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Abstract

Optimal convergence rates of adaptive finite element methods are well understood in
terms of the axioms of adaptivity. One key ingredient is the discrete reliability of a residual-
based a posteriori error estimator, which controls the error of two discrete finite element
solutions based on two nested triangulations. In the error analysis of nonconforming finite
element methods, like the Crouzeix-Raviart or Morley finite element schemes, the dif-
ference of the piecewise derivatives of discontinuous approximations to the distributional
gradients of global Sobolev functions plays a dominant role and is the object of this paper.
The nonconforming interpolation operator, which comes natural with the definition of the
aforementioned nonconforming finite element in the sense of Ciarlet, allows for stability
and approximation properties that enable direct proofs of the reliability for the residual
that monitors the equilibrium condition. The novel approach of this paper is the sugges-
tion of a right-inverse of this interpolation operator in conforming piecewise polynomials to
design a nonconforming approximation of a given coarse-grid approximation on a refined
triangulation. The results of this paper allow for simple proofs of the discrete reliability
in any space dimension and multiply connected domains on general shape-regular trian-
gulations beyond newest-vertex bisection of simplices. Particular attention is on optimal
constants in some standard discrete estimates listed in the appendices.

Mathematics subject classification: 65N30.
Key words: Discrete reliability, Nonconforming finite element method, Conforming com-
panion, Morley, Crouzeix-Raviart, Explicit constants, Axioms of adaptivity.

1. Introduction

1.1. Motivation

The nonconforming finite element schemes are a subtile but important part of the finite
element practice not exclusively in computational fluid dynamics [1-3], but also with benefits
for guaranteed lower bounds of eigenvalues [5,9], lower bounds for energies e.g. in the obstacle
problem [13], or guaranteed convergence for a convex energy density despite the presence of the
Lavrentiev phenomenon [23]. Prominent examples are Crouzeix-Raviart [17] and Morley [22]
finite elements illustrated in Fig. 1.1.a and d.

The discrete reliability is one key-property in the overall analysis of optimal convergence
rates in adaptive mesh-refining algorithms and one axiom in [4,15]. Tts proof is a challenge in the
nonconforming setting since even given an admissible refinement T of an regular triangulation

~

T the associated finite element spaces are non-nested V(7) ¢ V(T).
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Fig. 1.1. Mnemonic diagrams of the finite elements in 2D.

1.2. Methodology

The authors see three different arguments (i)—(iii) to circumvent the non-nestedness of the
nonconforming schemes in the literature,

(i) appropriate mesh-refining,
(ii) discrete Helmholtz decomposition,
(iii) conforming companions.

For Crouzeix-Raviart finite elements see Theorem 2.1 in [24] for (ii). The restriction to simply-
connected domains and dimension n = 2 from (ii) is circumvented in [7] for Crouzeix-Raviart
using intermediate triangulations (i) and an associated discrete quasi-interpolation. For the
Morley finite element analysis see Lemma 5.5 in [20] for (i) and Theorem 4.1 in [6] for (ii). This
paper presents (iii) and its application for more general and refined results to prove discrete
reliability. This general domain independent principle shall serve as a guideline for the many
nonconforming methods in the rich literature. Often a discrete Helmholtz decomposition is
not available, however the construction of a conforming companion although allows to compute
guaranteed upper error bounds. Therefore, it seems intuitive to use this operator for the proof
of discrete reliability as outlined in this paper.

1.3. Model Problems

For better intuition the reader may have the following model problems in mind. Given
a polyhedral Lipschitz domain 2 C R™ and a right-hand side f € L2(f2), for a second-order
problem consider the Poisson Model Problem, find v € H'(£2) with

Au=fin Q and wu =0 along 09,

where the weak formulation seeks u € Hg(Q) such that
Vu-Vodr= [ fvdr forall v e Hy(Q).
Q Q

The discrete version of this energy scalar product reads
ah(uh,vh) = / Vnctup - Vncvpdr  for all up,vp € Hl(Q) + V(T) + V(’?\d), (11)
Q

where a possible choice for the nonconforming finite element space V(7)) is the Crouzeix-Raviart
space CRS(T). A simple fourth-order elliptic problem is the biharmonic equation, which seeks
u € H?(Q) with

A’u=finQ and u:%:Oalong@Q.
v
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The corresponding weak formulation seeks u € HZ(£2) such that
/ D?u: D*vdx = / fodz  for all v € HZ(R).
Q Q
The discrete version of the associated energy scalar product reads
ap(up,vp) = / Décup : Dégupdz for all up, v, € HX(Q) + V(T) + V(T) (1.2)
Q

and a possible choice for the nonconforming finite element space V(7) in the biharmonic setting
is the Morley finite element space M (7). In both cases the discrete problem seeks uy, € V(T)
such that

an(up,vp) = / fopdz  for all v, € V(T).
Q

1.4. Results

Given a regular triangulation 7 and its admissible refinement T with the finite element
spaces V(T) (resp. V(T)) and the discrete solutions uy, (resp. Uy ), the abstract section shows
the discrete reliability

@ — unllf, < Agrer D 7°(T): (dRel)
TeER

Here and throughout this paper, n(T) is an error estimator contribution, the discrete norm
|| [[n is induced by a scalar product an on V(T) + V(T), and R := {K € T: 3T € T\
7 with dist(K,T) = 0} is the set 7'\ 7 of coarse but not fine simplices plus one layer of coarse
simplices around. The point is that the universal constant Ag..; < 1 solely depends on the
shape-regularity of the triangulation 7, but neither on levels nor on mesh-sizes. Four abstract
conditions (C1)—(C4) in Section 3.3 below imply the existence of an approximation u} € V('f')

such that

2 ~ s m
n ﬁlluh — unl[n < [ug, —unlln + AlAF fll o 7y (1.3)
The additional conditions (C5)—(C7) in Section 3.5 below result in

@5, —wnlls < A3 Y hr - D™ unlr x velfa)- (1.4)

TER  FeF(T)

Throughout this paper, the piecewise constant function hy|r = hp = diam(T) is the diameter
of the simplex T € T; F(T) is the set of sides (edges for n = 2 or faces for n = 3) of T' with the

tangential jumps [v]F X vr along sides F', and || « ||? is the sum of

L2 T\T ZTeT\T H ”L2
the L2-norms on the coarse but not fine simplices. Section 2 summarises the necessary notation.

The combination of (1.3)—(1.4) proves (dRel) with the estimator

(1) = W3 f 12y + b > (D™ unlr x velFecm (1.5)
FeF(T)

for any simplex T' € 7 and Agre; < (1 +271/2)max{A;, Ay}. The second task of this paper is
to sharpen this result; a modification of the companion operator behind @} allows the proof of
(1.4) and thereby (dRel) with 7\ 7 replacing R.
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1.5. Outline

The remaining parts of this paper are organized as follows. Section 2 simply recalls the
standard notation and characterizes a finite patch configuration condition for the admissible
triangulations (A2) guaranteed for adaptive mesh refining by newest-vertex bisection. The
purpose of Section 3 is an overview over the residual-based error analysis written in an abstract
format to be accessible for non-experts and to describe the state of the art and the design of
the conforming companion in a language with minimal technicalities. The presented abstract
conditions (C1)—(C7) imply (1.3)—(1.4) and so (dRel). Section 4 (resp. Section 5) on applica-
tions starts with the definition of the Crouzeix-Raviart (resp. Morley) finite element scheme
and gives the proof of (C1)—(C7) to answer the question: How do we prove the discrete re-
liability for nonconforming finite element schemes? In Section 4, up, V(T), I, etc. from the
general analysis are replaced by ucr, CRY(T), Inc, and in Section 5 by wunr, M(T), In etc.
Section 6 introduces a modified companion operator for both examples and proves that indeed
T\ T replacing R is sufficient in (1.4). The appendices highlight a few discrete inequalities
with sharp explicit constants utilized throughout the paper to compute Agye;.

Standard notation on Lebesgue and Sobolev spaces applies throughout this paper; H™(T) ab-
breviates H™ (int(T')) for a compact set T with non-void interior int(7T"). Furthermore, a < b
abbreviates a < Cb with a generic constant C independent of the meshsize h, while ¢ =~ b
stands for a < b < a.

2. Notation

Regular triangulation. Given a regular triangulation 7 of a bounded polyhedral Lipschitz
domain ©Q C R™ into simplices in the sense of Ciarlet [1-3], let F (resp. F(£2) or F(9)) denote
the set of all (resp. interior or boundary) sides and let A (resp. N(2) or N'(99)) denote the set
of all (resp. interior or boundary) vertices in 7. For any simplex T € T, the set of its vertices
reads NV (T') and the set of its sides reads F(T'). The intersection T3 N T of two distinct, non-
disjoint simplices T} and T» in 7 is the shared sub-simplex conv{N (T}) NN (T»)} = 0T1 N IT>
of their shared vertices.

Given a side F € F, the side-patch wp = int(UTGT(F) T) is the interior of the union
UT(F) of the set T(F):={T €T : F € F(T)} of all simplices with side F'. Given a vertex
z € N, the nodal patch w, = int(UTGT(Z) T) is the interior of the union |J7(2) of the set
T(z):={T €T :2¢e€ N(T)} of all simplices with vertex z. For any simplex T € T the set
TQT)) :={K € T : dist(T, K) = 0} of simplices in T near T has cardinality |7 (2(T))| and
covers the closure of Q(T') := int( Urer@er) T) = int( Usen () UT(z)).

Admissible triangulation. Throughout this paper, T is computed by successive admissi-
ble mesh-refinements of a regular initial triangulation 7. The set T of admissible triangulations
of all those triangulations is always shape-regular in the following sense.

(A1) There exists M; < oo such that any T € T € T is included in a closed ball B(M7, Rr)
and includes a closed ball B(mz,rr) of radii Ry and rr, B(mp,rr) C T C B(My, Rr), with
Ry < Myrp. This implies finite overlap of patches and their extensions in that |7 (2)] < My <
oo for any 7 € T and z € N and M3 := supperer | T (T))| < (n+1)Ms < co. The constants
My, My, M3 are universal in T.

Adaptive mesh-refinement typically leads to triangulations with a finite number of configu-
rations up to scaling in the following sense.
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(A2) There exists a finite number of reference patches Cy, ..., C; of the vertex 0 such that
for all 7 € T and any vertex z € N the patch

T(2) = 2 + hC;

is equal to a scaled copy of C; for some h > 0 and some j € {1,...,J} and hC; = {hK : K €C,}
with hK = {hx : x € K}.

The most prominent mesh-refining strategy with (A2) is the newest vertex bisection (NVB)
based on an initial triangulation 7y (plus some initialization of tagged simplices as in [25]). Tt
is obvious that (A2) implies (A1).

Jumps. Given any side F' € F, assign its unit normal vy with a fixed orientation, while v
denotes the unit outward normal along the simplex boundary 9T of T € T. Suppose vg = vr|p
on each boundary side F' € F(92) N F(T'). Once the orientation of the unit normal vp is fixed
for an interior side F' = 0T} N IT_ € F(Q) shared by the simplices T, T_ € T(F), let T
denote the adjoint simplex with v7, | = v and let T_ denote the simplex with vy |p = —vp.
With this sign convention, the jump [v]r of a piecewise Lipschitz continuous function v across
F is defined by

v, () —v|r_(x) forx € F =0T NOT- € F(Q),

[v]F(z) = () for x € F € F(0Q).

