsinθ

∂ϕ

)T
, gΓ =(gθ ,gϕ)

T,

∇div as the form of ∇div in the spherical coordinates.

In addition, we denote L(V,k) and L(∂k
ΓV) by the linear combinations of Dl

xV (l≤ k) and
∂l

ΓV (l≤k) with the smooth function coefficients respectively, where ∂Γ (=∂ϕ or ∂θ) is the
vector field tangent to ∂S0. Then it follows from direct computation that the Eqs. (2.5a)-
(2.5b) have such forms:

(1+α)hwτ̃+
1

τ̃m divV= f +
1

τ̃m L(V,0), (2.48a)

(1+α)h∂τ̃vr+
αh
τ̃

vr−µ∆vr−(µ+λ)∂rdivV+
γ

τ̃2s′+m ∂rw= gr+L(V,1), (2.48b)

(1+α)h∂τ̃VΓ+
αh
τ̃

VΓ−µ∆VΓ−(µ+λ)∇′divV+
γ

τ̃2s′+m∇
′
w= gΓ+L(V,1). (2.48c)

Set O= {y : 3
4 < r≤1, ϕ∈ [0,2π], θ∈ [π/4,3π/4]}. We choose a function χ1(y)∈C∞

0 such
that suppχ1(y)⊂O and χ1(y)=1 on ∂S0. Here we point out that the other left domain in
{y : 3

4 < r≤ 1, ϕ∈ [0,2π],θ∈ [0,π]} can be successively changed into O by the coordinate
rotations. Thus, it does not lose the generality, we only consider the partial boundary
domain O instead of the whole boundary domain for (2.48a)-(2.48c) (one can also see
some details in (4.39)-(4.42) of [13]).

Let ∂k
Γ =∂k1

θ ∂k2
ϕ with k1+k2= k. Then one can easily verify that

[∂k
Γ,div]V=L(∂k

ΓV,0), [∂k
Γ,∆]V=L(∂k+1

Γ V,0),
[∂k

Γ,∂rdiv]V=L(∂k
ΓV,1), [∂k

Γ,∇′div]V=L(∂k+1
Γ V,0),

[∂k
Γ,∇′]w=L(∂k

Γw,0).
(2.49)

Based on the preparations above, we now establish the tangent energy estimates of (w,v).
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Lemma 2.6 (Weighted tangent energy estimates of (w,v)). For t≥τ̃0, 0<η<1, and k=1,2,3,
we have

h‖χ1∂k
Γw‖2

2+h‖τ̃s′χ1∂k
ΓV‖2

2+
∫ t

τ̃0

‖τ̃s′χ1∇(∂k
ΓV)‖2

2dτ̃

≤C(η)
∫ t

τ̃0

(‖τ̃s′L(∂k
ΓV,0)‖2

2+|(∂k
Γ f ,χ2

1∂k
Γw)|+‖τ̃s′∂k−1

Γ g‖2
2)dτ̃

+Cη
∫ t

τ̃0

∥∥∥ ∂k
Γw

τ̃s′+m

∥∥∥2

2
dτ̃+C‖(w0,v0)‖2

Hk . (2.50)

Proof. Acting ∂k
Γ on two hand sides of (2.48a)-(2.48c) and applying (2.49), we have

(1+α)h(∂k
Γw)τ̃+

1
τ̃m div∂k

ΓV=∂k
Γ f +

1
τ̃m L(∂k

ΓV,0), (2.51a)

(1+α)h∂τ̃(∂
k
Γvr)+

αh
τ̃

∂k
Γvr−µ∆(∂k

Γvr)−(µ+λ)∂rdiv(∂k
ΓV)+

γ

τ̃2s′+m ∂r(∂
k
Γw)

=∂k
Γgr+L(∂k

ΓV,1), (2.51b)

(1+α)h∂τ̃(∂
k
ΓVΓ)+

αh
τ̃

∂k
ΓVΓ−µ∆(∂k

ΓVΓ)−(µ+λ)∇′div(∂k
ΓV)+

γ

τ̃2s′+m∇
′
(∂k

Γw)

=∂k
ΓgΓ+L(∂k

ΓV,1). (2.51c)

It follows from
∫

S0
γχ2

1(2.51a)×∂k
Γwdy that

1+α

2
h

d
dτ̃

(γ‖χ1∂k
Γw‖2

2)+
( γ

τ̃m div∂k
Γv,χ2

1∂k
Γw
)

=(γ∂k
Γ f ,χ2

1∂k
Γw)+

( 1
τ̃m χ2

1L(∂k
ΓV,0),∂k

Γw
)

. (2.52)

In addition, computing
∫

S0
τ̃2sχ2

1(2.51b)×∂k
Γvrdy yields

1+α

2
h

d
dτ̃

(‖τ̃s′χ1∂k
Γvr‖2

2)+(α−(1+α)s′)h‖χ1τ̃s′− 1
2 ∂k

Γvr‖2
2

−(χ2
1τ̃2s′(µ∆(∂k

Γvr)+(µ+λ)∂rdiv(∂k
ΓV)),∂k

Γvr)+
(

χ2
1

γ

τ̃m ∂r(∂
k
Γw),∂k

Γvr

)
=(τ̃2s′χ2

1(∂
k
Γgr+L(∂k

ΓV,1)),∂k
Γvr), (2.53)

and computing
∫

S0
τ̃2s′χ2

1(2.51c)·∂k
ΓVΓdy yields

1+α

2
h

d
dτ̃

(‖τ̃s′χ1∂k
ΓVΓ‖2

2)+(α−(1+α)s′)h‖χ1τ̃s′− 1
2 ∂k

ΓVΓ‖2
2

−(χ2
1τ̃2s′(µ∆(∂k

ΓVΓ)+(µ+λ)∇′div(∂k
ΓV)),∂k

ΓVΓ)+
(

χ2
1

γ

τ̃m∇
′
(∂k

Γw),∂k
ΓVΓ

)
=(τ̃2s′χ2

1(∂
k
ΓgΓ+L(∂k

ΓV,1)),∂k
ΓVΓ). (2.54)
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Notice that

−(χ2
1τ̃2s′(µ∆(∂k

Γvr)+(µ+λ)∂rdiv(∂k
ΓV)),∂k

Γvr)

=µ‖τ̃s′χ1∇(∂k
Γvr)‖2

2+µ(τ̃2s′∇(∂k
Γvr),∇(χ2

1)∂
k
Γvr)

+(µ+λ)(τ̃2s′div(∂k
ΓV),∂r(χ

2
1∂k

Γvr)) (2.55)

and

−(χ2
1τ̃2s′(µ∆(∂k

ΓVΓ)+(µ+λ)∇′div(∂k
ΓV)),∂k

ΓVΓ)

=µ‖τ̃s′χ1∇(∂k
ΓVΓ)‖2

2+µ(τ̃2s′∇(∂k
Γvr),∇(χ2

1)∂
k
ΓVΓ)

+(µ+λ)(τ̃2s′div(∂k
ΓV),∇′(χ2

1∂k
ΓVΓ)). (2.56)

Adding (2.55) and (2.56) yields

−(χ2
1τ̃2s′(µ∆(∂k

Γvr)+(µ+λ)∂rdiv(∂k
ΓV)),∂k

Γvr)

−(χ2
1τ̃2s′(µ∆(∂k

Γvr)+(µ+λ)∂rdiv(∂k
ΓV)),∂k

Γvr)

≥µ

2
‖τ̃s′χ1∇(∂k

ΓV)‖2
2−C‖τ̃s′∂k

ΓV‖2
2. (2.57)

Additionally, for small η>0, one has( γ

τ̃m div∂k
Γv,χ2

1∂k
Γw
)
+
(

χ2
1

γ

τ̃m ∂r(∂
k
Γw),∂k

Γvr

)
+
(

χ2
1

γ

τ̃m∇
′
(∂k

Γw),∂k
ΓVΓ

)
=− γ

τ̃m (∂k
Γw,∇(χ2

1)·∂k
ΓV)

≤η‖ ∂k
Γw

τ̃s′+m ‖
2
2+C(η)‖τ̃s′∂k

ΓV‖2
2 (2.58)

and ( 1
τ̃m χ2

1L(∂k
ΓV,0),∂k

Γw
)
+ τ̃2s′

(
(χ2

1L(∂k
ΓV,1),∂k

Γvr)+(χ2
1L(∂k

ΓV,1),∂k
ΓVΓ)

)
≤µ

4
‖τ̃s′χ1∇(∂k

ΓV)‖2
2+η‖ ∂k

Γw
τ̃s′+m ‖

2
2+C(η)‖τ̃s′L(∂k

ΓV,0)‖2
2. (2.59)

Note that for small η5>0,

|(χ2
1τ̃2s′∂k

Γg,∂k
ΓV)|

≤|(τ̃2s′∂k−1
Γ g,∂Γ(χ

2
1)∂

k
ΓV)|+|(χ2

1τ̃2s′∂k−1
Γ g,∂k+1

Γ V)|
≤C‖τ̃s′∂k−1

Γ g‖2
2+η5‖τ̃sχ1∇(∂k

ΓV)‖2
2+C(η5)‖τ̃s′(∂k

ΓV)‖2
2. (2.60)
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Adding (2.52), (2.53) and (2.54), we have that by (2.57)-(2.59) and (2.60) with small η>0,

d
dτ̃

(
hγ‖χ1∂k

Γw‖2
2+h‖τ̃s′χ1∂k

ΓV‖2
2

)
+‖τ̃s′χ1∇(∂k

ΓV)‖2
2

≤η‖ ∂k
Γw

τ̃s′+m ‖
2
2+C(η)‖τ̃s′L(∂k

ΓV,0)‖2
2+C|(∂k

Γ f ,χ2
1∂k

Γw)|+C‖τ̃s′∂k−1
Γ g‖2

2.

