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Abstract

The key aim of this paper is to show the strong convergence of the truncated Euler-

Maruyama method for neutral stochastic differential delay equations (NSDDEs) with

Markovian switching (MS) without the linear growth condition. We present the truncat-

ed Euler-Maruyama method of NSDDEs-MS and consider its moment boundedness under

the local Lipschitz condition plus Khasminskii-type condition. We also study its strong

convergence rates at time T and over a finite interval [0, T ]. Some numerical examples are

given to illustrate the theoretical results.
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1. Introduction

Due to better explanations of the phenomena, stochastic differential equations (SDEs) and

stochastic differential delay equations (SDDEs) which are more efficient and reliable models

in dynamical systems receive more and more attention recently. Systems with Markovian

switching which were introduced by Kac and Krasovskii (see in [6]) have become a powerful tool

in the modelling of practical systems (see in [7, 21] and the references therein). The structures

and parameters of the underlying neutral stochastic differential delay equations (NSDDEs)

may change abruptly because of environmental disturbances etc. We use the continuous-time

Markovian chain r(t) to model such abrupt changes. Thus, the underlying NSDDE

d[x(t) −D(x(t− τ))] = F (x(t), x(t − τ)) dt+G (x(t), x(t − τ)) dw(t) (1.1)

becomes the following NSDDE with Markovian switching (MS), abbreviated as NSDDE-MS

d[x(t)−D(x(t − τ), r(t))] = F (x(t), x(t − τ), r(t)) dt+G (x(t), x(t − τ), r(t)) dw(t). (1.2)

Since most SDEs-MS and SDDEs-MS have no explicit solutions, numerical methods to

approximate the underlying solutions become a useful technique. There are many results con-

cerned with the numerical solutions of SDEs-MS and SDDEs-MS in recent years (see e.g.,

[11, 13, 15, 19, 20, 25–27, 31]). Up to now, most of the strong convergence theories are consid-

ered under the global Lipschitz condition or the local Lipschitz condition and the linear growth
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condition. In 2003, Kolmanovskii et al. [8] discussed some important properties of the solu-

tions e.g. boundedness and stability for NSDDEs-MS under Global Lipschitz and linear growth

condition. Some numerical solutions to NSDDEs-MS were also discussed in [23, 24, 30]. How-

ever, lots of NSDDEs-MS do not satisfy the linear growth condition and there are a few results

about NSDDEs-MS without linear growth condition (see, e.g., [9,10,22] and the references cited

therein). As we know, the efficient explicit Euler schemes of SDEs (even without Markovian

switching) can not be convergent in strong sense with the super-linearly growing drift coeffi-

cients, see for example [4]. In 2012, Hutzethaler et al. presented tamed Euler method which can

solve this problem [5]. In [20], Nguyen et al. proposed tamed-Euler method for hybrid stochas-

tic differential equations with Markovian switching. In 2015 and 2016, Mao [17, 18] presented

the truncated Euler-Maruyama (EM) method for SDEs and gave its convergence rate. The

truncated (EM) method has been discussed intensively by some authors (see, e.g., [1, 3, 12]).

Recently, we established the strong convergence theory of the partially truncated EM method

for a class of SDDEs [28], and considered convergence rates of the truncated EM method for

stochastic functional differential equations (SFDEs) in [29] under the local Lipschitz condition

plus the Khasminskii-type condition. Though there are many papers on numerical methods for

NSDDEs-MS. Up to now, there is little numerical theory on NSDDEs-MS under local Lipschitz

condition and Khasminskii-type condition. Obviously, NSDDEs-MS is a generalization of SDEs

and SDDEs. However, some new difficulties will appear due to the nonlinear growth condition.

Owning to cheap computational cost, explicit numerical methods are indeed to be discussed.

Our aim here is to develop the truncated EM method of NSDDEs-MS under local Lipschitz

condition and Khasminskii-type condition. For the convenience, we will, in Section 2, develop

the truncated EM method. We will study the moment boundedness in Section 3 and the

convergence rate of the truncated EM method in Section 4, respectively. Some numerical

examples are given in Section 5. The conclusion of our paper is presented in Section 6.

2. The Truncated Euler-Maruyama Method

Throughout this paper, assume that (Ω,F ,{F t}t≥0,P) denotes a complete probability space

with a filtration {Ft}t≥0 satisfying the usual conditions (i.e, it is right continuous and increasing

while F0 contains all P-null sets). Let E be the expectation corresponding to P. Assume

that w(t) = (w1(t), w2(t), · · · , wm(t))T is an m-dimensional Brownian motion defined on the

probability space. Let | · | denote both Euclidean norm in R
n and the trace norm in R

n×m.