General notation in R™**, For a,b € R™** let a-b=a'be R*** anda®@b=ab' €
R™>*™_ Let e, € R™ denote the canonical k-unit vector for k = 1,...,m with ex(j) = d;x
for 1 < j,k < m and Kronecker delta ;5. If K = conv{Py, P»,...,P;} C R™, let mid(K) :=
Jt Z'jjzl P; € R™ denote its centroid, e.g., the midpoint of an simplex, face or edge; set
hy = diam(K).

The notation |« | depends on the context and denotes the euclidean length, the cardinality
of a finite set, the n- or (n — 1)-dimensional Lebesgue measure of a subset of R", e.g., |T'| is the
volume of a simplex T' € T and |F| denotes the area of a face F' € F in 3D or the length of an
edge in 2D.

Piecewise polynomials. The vector space of piecewise polynomials of at most degree k
is denoted by Py (T), the subset in H'(2) by S*(T) := P.(T)NC(Q) C H' (), and the subset
in H(Q) including homogeneous boundary conditions by S§(T) := S¥(T) N Co() C HL(R).
Given a function v € L?(w), define the integral mean f vdz :=1/|w| [ vdz. The orthogonal
projection Ily : L*(Q) — Py(T) is defined for all f € L*(Q) by its average Iy (f)|r := £ f da
inTeT.

3. Abstract Discussion of Discrete Reliability

3.1. Goal

It is the scope of this section to give an abstract and easy-to-read introduction to the
principles of a proof of the discrete reliability (dRel) for nonconforming finite element methods.
One key difficulty in the a posteriori error analysis of those methods results from the fact that
even if the triangulation 7T is an admissible refinement of a regular triangulation 7T, the related
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finite element spaces V(T) and V(T) are non-nested in that V(T) ¢ V(T) in general. In
comparison with nested conforming discretizations, this causes an additional a posteriori error
term in (1.3) involving an approximation u} € V(T) of the discrete solution u, € V(7). The
abstract description in this section introduces some general properties that cover the Crouzeix-
Raviart and the Morley finite element method. One key ingredient in the methodology (iii)
for the definition of @} is the design of a conforming companion guided by (C6)-(C7) and the
consequence (3.4). In the abstract setting of this section, (1.4) and therefore (dRel) is proven
for the set R, which contains ’T\7A‘ plus one layer of simplices. A novel design of the companion

operator in Section 6 allows the replacement of R by T \ T.

3.2. Model problem

To illustrate the proof of the discrete reliability (dRel), suppose that (V(T),ap) is a finite-
dimensional Hilbert space based on a regular triangulation 7 of & C R™, where V(T) C Pi(T)
is a vector space of piecewise polynomials of degree at most k and ap (s, «) := (DZxe, DZs ")
is a scalar product that involves all piecewise derivatives DY/ of order m. In the case m =1,
D} := Dnc = Vnc denotes the piecewise action of gradient V, while D% stands for the
piecewise action of the Hessian D? for m = 2. The underlying triangulation is neither explicit
in the notation of the scalar product aj, nor in its induced norm ||« ||, with

17 = D IDRe* 720y
TeT

~

so both are defined for a nonconforming finite element space V(7) with respect to any admissible
refinement 7 € T(T) of T. The conditions (C1)—(C3) below imply a partial a posteriori error
control exemplified in Theorem 3.1 for a linear model problem with a; and the right-hand side
f € L*(Q) with the associated functional F(v) := [, fvda for v € L*(Q). Let the discrete
solution up, € V(T) solve

ap(up,vp) = F(vp) for all v, € V(T).

~

On the fine level, let @y € V(T) denote the discrete solution to ap(Up,vn) = F(vp,) for all

~

v, € V(T). The local error estimator n(T') from (1.5) leads for M C T to

n(T,M):= | > n(K).

KeM

In (1.5), [D™up|r X vp stands for the tangential components of the jump of the derivative
D™y, in 3D and simplifies to [Qup/0s]p in 2D for m = 1. The error estimator 7 is reliable and
efficient for a large class of examples [12].

3.3. Conditions (C1)—(C4)

Suppose that the nonconforming finite element space V(7) ¢ H{*(2) allows for an interpo-

~

lation operator I, : H*(2) + V(T) — V(T) with an approximation property
H@\h — Ihi)\h”L?(T) <A hp ||Dm(i)\h — Ih@h)HLQ(T) foral T €T (Cl)
and an orthogonality

~

ah(wh,i;\h — Ihi)\h) =0 forall wy € V(T) and all i)\h S V(T) (02)
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Suppose the interpolation operator I, acts as the identity on non-refined simplices, in the sense
that

(1—I1)0ur =0 inT eTNT forall o, € V(T). (C3)

The point in what follows is that the non-nestedness V(T) ¢ V(T) causes that u, & V(T) (in

o~

general) is not an admissible test function on the finer level. Some transfer function 4} € V(7))
has to approximate uy, in the norm of L?(Q) as well as in the norm || « ||, and results in estimator
contributions for some simplices in R C T below. The main argument for the later reduction
to R is the property 4} =up in T € TN 7. The introduction quotes a few references based on
(i) appropriate mesh-refining and (ii) discrete Helmholtz decomposition to achieve this. Given

~

up, on the coarse level, this paper suggests (iiil) the design of @} € V(7) on the fine level with

Ihﬂ;; = Up.- (04)

3.4. Proof of (1.3)

Theorem 3.1. The conditions (C1)—(C4) imply (1.3) from the introduction.
Proof. The linearity of the discrete scalar product and (C2) imply

|in — unllz = an(@n, @n — un) — an(un, Ity — up).

~

Given any U}, € V(T), the discrete equations on the coarse level with test-function Iy —up €

~

V(T) and on the fine level with test-function u — uj, € V(T) lead to

||ah — uh||,21 :ah(ﬁh, ﬂ;; - uh) + F((l - Ih)(ﬂh - a;;) + up — Iha;;)-

~

Since u;, € V(T) satisfies (C4), (C2) implies ap(up,d), — up) = 0. Therefore, the Cauchy-
Schwarz inequality and (C1)—(C3) result in

[dn — unlly, =an(@h — un, @, —up) + F((1 = Ip) (@, — @)

<[Vtn — unlln 1@l = unlln + Ay |7 f 27y 11 = In) (@n — @5)l[n (3.1)
with the abbreviation (for any s € R)

1/2
5y = (e

TeT\T

The orthogonality (C2) shows that
(L = In)@n = @)l = an((1 = In) (@ — @5), @ — a5) < (1= In) (@, — @,)l|nlla@n — @ln-
This and the triangle inequality verify
(0= L) (@n —up)lln <l[an = wnlln + @} — unlln. (3.2)

The combination of (3.1)—(3.2) and some elementary calculations conclude the proof of (1.3).00
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3.5. Conditions (C5)—(C7)

This section discusses the term ||} — up||s and introduces additional conditions (C5)—(C7)
sufficient for (1.4). The explicit design of @}, in this paper (iii) involves a conforming companion
Joup, € Vo (T) € Hi'(Q) followed by nonconforming interpolation I, : Vo (7T) — V(T), namely

a;; = Ithuh.

The conforming space Vo (7)) depends on the problem at hand; it is the conforming Vo (T) :=
S(T) for m =1 and the Hsieh-Clough-Tocher finite element Vo (T) := HCT(T) C H3(Q) for
m = 2 = n. More details for the two examples follow in Section 4 in (4.1)—(4.2) and in Section 5
in Lemma 5.1. Once Jouy, € HF*(Q) is given, the stability of the nonconforming interpolation
I : H"(Q) — V('f') leads to an universal constant As < 1 such that, for all T € T,

HD{\?C(EIU — wh)||L2(T) < A5||Dm(v — wh)HLz(T) for all v € Hén(Q) and wy, € V(T) (05)
The combination of (C3)—(C5) with v = Jouy, 4}, = TnJoun, and ||« ||n = | DX * [l 2 (o) proves
[y, — unlln < As|| D™ (Jaun — un)ll 27y (3.3)

The subsequent discussion concerns the local analysis of the upper bound || D™ (Joun —un)|| L2 (1)
for T € T\ 7 and that means the design of Ja. The abstract description of the local design of
J2 : V(T) = Ve(T) in (C6) below assumes that (Jouvp)|r depends on vy, € V(T) restricted to a
neighbourhood Q(T) of T' € T. In a formal notation, for all T € T with V(T )|acr) = {valar) :
vn € V(T)} € Pu(T(T))) and (V(T) 0 HE(Q) | = {oloery = v € V(T) 0 HE (@)},
assume the existence of an operator Jo v : V(T)|q(r) — Vo (T) with

(Jovn)|r = Jo,r(vnlqery)  for all v, € V(T).
This local contribution Js 7 is exact for all conforming arguments in the sense that
wy|r = Jop(wy)  for all wy € (V(T) N HGH(Q))|oer) and all T € T. (C6)

The jump estimator contributions near some simplex 7" € T are associated with the set F(Q(T))
of sides, which is defined as the set of all FF = 0K; N 0K, for distinct neighbouring simplices
K1,Ky € T(QT)) plus all boundary sides F' C 9Q with F' € F(K) for some K € T(Q(T)).
(Notice that any side F' on the boundary 0(£2(T)) of Q(T) is only included if it belongs to 9;
if dist(Q2(T"),09) > 0 then only interior sides in Q(7T') are considered in F(€(T")).) Define the
two seminorms pr, o7 : V(T)|qery — [0, 00) for wn, € V(T)|or) = {vnlawr) + vn € V(T)} by

1/2
pr(w) = (D hellD™wnle x velae)  and
FeF(Q(T))

or(wp) = | D™ (wp, — J2, 7wp) | 2 (1)
The condition (C6) implies that (V(7) N H*(2))|o(r) belongs to the null space
Keror = {wn € V(T)|acr) : or(wn) = 0}

of or. The latter space is supposed to include the null space Kerur of pur in that

Ywy, € V(T)|Q(T) (uT(wh) =0 = wye€ (V(T) N HS”(Q)) |Q(T)>. (C7)
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In conclusion, Kerur C Kerpr. The vector space V(T )|q¢ry has dimension at most dim Py (T") =
(k:”) times the cardinality |7 (Q2(T))| < Ms of simplices near T'. Hence, an inverse estimate
argument similar to that in the proof of the equivalence of norms on a finite-dimensional vector

space V(T)|q(r) leads to
QT(wh) < O(T)ILLT(U)}I) for all wy, € V(T)|Q(T) (34)

for some constant C'(T') that depends on the local companion operator Jo 7, the triangulation
T((T)), the sides F(2(T)), and the maximal polynomial degree k. Under the assumption
(A2) on T, the constants C(T') in (3.4) are uniformly bounded.

