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Abstract. In this paper, a new numerical algorithm for solving the time fractional
Fokker-Planck equation is proposed. The analysis of local truncation error and the
stability of this method are investigated. Theoretical analysis and numerical exper-
iments show that the proposed method has higher order of accuracy for solving the
time fractional Fokker-Planck equation.
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1 Introduction

The Fokker-Planck equation (FPE) is a widely used equation in statistical physics
and describes the time evolution of a test particle under the influence of an exter-
nal force field. The solution of a FPE is the probability of the particle at a certain
position at a given time. It has been observed (cf. [3]) that in presence of an highly
non-homogeneous medium the anomalous diffusion is not adequately described by
the conventional FPE and models based on fractional derivational were proposed.
Fractional Fokker-Planck equation (FFPE) can arise in which the temporal derivative
and/or spatial derivative operators are fractional, see, e.g., [1,2,9-12,14-16,25-27]),
but in this paper, we only consider fractional derivative operators with respect to time.
Consider the following time fractional Fokker-Planck equation (FFPE)

d

k) QU (x) P
ot

P(x,t) =¢ Dtlfa T —|—K“@] P(x,t), (1.1)
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where P(x,t) denotes the probability density, U(x) indicates the potential of over-
damped Brownian motion, x, denotes the anomalous diffusion coefficient, 7, repre-
sents the generalized friction coefficient, thl_’"P(x, t) stands for the Riemann-Liouville
fractional derivative of order 1 — &, which is defined by

DI=*P(x,t) /
0 (1) «) o t—TlD‘

Some works have been done on developing numerical methods for the time FFPE
(1.1) in the literature. Deng (cf. [6]) combined the Predictor-Corrector approach with
the method of line, and presented a numerical algorithm for solving FFPE with the nu-
merical error O (k™" (1+262)) 4+ O(72) (where and later & is time stepsize, T is spatial
stepsize), and got the corresponding stability condition. Chen et al. (cf. [5]) consid-
ered the Griinwald-Letnikov expansion and the Li-approximation for fractional time
derivative, while the first-order spatial derivative is approximated by the backward
Euler implicit scheme, or the central or backward difference implicit scheme, then
three numerical schemes were given. The local truncation errors O(h + T), O(h*>~* +
72) and O(h* ® 4 T) were obtained respectively. The objective of this paper is to
achieve the efficient numerical methods with higher accuracy.

The outline of this paper is as follows. In Section 2, the numerical method for FFPE
is given. Then, in Sections 3 and 4, the analysis of local truncation error and stability
of this numerical method are obtained. Section 5 is used to present numerical results,
comparing the fixed stepsize implementation of several methods on FFPE problem.
The advantages of the new numerical method is readily apparent in computational
accuracy and efficiency.

2 Numerical method
In this section, we introduce new numerical scheme for solving the FFPE

a —u
gP(x,t) =0 D}

o U'(x) 02
a e Kaﬁ] P(x, t) (21)

with the initial condition and the boundary conditions

P(x,0) = p(x), 2)
Pe,t) = gu(t),  P(d,1) = galt), 23)

where x € [¢,d],t € [0,T],0 < a <1, 9(x), ¢1(t) and @;(t) are given function.
Eq. (2.1) can be written as

0 e U (%) u'(x) o 2
gP(x t) =0 D; 0 P(x,t) + e aP(x,t)-l—Ka?P(x,t) . (2.4)

849



X.-N. Cao, J.-L. Fu and H. Huang / Adv. Appl. Math. Mech., 4 (2012), pp. 848-863

850
For a numerical calculation of P(x,t), we first make a spatial and temporal dis-
cretization. For the space interval [c,d]| and time interval [0, T], we choose the grid

point as follow
xj:C+jT/ jzozll"'/Ml
te = kh, k=0,1,---,N,

where T = % denotes spatial stepsize, h = % denotes time stepsize.
Using the second order central difference scheme to discretize the spatial partial

derivatives of P(x,t) at point x;, we obtain

P(xjy1,t) — P(xj_1,t :
J (xj11,1) (xj-1 )+Rﬂ,

ap(x]', t) = T
2 P(xj+1, t) — ZP(XJ‘, t) + P(Xj_l, t) f
@P@j't) = 2 + Ry,
where
T2 83 m TZ 84
Riz =~ 5, (i: )

R} = — < 330G,

1; S (x]-,l,xjﬂ), ]: 1,2,--- ,M—1.

i€ (xj—1,%j11),
Then Eq. (2.4) can be written into the following semidiscrete form
u’ (x]' ) 2Ky,
)R

ji=12--,M-1, (2.5)