Integrating this on the variable τ̃ over (τ̃0,t), we can complete the proof of (2.50).

Next we deal with the normal derivative estimates of w.

Lemma 2.7 (The first order normal derivative estimate of ∂k
Γw). For t≥ τ̃0, 0< η < 1, and

k=0,1,2, then

h‖χ1∂r∂k
Γw‖2

2+
∫ t

τ̃0

(
‖τ̃s′χ1∇div(∂k

ΓV)‖2
2+
∥∥∥χ1

∂r∂k
Γw

τ̃s′+m

∥∥∥2

2

)
dτ̃

≤C‖(w0,v0)‖2
Hk+1+Cη

∫ t

τ̃0

∥∥∥∂k+1
Γ w

τ̃s′+m

∥∥∥2

2
dτ̃+C(η)

∫ t

τ̃0

(
‖τ̃s′χ1L(∂k+1

Γ V,1)‖2
2

+‖hτ̃s′χ1(∂
k
ΓV)τ̃‖2

2+‖τ̃s′χ1L(∂k
ΓV,1)‖2

2+|(χ2
1∂k

ΓD f ,∂k
ΓDw)|+‖τ̃s′∂k

Γg‖2
2

)
dτ̃. (2.61)

Proof. At first, we rewrite ∂r(2.51a) and (2.51b) as

(1+α)h(∂r∂k
Γw)τ̃+

1
τ̃m ∂2

r ∂k
Γvr =

1
τ̃m L(∂k+1

Γ V,1)+∂r∂k
Γ f +

1
τ̃m L(∂k

ΓV,1), (2.62a)

(1+α)h∂τ̃(∂
k
Γvr)−(2µ+λ)∂2

r ∂k
Γvr+

γ

τ̃2s′+m ∂r(∂
k
Γw)

=∂k
Γgr+L(∂k

ΓV,1)− αh
τ̃m ∂k

Γvr+L(∂k+2
Γ V,0). (2.62b)

Computing (2.62b)
(2µ+λ)τ̃m +(2.62a) yields

(1+α)h(∂r∂k
Γw)τ̃+

γ

2µ+λ

∂r∂k
Γw

τ̃2s′+2m

=
1

τ̃m L(∂k+1
Γ V,1)+∂r∂k

Γ f +
1

τ̃m L(∂k
ΓV,1)

+
1

(2µ+λ)τ̃m

(
−(1+α)h∂τ̃(∂

k
Γvr)+∂k

Γgr+L(∂k
ΓV,1)− αh

τ̃
∂k

Γvr+L(∂k+2
Γ V,0)

)
. (2.63)
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It follows from
∫

S0
χ2

1(2.63)×∂r∂k
Γwdy and direct computation that

h
d

dτ̃
‖χ1∂r∂k

Γw‖2
2+
∥∥∥χ1

∂r∂k
Γw

τ̃s′+m

∥∥∥2

2

≤C
(
‖τ̃sχ1L(∂k+1

Γ V,1)‖2
2+‖hτ̃s′χ1(∂

k
ΓV)τ̃‖2

2

+‖τ̃s′χ1L(∂k
ΓV,1)‖2

2+|(χ2
1∂r∂k

Γ f ,∂r∂k
Γw)|+‖τ̃s′∂k

Γg‖2
2

)
. (2.64)

Integrating (2.64) over (τ̃0,t), we have

h‖χ1∂r∂k
Γw‖2

2+
∫ t

τ̃0

∥∥∥χ1
∂r∂k

Γw
τ̃s′+m

∥∥∥2

2
dτ̃

≤C‖(w0,u0)‖2
Hk+1+C

∫ t

τ̃0

(
‖τ̃s′χ1L(∂k+1

Γ V,1)‖2
2+‖hτ̃s′χ1(∂

k
ΓV)τ̃‖2

2

+‖τ̃s′χ1L(∂k
ΓV,1)‖2

2+|(χ2
1∂r∂k

Γ f ,∂r∂k
Γw)|+‖τ̃s′∂k

Γg‖2
2

)
dτ̃. (2.65)

By (2.65), one has that

−(2µ+λ)∂2
r ∂k

Γvr =−(1+α)h∂τ̃(∂
k
Γvr)−

γ

τ̃2s′+m ∂r(∂
k
Γw)+∂k

Γgr+L(∂k
ΓV,1)

− αh
τ̃

∂k
Γvr+L(∂k+2

Γ V,0). (2.66)

Then computing
∫

S0
χ2

1τ̃2s′(2.66)×∂2
r ∂k

Γvrdy yields

‖χ1τ̃s′∂2
r ∂k

Γvr‖2
2≤C(‖hχ1τ̃s′∂τ̃(∂

k
Γvr)‖2

2+‖τ̃s′∂k
Γgr‖2

2+
∥∥∥∂r∂k

Γw
τ̃s′+m

∥∥∥2

2

+‖χ1RsL(∂k
ΓV,1)‖2

2+‖χ1RsL(∂k+2
Γ V,0)‖2

2). (2.67)

On the other hand, by Lemma 2.6, (2.67) and the expression of ∇divV, we have that for
k=0,1,2, and small η>0,∫ t

τ̃0

‖τ̃s′χ1∇div(∂k
ΓV)‖2

2dτ̃

≤C(η)
∫ t

τ̃0

(
‖χ1τ̃s′L(∂k

ΓV,1)‖2
2+|(∂k+1

Γ f ,χ2
1∂k+1

Γ w)|+|(χ2
1τ̃2s′∂k+1

Γ g,∂k+1
Γ V)|

)
dτ̃

+C(η)
∫ t

τ̃0

(
‖hχ1τ̃s∂τ̃(∂

k
Γvr)‖2

2+‖τ̃s′∂k
Γgr‖2

2+
∥∥∥∂r∂k

Γw
τ̃s′+m

∥∥∥2

2

+‖χ1τ̃s′L(∂k+2
Γ V,0)‖2

2

)
dτ̃+C‖(w0,v0)‖2

Hk+1+Cη
∫ t

τ̃0

∥∥∥∂k
ΓDw

τ̃s′+m

∥∥∥2

2
dτ̃. (2.68)
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This, together with (2.65), yields

h‖χ1∂r∂k
Γw‖2

2+
∫ t

τ̃0

(
‖τ̃s′χ1∇div(∂k

ΓV)‖2
2+
∥∥∥χ1

∂r∂k
Γw

τ̃s′+m

∥∥∥2

2

)
dτ̃

≤C‖(w0,v0)‖2
Hk+1+Cη

∫ t

τ̃0

∥∥∥∂k+1
Γ w

τ̃s′+m

∥∥∥2

2
dτ̃+C(η)

∫ t

τ̃0

(
‖τ̃s′χ1L(∂k+1

Γ V,1)‖2
2

+‖hτ̃s′χ1(∂
k
ΓV)τ̃‖2

2+‖τ̃s′χ1L(∂k
ΓV,1)‖2

2+|(χ2
1∂k

ΓD f ,∂k
ΓDw)|+‖τ̃s′∂k

Γg‖2
2

)
dτ̃.

Then the proof of Lemma 2.7 is completed.

As in [19], we now state the following result which can be easily shown by the stan-
dard regularity theory on the second order elliptic equation.

Lemma 2.8. For the Stokes equation 
divu= f ,
−∆u+∇P= g,
u=0 on ∂S0,

we have
‖D2u‖2

2+‖DP‖2
2≤C(‖ f ‖2

H1+‖g‖2
2).