Lemma 3.1. The assumptions (A2) and (C6)—(C7) imply

C(T) :== sup C(T) < 0. (3.5)
TeTeT
Proof. The aforementioned soft analysis arguments lead to (3.4) with a constant C(T') that
depends on the maximal polynomial degree k and on the configuration 7(Q(T")). The assump-
tion (A2) states that any nodal patch 7(z) is equal to z + h.Cj(.) for some j(z) € {1,...,J}
and some h, > 0. Since T (£2(T)) is the union of the n + 1 nodal patches for the vertices
z € N(T) of T, it follows

TEUT) = | (z+hCiry). (3.6)
2eN(T)

A scaling argument of the piecewise polynomials shows that the constant C'(T") does not depend
on a uniform scaling of all those factors {h, : z € N(T)}, so without loss of generality let
hy = 1. Then the other scaling factors are determined by the shape-regularity of T(Q(T))
and their overlap T'; in other words, there exists only a finite number of (scaled) configurations
T(Q(T)) with hr = 1 despite the fact that there are infinite triangulations 7 in T. Each of
those configurations leads to some positive constant C(T") and the maximum of those finite
number of values is C(T), which is positive and exclusively depends on T and on the maximal
polynomial degree k. This concludes the proof. g

Lemma 3.1 shows that the general assumptions (C6)—(C7) and (A2) are one example for
sufficient conditions for (3.4)—(3.5). For nonconforming Crouzeix-Raviart and Morley finite
element methods, the subsequent sections present some upper bounds of C(T) for n = 2 and
show that C(T) > 0 depends solely on the minimal angle wp in T from (A1).

3.6. Proof of (1.4)
Theorem 3.2. The assumptions (A2) and (C3)—~(C7) imply (1.4) with As = A5C('I[')M31/2.
Proof. Recall that a combination of (C3)—(C4) shows
U lr = Lallr = up|r for TeTNT
and then (C5) implies (3.3). The definitions of ur and pr lead in Lemma 3.1 to (3.4)—(3.5),

| D™ (wp, — J2,7wn) || 2 (1) < C(T)pr (wi) for all T € T and all wy, € V(T )|acry.  (3.7)
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Given any vy, € V(T), the piecewise definition of Jo through the local contributions J; o for
T €T and (3.7) for wy = vp|o(r) result in

> D™ wn = Javn) 2y < C(T)* D pi(vnlacr)
TeT\T TeT\T

<C(TPMs Y > helllD™vnle x vrllar).
TER FeF(T)

Since F € F(T) implies hp < hp, this concludes the proof of (1.4). O

4. Crouzeix-Raviart Finite Elements

This section establishes the conditions (C1)—(C7) for Crouzeix-Raviart finite elements for
m = 1 and n > 2, hence with a second-order problem as the Poisson Model Problem (1.1)
in mind. The notation from the abstract Section 3 is specified for the Crouzeix-Raviart finite
element method in that ucr replaces up, Inc replaces I, and ) ;o [|[VNe e ||%2(T) replaces
112 ete.

4.1. Interpolation and Conforming Companion Operator

The Crouzeix-Raviart finite element spaces (with and without boundary conditions) read
CRYT) := {’UCR € Pi(T): ver is continuous at mid(F) for all F € ]-"(Q)},
CRY(T) = {’UCR € CRYT) : vor(mid(F)) =0 for all F € ]-'(8(2)}.

For any admissible refinement 7 € T(T) of T € T and the side-oriented basis functions p €
CRYT) with ¥ r(mid(E)) = dgp for all sides E,F € F, the interpolation operator Inc :
H}(Q) + CRY(T) — CRY(T) reads

~

Inc(f) := Z <][ fds) Yp  for any f € Hy(Q)+ CRY(T).
Fer VF
The side-oriented basis functions (15 r: Fe F ) of CR* ('7') with respect to the fine triangulation
7 allow the analog definition of the interpolation operator Inc : HE(Q) — CRY(T).

The design for @ C R? of the conforming companion operator Jo : CR}(T) — S3(T) C
H} () from [8, Proof of Prop.2.3] generalizes to any space dimension n > 2. Let vor|7(2)
denote the value of vor € CRY(T) on T € T at the vertex z € N(T) and let |7 (2)| > 1 be the
number of simplices in the nodal patch. Nodal averaging defines J; : CR(T) — S§(T), where

(Jrver)(2) = |T(2)| 7! Z vorlr(z)  for all z € N(Q) (4.1)
TeT (z)

is followed by linear interpolation (plus homogeneous boundary conditions). This is called an
enrichment operator in [3] and also considered in the medius analysis in [14,19]. Let ¢, € S*(T)
with o, (a) = d,, for all vertices a,z € N denote the Pj-conforming basis functions and let
br = ([Len ¢2)/ Jp (Ienry =) ds € Pu(T(F)) for any side F € F be a normalized
side-bubble function. Then Jy : CR{(T) — Sg(T) reads

Jover = Jivcr + Y (][

(UCR — J1’UCR) ds) bF. (4.2)
Fer) VF
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4.2. Proof of (Cl)

This is Theorem 3.5 in [10] with A; = 1/19/48 < 0.629153 for n = 2 or A; = /101/180 <
0.749074 for n = 3. O

4.3. Proof of (C2), (C5)

Lemma 13 in [11] recalls HOVNC%\CR = VNCINcacR € Po(T; R") for all 6CR € OR(I)(?)
Since Vncwer € Po(T;R™) for all wer € CRY(T), (C2) follows from

an(wer,Vcr — IncVor) = (Vncwer, (1 — o) VNcUor) L2y = 0.

The analog identity on the refined triangulation T reads ﬁOVU = Vchch for all v € H& (Q).
This and Vncwer € Po(T;R™) C Po(T;R™) imply (C5) for any T € T with A5 = 1. O

4.4. Proof of (C3)

The restriction of any Ugg € CR%(?) to some T € TNT satisfies Ucr|r € span{yp|r : F €
F(T)} with the side-oriented shape functions ¢p € CRG(T). The duality property f,.¢pds =
Opr for all sides E, F € F implies INC%\CR|T = 6CR|T- ]

4.5. Proof of (C4)

Given any ucr € CR}(T), set Ugp = IncJs (ucr). The correction with normalized side-
bubble functions in (4.2) guarantees f,. Joucrds = f, ucrds for all sides F' € F. Hence, the
definition of Inc implies IncUp = IncJ2(ucr) = Incucr = ucr. This proves (C4). O

4.6. Proof of (C6)

Given any vopg € CR(l) (T) and K € T, the restriction Jyveg|x of the conforming companion
Jiver is the linear interpolation of the nodal values (J1vor)(z) at z € N(K)NN(Q) computed
from the nodal values of vog|r(z) restricted to the simplex T' € T(z) C T(Q2(K)). Therefore
Jo is associated with local contributions J i for any K € 7T in the sense that

(JQ’UCR)|K = J21K(UCR|Q(K)) for all VCR € OR(I)(T)

Any wer € (CRY(T) N H(Q)|owrx) = S§(T)lack) is continuous in Q(K) and vanishes along
90 N I(Q(K)) so the values Ji(wer)(z) = wer(z) coincide at all vertices z € N(Q(K)) :=
{zeN(T): T € T(UK))} and the integral means {,.(wcr — Jiwcr)ds = 0 vanish along all
sides F' € F(Q(K)). Consequently, for all K € T, Js i satisfies (C6). O

4.7. Proof of (C7)

Any wer € ORS(T)|qer) is piecewise affine, continuous at the side midpoints and vanishes
at midpoints of boundary sides F C 9Q N 9(Q(T)). Hence, the jump [weg]r across each
side F € F is of the form [wer]rp(z) = a - (x — mid(F)) for some a € R™ and any x € F.
Since a = [Vncwer]r and the normal vp is perpendicular to (z — mid(F)) L vp at any
x € F, the jumps [wegr|r = 0 vanish if and only if the tangential jumps of the gradients
I[Vwer]p X vE||72 ey = 0 vanish. Therefore, 3~ pe (qer)) hr[I[Vwer]r X ve||72 gy = 0 implies
that we g is continuous in ©(T) and vanishes along each boundary side F' € F(9Q)NF(OQ(T)).
This proves (C7). O
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4.8. Constants in 2D

In the case Q C R?, Section 4.2 shows A; = /19/48 < 0.629153 and this section bounds
the constant As in terms of the smallest angle wy in the set of admissible triangulations T
and My = maxyer{|T(2)| : 2 € N} < 2m/wp. The combination of (3.3) and the inverse
estimate [3, Lemma 4.5.3] with constant ci,y,2 for piecewise polynomials of degree at most 2
implies

@Er — ucrlln < cinv2llhy' (ucr — Joucr)| o (7 (4.3)
For each T' € T, the definition of J; in (4.2) and the triangle inequality lead to

lucr — Jaucr||L2(r)

<|lucr — Jiucrl L2 (1) + br

>

FeF(T)NF(Q)

]l (ucr — Jiucr)ds
F

L3(T)

Moreover, the local mass matrix for normalized bubble functions reads (with unit matrix 13x3 €
RS x3 )

T
|5| (Lsxsz + (1,1,1) ® (1,1,1)) € R>*3

B(T) = ( /T bbr dx)EvFef(T) -

and has the double eigenvalue Ay, = |T|/5 and the simple eigenvalue Ayax = 4|T|/5. The
discrete trace identity ZFG]_-(T) ’fF ucr — JIUCR ds’2 = 3|T| Yucr — JluCRH%Q(T) holds in
2D. Consequently,

||’uCR — JQUCR||L2(T) < CJ”UCR — JluCRHL2(T) with Cy =14 24/3/5 < 2.5492. (4.4)

Theorem 4.5 and Remark 4.7 in [10] prove that Cioc := (161/3(1 — cos(n/M3)))~* and n% :
he|[[Vucr]r % VFH%z(F) satisfy

h;2H’UJCR - Jl’UJCRH%ﬂ(T) S Cloc Z Z 77%‘ S 2C110(: Z 77?:‘ (45)
zeN(T) gj\ef@) FeF(Q(T))

The combination of (4.3)—(4.5) proves C(T) < ciny,2C5v/2Cloc in (3.5). Furthermore, M3 <
3Mj < 67 /wp, and Ay = C(T)M;’? hold in (1.4).

5. Morley Finite Elements

This section verifies the conditions (C1)—(C7) for Morley finite elements with m = 2 = n,
hence with a fourth-order problem as the Biharmonic problem (1.2) in mind. The notation
from the abstract Section 3 is adapted to the Morley finite element space in that wp; replaces
up, Ing replaces Iy, and Y p o7 | D » H%Q(T) replaces || «||? etc.
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5.1. Interpolation and Conforming Companion Operator
Given a regular triangulation 7 of  C R? with the set £ of edges, the triangular equilibrium
[22] also known as Morley finite element spaces (with and without boundary condition) is
M'(T) ::{v € P»(T) : v is continuous at N and
Ve is continuous at mid(E) for all E € 5},
M(T) ::{v € M'(T) : v vanisches at N (99) and
Vxcv vanishes at mid(E) for all F € E(GQ)}.

The shape functions for this finite element are displayed in [6, (6.1)], the local degrees of freedom
for ¢ps € M(T) on T € T are the nodal values ¢ps(z) for z € N(T) and the normal derivatives
O¢pr/Ove(mid(F)) in the midpoints of the edges E € £(T). For any admissible refinement
T e T(T) of T € T and the normal derivative dv/dvg := Vv - vg along the edges E € &,
the interpolation operator Ins : H2() + M(T) — M(T) [5,18] for any v € H2(Q) + M(T) is
characterized by

8IM’U
8I/E

(mid(E)) :][ v ds for any E € &.
E

(Injv)(2) =v(z) forany z € N and
8VE

The analog characterization with respect to the fine triangulation T defines the interpolation
operator Iy : H2(Q) — M(T) to the Morley finite element space M(T).