2 271,

(Ka u/(xj))le(t)+(

d 1—
apj(t) =0 D; ‘

u (x;) N %>Pjﬂ(t)] ,

where P;(t) = P(xj,t). Let
P(t) = (Pu(t), Pa(t), -+, Pua(1))T,

U _ 2 U %
N T/Z 27174 T2 ,
K o U Uy 2 Uy K
2 2THy Mo TE 2TH, T
A — . . ,
U;\,I,z Ka
2Ty, T2
Ko Uy Uy 2k
T2 2T1, Na T2
! ! T
_((k U Up1 | Ka
3(t) = <(T2 21'17,,()4)1( ) 0o, (21'17“ + TZ) 2t) )
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where U; = U (x)), U = U (x;), j=1,2,--- ,M — 1.
Then Eq. (2.5) can be rewritten as

(1) =o D}~ (AP(t) +g(t)), (2.6)
with the initial condition is set as
P(0) = (¥(x1), (x2), -+, p(xm-1))". 2.7)

So the numerical algorithm for solving the FFPE (2.1), (2.2) and (2.3) is transformed
into to construct the numerical algorithm for solving the FODE (2.6) and (2.7).
Now consider the following fractional ordinary differential equations

(2.8)

N

P(0) =1,
where f(t, P(t)) = AP(t) +g(t), 1 = (P(x1), p(x2),- - -, P(xm-1))".

Based on the property of composition of Riemann-Liouville fractional derivative
with integer-order derivative, that is

{ SB(t) = DI (1, B(1)),

DI F(E D) = & (D F(1,P(1))

Integrating both sides of first equation in (2.8) from t; to t;1, we get

P(ti1) — P(te)
=0D;," f(ter1, P(tir1)) —o D;“f(fk/ P(ty))

:ﬁ/oml(tkﬂ 6)~1f(6,D(6 F(la / (e — 0)*"L£(, D(6))d6
1 k tm+1 1 k m+1 .

By the linear interpolation for f(6, P(8)) at integral interval [f,,, t,,+1], we obtain

k b1 A
D b, Pltin)) = g 1o [ (ta =070, P(0))do

m=0"* ‘m
1 k /tm+] o 9 —t 1 ~
= —— b1 — 0)° 1<7’”+ tw, D(t
F(“) mZ::() tm ( o ) tm — tm—i—lf( " ( m))
0—t N
T ﬁf (tm+1, P<tm+1))> 9 + R 14
huz k+1
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where
k) _|_k06+1 —0
Ay k41 = —2(k+1—m)*+ (k+2—m)*™, 1<m<k, (2.9)
m=k+1,
1 k n1+1f (Cm, ( ))(G—tm)(e—tm_,_l)
e = d0, Cw € [tmtmer]- (21
Rk+1 F( ) / Z(tk-H _9)1,0‘ ’ C S [ m+1] ( O)
Then we yield
P(tir1) — P(ti)
- h~ k+1 0 . N -
“Ta+r2) 4 mek+1f tw, P(tm)) + Ry, =0,1,--- ,N—1, (2.11)

where by = «, by = 1, while k > 0 are

(k+1)%(a —k) +k*2k —a — 1) — (k—1)*"!, m =0,
(k+2—m)*!1 —3(k+1—m)**!

bunjs1 = +3(k —m)* T — (k=1 —m)**, 1<m<k-1, (212
204+1 _ 3, m= k,
1/ m==k + 1,
14
(1) R], k - O,
R,/ = 2.13
k+1 {R;’gH—R;’g, k> 0. 213

It follows from (2.11) and (2.12) that the numerical formula for solving the FODE (2.8)
is devised as follow

th k+1

where P, denotes the approximation of P(t;).

Applying (2.14) to solve the FFPE (2.1), (2.2) and (2.3), the fully discrete scheme is

as follow
k+1

P}‘“ Z b1 (KiPI™ ) + WiP!" + ViPI' ), (2.15)

where P]k denotes the approximation of solution P(xj,t;), j = 1,2,--- M —1,k =

011/"' IN_ll

K:L<K_a_u’(xj)), W M <u”(xj)_2ﬂ),

M T2

852



X.-N. Cao, J.-L. Fu and H. Huang / Adv. Appl. Math. Mech., 4 (2012), pp. 848-863 853
3 Error analysis
In order to obtain the error analysis, we first introduce some lemmas as follow.