3 The global energy estimates for problem (1.1a)-(1.1b) with (1.2)

In this section, based on the results in Section 2, we will establish the global energy esti-
mates of the solution (w,v) to (3.1)-(3.2). For this purpose, we define for t2≥ t1≥ τ̃0 and
k=2,3,

Nk(t1,t2)

= sup
t1≤τ̃≤t2

(h‖w‖2
Hk +h‖τ̃s′v‖2

Hk +h‖hwτ̃‖2
Hk−1+h‖hτ̃s′vτ̃‖2

Hk−2)

+
∫ t2

t1

(∥∥∥ Dw
τ̃s′+m

∥∥∥2

Hk−1
+‖hwτ̃‖2

Hk−1+‖τ̃s′Dv‖2
Hk +‖hτ̃s′Dvτ̃‖2

Hk−2+‖hτ̃s′vτ̃‖2
2

)
dτ̃.

To prove Theorem 1.2, we need to obtain the uniform H3 estimates of (w,v), i.e., the
uniform estimates of N3(τ̃0,t) for any t≥ τ̃0. As the starting point, we will show

N3(τ̃0,t)≤C sup
τ̃0≤τ̃≤t

h‖τ̃sg(τ̃)‖2
H1+C‖(w0,v0)‖2

H3+C
∫ t

τ̃0

M(τ̃)dτ̃, (3.1)
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where

M(τ̃)

=|(τ̃2s′g,hvτ̃)|+|(τ̃2s′hgτ̃,h2vτ̃τ̃)|+|(τ̃2s′hgτ̃,hvτ̃)|+
3

∑
k=0
|(Dk f ,Dkw)|

+
2

∑
k=0
|(τ̃2s′Dkg,Dkv)|+‖τ̃s′+m f0‖2

H3+‖ f ‖2
2+‖τ̃s′g‖2

H2+‖τ̃s′hgτ̃‖2
2+‖h fτ̃‖2

2, (3.2)

and the definitions of f ,g, f0 and the number s′ have been given in Section 2. We will
divide the proof procedure of (3.1) into the following four steps.

Step 1. The basic L2-energy inequality of (w,v).
By Lemmas 2.1-2.3, we have that for small η>0 and t≥ τ̃0,

h‖w‖2
2+h‖τ̃s′v‖2

2+h‖τ̃s′∇v‖2
2+h‖hwτ̃‖2

2+h‖hτ̃s′vτ̃‖2
2

+
∫ t

τ̃0

(
‖τ̃s′∇v‖2

2+
∥∥∥τ̃s′+1 dw

dτ̃

∥∥∥2

2
+‖hwτ̃‖2

2+‖hτ̃s′vτ̃‖2
2+‖hτ̃s′∇vτ̃‖2

2

)
dτ̃

≤C‖(w0,v0)‖2
H2+Cηh2

∫ t

τ̃0

‖ ∇w
τ̃s′+1 ‖

2
2dτ̃+C(η)

∫ t

τ̃0

M(τ̃)dτ, (3.3)

where M(τ) is defined in (3.2).

Step 2. The H1-energy inequality of (w,v).
By Lemma 2.5 with k=1 and Lemma 2.1-Lemma 2.3, we have that for small η>0,

h‖χ0Dw‖2
2+h‖τ̃s′χ0Dv‖2

2+
∫ t

τ̃0

(
‖τ̃s′χ0∇Dv‖2

2+
∥∥∥χ0Dw

τ̃s′+m

∥∥∥2

2

)
dτ̃

≤C
∫ t

τ̃0

(
‖τ̃s′∇v‖2

2+‖hτ̃s′vτ̃‖2
2+‖τ̃s′v‖2

2+M(τ̃)
)
dτ̃+C‖(w0,v0)‖2

H1

≤C‖(w0,v0)‖2
H1+Cηh2

∫ t

τ̃0

∥∥∥ ∇w
τ̃s′+m

∥∥∥2

2
dτ̃+C(η)

∫ t

1
M(τ̃)dτ̃. (3.4)

From Lemma 2.6 with k=1, we see that

h‖χ1∂Γw‖2
2+h‖χ1τ̃s′∂ΓV‖2

2+
∫ t

τ̃0

‖τ̃s′χ1∇∂ΓV‖2
2dτ̃

≤C‖(w0,v0)‖2
H1+Cη

∫ t

1

∥∥∥ ∂Γw
τ̃s′+m

∥∥∥2

2
dτ̃+C(η)

∫ t

τ̃0

(‖τ̃s′L(∂ΓV,0)‖2
2+M(τ̃))dτ̃. (3.5)
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In addition, by Lemma 2.7 with k=0, we arrive at

h‖χ1∂rw‖2
2+
∫ t

τ̃0

(
‖χ1τ̃s′∇divV‖2

2+
∥∥∥χ1

∂rw
τ̃s′+m

∥∥∥2

2

)
dτ̃

≤C‖(w0,v0)‖2
H1+Cη

∫ t

τ̃0

∥∥∥ ∂Γw
τ̃s′+m

∥∥∥2

2
dτ̃+C(η)

∫ t

τ̃0

(
‖τ̃s′χ1L(∂ΓV,1)‖2

2

+‖hτ̃s′χ1Vτ̃‖2
2+‖τ̃s′χ1L(V,1)‖2

2+M(τ̃)

)
dτ̃. (3.6)

Collecting (3.5)-(3.6) and (3.3) yields

h‖χ1Dw‖2
2+
∫ t

τ̃0

‖χ1τ̃s′∇divv‖2
2dτ̃

≤C‖(w0,v0)‖2
H1+Cη

∫ t

τ̃0

∥∥∥ ∇w
τ̃s′+m

∥∥∥2

2
+C(η)

∫ t

τ̃0

M(τ̃)dτ̃.

This, together with (3.4), yields

h‖Dw‖2
2+
∫ t

τ̃0

‖τ̃s′∇divv‖2
2dτ̃

≤C‖(w0,v0)‖2
H1+Cη

∫ t

τ̃0

∥∥∥ ∇w
τ̃s′+m

∥∥∥2

2
+C(η)

∫ t

τ̃0

M(τ̃)dτ̃. (3.7)

Next, we rewrite (2.5a)-(2.5b) as

div(τ̃s′v)=−τ̃s′+m dw
dτ̃

+ τ̃s′+m f0

and
−µτ̃s′∆v+

γ∇w
τ̃s′+m =−(1+α)hτ̃s′vτ− τ̃s′−1αhv+(µ+λ)∇divv+ τ̃s′g.

Then by Lemma 2.8 with u=µτ̃s′v and P= γw
τ̃s′+m , we obtain

‖τ̃s′D2v‖2
2+
∥∥∥ ∇w

τ̃s′+m

∥∥∥2

2

≤C
∥∥∥τ̃s′+m dw

dτ̃

∥∥∥2

H1
+C‖τ̃s′+m f0‖2

H1+C‖hτ̃s′vτ̃‖2
2

+C‖τ̃s−1v‖2
2+C‖τ̃s′∇divv‖2

2+C‖τ̃s′g‖2
2. (3.8)

From (2.5a), we see that

D
(dw

dτ̃

)
=− 1

τ̃m Ddivv+D f0.

Together with (3.7), this yields∫ t

τ̃0

∥∥∥τ̃s′+mD
(dw

dτ̃

)∥∥∥2

2
dτ̃≤C‖(w0,v0)‖2

H1+Cη
∫ t

τ̃0

∥∥∥ ∇w
τ̃s′+m

∥∥∥2

2
+C(η)

∫ t

τ̃0

M(τ̃)dτ̃. (3.9)



50 H. C. Yin and L. Zhang / Anal. Theory Appl., 35 (2019), pp. 28-65

By applying Lemma 2.1 and (3.9), we arrive at∫ t

τ̃0

∥∥∥τ̃s′+m dw
dτ̃

∥∥∥2

H1
dτ̃≤C‖(w0,v0)‖2

H1+Cη
∫ t

τ̃0

∥∥∥ ∇w
τ̃s′+m

∥∥∥2

2
+C(η)

∫ t

τ̃0

M(τ̃)dτ̃. (3.10)

Substituting (3.3), (3.7), (3.10) into (3.8), we obtain∫ t

τ̃0

(
‖τ̃s′D2v‖2

2+
∥∥∥ ∇w

τ̃s′+m

∥∥∥2

2

)
dτ̃

≤C‖(w0,v0)‖2
H1+Cη

∫ t

τ̃0

∥∥∥ ∇w
τ̃s′+m

∥∥∥2

2
+C(η)

∫ t

τ̃0

M(τ̃)dτ̃.

This, together with (3.7), yields for small η>0

h‖Dw‖2
2+
∫ t

τ̃0

(
‖τ̃s′D2v‖2

2+‖
∇w

τ̃s′+m ‖
2
2

)
dτ̃≤C‖(w0,v0)‖2

H1+C
∫ t

τ̃0

M(τ̃)dτ̃. (3.11)

Step 3. The H2-energy inequality of (w,v).
At first, we have that from (2.5b)

−µ∆v−(µ+λ)∇divv=−(1+α)hvτ̃−
αh
τ̃

v− γ

τ̃2s′+m∇w+g.