A conforming finite-dimensional subspace of HZ(2) is the Hsieh-Clough-Tocher (HCT) finite
element [16, Chap. 6]. For any T' € T let K(T) := {Tg: E € £(T)} denote the triangulation
of T into three sub-triangles T := conv{ F, mid(T)} with edges E € £(T) and common vertex
mid(7"). Then,

HCOT(T) = {v € H2(Q) : v|r € P3(K(T)) for all T € T}. (5.1)

The local degrees of freedom for ¢y € HCT(T) on T € T are the nodal values of the func-
tion 1)(z), of the derivative Vi)(z) for z € N(T) and the values of the normal derivatives
0y /Ovg(mid(E)) at the midpoints of the edges E € £(T).

Lemma 5.1. There exists a conforming companion operator Jg : M(T) — HCT(T)+(P5(T)N
HE () such that Jguy € HCT(T) + (Ps(T) N HE(Q)) satisfies (1)—~(v) for any var € M(T).

(i) Jovm(z) = var(z) for any z € N;

o [T STl orz e N (@),
() ViJeran)(z) =y g for = € N(99);
(iii) f5 OJava/Oveds =, 0vn /OvEds for any E € E;

(iV) IMJGvM = UM

(v) h7_*4||UM - JGUMH%z(T)

S X helllDPomle xvelis g S min [[DRc(om — o)} .
Ee£(AT)) LAE) ~ eps(q) NC L2((T))
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Proof. Proposition 2.5 of [18] defines a companion operator with (i)—(ii). In that paper given
vy € M(T), the first step is the definition of some Jyvy, € HCT(T) by averaging all the degrees
of freedom. That means for each interior node z € N(Q), the derivatives 8*(Jivar)(2) is the
average of all 0%vys|r(z) for T € T(z) and all orders |a| < 1 and 9(Jyvn)/Ove = Qv /OvE
at the midpoint mid(E) for each interior edge E € £(); while the degrees of freedom on
the boundary 9Q are set to zero for Jivy € HZ(Q). The edge-bubbles bg 1 := 30(vr - vEg)
dist(z3, B)pip3ps € Ps(T) (for T = conv{z1, 29,23} = conv{E, z3} € T and the nodal basis
function ¢; € SY(T) associated with z;) continuously extended by zero for T ¢ T(E) to
bg correct the integral mean of the normal derivatives along the edges to guarantee (iii) for
Jovy = Jioyr + ZE€5(Q) (JCE(UM — Jivm) ds)bE [18, Prop. 2.6]. Since the Morley element
is continuous in the nodes (i) holds. The characterization of the Morley interpolation operator
shows that (i) and (iii) imply (iv). Proposition 2.5 of [18] displays a global version of the estimate
(v) (obtained by the sum over T' € T); a closer investigation of the proof reveals that the local
arguments for the HCT element from [16] (which is almost affine) verify (v). Other C1-
conforming elements, such as for example the Argyris element, allow for a similar construction
of a conforming companion by averaging. The appropriate corrections then guarantee (i) and
(iii) and therefore (iv). The choice of HCT in [18] is a natural one because the degrees of
freedom fit conveniently to those of the Morley finite element. g

5.2. Proof of (C1)

Theorem 3 in [5] asserts H’UM — IM'UMHLQ(K) S IiMh%{HDQ(’UM — IMUM)”L?(K) for all v €
H?(K) and K € T with xy; = 0.257457844658. This estimate holds on any coarse and fine
triangle K € T N'T. The arguments in [5,10] can be generalized to prove

100 — IngOn || 22 i) < M| D? (0ar — TaaOan) || 2
for any K € T and Ty € M(T) with A; of (C1).

The following soft analysis briefly accounts for (C1). Let K € T \ T and set @y = (Uar —
InOag)| k- Tt holds @y, € M'(T (K)) with the fine triangulation 7(K) := {T € T : T C K} for
the domain int(K) rather than Q, was(z) = 0 for any node z € N(T) and §, 8wy /Ovp ds = 0
for any edge E € £(T). Prop. 2.5-2.6 in [18] allow the definition of a conforming companion
operator on the fine triangulation of a coarse triangle, J : M'(7A'(K)) — H?*(K) with the
properties in Lemma 5.1 for 7 (K). Due to the missing boundary conditions in contrast to [18]
the gradient in the new boundary nodes z € N'(OK) \ N(9K) is computed by averaging over
interior triangles

V(T (2) = [TENTE) > (Voulr)(2).
TeT (2)NT(K)

The triangle inequality reads ||@Waz|L2(x) < H{U\M_j{U\MHL%K)‘i‘Hj@MHL%K)- Lemma 5.1.v
proves [[Ws — JWarl|2(r) S P minyepzq) [|1DXc(var — v)llr2x) < b DkcvmllLz () for the
first term. Since Ip;Jwy = 0, the error estimate [5, Thm.3] for the Morley interpolation of
Jwy € H?(K) followed by the stability property [18, Prop. 2.6] of the companion operator
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proves

1T @ | 220y = [ TBar = Tng JBna || 2y < knchic | (1= o) D (T@nr) | 22 )
<karhic | D*(Jia)| 2y < rarhic (1D (T@ar — Ba) |22y + 1DRe®r |2 c))
Shi N DXc@r |2 (x)-
2

The combination of these estimates shows ||Was| r2(x) S M| DRc@n |2 (k) for any K € T.
This concludes the proof of (C1). O

5.3. Proof of (C2), (C5)

Since the Hessian D¥cwayr € Po(T;R?*?) is piecewise constant for any wys € M(T) C
P,(T), the identity IloD&e = D¥cIm 5, (3.1)] proves (C2) by

an(war, O — IngOnr) = (DRjcwar, (1 — o) D) r2() = 0.

The analogue identity on the refined triangulation T reads ﬁ0D2v = D%CTNCU for all
v € HZ(Q). Since Dicwar € Po(T;R?*2) C Po(T;R**?), it follows (C5) for any T' € T with
As =1 by [|D{c(Inv = war)llp2cry = [MoD?*(v — war) || r2(r) < [D*(v — war)ll L2 cr).- O

5.4. Proof of (C3)

Given any T € T N T and some Um € M(’7A‘), it remains to verify that Ip/Oa |7 and U7
coincide in the degrees of freedom for the Morley finite element. Since 0vUns/OvE|g € Pi(E)
implies Uy /Ovp(mid(E)) = f, 00 /0vg ds for all sides E € £(T), the definition of Iy, shows

indeed that the normal derivatives at the edge midpoints mid(E) for E € £(T) = £(T') and the
values in the vertices z € N(T') = N(T) of Uy coincide with those of Ip/Upy. O

5.5. Proof of (C4)

Given any uy € M(T) and U}, = IniJe(unr), Lemma 5.1.iv shows uy = InJe(un) =
IniIpnJa(upr). This proves (C4). O

5.6. Proof of (C6)

Given any vy € M(T) and K € T, Lemma 5.1 shows that Jgvas and vy have the same
nodal values (i) and integral means of the normal derivatives along the edges (iii). Only the
derivatives V(Jguar)(z) for inner nodes z € N (K)NN () are computed by averaging Vuas|r(z)
for all T € T(z) and so J¢ is associated with local contributions Jg i for any K € T in the
sense that Jg(vM)|K = JgﬁK(vM|Q(K)).

For any wa; € (M(T) N HF(Q))|awk), the derivative Vwyy is continuous in Q(K) and
vanishes along boundary edges E C 99, hence Vwy(z) = VJgwa(z) for all z € N(Q(K)).
The nodal values and the integral means of the normal derivatives of wp; and Jgwys coincide
by Lemma 5.1.i and iv. Hence, the functions was € (Po(T)NHE())lokx)y € HCT(T)|ok) and
Jownloky € HCOT(T)|ak) C Hg(Q)|Q(K) coincide in the degrees of freedom for the HCT
finite element. Consequently, was|r = Jg,rwn for any T € T (Q(K)) proves (C6). O
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5.7. Proof of (C7)

The derivative Vncvy € CRY(T;R?) of a vy € M(T) is a Crouzeix-Raviart function.
Therefore, given any 7' € T and war € M(T)|q(r), the arguments of Section 4.7 apply for
each component of Vxcwar: If [[[D¥cwnle X VE||72p) = 0 for all E € £(Q(T)), then Vuwar €
S§(T:R?)|qer). Consequently, wyy € (M(T) N HF(Q))|ocr)- This proves (C7). O

5.8. Towards application in 3D

The physical application in mind are plate problems, therefore this paper concentrates on
the two-dimensional case. However, the Morley element is generalized to solve fourth-order
elliptic equations in any space dimension in [21]. Given any n-simplex T' € T with (n — 1)-
dimensional sub-simplices (faces in 3D) F' € F(T) and (n — 2)-dimensional sub-simplices (sides
in 3D) E € (T), [21, Def. 1] introduces the following local | F(T)|+|E(T)| = (n+1)+ ("1]) =
(n+1)(n+ 2)/2 degrees of freedom for v € Po(T)

]Zvds and % 4s for all E€ &(T), F € F(T), and v € C(T).
E r OV
If the integral mean over a node z € N for n = 2 is translated as point evaluation, this is a
generalization of the two-dimensional definition. In [21, (9)] the dual basis of M(T) inn =3
dimension is stated and used to define the standard interpolation Iy : Hg(Q)—l-M(’?) — M(T)
for any v € H2() + M(T) with

][vds:][IMvds forany E € £ and
E E

OIn (v) olyv, . ]l ov
ﬁ oor s oor (mid(F)) Oor s forany F e F

An integration by parts proves IlgD? = D% Iy which leads to (C2) and (C5) as in 2D. The
condition (C3) holds with the same arguments as in Section 5.4, while (C1) remains to be
discussed. However, [10, Thm. 3.5] for the Crouzeix-Raviart case holds in any space dimension
and the gradient Vncvy € CRY(T;R") is a Crouzeix-Raviart function in n components for
any v, € M(T), hence the authors are optimistic that the proof of (C1) carries over to higher
space dimension. Moreover, since Section 4.7 holds for all n € N, (C7) follows as above.