Lemma 3.1. Ify(t) € C2[0, T}, and

D) = i L [ (= o) (o)

15D it (byar — 0)y(tn) + (0 — b)Y (tmsr)
_ b h(tk — 9)170‘ do + E;

= ——— Y Auy(tm) + Ex, (3.1)

then

which satisfies
| Ex |[< CI?,

where @, i are defined by (2.9), C is a constant which depend only on parameter and bound
for certain derivatives of y(t).

Lemma 3.2. IF y(t) € C2[0, T, and

oDy y(ter1) —o Dy, “y(tk)

Ly [ 0@ - Y [ (e o)
B r(lx) mZ::o /t"’ . Y r(“) m;O /l‘m k 4
h k+1 1)
= I“(T_i_z) Z bm,k+1y(tm) + Ek+1/ (32)
m=0

then E,gl = Ey41 — Ex, which satisfies

| E151+)1 < Ci?,

where by, k11 be defined by (2.12), Cy is a constant which depend only on parameter and bound
for certain derivatives of y(t).

Theorem 3.1. If the numerical method (2.15) is used to solve the time fractional Fokker-
Planck equation (2.1), (2.2), (2.3), then the local truncation error is O(t* + h?).
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Proof. Substituting the exact solution p(x;j, t) for P]k in (2.15), we obtain

P(x]-, tk+1) — P(x]-, tk)

= % ::Zi_lobm,k+l KK—‘X - u,<xj))P(xj—1/fm) + <M - Zﬂ)P(xjr tm)

2 211, Na 72

U(x) | « k+1

for].:l/z/"'/M_llkzolll"',N_l,Where

oy (U(x)
REU =R+ R, Ry = (oD, —0 D) <TRU] + mﬁ@)
R,(c +)1 y denotes the j component of R,(c +)1
Suppose that u’ (xj) (j =1,2,---,M —1) are bounded, then
U'(x]-) []] lj] U/(x]-) 2 93 2 ot 2
= - . — - . < .
DRI R = | S TP — ke P )| < Car
Consequently,
U (x:) .
1= fDg, —0 D) (TRl + k)
< CzT ‘0 Dtk+11 ’ + ‘0 D, (Xl D
o
< 2 o %
< ot (g (o 10+ (09
27" )
< CeFr——= = . .
= CZF(a—i—l)T CstT (3 4)
According to Lemma 3.2 and f(t, P(t)) = AP(t) + g(t), we conclude that
1 1"
| Rk+1] E , + Ek+1,j
1 1"
<l A lleo | max | | Exlim |+ 1 Ey |
< (]| A lJeo +1)C1h?* = Cyh?, (3.5)
where E,E +)1 i E,E +)1 ,j denote the error of function P, () and g;(t) which defined by (3.2)

respectively.
From (3.4) and (3.5), we get

’RkH’—IR +Rk+1]’<‘R ’+‘Rk+1]’
< Cm? + Cy* < Cs(T% +12), (3.6)

where Cs = max(Cs, Cy).
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4 Stability analysis

855

In this section, we given the stability analysis using the approach of Fourier analysis.
Let P]k and 15}‘ be two parallel approximation solution sequences for the implicit

numerical method (2.15), and define that

k _ pk pk . —
8]_P]_P]/ ]_0/1/"'/M/ k_olll"'/N/

and
B = (e, &5 eu)',
respectively. Then we obtain the following roundoff error equation
il ‘ k+1
€j+ —¢& = Zo by jer1(Kjef_q + Wigf' + Vieli ),
m=
wherej=1,2,--- ,M—1,k=0,1,2,--- ,N— 1,5 =&l =0.
Fork=0,1,---,N, we define the following grid function ek (x)

ek(x) - e’]?, xi—3<x<xj+3 j=12,--- ,M-1,
0, c<x<c+3 d-5<x<d
Then &*(x) has the Fourier series expansion
+0o

ek(x) = Z Vk(l)eiznlx/Q,

|=—c0

where Q = d — c is the period of function e (x),i=+v—1,

d )
v (l) = é/ ek(x)e’a”l"/de.

Based on the definition of norm, then we have
k2 kel [T ke 2
I EE 1= X vl e P= [ 1) P ax.
j=1 ¢
Using the Parseval equalities, we get
" 2 IS 2
[ 1@ Pax= Y jn 2
|=—00
Assume that the solution of the difference equation (4.1) has the form
& =ue, j=1,2,--- ,M—1,

855
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where w = 271/ Q. Substituting (4.5) into (4.1), gives

k
<1 + /\j)vk+1 = Vg — /\] Z bm,k+1Vm/ k - 0/ 1/ tee /N - 1/ (46)
m=0
where
T A h U’ (x))
RE()\]) = WSIH (7) — m, (47a)
h"‘U/(x]-) .