By the regularity theory on the second order elliptic equation system, we obtain

‖τ̃s′D2v‖2
2≤Cτ̃2s′

∥∥∥−hvτ̃−
αh
τ̃

v− γ

τ̃2s′+m∇w+g
∥∥∥2

2

≤C(‖hτ̃s′vτ̃‖2
2+‖τ̃s′v‖2

2+‖∇w‖2
2+‖τ̃s′g‖2

2).

This, together with (3.3) and (3.11), yields

sup
τ̃0≤τ̃≤t

h‖τ̃s′D2v‖2
2≤C‖(w0,v0)‖2

H1+C
∫ t

τ̃0

M(τ̃)dτ̃+C sup
1≤τ≤t

h‖τ̃s′g(τ̃)‖2
2. (3.12)

By Lemma 2.5 with k=2, (3.11) and (3.3), we get for t≥ τ̃0

h‖χ0D2w‖2
2+
∫ t

1

(
‖τ̃s′χ0D3v‖2

2+
∥∥∥χ0D2w

τ̃s′+m

∥∥∥2

2

)
dτ̃≤C‖(w0,v0)‖2

H2+C
∫ t

1
M(τ̃)dτ̃. (3.13)

By Lemma 2.6 with k=2 and Lemma 2.7 with k=1, one has respectively

h‖χ1∂2
Γw‖2

2+
∫ t

τ̃0

‖τ̃s′χ1∇(∂2
ΓV)‖2

2dτ̃

≤C‖(w0,v0)‖2
H2+Cη

∫ t

τ̃0

∥∥∥ ∂2
Γw

τ̃s′+m

∥∥∥2

2
dτ̃+C(η)

∫ t

τ̃0

M(τ̃)dτ̃ (3.14)
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and

h‖χ1∂r∂Γw‖2
2+
∫ t

τ̃0

(
‖τ̃s′χ1∇div(∂ΓV)‖2

2+
∥∥∥χ1

∂r∂Γw
τ̃s′+m

∥∥∥2

2

)
dτ̃

≤‖(w0,v0)‖2
H2+Cη

∫ t

τ̃0

∥∥∥ ∂2
Γw

τ̃s′+m

∥∥∥2

2
dτ̃+C(η)

∫ t

τ̃0

(
‖τ̃s′χ1L(∂2

ΓV,1)‖2
2+M(τ̃)

)
dτ̃. (3.15)

Combining (3.14) and (3.15), we see that

h‖χ1∂ΓDw‖2
2+
∫ t

τ̃0

‖τ̃s′χ1∇div(∂ΓV)‖2
2dτ̃

≤C‖(w0,v0)‖2
H2+Cη

∫ t

τ̃0

∥∥∥ ∂2
Γw

τ̃s′+m

∥∥∥2

2
dτ̃+C(η)

∫ t

τ̃0

M(τ̃)dτ̃. (3.16)

And combining (3.16) with (3.13), we obtain

h‖∂ΓDw‖2
2+
∫ t

τ̃0

‖τ̃s′∇div(∂Γv)‖2
2dτ̃

≤C‖(w0,v0)‖2
H2+Cη

∫ t

τ̃0

∥∥∥ ∂2
Γw

τ̃s′+m

∥∥∥2

2
dτ̃+C(η)

∫ t

τ̃0

M(τ̃)dτ̃. (3.17)

In addition, we can rewrite ∂Γ(2.5a) and ∂Γ(2.5b) as

div(τ̃s′∂Γv)=−τ̃s′+m∂Γ

(dw
dτ̃

)
+ τ̃s′+m∂Γ f0+[div,∂Γ]τ̃

s′v, (3.18a)

− τ̃s′µ∆∂Γv+
γ∇∂Γw
τ̃s′+m =−τ̃s′µ[∆,∂Γ]v+[∇,∂Γ]

γw
τ̃s′+m− τ̃s′(1+α)h∂Γvτ̃

− τ̃s′−1αh∂Γv+ τ̃s′(µ+λ)∂Γ∇divv+ τ̃s′∂Γg. (3.18b)

In order to apply Lemma 2.8 to estimate τ̃s′D2∂Γv and τ̃s′D∂Γv, we require to analyze
each term in the right hand sides of (3.18a)-(3.18b). Ar first, from (2.5a) we see that

∂ΓD
(dw

dτ̃

)
=− 1

τ̃m ∂ΓDdivv+∂ΓD f0,

and then by (3.17) we have

∫ t

τ̃0

∥∥∥τ̃s′+m∂ΓD
(dw

dτ̃

)∥∥∥2

2
dτ̃≤C‖(w0,v0)‖2

H2+Cη
∫ t

τ̃0

∥∥∥ ∂2
Γw

τ̃s′+m

∥∥∥2

2
dτ̃+C(η)

∫ t

τ̃0

M(τ̃)dτ̃.

This, together with (3.10)-(3.11), yields

∫ t

τ̃0

∥∥∥τ̃s′+m∂Γ

(dw
dτ̃

)∥∥∥2

H1
dτ̃≤C‖(w0,v0)‖2

H2+Cη
∫ t

τ̃0

∥∥∥ ∂2
Γw

τ̃s′+m

∥∥∥2

2
dτ̃+C(η)

∫ t

τ̃0

M(τ̃)dτ̃. (3.19)
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On the other hand, it is noted that

‖[div,∂Γ]τ̃
s′v‖2

2≤C‖τ̃s′∇v‖2
2,

‖τ̃s′ [∆,∂Γ]v‖2
2≤C‖τ̃s′D2v‖2

2,∥∥∥[∇,∂Γ]
w

τ̃s′+1

∥∥∥2

2
≤C

∥∥∥ Dw
τ̃s′+1

∥∥∥2

2
,

‖τ̃s′∂Γ∇divv‖2
2≤C(‖τ̃s′∇div∂Γv‖2

2+‖τ̃s′D2v‖2
2).

(3.20)

Then by applying Lemma 2.8 for (3.18a)-(3.18b) and using (3.19)-(3.20), we obtain∫ t

τ̃0

(
‖τ̃s′D2∂Γv‖2

2+
∥∥∥∂ΓDw

τ̃s′+m

∥∥∥2

2

)
dτ̃

≤C‖(w0,v0)‖2
H2+Cη

∫ t

τ̃0

∥∥∥ ∂2
Γw

τ̃s′+m

∥∥∥2

2
dτ̃+C(η)

∫ t

τ̃0

M(τ̃)dτ̃,

which means that for small η>0,∫ t

τ̃0

(
‖τ̃s′D2∂Γv‖2

2+
∥∥∥∂ΓDw

τ̃s′+m

∥∥∥2

2

)
dτ̃≤C‖(w0,v0)‖2

H2+C
∫ t

τ̃0

M(τ̃)dτ̃. (3.21)

Next, we estimate ‖D2w‖2
2 and

∫ t
τ̃0
‖ D2w

τ̃s′+m ‖2
2dτ̃. It follows ∂r(2.63) with k = 0 and direct

computation that

(1+α)h(∂2
r w)τ̃+

γ

(2µ+λ)τ̃2s′+2m ∂2
r w

=
1

τ̃m L(∂1
ΓV,2)+∂2

r f +
1

τ̃m L(V,2)+
1

τ̃m

(
−2h∂τ̃(∂rvr)+∂rgr

+L(V,2)− αh
τ̃

∂rvr+L(∂2
ΓV,1)

)
. (3.22)

Computing
∫

S0
χ2

1(3.22)×∂2
r wdy yields for small η1>0,

1+α

2
h

d
dτ̃
‖χ1∂2

r w‖2
2+
∥∥∥χ1∂2

r w
τ̃s′+m

∥∥∥2

2

≤C‖τ̃s′L(∂ΓV,2)‖2
2+|(χ2

1∂2
r f ,∂2

r w)|+C‖τ̃s′L(V,2)‖2
2

+C‖hτ̃s′∂τ̃(∂rvr)‖2
2+C‖τ̃s′∂rgr‖2

2+C‖τ̃s′−1∂rvr‖2
2+η1

∥∥∥χ1∂2
r w

τ̃s′+m

∥∥∥2

2
. (3.23)

Integrating (3.23) with respect to the variable τ̃ over (τ̃0,t) and using the results in Lemma
2.6-Lemma 2.7, then we arrive at

h‖χ1∂2
r w‖2

2+
∫ t

τ̃0

∥∥∥χ1∂2
r w

τ̃s′+m

∥∥∥2

2
dτ̃≤Ch‖(w0,v0)‖2

H2+C
∫ t

τ̃0

M(τ̃)dτ̃. (3.24)
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Combining (3.13), (3.17), (3.21) and (3.24) yields

h‖D2w‖2
2+
∫ t

τ̃0

(
‖τ̃s′D2∂Γv‖2

2+
∥∥∥ D2w

τ̃s′+m

∥∥∥2

2

)
dτ̃≤Ch‖(w0,v0)‖2

H2+C
∫ t

τ̃0

M(τ̃)dτ̃. (3.25)