To verify the conditions (C4) and (C6) a C'-conforming space in higher dimension has
to be chosen. In [26] a composite C* tetrahedral element W (T) is presented. Thereby each
tetrahedron T' € T is subdivided into four tetrahedra Tr := conv{F, mid(T")} € K(T') with the
following 45 degrees of freedom, for any v € W(T),

(1) v(z), Vo(z) and D?v(z) at the four vertices z € N(T),
(2) Vo(mid(F)) - vp at the midpoints of the four faces F' € F(T),
(3) v(mid(T)) at the centroid mid(T"),

where v € P?(K(T))NCHT)NC*(mid(T)) is a piecewise P5 element and the normal derivatives
on the faces Vv - vp € P3(F) are constrained to be cubic along each F' € F. The interpolation
operator J; : M(T) — W(T) is defined by averaging as follows. Given any vy, € M(T)
define the degrees of freedom for W (T) by J1 D%y (z) = |T(2)|~* >rer(s P¥omlr(2) for all
z € N(Q) and 0 < |a| <1 and zero otherwise, set VJyvp (mid(F)) - vp = Vo (mid(F)) - vp
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for all F € F, and Jivpy(mid(T)) = va(mid(T)) for all T € 7. This companion (with
the local corrections indicated below) satisfies the localisation condition (C6). To verify (C4)
for wy, = I; MmJ2(upr) a condition comparable to Lemma 5.1.iv would suffice. Therefore, the
integral means of the function along the edges and of the normal derivatives along the faces
have to be corrected without changing any of the degrees of freedom in W (7). Due to the
degree of freedom in the midpoint of each simplex a refined triangulation is introduced. Let
K € T(T) denote the refinement, where each tetrahedra is divided in four sub-tetrahedra with
the centroid as new vertex, i.e., = Upcr UTFE,C(T) Tr. For any E € £(2) chose a function
£p € H3(Q) with £, Epds = dgp for all G € £, such that supp({g) C Gp = int(UKe,C(E) K)
and V&g - vp(mid(F)) = 0 for all sides F' € F. Since there exists 0 < ¢ < minper hp/2 with
B.(mid(F)) C @g, a possible choice is a mollifier £ € C°°(R3) with supp(ég) C B.(mid(E))
such that without loss of generality fE égds = 1. There are also higher-order conforming
polynomials that could be chosen for this correction. For example in [27, Cor. 2.1] a C'-
conforming element in P(7) for 9 < k is introduced. For k = 10 this element has one
interior point of each edge F € £ as degree of freedom. The associated dual basis function
£e € Pio(K) N C'(Q) normalized such that f, g ds = 1 is an other possible choice. For any
vp € M(T) set

jl(’UM) = Jyop + Z (][ (’UM - Jl’UM)dS)gE S Cl(Q)

EBege VE
For the correction of the integral mean of the normal derivatives along the faces choose for each
F € F(Q) a function (r € H(Q) with supp(Cr) C @F = int(UKeK(F) K) and f, V(pvpds =
dgr for all G € F. Inspired by [18] a piecewise polynomial (r € P7(K) N C(Q) with this
attributes comes to mind. For any vy, € M(T) set

JQ(UM) = jl’UM + Z (][ V(’UM - jl’UM) VR dS)CF S Cl(Q)
reF VF
By construction holds I Jovas = vy for any Morley function vy € M(T), which is the missing
equality in the proof of the remaining condition (C4).
Other C'-conforming elements, such as for example the element in [27] allow for a similar
construction of the conforming companion Jy by averaging (and perhaps appropriate correc-
tions).

6. Refined Analysis

This section introduces the piecewise design of companion operators in Section 6.1-6.2 based
on a fixed subset of sides ' C F. This leads in Section 6.3 to the definition of an alternative
approximation u}, € V(T) to the discrete solution uy € V(T) in (1.3) with (C4) and to (1.4)
with T\ T replacing R for Crouzeix-Raviart and Morley finite element methods. A closer look
reveals that merely the jump contribution along coarse-but-not-fine sides F \ F occur in (1.4);

in fact,
@ —unlln S D BelD™unle X velliz . (6.1)
FeF\F

The remaining conditions (C1)—(C3) sufficient for (1.3) depend only on the interpolation opera-
tors in Sections 4 and 5, so that (6.1) implies the discrete reliability (dRel) with 7\ T replacing
R.
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6.1. Piecewise companion operator for piecewise affines

The piecewise design of a companion operator is based on a set of sides 7/ C F and its
associated sets T (K, z) and F(K,z) for any simplex K € T with vertex z € N(K) in the
sequel. Recall the set T(z):={T € T : z € N(T)} of simplices with vertex z € N and the set
F(z):={F € F:zeN(F)} of sides with vertex z € N.

Definition 6.1. Given F' C F, a simplex K € T, and its vertex z € N(K), let
T(K,z):= {T €T : there exist Ty, ..., Ty € T(2) with Ty =K, T; =T,
and T; N T 41 € F for all j =1,...,J — 1} CT(:) (62)

denote the side-connectivity component with respect to F' of K in T (z) with cardinality |T (K, z)|.
Under the same premise let

F(K,z):=F'n {F € F(z): F € dThNITy for Ty, Tr € T(K,z)}

denote the set of interior edges in T(K,z). Abbreviate F'(0Q) := F' N F(INQ) for the set of
boundary sides in F'. (Notice K € T(K,z) for any K € T, z € N(K).)

There are two extreme examples for the choice of 7' and the applications below concern some
intermediate selection in Section 6.3 illustrated in Fig. 6.1.

Example 6.1. (a) The maximal set 7' = F means T (K,z) = T(z) for any K € T and
z € N(K). This choice in Definition 6.2-6.3 leads to the conforming companion operator of
(4.2). In Definition 6.4-6.5 it leads to Jg in Lemma 5.1.

(b) EF NF)NF(K)=0for K € T and z € N(K), then {K} = T(K, z) (the condition
0T; N OTj41 € F for j=1,...,J —1 does not arise for J = 1); singletons are side connected.

Any choice of 7/ C F allows the definition of the local companion operator below for Crouzeix-
Raviart in Definition 6.2-6.3 (k = m = 1, n > 2) and for the Morley finite element in Defini-
tion 6.4-6.5 (k=m =2 =mn).

Definition 6.2 (Local companion J; for piecewise affines). Suppose T € T and the sets
T(K,z) are as in Definition 6.1 associated with F' C F to define J1 : Pi(T) — Pi(T) as
follows. For any v1 € Pi(T) and K € T define (Jiv1)|x € Pi(K) through linear interpolation
in K of the nodal values

0, if z € N(F) for some F € F(K)N F'(09),
|T(K7 Z)l_l ZTGT(K,Z) U1|T(2)7 else

at the n+ 1 vertices z € N(K) of K.

(Jiv1)|k (2) = (6.3)

The values at e.g. interior vertices are computed by averaging over the side-connected T (K, z) C
T (z) of cardinality | T (K, z)|. The first alternative in (6.3) at all vertices of a boundary side F' €
F'(09) enforces homogeneous boundary conditions. The piecewise affine Jyv; is discontinuous
and violates homogeneous boundary conditions in general. For n > 2 the normalized side-

bubbles
bp = ( 11 spz>/]i< II %)dsesnm for F e F

2eN(F) zeN(F)
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utilize the nodal basis-function ¢, € SYT) = Pi(T) N C() associated to z € N. The
subsequent correction assures that the operator Jy : Pi(T) — P,(T) preserves the integral
means of v; € Py(7) along all sides F € F.

Definition 6.3 (Local companion J,, for piecewise affines). Forany K € T, v, € Pi(T),
and Jiv1 of Definition 6.2, set

(Jnvl)|K = (J1U1)|K+ Z (]é(’l)l —J1U1)|Kd8>bF|KEPn(K).

FeF(K)

The following properties of the companion operators from Definition 6.2—6.3 will be employed
throughout this section.

Lemma 6.1 (Properties of Jy, J, for piecewise affines). (a) Given any v1 € Pi(T),
the jump [Jivilp = 0 of Jivy vanishes along any F € F'. In particular, the companion
J1v1|wp € SYT(F)) is continuous along any F € F' N F(Q) and vanishes along F € F'(9R).

(b) Given any vy € Pi(T), the companion J,vy preserves the integral mean f,.(Jov1)|x ds =
fr vilk ds along any side F € F(K) in K € T and the jump [J,v1]r = 0 vanishes along F € F'.

(¢) If a simplex K € T is isolated in the sense that F(K)NF' =), Definition 6.2-6.3 imply
vk = (J1v1)|k = (Jnv1)|x for all vi € Pi(T).

Proof of (a). For any interior side F' € F' N F(§) with side-patch wp = int(T} UT_) and
T(F) := {Ty,T_}, Definition 6.1 implies T (T, z) = T(T-,z) for any vertex z € N(F).
Hence, Definition 6.2 shows (Jiv1)|r, (2) = (Jiv1)|r_(2) for all z € N(F). Along any boundary
side F' € F'(99), Jivi|r = 0 vanishes by Definition 6.2. This proves (a). O

Proof of (b). Since f,bpds = dgr and supp(bp) = wp for any E,F € F, the operator J,
in Definition 6.3 preserves the integral means. The continuity of bp € C(2) and (a) imply
[Jov1]r =0 for any F € F'. O

Proof of (c). This is elementary for 7 (K,z) = {K} for all K € T with F(K)NF = 0. O

The following theorem provides a local a posteriori approximation error estimate for the oper-
ator J, of Definition 6.3; recall F/(9€) := F' N F(ON) and F(K,z) := F N{F € F(z): F €
OTy N ATy for Ty, To € T(K, z)} from Definition 6.1.

Theorem 6.1 (Approximation error). Given (Al), K € T, and v1 € P1(T), the compan-
ion J,v1 of Definition 6.3 satisfies

Cglh}lllvl - Jn”1||%2(K) < Z Z ||[Ul]F||%2(F) + Z ”le%?(F)'
zeN(K) FEF(K,z) FeF(K)NF'(0RQ)

The constant Cy, soley depends on n and Mz from (Al).

Proof. Step 1. Definition 6.3 and the triangle inequality show

2

FeF(K)

lvi = JnvilL2ky < [Jvr = Jivill ey + br

][ (’Ul — J1U1)|K dS
F

L2 (K)
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The local mass matrix for normalized bubble functions in K € 7 is SPD and reads

2" 3((2n))?| K|

B(K):=( [ bgbrd = (R 4 e RO x(n+1),
a (/K wr x>E,FeF<K> ( Gl EF)>E,F€]-‘(K)

It has the multiple eigenvalue Amin = 2"73((2n)!)?|K|/((3n)!n!) and the simple eigenvalue
Amax = (N + 2)Amin. This proves

2 2

]l (1)1 — J1’Ul)|K dS bF
F

S AIIlEi,X Z

L2 (K) FEF(K)

][ (’Ul — J101)|K dS
F

FeF(K)

Lemma D of the appendix quantifies the constant in the discrete trace inequality and implies

2
(n+1)
> ][(Ul —Jiv)|xds| < K] o1 = Jro1[1 72k
FeF(R)WE
Consequently, the constant Cy := 1+ (2n)! W satisfies

lvr = Jnvill2(xy < Crllvr — Jivil| L2 (k)
(It holds Cy = 14 2/3/5 < 2.5492 for n = 2 and C; = 1+ 10/+/21 < 3.1822 for n = 3.)

Step 2. For any z € N(K) set ex(z) := (v1 — Jiv1)|k(2) with the associated coeflicient
vector ex = (ex(2)).en(x) € R™. The local mass matrix for the Pj-conforming FEM is
SPD and reads

M(K) _ ( |K|(1 + 6j/€) ) c R(n+1)><(n+l)' (64)
m+1)(n+2)/ ;21 i1

.....