Lemma 4.1. If k is positive integer, then the coefficients by, x.1 determined by (2.12) satisfy
(1) bm,k+l <0 (m =0,1,--- ,k— 1),
k+1
(2) ZO bigs1 = (@ +1)((k+1)% —k%).
m=
For convenience, Symbol C, denotes a a constant value which satisfy 2% — 3 = 0.

Lemma 4.2. If v, be the solution of (4.6), and min{Re(A;),j =1,2,--- ,M -1} > C; >
0,0 < a < C,, then exist the constant M > 0 such that

’Uk+1|§€]\7[kh’v0 ’I k:0/1/"'/N_1' (4'8)

Proof. Using the mathematical induction, we can verify that the result. Considering
on the ratio of time grid and spatial grid is bounded, then exist a constant M such that

1 ~
Cyh — M
For k = 0, we get from (4.6)
o 1-— Dé)\]
’ 1 ’_ 1+ )\]‘

Because 0 < Re()\]-), 0 <a<C, <1,then we have

Vo

1—0(/\]‘
1—|—/\]‘

wls) o

Jwl<fwl=e vo |-

For k = 1, from (4.6) and 3 — 2**! > 0, it follows that

1+(3—2”‘+1))\j j N
!1/2!—‘ T4, -1/1+1+Aj(1—0c)(2 —1) v
1+ (3 — 2017,

s\ v |

. A
. ,M-0h _ X ]
e lvo | +(1—«a)(2 1)‘1‘1'/\]‘

1—|—/\]‘
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1+ (3—2%1) | A)|
v | +(2% —1 ! Y
< o @ )| 1w
T+ (2-2%) | Aj|
< o |
’1+)\j|
1+M]-|'|U < 1+ A Tl
SITea T AT

1 1
< . < _ .
_(1+Re(}\j)> g | < <1+CA> | vo |

<1+ Mh)- v ] < Mg

Assume that
m—1)h ’

v [< e M( vl m=0,1,--,k

In view of Lemma 4.1, Eq. (4.6) leads to

1+ (3— 201 A |k
et 1< |2 o+ | e 1
] 1 m=1

)\
| e

uz+1 _
< ‘ (1 Jj\ JA; MOV |y |

/\ m—1)h
+1+/\ Z’bkarl’e ’V|+1+A | boje+1 | vo |
1+(3— 2““)7\]' M(k—1)h

< 1+/\ - e ’1/0‘

Aj M(k—1)h M(k—1)h
+1+—/\Z’bmk+1’e ’V|+1—|—A ’bOk-i-l’e | vo |
1+ (3 -2 A .

< 1— (3 -2+t _,M(k=1)h

< (| i @ - -z e g
A s A S

< — e ]volgioe( )\1/0\
|14+ A | | Aj ]

1 Mk— 1
<  M(k=1)h < M(k—1)h
_<1+Re()\j)) e v | < <1+C) | vo |

§(1+]\7Ih)-€1\7[(k71)h’1/0|§ el\71h_e (k71h|V0|
= Mkt |y

This verifies the conclusion (4.8).
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Theorem 4.1. Ifmin{Re(A]-), j=12--- ,M—-1} > C)y > 0,0 < a < C,, then the
numerical method (2.15) is used to solve time fractional Fokker-Planck equation (2.1), (2.2),
(2.3) is stable.

Proof. According to Lemma 4.2 and formula (4.8) we get
| Vet | < M9 |1 |< eMT | g | (4.9)
Based on (4.9), (4.3), (4.4), we obtain
| E o< e Bl k=12, N,

The proof of Theorem 4.1 is completed.

5 Numerical examples

Example 5.1. Consider the time fractional Fokker-Planck equation

2

= Dtl_”‘ [%(—1) + ﬁ} w(x,t), 0<x<1, t>0,

ow(x, t)
ot

with the initial condition and the boundary conditions

w(x,0) = x(1—x), 0<x<1,
3t 242
0,t) = — - , >0,
w0 =iy Tarew |7
te 2424
1,t) = — - , t>0.
WD) =—Fayy Tat) '

The exact solution of the problem is

£ 212

w(x,t) :x(l—x)+(2x—3)r(1+a) At

Define
M-1 N 3
error = (T Z (P(xj tn) — PiY) ) ,
j=1
where P]-N , P(xj, tn) denote the numerical solution and the exact solution at grid point
(xj, tn) respectively.
Table 1 gives the comparison of the computational error obtained by using two
numerical methods for various time and spatial stepsize, in which errorl is obtained

by the numerical method in [5] (in short L1-CDIA), error2 denotes the error results
which obtained by the proposed method in this paper, where ¢ € [0,100]. From Table
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Table 1: A comparison of error of two numerical methods for « = 0.5.