Noting that v satisfies the following second order elliptic equation system −µ∆v−(µ+λ)∇divv=−(1+α)hvτ̃−
αh
τ̃

v− γ

τ̃2s′+m∇w+g,

v=0 on S0,
(3.26)

we then have
‖v‖H3≤C

∥∥∥−(1+α)hvτ̃−
αh
τ̃

v− γ

τ̃2s′+m∇w+g
∥∥∥

H1
, (3.27)

which implies

‖τ̃s′v‖2
H3≤C

(
‖hτ̃s′vτ̃‖2

H1+‖τ̃s′−1v‖2
H1+‖τ̃s′g‖2

H1+
∥∥∥ ∇w

τ̃s′+m

∥∥∥2

H1

)
. (3.28)

Combining (3.12), (3.25) and (3.28), we arrive at

h‖τ̃s′D2v‖2
2+h‖D2w‖2

2+
∫ t

τ̃0

(
‖τ̃s′D3v‖2

2+
∥∥∥ D2w

τ̃s′+m

∥∥∥2

2

)
dτ̃

≤C‖(w0,v0)‖2
H2+C

∫ t

τ̃0

M(τ̃)dτ̃+C sup
τ̃0≤τ̃≤t

h‖τ̃s′
0 g(τ̃)‖2

2. (3.29)

Thus, by (3.3), (3.11) and (3.29), we have obtained

N2(τ̃0,t)≤C‖(w0,v0)‖2
H2+C

∫ t

τ̃0

M(τ̃)dτ̃+C sup
τ̃0≤τ̃≤t

h‖τ̃s′g(τ̃)‖2
2. (3.30)

Step 4. The H3-energy inequality of (w,v).
By Lemma 2.4 and (3.30), we have

h‖hτ̃s′∇vτ̃‖2
2+
∫ t

τ̃0

(‖h2wτ̃τ̃‖2
2+‖h2τ̃s′vτ̃τ̃‖2

2)dτ̃

≤C‖(w0,v0)‖2
H3+C

∫ t

τ̃0

M(τ̃)dτ̃+C sup
τ̃0≤τ̃≤t

h‖τ̃s′g(τ̃)‖2
2. (3.31)

Due to (3.28) and (3.30), one has

h‖τ̃s′v‖2
H3≤C‖(w0,v0)‖2

H3+C
∫ t

τ̃0

M(τ̃)dτ̃+C sup
τ̃0≤τ̃≤t

h‖τ̃s′g(τ̃)‖2
H1 . (3.32)

On the other hand, it follows from (3.26) that

−µ∆vτ̃−(µ+λ)∇divvτ̃ =−(1+α)hvτ̃τ̃−
(αh

τ̃
v
)

τ̃
−
( γ

τ̃2s′+m∇w
)

τ̃
+gτ̃. (3.33)
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Noting that we can obtain for∥∥∥∥−(1+α)hvτ̃τ̃−
(αh

τ̃
v
)

τ̃
−
( γ

τ̃2s′+m∇w
)

τ̃
+gτ̃

∥∥∥∥
2

≤C
(
‖hvτ̃τ̃‖2+‖τ̃−1vτ̃‖2+‖τ̃−2v‖2+

∥∥∥ ∇wτ̃

τ̃2s′+m

∥∥∥
2
+
∥∥∥ ∇w

τ̃2s′+m+1

∥∥∥
2
+‖gτ̃‖2

)
. (3.34)

Then it follows from (3.33)-(3.34) and a direct computation that

‖hτ̃s′D2vτ̃‖2
2

≤C
(
‖h2τ̃s′vτ̃τ̃‖2

2+‖hτ̃s′−1vτ̃‖2
2+‖hτ̃s′−2v‖2

2

+‖hτ̃s′gτ̃‖2
2+‖hτ̃s′D2v‖2

2+
∥∥∥h
∇w

τ̃s′+m

∥∥∥
2
+
∥∥∥h
∇wτ̃

τ̃s′+m

∥∥∥
2

)
. (3.35)

This, together with (3.30)-(3.31), yields∫ t

τ̃0

‖hτ̃s′D2vτ̃‖2
2dτ̃≤C‖(w0,v0)‖2

H3+C
∫ t

τ̃0

M(τ̃)dτ̃+C sup
τ̃0≤τ̃≤t

h‖τ̃s′g(τ̃)‖2
2. (3.36)

We now focus on the estimates on D3w. At first, by Lemma 2.5 with k=3, we have such
an interior estimate

h‖χ0D3w‖2
2+
∫ t

τ̃0

(
‖τ̃s′χ0D4v‖2

2+
∥∥∥χ0D3w

τ̃s′+m

∥∥∥2

2

)
dτ̃

≤C‖(w0,v0)‖2
H3+C

∫ t

τ̃0

M(τ̃)dτ̃+C sup
τ̃0≤τ̃≤t

h‖τ̃s′g(τ̃)‖2
2. (3.37)

In addition, by Lemma 2.6 with k=3 and Lemma 2.7 with k=2, we have

h‖χ1∂2
ΓDw‖2

2+
∫ t

τ̃0

(
‖τ̃s′χ1∇(∂3

Γv)‖2
2+‖τ̃s′χ1∇div(∂2

Γv)‖2
2+
∥∥∥χ1∂r∂2

Γw
τ̃s′+m

∥∥∥2

2

)
dτ̃

≤C‖(w0,v0)‖2
H3+Cη

∫ t

τ̃0

∥∥∥ D3w
τ̃s′+m

∥∥∥2

2
dτ̃+C(η)

∫ t

τ̃0

(‖τ̃s′Dv‖2
H2+‖hτ̃s′D2vτ̃‖2

2+M(τ̃))dτ̃

≤C‖(w0,v0)‖2
H3+Cη

∫ t

τ̃0

∥∥∥ D3w
τ̃s′+m

∥∥∥2

2
dτ̃+C(η)

∫ t

τ̃0

M(τ̃)dτ̃+C(η) sup
τ̃0≤τ̃≤t

h‖τ̃s′g(τ̃)‖2
2. (3.38)

Combining (3.37) and (3.38) yields

h‖∂2
ΓDw‖2

2+
∫ t

τ̃0

(
‖τ̃s′∇(∂3

Γv)‖2
2+‖τ̃s′∇div(∂2

Γv)‖2
2+
∥∥∥∂r∂2

Γw
τ̃s′+m

∥∥∥2

2

)
dτ̃

≤C‖(w0,v0)‖2
H3+Cη

∫ t

τ̃0

∥∥∥ D3w
τ̃s′+m

∥∥∥2

2
dτ̃+C(η)

∫ t

τ̃0

M(τ̃)dτ̃+C(η) sup
τ̃0≤τ̃≤t

h‖τ̃s′g(τ̃)‖2
2. (3.39)
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In addition, we rewrite ∂2
Γ(2.5a) and ∂2

Γ (2.5b) as
div(τ̃s′∂2

Γv)=−τ̃s′+m∂2
Γ

(dw
dτ̃

)
+ τ̃s′+m∂2

Γ f0+[div,∂2
Γ]τ̃

s′v,

−τ̃s′µ∆∂2
Γv+

γ∇∂2
Γw

τ̃s′+m =−τ̃s′µ[∆,∂2
Γ]v+[∇,∂2

Γ]
γw

τ̃s′+m−(1+α)hτ̃s′∂2
Γvτ̃

−τ̃s′−1αh∂2
Γv+(µ+λ)τ̃s′∂2

Γ∇divv+ τ̃s′∂2
Γg.

(3.40)

As in (iii), in order to apply Lemma 2.8 to estimate τ̃s′D2∂2
Γv and τ̃s′D(

∂2
Γw

τ̃s′+1 ), we require
to analyze the terms in the right hand sides of (3.40). At first, from (2.5a) we see that

∂2
ΓD
(dw

dτ̃

)
=− 1

τ̃m ∂2
ΓDdivv+∂2

ΓD f0.

Together with (3.39), this yields

∫ t

τ̃0

∥∥∥τ̃s′+m∂2
ΓD
(dw

dτ̃

)∥∥∥2

2
dτ̃

≤C‖(w0,v0)‖2
H3+Cη

∫ t

τ̃0

∥∥∥ D3w
τ̃s′+m

∥∥∥2

2
dτ̃+C(η)

∫ t

τ̃0

M(τ̃)dτ̃+C(η) sup
τ̃0≤τ̃≤t

h‖τ̃s′g(τ̃)‖2
2. (3.41)

Collecting (3.19) and (3.41), we have

∫ t

τ̃0

∥∥∥τ̃s′+m∂2
Γ

(dw
dτ̃

)∥∥∥2

H1
dτ̃

≤C‖(w0,v0)‖2
H3+Cη

∫ t

τ̃0

∥∥∥ D3w
τ̃s′+m

∥∥∥2

2
dτ̃+C(η)

∫ t

τ̃0

M(τ̃)dτ̃+C(η) sup
τ̃0≤τ̃≤t

h‖τ̃s′g(τ̃)‖2
2. (3.42)

It follows from direct computation that
‖[div,∂2

Γ]τ̃
s′v‖2

2≤C‖τ̃s′D2v‖2
2,

‖τ̃s′ [∆,∂2
Γ]v‖2

2≤C‖τ̃s′D3v‖2
2,∥∥∥[∇,∂2

Γ]
w

τ̃s′+1

∥∥∥2

2
≤C

∥∥∥D2w
τ̃s′+1

∥∥∥2

2
,

‖τ̃s′∂2
Γ∇divv‖2

2≤C(‖τ̃s′∇div∂2
Γv‖2

2+‖τ̃s′D3v‖2
2).