The simple eigenvalue |K|/(n + 1) of M(K) has the eigenvector (1,...,1) € R**L. The eigen-
value |K|/((n + 1)(n + 2)) has the n-dimensional eigenspace of vectors in R"*! perpendicular
to (1,...,1). Therefore, the affine function (vi — Jiv1)|x € P1(K) satisfies

K
||’U1 - Jl’Ul”%z(K) = €K M(K)GK < | | E GK(Z)2.
n+1
2€N(K)

Step 3. Given 2z € N(K) with (Jiv1)|k(z) := 57! YoreT (i, V1lr(2) for j = [T (K, 2)| <
Ms. Choose an enumeration {T1,...,T;} of T(K, z) such that the values xy := (Jiv1)|k (2) —
vilr, (2) € Rfor k =1,...,j are ordered in the sense that 1 < 22 <--- < x;. The definition of
(J1v1)|k (2) guarantees that the sum Zi:l xr = 0 vanishes. In an abstract notation, Lemma
C of the appendix implies the last inequality (with the displayed constant) in

e ()P < maxfunle(z) = Chonlk ()]

j—1
| — 1)(2j — 1)
_ 2 U — 2
max. lze|® < 6 ;;—1 |Th41 — i

Let J := {{a, B8} : Ta,Tp € T(K,z) and 9T, N 9T € F'} denote the set of unordered index
pairs of all simplices in 7 (K, z) which share as side in F’. The choice of 7 (X, z) in (6.2) implies
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that J is connected, in the sense that for all o, 8 € {1,...,j} and « # S there are k € N pairs
{ag,a0}, {ag, a3}, ..., {ag, a1} € J with a3 = @ and a1 = 8. Lemma B of the appendix
implies the first inequality in

-1
Dolown —zlP < Y |ra —apl?
k

=1 {a,8}eT
vilr,)(z) — ()@ = Y vlr(2)*

(
{a8}eT FEF(K.2)

Consequently, |ex (2)|* < ( = 1)(2) = 1)/(67) Xper(x.) 1] r (2)[?. Note, j=|T(K,z)| < M,
is uniformly bounded for any K € T € T, z € N(K).

Step 4. If z € N(K)NN(9Q) belongs to a boundary side F € F(K) N F'(0) and
(Jiv1)|k (2) := 0, the jump definition guarantees |ex ()| = |v1|x (2)| = |[v1]F(2)].

Step 5. Corollary D of the appendix provides the estimate |F||[v1]r(2)]? < n?|| [vl]p||%2(F)
for [v1]F € Pi(F') on any side F' € F with vertex z € N(F).

Step 6. Set M := max{n, (Ms—1)(2M2—1)/(6M2)}. The combination of Steps 1-5 shows

o1 = Jnvr 122
C C3Mn? K| Y Y Io1]F |22 N 3 o1l FllZ2 ()
- n4+1 |F| |F| '
2EN(K) FEF(K,2) FEF(K)NF'(09)

Let op = n|K|/|F| < hx be the height of the vertex Pr opposite to the side F in the simplex
K = conv{F, Pp}. This proves the theorem with C,, := C2M n/(n + 1). O

Remark 6.1 (C,, for Crouzeix-Raviart). For any Crouzeix-Raviart function veg € CR}(T)
the integral mean of the jump §,.[vcr]rds = 0 vanishes along any side F' € F of diameter
hp :=diam(F) < hg. The Poincaré inequality (with Payne-Weinberger constant) implies

IlverlFllL2ry = H[UCR]F —][ [ver|F dSH < hpr M|[Vncverlr X vl rer)
F L2(F)

This and Theorem 6.1 show for any K € T, ver € CR§(T), the companion (J,vcr)|x from
Definition 6.3, and C!, := C,, /72 that

C" hillver = Juvenllza ) (6.5)
o Y hellVnevorlr x vellfae + > he|[VNever]r X vrlliap
2eN(K) FEF(K,2) FeF(K)nF'(89)

The continuity of vcr € CR}(T) in face midpoints guarantees for each F' € F that the jump
[verlr(x) = [Vncver]r - (. — mid(F)) at ¢ € F. The orthogonality (z — mid(F))-vp = 0 and
|z — mid(F)| < hp(n —1)/n for all z € N(F) result in

llver]r(2)] < |[VNcver]r X ve| |z —mid(F)| < hr|[VNcvcr]F X ve|
(n — 1)hF

||

I[VNcvorlr X ve| L2 (r)-
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This replaces Step 5 in the proof of Theorem 6.1 and so leads to (6.5) with

(n —1)2 Ch

Cli=C2M—-——— < 2.
T n3(n+1) <

For n = 2, Cy < (1 +24/3/5)? max{2, (My — 1)(2Ms — 1)/(6M2)}/24 (and C} < 0.5924 for a
triangulation in right isosceles triangles or more general with My < 8).

6.2. Piecewise companion operator for piecewise quadratics

In the case of piecewise quadratic polynomials we restrict the analysis to n = 2, where
T € T is a regular triangulation of Q@ C R? into triangles and let £ denote the set of all edges
(rather than writing F = £ in 2D). The local version of the HCT finite element space in (5.1)
without boundary conditions reads

HOT'(K) = HCT'({K}) = {U cHX(K): ve P3(1C(K))} for any K € T.

Definition 6.4 (Local companion J; for piecewise quadratics). Suppose T € T and
T(K,z) associated with & C & as in Definition 6.1. Define Jy : Po(T) = [[ger HCT'(K)
as follows. For any vy € Pa(T) and any triangle K € T define (Jive)|x € HCT'(K) through
the HCT interpolation of the degrees of freedom at the three midpoints mid(E) of the edges
E € E(K) and the three vertices z € N(K) of K by

I (i (1)) = T2 wid(E))  for any £ < E(K).
g Ovg

(J1v2)| Kk (2) = va| K (2) for any z € N(K),

0 if z€ N(E) for some E € E(K)NE'(0N),

V(Jiv z)=
( 1 2)|K( ) |T(K7Z)|712T6T(K,z)(vvl)|T(Z) else.

(6.6)

The function Jyvs from Definition 6.4 inherits the nodal values as well as the values of the
normal derivatives in the edge-midpoints from vy € Py(7). The values of the derivative e.g.
at all interior vertices are computed by averaging over the side-connected T (K, z) C T(z) of
cardinality |7 (K, z)|. The first alternative in (6.6), V(J1v2)|x(z) = 0 at all vertices z € N (F)
of an edge E € £'(90) := &' N E(ON), enforces a vanishing derivative along an edge F C 0K
with Qvy/Ovg(mid(F)) = 0. The composition Jyvs is piecewise HC'T, but is discontinuous and
violates homogeneous boundary conditions in general.

The normalized edge-bubble b x = 30(vk - vg)dist(z3, E)p3p3ps € Ps(T) is defined for
K = conv{z, 29, 23} = conv{E, z3} with vertex z3 opposite to F in K. The nodal basis function
©0; = ., € S1(T) is associated with z;. The subsequent correction assures that the operator
Jo: PI(T) = Ps(T) + [ xe HOT'(K) preserves the integral means of the normal derivatives
Ova /Ovg along all edges E € £.

Definition 6.5 (Local companion J» for piecewise quadratics). For any K € T, vy €
Py(T), and Jyve as in Definition 6.4 set

Aoy — J
(Jav2)l i = (Fva)lx + D (][ (“2—1“2)|de>bE,K e HOT(K) + Ps(K).
pee(k) VE Ovp
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The following properties of the companion operators from Definition 6.4—6.5 will be applied
throughout this section.

Lemma 6.2. (a) For any Morley function vay € M(T) the jumps [Jivm|e and [VJiom]e
vanish along any E € E'. In particular, the companion (J1vpy)|w, € HCT'(T(E)) = {v €
H?(wg) : vlr € HCT'(T) for any T € T(E)} is continuously differentiable along any E €
E'NEWQY); Jwom|e =0 and VJivpy|g = 0 vanish along any E € £'(09Q).

(b) Given any vy € M(T), the companion Javps is continuous at the vertices z € N and
at the midpoints of the edges E € E; the jumps [Jovp]g and [VJovp| g vanish along E € .

(¢) If a simplex K € T is isolated in the sense that E(K)NE' =0, Definition 6.4-6.5 imply
’UQ|K = (J1UQ)|K = (J2U2)|K fm’ all v € PQ(T)

Proof of (a). For any interior edge E € &' N &(NN) with edge-patch wp = int(T4 UT_) and
T(E) = {T4+,T_}, Definition 6.1 implies T (T, z) = T(T-, z) for any vertex z € N(E). Any
Morley function vy € M(T) is continuous at the vertices z € N(E) and the normal derivative
Ovpr/Ovg is continuous at the edge midpoint mid(E). Since the coinciding input data at the
vertices z € N(E) lead to Vnc(Jivm)|r, (2) = Vnc(Jivwm)|7r_ (2) as well, the jumps [Jiva] g
and [V.Jyvp|p vanish along any interior edge E € & N E(Q). The boundary conditions of
vy € M(T) and Definition 6.4 directly imply Jyva|p = 0 and VJyupr|g = 0 along a boundary
edge E € £'(09Q). This concludes the proof of (a). O

Proof of (b). The edge-bubbles bp x € P5(T) N H*(Q) satisfy §,0bp x/0vpds = dpr,
supp(be k) = K, and bg x(z) and Vbg k(z) vanish at any z € N for E,F € £. Hence,
Ja preserves the integral means of the normal derivatives and (b) follows directly from (a). O

Proof of (c). This is elementary for 7 (K, z) = {K} for all K € T with E(K)NE&" = 0. O

The following theorem establishes a local a posteriori approximation error estimate for the
operator Ja of Definition 6.5; recall that hgy = |E| is the length of the edge E € &, £'(99) :=
E'NEON),and E(K, z) :==E'N{E € E(2) : E € 0T1NIT; for T1, Ty € T(K, z)} in Definition 6.1.

Theorem 6.2. Given (A1), K € T, andvy € Po(T), the local companion Jove of Definition 6.5
satisfies

h1_<4||1)2 — Jov2|72 (k)

S D0 D rVNewlelixmt Y. hp'IVNovaliae,

zE./\/ (K) E€cE(K,z) Ec&(K)NE'(0N0)

Proof. Step 1. Definition 6.5 and the triangle inequality show

vz — JavallL2(x) < |lva — Jrv|lL2(x) + Z
Bes(K)

][ 8 ’UQ — J1v2)|K/8VE ds ||bE K||L2(K)

It holds ||bg, k|lz2(kx) = 2\/|K|3/(|E|\/2310) < hi+/|K|/2310 for any E € £(K). Lemma D in

the appendix quantifies the constant as displayed in the discrete trace inequality

[ 02~ enlacfovi ds| < VETIRTIV (2~ Juea)lc - vl
E
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The combination of the above and the inverse estimate for HCT’(K), i.e., piecewise polynomials
of degree at most 3 [3, Lemma 4.5.3] with constant c¢i,y,3 reveals

||v2 — JQ'UQHLQ(K) S H’UQ — Jl’UQHLz(K) + 3/\/ 770 hK HV(UQ — JIUZ)”L?(K)
< (1 + 3Cin\,13/\/ 770) ||v2 — J1v2||L2(K)-

Step 2. For each component a@ = 1,2 and any z € N(K), let ¢, € HCT(T) denote
the nodal basis function with partial derivative (0¢, /0z4)(z) = 1 in direction x,, which
vanishes for the remaining degrees of freedom. The Hsieh-Clough-Tocher finite element is one
in the sense of Ciarlet [16] and so any va|g € P2(K) C P3(K(K)) can be represented by the
HCT basis functions. The definition of J; reveals that (v2 — Jivs)|x vanishes at the nodes
and its normal derivatives vanish at the edge midpoints. Hence this difference belongs to
span{v; o : z € N(K), a = 1,2}. Therefore,

Z Z vy — J1U2)|K( Ys o

zGN 06 1,2

(6.7)

vz — JivallL2(k) = .
L?(K)

Step 3. The notion of an almost affine family of finite elements in [16, Thm. 6.1.3, p.344]
concerns the scaling of the basis functions

IhYzallzek) S 1 forany K € T, z e N(K), and o = 1, 2. (6.8)

The combination with a triangle inequality in (6.7) shows

Ihit (e = Jv)lleey S Y. > w< ).

zeN(K) a=1,2

The non-constructive proof of [16, Thm. 6.1.3] is based on compactness arguments and leaves
the constant in (6.8) unquantified.