T h errorl (see [5]) error2

1/5 1/5 2.69x10°° 44842 x 1077
1/10 1/10 1.02 x 10~° 1.2197 x 107
1/20 1/20 3.98 x 107 3.6789 x 108
1/40 1/40 159x 107 2.3228 x 1078

Table 2: The error result for « = 0.5, h = 0.01 and 0.001.

T error (h = 0.01) error (h = 0.001)
1/10  2.0065 x 107°®  4.5377 x 108
1/20 19977 x10~°® 45105 x 108
1/40 19955 x10°°® 45036 x 108
1/80 1.9950 x 107®  4.5023 x 108
1/100 1.9949 x 107®  4.5019 x 108

Table 3: The error results for « = 0.3, T = 0.01 and 0.001.

h error (Tt = 0.01) error (t = 0.001)
1/10 2.7811x10~% 27811 x 10~*
1/20 93229 x 1075 9.3226 x 107>
1/40 3.1857x107°  3.1856 x 107>
1/80 1.1079x10™°>  1.1078 x 107>
1/100 7.9135x107% 79132 x 10~°

Table 4: The error results for T = 0.01, h = 0.01 and various value «.

14 error

03 7.9135x10°°
04 3.8423x10°°
0.5 1.9949 x 10~°
0.7 6.7050 x 1077
0.8 3.8687 x 1077
09 1.7783x 1077

1, it show that the proposed method has advantage over the method (L1-CDIA) with
the same stepsize implementation. The new method can obtain higher accuracy and
efficiency.

In Tables 2-4, t € [0, 1], Table 2 gives the behaviour of error with fixed time stepsize
while spatial step is reduced. Table 3 gives the behaviour of error with fixed spatial
stepsize while time step is reduced. Table 4 shows the error for various value & with
fixed time and spatial stepsize implementation. Figs. 1 and 2 give the numerical solu-
tion, the exact solution and the error behaviour of Example 5.1 with & = 0.01, T = 0.01,
x =0.5.
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Figure 1: Numerical solution (left) and exact solution (right) of Example 5.1 with & = 0.01, T = 0.01,
x=0.5.

Figure 2: Example 5.1: Behaviour of error with h = 0.01, T = 0.01, « = 0.5.

Example 5.2. Consider the time fractional Fokker-Planck equation (2.1) with the fol-
lowing parameter values

U(x) = cosx —6x, 1, =256, Ke = 2,
c=1, d =11, T =03,
¥(x) = 0.10, @1(t) = 0.10, @(t) = 0.10.

Choose the numerical solution obtained with & = 0.0006, T = 0.02 as the exact

solution. Let
= P(x;,0.3) - P ,0.3) | .
error = max | P(x;,03) = Pey(x,03) |

The numerical results are shown in Tables 5-6, which Errorl denotes the computa-
tional error which obtained by the predictor-corrector method in [6], Error2 denotes
the error which obtained by the proposed method in this paper. The numerical solu-
tions of Example 5.2 are displayed in Fig. 3.
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Table 5: A comparison of error of two numerical methods for &« = 0.8 with time stepsize is fixed, spatial

stepsize is decreased.

T Errorl (h = 0.000015) (see [6]) Error2 (h = 0.03)
1/2  8.8000 x 1073 8.0000 x 10>
1/4  2.2000 x 103 2.0000 x 10>
1/8 51969 x 104 1.0000 x 10~°
1/16 1.0394 x 104 1.0000 x 10~°

Table 6: A comparison of error of two numerical methods for & = 0.8 with spatial stepsize is fixed, time
stepsize is decreased.

Method1 (see [6]) (T = 0.0625) | Method2 (T = 0.125)

h Errorl h Error2

0.00012  2.0425 x 104 0.03 8.0x107°
0.00006  1.4622 x 104 0.015 2.0x107°
0.00003  1.1795 x 104 0.0075 1.0x107°

0.000015 1.0394 x 10~ 0.00375 1.0 x 10~>

P(x,t)

(a) (b)

Figure 3: Example 5.2: The numerical solution of Example 5.2 with 1 = 0.003, T = 0.1 for (a) « = 0.3 and
(b) « =0.8.

From Tables 5 and 6, it can be seen that the proposed method can obtain higher
orders of accuracy than the predictor-corrector method in [6]. Consequently, the pro-
posed method improves the computational efficiency.
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