(3.43)

By Lemma 2.8 for (3.40) and the results in Lemma 2.6-Lemma 2.10, we arrive at

∫ t

τ̃0

(
‖τ̃s′D2∂2

Γv‖2
2+
∥∥∥∂2

ΓDw
τ̃s′+m

∥∥∥2

2

)
dτ̃

≤C‖(w0,v0)‖2
H3+Cη

∫ t

τ̃0

∥∥∥ D3w
τ̃s′+m

∥∥∥2

2
dτ̃+C(η)

∫ t

τ̃0

M(τ̃)dτ̃+C(η) sup
τ̃0≤τ̃≤t

h‖τ̃s′g(τ̃)‖2
2. (3.44)
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On the other hand, we rewrite ∂r(2.48a), (2.48b) and (2.48c) as

(1+α)h(∂rw)τ̃+
1

τ̃m ∂2
r vr =∂r f +

1
τ̃m L(V,1)+

1
τ̃m

(1
r

∂2
rθvθ+

1
rsinθ

∂2
rϕvϕ

)
, (3.45a)

−(2µ+λ)∂2
r vr+

γ

τ̃2s′+m ∂rw

=−(1+α)h∂τ̃vr+L(∂2
Γvr,0)+L(∂r∂ΓVΓ,0)+gr+L(V,1), (3.45b)

−∂2
r VΓ =−(1+α)h∂τ̃VΓ+L(∂2

ΓVΓ,0)+L(∂r∂ΓV,0)− γ∇′w
τ̃2s′+m +gΓ+L(V,1). (3.45c)

By ∂2
r [(3.45a)+ 1

τ̃m(2µ+λ)
(3.45b)] and direct computation, we have

(1+α)h(∂3
r w)τ̃+

γ

2µ+λ

γ

τ̃2s′+2m ∂3
r w

=∂3
r f +

1
τ̃m L(V,3)+

1
τ̃m L(∂3

r ∂ΓVΓ,0)

+
1

τ̃m(2µ+λ)

(
−(1+α)h∂τ̃∂2

r vr+L(∂2
Γ∂2

r vr,0)+L(∂3
r ∂ΓVΓ,0)+∂2

r gr+L(V,3)
)

. (3.46)

Computing
∫

S0
χ2

1(3.46)×∂3
r wdy yields that for small η1>0,

h
d

dτ̃
‖χ1∂3

r w‖2
2+
∥∥∥χ1∂3

r w
τ̃s′+m

∥∥∥2

2

≤C‖τ̃s′Dv‖2
H2+|(χ2

1∂3
r f ,∂3

r w)|

+C‖τ̃s′L(∂3
r ∂ΓVΓ,0)‖2

2+C‖τ̃s′h∂τD2v‖2
2+CM(τ̃)+η1

∥∥∥χ1∂3
r w

τ̃s′+m

∥∥∥2

2
. (3.47)

Integrating (3.47) over (τ̃0,t) and applying the results in Lemma 2.6-Lemma 2.10, we have

h‖χ1∂3
r w‖2

2+
∫ t

τ̃0

∥∥∥χ1∂3
r w

τ̃s′+m

∥∥∥2

2
dτ̃

≤C‖(w0,v0)‖2
H3+C

∫ t

τ̃0

(
‖τ̃s′L(∂3

r ∂ΓVΓ,0)‖2
2+M(τ̃)

)
dτ̃+C sup

τ̃0≤τ̃≤t
h‖τ̃s′g(τ̃)‖2

2. (3.48)

From the equation ∂r∂Γ(3.45c), we see that

−∂3
r ∂ΓVΓ =−(1+α)h∂τ∂r∂ΓVΓ+L(∂3

Γ∂rVΓ,0)+L(∂2
r ∂2

ΓV,0)

− γ∂r∂Γ∇′w
τ̃2s′+m +∂r∂ΓgΓ+L(V,3),

which means

‖τ̃s′∂3
r ∂ΓVΓ‖2

2

≤C
(
‖hτ̃s′D2vτ̃‖2

2+‖τ̃s′∂2
ΓD2v‖2

2+‖τ̃s′D2gv‖2
2+‖τ̃s′D3v‖2

2+
∥∥∥∂2

ΓDw
τ̃s′+m

∥∥∥2

2

)
. (3.49)
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Substituting (3.49) into (3.48) and using (3.28), we have

h‖χ1∂3
r w‖2

2+
∫ t

τ̃0

∥∥∥χ1∂3
r w

τ̃s′+m

∥∥∥2

2
dτ̃

≤C‖(w0,v0)‖2
H3+C(η)

∫ t

τ̃0

M(τ̃)dτ̃+Cη
∫ t

τ̃0

∥∥∥ D3w
τ̃s′+m

∥∥∥2

2
dτ̃+C(η) sup

τ̃0≤τ̃≤t
h‖τ̃s′g(τ̃)‖2

2. (3.50)

Combining (3.39), (3.44) with (3.48)-(3.50), we arrive at

h‖D3w‖2
2+
∫ t

τ̃0

(
‖τ̃s′D4v‖2

2+
∥∥∥ D3w

τ̃s′+m

∥∥∥2

2

)
dτ̃

≤C‖(w0,v0)‖2
H3+C

∫ t

τ̃0

M(τ̃)dτ̃+C sup
τ̃0≤τ̃≤t

h‖τ̃s′g(τ̃)‖2
2,

which derives together with (3.30)

N3(τ̃0,t)≤C‖(w0,v0)‖2
H3+C

∫ t

τ̃0

M(τ̃)dτ̃+C sup
τ̃0≤τ̃≤t

h‖τ̃s′g(τ̃)‖2
H1 . (3.51)

Based on the above results in Step 1-Step 4, we now establish the following conclusion:

Proposition 3.1. Assuming γ< 2
3 +

1
α and N3(τ̃0,t)<1, then for t≥ τ̃0, we have

N3(τ̃0,t)≤Ch‖(w0,v0)‖2
H3+Ch2+C

(
h−

1
2 N

3
2

3 (τ̃0,t)+h−1N2
3 (τ̃0,t)

)
. (3.52)

Proof. To prove (3.52), we require to estimate all the terms in right hand side of (3.51). By
the expression of M(τ̃), we only need to treat the terms such as |(D3 f ,D3w)|, ‖τ̃s′+m f0‖2

H3 ,
‖τ̃s′g‖2

H2 , ‖hτ̃s′gτ̃‖2
2 and ‖h fτ̃‖2

2.
For (D3 f ,D3w), we see that

(D3 f ,D3w)=−
∫

S0

1
τ̃m (D3(wdivv)D3w+D3(v·∇w)D3w)dy

=−
∫

S0

1
τ̃m (D3(wdivv)D3w+[D3,v·∇]wD3w+v·∇D3wD3w)dy

=−
∫

S0

1
τ̃m

(
D3(wdivv)D3w+[D3,v·∇]wD3w− 1

2
divv(D3w)2

)
dy. (3.53)

Next we analyze each term in the right hand side of (3.53). Note that∫
S0

1
τ̃m (D3(wdivv)D3w)dy

=
1

τ̃m

∫
S0

(D3wdivvD3w+3D2wDdivvD3w+3DwD2divvD3w+wD3divvD3w)dy. (3.54)
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In addition, since

1
τ̃m

∣∣∣∫
S0

(D3wdivvD3w)dy
∣∣∣≤C‖τ̃s′divv‖L∞

∥∥∥ D3w
τ̃s′+m

∥∥∥
2
‖D3w‖2

≤C‖τ̃s′divv‖H2

∥∥∥ D3w
τ̃s′+m

∥∥∥
2
‖D3w‖2

≤C
(
‖τ̃s′divv‖2

H2+
∥∥∥ D3w

τ̃s′+m

∥∥∥2

2

)
‖D3w‖2,

we have ∫ t

τ̃0

∣∣∣ 1
τ̃m

∫
S0

(D3wdivvD3w)dy
∣∣∣dτ̃

≤C
∫ t

τ̃0

(
‖τ̃s′divv‖2

H2+
∥∥∥ D3w

τ̃s′+m

∥∥∥2

2

)
sup

τ̃0≤τ̃≤t
‖D3w(τ̃)‖2

≤Ch−
1
2 N

3
2

3 (τ̃0,t). (3.55)