Step 4. For v; € P5(T) and « = 1,2 fixed, the partial derivative vy := Qva/0x, € P1(T) is
piecewise affine. To lower a conflict of notation, let J| denote the companion from Definition 6.2
in Section 6.1 and let J; denote the companion from Definition 6.4 above. The nodal values
of the derivative V(Jiv2)|x in (6.6) coincide component-wise with the nodal values of the
companion Jiv; in (6.3) applied to vy,

0 0
%(leg)h{( z) = (Jlav2)|K( ) for any K € T and z € N(K).

The arguments in Step 3-Step 5 of the proof of Theorem 6.1 apply simultaneously to the
components v; = Jvy/dx, € Pi(T) for a = 1,2 and then lead to

oty ¥ |Aeginle

a=1,2 zeN'(K)

< > > Vet + D hE Vel

zeN(K) Ecé(K,z) Ec&E(K)NE'(0R)

2

with CQ = 4max{2, (MQ — 1)(2M2 — 1)/(6M2)}

Step 5. The combination of Step 1-Step 4 concludes the proof. O
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- T

-7
21 T(Th, A)
\TQ‘ 22 7T, B)
AL LI 7(T, A)

Fig. 6.1. Illustration of the sets 7 (K, z) given 7' = F \ F in (6.10).

Remark 6.2. The derivative Dycvy € CR(T;R?) of a Morley function vy € M(T) is a
Crouzeix-Raviart function in each component. Therefore, the combination of Theorem 6.2 with
the Poincaré argument in Remark 6.1 implies, for any K € T, that

hictloar = Jaoar || 22z (6.9)
S Y Y helliDievmle x velia g + > he||[DXcvmle X veliam):
2EN(K) E€£(K,2) EcE(K)NE'(59)

6.3. Refined Analysis for Crouzeix-Raviart and Morley FEM

Throughout this section, let 7 € T be a regular triangulation with set of all sides F and let
T € T(T) be an admissible refinement with set of all sides F. Then define

F :=F\FcCF (6.10)

Fig. 6.1 illustrates the associated sets T (K, z) from Definition 6.1 for K € T, z € N(K). The
associated set of sides F(K,z) C F \ F contains only coarse-but-not-fine sides. For a coarse
and fine K € TN T it holds T(K, z) = {K} as well as F(K,z) =0 for all z € N(K).

The choice of " in (6.10) allows the definition of an approximation uj. p in (6.11) (resp. u},
in (6.13) below) to the discrete function ucr € CRE(T) (resp. uar € M(T)). Recall that Inc

~

from Section 4.1 denotes the nonconforming interpolation operator with respect to CR(T).
Lemma 6.3 (ugg). Given any ucr € CR{(T) and (6.10) in Definition 6.3,

Ut = Inc(Jnucr) € CRY(T) (6.11)
is well-defined and satisfies (C4).

Proof. Step 1. Lemma 6.1.b and (6.10) guarantee that J,(ucg) is continuous in the
midpoint of any side F € F and vanishes at the midpoint of boundary sides F € F (09)). Hence
the nonconforming interpolation ug, = ch (JHUCR) S CR(l)('?\') is well defined and admits
homogeneous boundary conditions.
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Step 2. The correction with the side-bubble functions in Definition 6.3 leads to the identity

ﬁﬂngs:]iuCRds for all F' € F. (6.12)

The integral means are traces on the neighbouring simplices T+ on F' and those values are
independent of T or T_ for an interior side. This and the definition of Iny¢ imply (C4). O

Recall that 1, M from Section 5.1 denotes the interpolation operator with respect to M(7A')
Lemma 6.4 (u},). Given any uy € M(T) and (6.10) in Definition 6.5,

Wy = Iu(Jounr) € M(T) (6.13)
is well-defined and satisfies (C4).

Proof. Step 1. Lemma 6.2.b and (6.10) guarantee the continuity of V.Jy(ups) at the
midpoints of E € € and of Jy(uy;) at the new vertices N (cither z e NN N or z € E € £). 1
particular, J5(uas) vanishes at all vertices in N(09) and VJg(u M) vanishes at the midpoints of
all edges in £(09). Hence the Morley interpolation @ uy = Iu (Jounr) € M’ (T) is well defined
and admits homogeneous boundary conditions.

Step 2. The definition of Tj; and Definition 6.5 show that the nodal values wh(2) = unm(2)
coincide for all z € N and the correction with the edge-bubble functions guarantees

8uMd Oupy

E 8VE‘ 8VE‘

ds forall E€é. (6.14)

The integral means are traces on the neighbouring simplices T+ on F and those values are
independent of Ty or T_ for an interior edge. This and the definition of Iy, imply (C4). O

The estimate (6.1) follows by collecting the above results in Theorem 6.3 resp. 6.4 below.

Theorem 6.3. Given ucr € CR(T) and its approzimation Uty € CRY(T) in (6.11),

@6 s — ucrli < G nCiMa Y hel|[Vacucrlr X velfam
FeF\F

holds with Ciny,n from the inverse estimate for piecewise polynomials up to degree n, CJ, from
Remark 6.1, and My from assumption (Al).

Proof. Conditions (C3)—(C5) for Ixc resp. U lead to (3.3) and an inverse estimate with
constant ciny,n for polynomial functions of degree at most n leads to

Gk — ucrlln = IDxc(@ér — ucr)ll 2(n 7y < Cnvanllh7 (Jatcr = ucr) | 2o 7y-

Theorem 6.1 and Remark 6.1 conclude the proof of (6.1) for F(K,z) C F\ F for any K € T
and z € N(K). O

Corollary 6.1. The discrete reliability (dRel) holds for the Crouzeiz-Raviart FEM with T\ T
replacing R and the constant Agre; = (1 +1/1/2) max{\/ 19/48, Cinv.n A /C’,’le}.
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Proof. Theorem 6.3 shows in particular (1.4) with 7 \ T replacing R and constant A2 =
G Ch M. Section 4 proves (C1)-(C3) for Inc and Lemma 6.3 proves (C4). Hence Theo-

rem 3.1 implies (1.3). The combination of (1.3)—(1.4) concludes the proof of (dRel). O

Corollary 6.2 (Constants in 2D). The constant Agre; in (dRel) is bounded in terms of the
minimal angle wo and My = sup,cpr et [T (2)] < 27/wo by

1+1/v2
12

Cc% = % cot(wo) (2 cot(wo) — cot(2wp)) + 24 cot(wo) /(2 cot(wo) — cot(2wp))2 — 3.

Adrel = max {\/ﬁ, CJ\/IH&X{lQMQ, (MQ — 1)(2M2 — 1)}},

Proof. Given A1 = 1/19/48 from Section 4.2 in (1.3), it remains to compute the constant
Ay in (1.4). Corollary 6.1 proves Az = Ciny,21/ChMs. The following calculation circumvent
the computation of the constant c;p, 2 in the inverse estimate for piecewise quadratics. From
the conditions (C3)—(C5) for Ine Tesp. Ug g follows (3.3). For each K € T \ 7 the triangle
inequality leads to

IV(ucr — Joucr)| L2 (k)

<[|V(ucr — Jiucr)llL2x) + Z

]Z (ucr — Jiucr)|k ds|||Vor|| L2 (k)-
FeF(E) VT

If o, B, v denote the interior angles in K, ||Vbp|lr2(x) = v/cota + cot B+ cot~/(12v3). A
maximisation shows

[Vbe| 2y < /2 cot(wo) — cot(2wo)/(12v/3).

The combination with Lemma D in the appendix for any F' € F(K) and h% < 4|K|cot(wp)
implies

][ (ucr — Jrucr)|x ds|[|Vbr| L2 (k)
FeF(k) V' F

< V/cot(wo) (2 cot(wg) — cot(2wp))
- 2h i

|lucr — Jiucr||L2(k)-

On the other hand, [10, Lem. 4.10] establishes the constant ¢ ; = 24 cot(wo)(2 cot(wo) —
cot(2wo) + 1/(cot(wp) — cot(2wp))? — 3) in the inverse estimate for affine functions. Therefore,
IV(ucr — Jaucr)|2(x) < th;(l lucr — Jiucr| L2(k) holds with the constant C;. The
combination of Step 2—-Step 4 in the proof of Theorem 6.1 and Remark 6.1 shows that Cs :=
max{2, (Ma — 1)(2Ms — 1)/(6M>) }C?% /24 satisfies

Cy IV (uor = Jaucr)|1 72k
< Z hr||[VNcucr]F x VFH%z(F) + Z Z hr||[VNncucrlr VF||2L2(F)-

FeEF(K)NF'(09) 2eN(K) FEF(K,2)

The sum over all K € 7\ 7 and an overlap argument for F(K,z) C F \ F conclude the proof
of (1.4) with A% := M5C5. The combination of (1.3)-(1.4) proves (dRel). a
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Example 6.2. Given a triangulation with a minimal angle wyg = 45° and My < 8, for in-
stance, in a triangulation in right isosceles triangles, C; = /145/2 < 8.5147 and Agpe; =
(1+1/v/2) /5075/96 < 12.4121 follows, a significant improvement over [10, Ex. 6.3].

~

Theorem 6.4. Given (A1), up € M(T), and its approzimation uh, € M(T) in (6.13),

@3 —unmlls S Y hel[Dicunle x velis g
Ec&\&

Proof. Conditions (C3)—(C5) for Tar resp. ut, lead to (3.3) and an inverse estimate for
piecewise polynomial functions shows

s — unrlln = |‘D12\10(ﬂ7\/[ - uM)”N(T\?) S ||h7_’2(J2UM - uM)”N(T\?)'

Theorem 6.2 and Remark 6.2 conclude the proof of (6.1) for £(K,z) C €\ & for any K € T
and z € N(K). O

Corollary 6.3. The discrete reliability (dRel) holds for the Morley FEM with T \ T replacing
R.

Proof. Theorem 6.4 shows in particular (1.4) with T\'f' replacing R. Section 5 proves (C1)-
(C3) for Ips and Lemma 6.4 proves (C4). Hence Theorem 3.1 implies (1.3). The combination
of (1.3)—(1.4) concludes the proof of (dRel). O
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Appendix

The appendix presents some optimal constants in fundamental inequalities.

Appendix A
The subsequent inverse estimate displays an optimal constant (k + 1)/v/b — a.

Lemma A. Any polynomial f of degree at most k € N in a non-void bounded open interval
(a,b) satisfies
ANy

2(a .
Vo—a' e
For any constant C < (k + 1)/+/b — a, there exists some polynomial [ of degree at most k with
Cllfllr2(ap) < If(a)l.

Proof. An affine transformation of the interval (a,b) onto (—1,+1) shows that, without
loss of generality, one may consider the particular case a« = —1 and b = 1. The Legendre

[f(a)] <

polynomials p,, € Pi[—1,+1] are defined in many ways. For instance via the initialization
po = 1 and p;(x) = x followed by the recursion formula

(m+ 1)pm+1(x) = 2m + Dapp,(z) — mppm—1(z) form=1,2,3,...
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Then the Legendre polynomials p,, are pairwise orthogonal with

i 20mn
/71 P (@) pr(z) dz = It 1

and normalized by p,,(—1) = (=1)™pm, (1) = (=1)™ for m,n € Ny. The polynomial f(z) =

Z?:o a;jp; for some coefficients ag, a1, ..., ar € R satisfies
ko242 k .
1o =2 5oy amd f(-1) =3 (-1ay.
=0 =0

The latter value is the scalar product in RFF! of the vectors ((—1)7a;/2/(2j+1) : j =
0,1,..., k) and ( (2j4+1)/2: 5=0,1,..., k) The Cauchy inequality in R**! shows

k
. k+1
Z(] +1/2) = —= | fllr2(-1,1)-

|F(=DI < N fllze(-,
L2(~1,1) 2 NG

Notice that the Cauchy inequality is an equality for certain coefficients and so the assertion is
sharp in the sense stated in the second half of the lemma. O

Appendix B

This section utilizes some language of graph theory and concerns an undirected graph G
as a pair ({1,...,n},&) of a set of vertices {1,...,n} (fixed with n in this section and so
neglected in the notation) and a set £ of edges {j, k} with j,k € {1,...,n} and j # k. The
graph G (identified with &) is connected if for all j,k € {1,...,n} and j # k there are m €
{1,2,3,...} edges {a1, a2}, ..., {am, ¥ms1} € € with oy = j and ay 41 = k. The set of all
connected graphs G over the set {1,...,n} is identified with the set C(n) of all sets of edges &;
so ({1,...,n}, &) is connected is abbreviated as £ € C(n).

Given z1,...,z, € R the goal is to minimize

f(&) = Z (zj — x1)? over all £ € C(n).

{j,k}e&

Since permutations o of the set {1,...,n} transform & € C(n) into o(€) = {{o(j),o(k)} :
{j,k} € £} € C(n), without loss of generality, we may and will assume that the enumeration
orders the real values 1 < o < --- < z,.

Lemma B. Any vector x = (x1,...,2,) € R" withn € N and 1 < 9 < --- < z,, and the
function f(€) =3 ¢, ryeel@)i — x1)? satisfy

n—1
m(z) = Sglcigl)f(g) = (w41 — ;)
j=1

Proof. (1) For any n € N and # € R" the minimum m(z) := mingecc(,) f(€) (where below f
applies to any vector of any length) is attained for some &€ € C(n) with |€] =n — 1.

It is known in graph theory that loops can be avoided by certain cuts and any cut means a
reduction of the target functional. Therefore, we may and will assume without loss of generality,
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that £ € C(n) is a tree. There is only a finite number of trees for a fixed number of vertices n
and so the minimum m(z) is attained for at least one of them.
(2) Given any 1 < 29 < --- < x, it holds

n—1
m(x) := min Z (zj — xx)* = Z(‘Tj*l — ;)2
£eC(n) (imree =

The proof is by mathematical induction. The assertion holds for n = 1 (pathological) and
n = 2 (trivial), so suppose it holds for some n > 2 and all 1 < 23 < .-+ < z,. Given
T=(21,...,0041) € R" with 2; < -+ <@, < 241, let £e C(n + 1) be a minimizer with
f(&) =m(2).

Step 1. Since € € C(n + 1) is connected, there is a path {a1, @z}, ..., {am, @ms1} € & of
length m € N with a; = n+1 and ;41 = n. The numbers ay, ..., ay,+1 can be chosen pairwise
distinct (as loops may be excluded). Then & := &\ {{n+1,a5}} and € := & U {{n,n+ 1}}
lead to € € C(n+1) and

f(g) - f(g) = (xn—i-l - $a2)2 - (xn - $n+1)2 >0 (SiIlCe Loy <z, < xn-i—l).
Consequently, there exists a minimizer € € C(n + 1) with {n,n+ 1} € &.

Step 2. Forany k € {1,2,...,n—1} with {k,n+1} € € consider & := £\ {{k,n+1}} and
E: =& U{{k,n}}. Then £ € C(n+ 1) is connected (for {n,n+1} € £ € C(n + 1)). Moreover,

f(g) - f(g) = (Tng1 — xk)Q — (xp — fEk)2 >0 (since xp < xp < Tpt1).

Step 8. A finite number of changes as in Step 2 leads to a minimizer £ e Cln+1) of f
with {n,n+ 1} € £ and {k,n+ 1} ¢E forallk=1,...,n— 1.

Step 4. Given a minimizer € € C(n + 1) from Step 3, the set & = €\ {n+ 1,n} €
C(n) is connected and the induction hypothesis guarantees for x := (x1,...,z,) that m(z) =
Z}:ll (zj+1 —x;)? < f(E') (where the abbreviation f applies to £ as well). Consequently,

-~

m(7) = f( ):f(5/)+(33n+1 —p) 2 Z Lj+1 —333
j=1

Since {{1,2},...,{n,n+1}} € C(n+1) is in the competition with

-~

fA{L 24, {2,3} ... {non+1}}) = Z Tjy1 — T5) Sm(g):f( )
j=1
and £ is a minimizer, the claim m(Z) = >i—q (@1 — x5)? follows.

Appendix C

The subsequent estimate holds with the optimal constant (n — 1)(2n — 1)/(6n).

Lemma C. Any xz € R", n € N, with vanishing sum x - (1,...,1) = Z?Zl x; = 0 satisfies

n—1
n (n—1)2n—-1)
o < g 2 (rn )

For any constant C' < (n —1)(2n — 1)/(6n), there exists some x € R™ with - (1,...,1) =0
and C 07N 11 — ;)7 < maxt_y fag P,
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Proof. The assertion holds for n = 1 (pathological) and n = 2 (trivial). A scaling argument
for n > 3 proves that the multiplicative constant in the asserted inequality is the reciprocal of

n—1

p(n) = min f(z) for f(x) = ;@m - z;)?

and A(n) =={z e R": = L (1,...,1) and ||z|]|oc = 1}. The arguments of Lemma B (with a
change of all signs if necessary) lead to the identity

pu(n) = ng(n)f(x) for Bn)={xeR": z L (1,...,1)and —1<2; <--- <z, =1}.
zebB(n

Any z € B(n) is transformed into y = (y1,...,yn_1) € R"7! (recall n > 3) via

n—1
y; = xj11 —x; forall j =1,...,n — 1, so that f(z) = |y|* == ny and y > 0 (C1)
j=1
(with y > 0 understood componentwise as y; > 0 for j =1,...,n —1). Since
n—1
re=1-> y;forallk=1,...n (C2)
j=k

(the empty sum is zero), the condition z L (1,...,1) is equivalent ton = (1,...,n— 1) -y with
the scalar product - in R”~1. The restriction -1 < 21 < --- <z, = 1 is equivalent to y > 0
and (1,...,1)-y <2.

In conclusion, for z € R™ and y € R"~! with (C1), z € B(n) is equivalent to

y € C(n) = {OSyERnfl: (I,...,n—1)-y =n and (1,...,1)~y§2}.

To determine mingep(,) f(z) = mingec(n) [y?, suppose that y € C(n) and utilize a Cauchy
inequality for

n=(1,2,...,n—1) -y <y

n—1
o (n—1)n(2n—-1)
;]2 = Iyl\/ 5 :

Consequently, % < |y|?. Since y € C(n) is arbitrary, this proves one inequality in the
claim

6n

n—1

To prove the reverse inequality, let A := "(Zj:l jz)f1 = Wﬁ%_l) >0andy = A\(1,2,...,n—
1) >0withy-(1,2,...,n—1) =n and

n—1
. An—=1n 3n
1,...,1)-y=2AX = = <2 f > 2.
(L...,1) -y ;J ) By = orn >

Consequently, y € C(n) and u(n) < |y|* = %. This concludes the proof of (C3). It

also proves the asserted optimality of the displayed constant. O
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Appendix D

This section is devoted to some discrete trace inequality for affine functions. The first
estimate in (D1) is an equality for the constant function f = 1 in any space dimension. The
affine function f with f|p, =1 on F; € F(K) and f(P;) = —n/2 at the vertex P; € N(K)
opposite to F; leads to an equality in the second estimate in (D1). The third estimate in (D1)
is an equality for the affine function with f|p, =1 and f(P;) = —(n +1).

Lemma D. Let K C R™ be a simplex of positive volume |K| with the set F(K) = {Fo, F1,. ..,
F,} of its sides and the set N(K) = {Py, P1,...,P,} of its vertices. Then any f € P1(K)

satisfies
(Blfref el of

0
Proof. Let Py denote the vertex opposite to the side Fy in K = conv{Py, F} and set
xy = f(Py) for k=0,...n. For an affine f € P;(K) and a side F}, € F(K) the integral mean
fr, [ds = f(mid(Fy)) = >j=0 z;/n is rewritten with s := 37}z and |2|* == Y70 27,
J#k

, max LB )'} <L O

— max
b)
2J—,

iz (n+ 1) [ SIK]

QZ‘][ fds N (i%‘):i(s—m?:|w|2+<n_1>82

j=0 k=0
J7#k

The Cauchy-Schwarz inequality implies s> < (n + 1)|z|> and so (n — 2)s? < (n? — n — 2)|z|?,
which is equivalent to

2

<
—n+2

lz|? + (n — 1)s? (|z|* + s2).

The combination with the local mass matrix for the P;-conforming FEM in (6.4), namely

s LY 2, 2
||f||L2(K) - (n+1)(n+2)(|x| +s )7
concludes the proof of the first inequality in (D1). O
Without loss of generality assume j = 0 in the remaining estimates in (D1). Let z :=
(20, 71,...,7,) € R?L to deduce
‘ fds Z:EJ) 0,1,...,1)%
Fo le

For any SPD matrix A € R®+Dx(+1) and any vector y € R+ let ||y||% = y - Ay denote the
associated norm. If M := M(K) denotes the local mass matrix for the P;-conforming FEM
from (6.4), the Cauchy-Schwarz inequality implies

|z - (0,1,..., )] < [1(0,1,...,1)|[ar— lz|lar = [1C0, 1, ..., )| ar—1 | fllz2(x)-

An elementary calculation with the Sherman-Morisson formula shows [[(0,1,...,1)[]3,-, =
2n(n + 1)/|K|. The combination of this with the previous displayed formulas concludes the
proof of the second inequality in (D1). O
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In the above notation the Cauchy-Schwarz inequality implies

[f(Po)| = |- (1,0,...,0)| < [|(1,0,. ., O)[ar— | fll L2x)-
This and [|(1,0,...,0)[3,-. = (n+ 1)?/|K| prove the third inequality in (D1). O

Since each side F' of a n-simplex is a (n — 1)-simplex, the point estimate in Lemma D translates
to sides; it coincides with the optimal estimate in Lemma A for n = 2.

Corollary D. Let F € F(K) be a side of a n-simplex K C R™ with vertex P € N(F) and
positive surface measure |F|, then any affine function f € Pi(F) satisfies

n2

IF(P)I* < 7] 1122 - 0
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