Similarly,

1
τ̃m

∣∣∣∫
S0

(
D2wDdivvD3w

)
dy
∣∣∣

≤C‖τ̃s′Ddivv‖L∞

∥∥∥ D2w
τ̃s′+m

∥∥∥
2
‖D3w‖2

≤C
(
‖τ̃s′divv‖2

H3+
∥∥∥ D2w

τ̃s′+m

∥∥∥2

2

)
‖D3w‖2,

which concludes ∫ t

τ̃0

∣∣∣ 1
τ̃m

∫
S0

(D2wDdivvD3w)dy
∣∣∣dτ̃≤Ch−

1
2 N

3
2

3 (1,t). (3.56)

We also have ∫ t

τ̃0

∣∣∣ 1
τ̃m

∫
S0

(DwD2divvD3w)dy
∣∣∣dτ̃

≤C
∫ t

1
‖τ̃s′D2divv‖L2

∥∥∥D3w
τ̃s+m

∥∥∥
2
‖Dw‖L∞ dτ̃

≤C
∫ t

τ̃0

(
‖τ̃s′divv‖2

H3+
∥∥∥ D3w

τ̃s′+m

∥∥∥2

2

)
dτ̃ sup

τ̃0≤τ̃≤t
‖Dw‖H2

≤Ch−
1
2 N

3
2

3 (τ̃0,t) (3.57)
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and ∫ t

τ̃0

∣∣∣ 1
τ̃m

∫
S0

(wD3divvD3w)dy
∣∣∣dτ̃

≤C
∫ t

τ̃0

‖τ̃s′D3divv‖L2

∥∥∥ D3w
τ̃s′+m

∥∥∥
2
‖w‖L∞ dτ̃

≤C
∫ t

τ̃0

(
‖τ̃s′divv‖2

H3+
∥∥∥ D3w

τ̃s′+m

∥∥∥2

2

)
dτ̃ sup

τ̃0≤τ̃≤t
‖w‖H2≤Ch−

1
2 N

3
2

3 (1,t). (3.58)

Substituting (3.55)-(3.58) into (3.54) yields∫ t

τ̃0

∣∣∣∫
S0

1
τ̃m (D3(wdivv)D3w)dy

∣∣∣dτ̃≤Ch−
1
2 N

3
2

3 (τ̃0,t). (3.59)

Analogously, we can arrive at∫ t

τ̃0

∣∣∣ 1
τ̃m

∫
S0

(
[D3,v·∇]wD3w− 1

2
divv(D3w)2

)
dy
∣∣∣dτ̃≤Ch−

1
2 N

3
2

3 (τ̃0,t). (3.60)

Inserting (3.59)-(3.60) into (3.53), we have∫ t

τ̃0

1
τ̃m |(D3 f ,D3w)|dτ̃≤Ch−

1
2 N

3
2

3 (τ̃0,t). (3.61)

For the term ‖τ̃s′+m f0‖2
H3 , it suffices to treat ‖τ̃s′+mD3 f0‖2

2 since the other left terms in
‖τ̃s′+m f0‖2

H3 can be more easily estimated. It follows from direct computation that

‖τ̃s′+mD3 f0‖2
2

=τ̃2s′
∫

S0

|D3wdivv|2dy+3τ̃2s′
∫

S0

|D2wDdivv|2dy

+3τ̃2s′
∫

S0

|DwD2divv|2dy+ τ̃2s′
∫

S0

|wD3divv|2dy

≤C(‖τ̃s′divv‖2
L∞ +‖τ̃s′Ddivv‖2

L∞)‖D2w‖2
H1

+C‖τ̃s′D2divv‖2
H1(‖w‖2

L∞ +‖Dw‖2
L∞)

≤C‖τ̃s′Dv‖2
H3‖w‖2

H3 ,

which derives ∫ t

τ̃0

‖τ̃s+mD3 f0‖2
2dτ̃≤Ch−1N2

3 (τ̃0,t). (3.62)

For the treatment on the term ‖τ̃s′g‖2
H2 , it is only enough to estimate ‖τ̃s′D2g‖2

2. Note that

g=− 1
τ̃m v·∇v− 1

τ̃m+2s′∇P1(w)+α(1−α)h2τ̃−
2

1+α y− w
1+w

Lv. (3.63)
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To estimate ‖τ̃s′D2g‖2
2, we need to deal with each term in the expression of τ̃s′D2g. It

follows from Hölder inequality, Sobolev’s imbedding inequality, and direct computation
that ∫ t

τ̃0

∥∥∥τ̃s′D2
( 1

τ̃m v·∇v
)∥∥∥2

2
dτ̃≤Ch−1N2

3 (τ̃0,t). (3.64)

In addition, ∥∥∥τ̃s′D2
( 1

τ̃2s′+m∇P1(w)
)∥∥∥2

2

≤C
∥∥∥ Dw

τ̃s′+m

∥∥∥2

H2
(‖w‖2

L∞ +‖Dw‖2
L∞)

≤C
∥∥∥ Dw

τ̃s′+m

∥∥∥2

H2
‖w‖2

H3 ,

which derives ∫ t

τ̃0

∥∥∥τ̃s′D2
( 1

τ̃2s′+m∇P1(w)
)∥∥∥2

2
dτ̃≤Ch−1N2

3 (τ̃0,t)). (3.65)

For the term ‖τ̃s′ w
1+w Lv‖2

H2 , we have∥∥∥τ̃s′D2
( w

1+w
Lv
)∥∥∥2

2

≤C(‖w‖2
L∞ +‖Dw‖2

L∞)‖τ̃s′Dv‖2
H2+C‖τ̃s′D2wD2v‖2

2

≤C‖w‖2
H3‖τ̃s′Dv‖2

H2+C‖D2w‖2
2‖τ̃s′D2v‖2

L∞

≤C‖w‖2
H3‖τ̃s′Dv‖2

H3 ,

which derives∫ t

τ̃0

∥∥∥τ̃s′D2
( w

1+w
Lv
)∥∥∥2

2
dτ̃≤C sup

τ̃0≤τ̃≤t
‖w‖2

H3

∫ t

0
‖τ̃s′Dv‖2

H3 dτ̃≤Ch−1N2
3 (τ̃0,t). (3.66)

For the term α(1−α)h2τ̃−
2

1+α y, we see that∫ t

τ̃0

‖τ̃s′α(1−α)h2τ̃−
2

1+α y‖2
H2 dτ̃≤Ch2

∫ t

τ̃0

τ̃2s′− 4
1+α dτ̃.

Note that the integrand function τ̃2s′− 4
1+α ∈L1(0,+∞) is required, one then has

2s′− 4
1+α

+1=
3α(γ−1)−3+α

1+α
<0,

which means
γ<

2
3
+

1
α

.
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In this case, ∫ t

τ̃0

‖τ̃s′α(1−α)h2τ̃−
2

1+α y‖2
H2 dτ̃≤Ch2. (3.67)

Thus, by (3.64)-(3.67) and (3.63), we arrive at∫ t

τ̃0

‖τ̃s′g‖2
H2 dτ̃≤Ch2+C

(
h−

1
2 N

3
2

3 (τ̃0,t)+h−1N2
3 (τ̃0,t)

)
. (3.68)

Next, we treat ‖hτ̃s′gτ̃‖2
2. By the expression of g in (3.63), we require to deal with the terms

τ̃s′( 1
τ̃m v·∇v)τ̃, and τ̃s′(∇P1(w)

τ̃2s′+m )τ̃, τ̃s′( w
1+w Lv)τ̃, separately. It follows from direct computa-

tion that∥∥∥τ̃s′
( 1

τ̃m v·∇v
)

τ̃

∥∥∥2

2
≤C(‖τ̃s′−m−1v·∇v‖2

2+‖τ̃s′−mvτ̃ ·∇v‖2
2+‖τ̃s′−mv·∇vτ̃‖2

2

≤(‖v‖2
L∞ +‖Dv‖2

L∞)(‖τ̃s′v‖2
2+‖τ̃s′vτ̃‖2

2+‖τ̃s′Dvτ̃‖2
2)

≤C‖τ̃s′v‖2
H3(‖τ̃s′v‖2

2+‖τ̃s′vτ̃‖2
2+‖τ̃s′Dvτ̃‖2

2),

which means ∫ t

τ̃0

∥∥∥hτ̃s′
( 1

τ̃m v·∇v
)

τ̃

∥∥∥2

2
dτ̃≤Ch−1N2

3 (τ̃0,t). (3.69)

And ∥∥∥τ̃s′
(∇P1(w)

τ̃2s′+m

)
τ̃

∥∥∥2

2
≤C
∥∥∥ 1

τ̃s′+m+1∇P1(w)
∥∥∥2

2
+C

∥∥∥ 1
τ̃s′+m (∇P1(w))τ̃

∥∥∥2

2

≤C
(
‖w‖2

L∞

∥∥∥ Dw
τ̃s′+m

∥∥∥2

2
+
∥∥∥ Dw

τ̃s′+m wτ̃

∥∥∥2

2
+
∥∥∥ Dwτ̃

τ̃s′+m w
∥∥∥2

2

)
≤C
(
‖w‖2

L∞

∥∥∥ Dw
τ̃s′+m

∥∥∥2

2
+‖Dw‖2

L∞‖wτ̃‖2
2+‖Dwτ̃‖2

2‖w‖2
L∞

)
,

which derives ∫ t

τ̃0

∥∥∥hτ̃s′
(∇P1(w)

τ̃2s′+m

)
τ̃

∥∥∥2

2
dτ≤Ch−1N2

3 (τ̃0,t). (3.70)

In addition, we have ∥∥∥τ̃s′
( w

1+w
Lv
)

τ̃

∥∥∥2

2

≤C(‖wτ̃‖2
∞+‖w‖2

∞)(‖τ̃s′D2v‖2
2+‖τ̃s′D2vτ̃‖2

2), (3.71)

which implies ∫ t

τ̃0

∥∥∥hτ̃s
( w

1+w
Lv
)

τ̃

∥∥∥2

2
dτ̃

≤C(‖w‖2
H3+‖hwτ̃‖2

H2)
∫ t

τ̃0

(‖τ̃s′D2v‖2
2+‖hτ̃s′D2vτ̃‖2

2)dτ̃

≤Ch−1N2
3 (τ̃0,t). (3.72)
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Collecting (3.69)-(3.72) yields∫ t

τ̃0

‖hτ̃s′gτ̃‖2
2dτ̃≤Ch2+Ch−1N2

3 (τ̃0,t). (3.73)

Next, we estimate the term ‖h fτ̃‖2
2. It follows from the expression of f and direct compu-

tation that∥∥∥ 1
τ̃m (div(vw))τ̃

∥∥∥2

2

≤
∥∥∥ 1

τ̃m wτ̃divv
∥∥∥2

2
+
∥∥∥ 1

τ̃m wdivvτ̃

∥∥∥2

2
+
∥∥∥ 1

τ̃m∇wτ̃ ·v
∥∥∥2

2
+
∥∥∥ 1

τ̃m∇w·vτ̃

∥∥∥2

2

≤C(‖divv‖2
L∞ +‖v‖2

l∞ +‖w‖L∞ +‖∇w‖L∞)(‖wτ̃‖2
2+‖divvτ̃‖2

2+‖∇wτ̃‖2
2+‖vτ̃‖2

2)

≤C(‖v‖2
H3+‖w‖2

H3)(‖wτ̃‖2
H1+‖vτ̃‖2

H1),

which derives ∫ t

τ̃0

‖h fτ̃‖2
2dτ̃≤Ch−1N2

3 (τ̃0,t). (3.74)

Finally, we estimate the term supτ̃0≤τ̃≤t h‖τ̃s′g‖2
H1 . As in the above, we require to treat

each term in the expression of τ̃s′Dg. It follows from direct computation that

sup
τ̃0≤τ̃≤t

h‖τ̃s′−mD(v·∇v)‖2
2

≤Ch(‖τ̃s′Dv·∇v‖2
2+‖τ̃s′v·∇Dv‖2

2)

≤Ch sup
τ̃0≤τ̃≤t

(‖τ̃s′Dv‖2
L∞‖τ̃s′Dv‖2

2+‖τ̃s′Dv‖2
L∞‖τ̃s′D2v‖2

2)

≤Ch sup
τ̃0≤τ̃≤t

(‖τ̃s′Dv‖2
H2‖τ̃s′Dv‖2

H1)

≤Ch−1N2
3 (τ̃0,t) (3.75)

and

h
∥∥∥τ̃s′ γ

τ̃2s′+m D(∇P1(w))
∥∥∥2

2
≤Ch‖w‖4

H3≤Ch−1N2
3 (τ̃0,t), (3.76a)

h
∥∥∥τ̃s′D

( w
1+w

Lv
)∥∥∥2

2
≤C

∥∥∥τ̃s′D
( w

1+w
D2v

)∥∥∥2

2

≤Ch
(
‖τ̃s′DwD2v‖2

2+‖τ̃s′wD3v)‖2
2

)
≤Ch‖w‖2

H3‖τ̃s′v‖2
H3

≤Ch−1N2
3 (τ̃0,t). (3.76b)

Collecting (3.75)-(3.76b) together with the expression of g in (3.63), we get

sup
τ̃0≤τ̃≤t

h‖τ̃s′g‖2
H1≤Ch2+Ch−1N2

3 (τ̃0,t). (3.77)

Combining (3.61)-(3.62), (3.68), (3.73)-(3.74) and (3.77), we complete the proof of (3.52),
i.e., Proposition 3.1 is proved.
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4 The proof of Theorem 1.2

In this section, we will complete the proof of Theorem 1.2 based on the results in Section
2-Section 3. Denote by t′= 1

h (t
1

1+α−1) and define N̄k(1,t′)=h−1Nk(τ̃0,t). Then we see that

hN̄k(1,t′)=Nk(τ̃0,t)

= sup
1≤τ≤t′

(
h‖w‖2

Hk +h‖Rsv‖2
Hk +h

∥∥∥ 1
(1+α)R

wτ

∥∥∥2

Hk−1
+h
∥∥∥ 1
(1+α)R

Rsvτ

∥∥∥2

Hk−2

)
+
∫ t′

1

(∥∥∥ Dw
Rs+2

∥∥∥2

Hk−1
+
∥∥∥ 1
(1+α)R

wτ

∥∥∥2

Hk−1
+‖RsDv‖2

Hk +
∥∥∥ 1
(1+α)R

RsDvτ

∥∥∥2

Hk−2

+
∥∥∥ 1
(1+α)R

Rsvτ

∥∥∥2

2

)
(1+α)Rhdτ

=h sup
1≤τ≤t′

(
‖w‖2

Hk +‖Rsv‖2
Hk +

∥∥∥ 1
(1+α)R

wτ

∥∥∥2

Hk−1
+
∥∥∥ 1
(1+α)

Rs−1vτ

∥∥∥2

Hk−2

)
+(1+α)h

∫ t′

1

(∥∥∥ Dw

Rs+ 3
2

∥∥∥2

Hk−1
+
∥∥∥ 1

1+α
R−

1
2 wτ

∥∥∥2

Hk−1
+
∥∥∥Rs+ 1

2 Dv
∥∥∥2

Hk

+
∥∥∥ 1

1+α
Rs− 1

2 Dvτ

∥∥∥2

Hk−2
+
∥∥∥ 1

1+α
Rs− 1

2 vτ

∥∥∥2

2

)
dτ.

Thus

N̄k(1,t′)

= sup
1≤τ≤t′

(
‖w‖2

Hk +‖Rsv‖2
Hk +

∥∥∥ 1
(1+α)R

wτ

∥∥∥2

Hk−1
+
∥∥∥ 1
(1+α)

Rs−1vτ

∥∥∥2

Hk−2

)
+(1+α)

∫ t′

1

(∥∥∥ Dw

Rs+ 3
2

∥∥∥2

Hk−1
+
∥∥∥ 1

1+α
R−

1
2 wτ

∥∥∥2

Hk−1
+‖Rs+ 1

2 Dv‖2
Hk

+
∥∥∥ 1

1+α
Rs− 1

2 Dvτ

∥∥∥2

Hk−2
+
∥∥∥ 1

1+α
Rs− 1

2 vτ

∥∥∥2

2

)
dτ. (4.1)

By the same proof of Proposition 3.1, we can obtain

Proposition 4.1. If N̄3(1,t′)≤1, γ< 2
3 +

1
α and t′≥1, then we have

N̄3(1,t′)≤C‖(w0,v0)‖2
H3+Ch+CN̄

3
2

3 (1,t′). (4.2)

Based on Proposition 4.1, we start to prove Theorem 1.2.
Proof of Theorem 1.2. By Theorem 1.1, we know that problem (2.5a)-(2.5b) has a local
solution (w,v) such that w∈C([0,T],H3(S0))∩C1([0,T],H2(S0)) and v∈C([0,T],H1

0(S0)∩
H3(S0))∩C1([0,T],H1

0(S0))∩L2([0,T],H4(S0)). From Proposition 4.1, the uniform energy
estimates for t′≥1 are obtained when the initial norm ‖(w0,v0)‖H3≤ε0 is small. Therefore,
it follows the continuity argument that problem (2.5a)-(2.5b) has a global small solution
and further (1.3a)-(1.3c) in Theorem 1.2 hold. �
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