Denote by C([−τ, 0],Rn) the family of continuous functions from [−τ, 0] to R
n with the norm

‖ϕ‖ = sup−τ≤u≤0 |ϕ(u)|. For a, b ∈ R, we use a ∨ b and a ∧ b for max{a, b} and min{a, b},
respectively. If D is a set of Ω, its indicator function is denoted by 1D. ⌊x⌋ denotes the biggest

integer which is not bigger than x.

Let r(t) (t ≥ 0) be a right-continuousMarkovian chain on the probability space (Ω,F ,{F t}t≥0,

P), taking values in a finite state space S = {1, 2, · · · , Q} with Γ = (γij)Q×Q given by

P{(r(t+∆)) = j|r(t) = i} =

{

γij∆+ o(∆), if i 6= j,

1 + γij∆+ o(∆), if i = j,
(2.1)

where ∆ > 0. Here γij ≥ 0 is the transition from i to j if i 6= j, while γii = −∑
j 6=i

γij .

Assume that the Markovian chain r(t) is independent of the Brownian motion w(t). It is

known that almost every sample path of r(t) is a right-continuous step function with a finite
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number of simple jumps in any finite subinterval of R+. In other words, there is a sequence of

stopping times 0 = τ0 < τ1 < · · · < τk → ∞ almost surely such that

r(t) =

∞
∑

k=0

r(τk)1[τk,τk+1)(t),

r(t) is a constant on every interval [τk, τk+1), for every k ≥ 0

r(t) = r(τk), on τk ≤ t < τk+1.

Consider an n-dimensional NSDDE-MS

d[x(t) −D(x(t− τ), r(t))] = F (x(t), x(t − τ), r(t)) dt+G (x(t), x(t − τ), r(t)) dw(t) (2.2)

for t ≥ 0 with initial data x0 = ξ ∈ C([−τ, 0];Rn) and r(0) = r0. Here D : Rn × S −→ R
n,

f : Rn × R
n × S −→ R

n and g : Rn × R
n × S −→ R

n×m.

We impose the following four assumptions as hypotheses:

(A1) For each integer R ≥ 1, there exists a positive constant CR such that

|F (x, y, i)− F (x̄, ȳ, i)| ∨ |G(x, y, i)−G(x̄, ȳ, i)| ≤ CR(|x− x̄|+ |y − ȳ|) (2.3)

for all x, y ∈ R
n and i ∈ S with |x| ∨ |y| ∨ |x̄| ∨ |ȳ| ≤ R.

(A2) There is a pair of constants p > 2 and K1 > 0 such that

(x −D(y, i))TF (x, y, i) +
p− 1

2
|G(x, y, i)|2 ≤ K1

(

1 + |x|2 + |y|2
)

(2.4)

for all x, y ∈ R
n and i ∈ S.

(A3) Assume that D(0, i) = 0 and there exists a positive κ ∈ (0, 1) such that

|D(x, i)−D(y, i)| ≤ κ|x− y| (2.5)

for every x, y ∈ R
n and i ∈ S.

From (2.5), we can see that

|D(x, i)| ≤ κ|x|. (2.6)

(A4) There is a constant K0 > 0 such that

|ξ(t) − ξ(s)| ≤ K0|t− s|1/2 (2.7)

for all s, t ∈ [−τ, 0].

It is easy to show the following lemma by the similar way of Theorem 3.1 in [14] and Theorem

2.4 in [16].

Lemma 2.1. Under (A1)–(A3), the NSDDE-MS (2.2) has a unique global solution x(t) and,

moreover,

sup
t∈[−τ,T ]

E|x(t)|p ≤ C (2.8)

for all T > 0, where C stands for a generic positive real constant (but independent of ∆ and R

later) and its value may change between occurrences.
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In order to define the truncated Euler-Maruyama mthod, we first choose a strictly increasing

continuous function φ: R+ → R+ such that φ(v) → ∞ as v → ∞ and

sup
|x|∨|y|≤v

(|F (x, y, i)| ∨ |G(x, y, i)|) ≤ φ(v), ∀v ≥ 0. (2.9)

φ−1 is the inverse function of φ and a strictly increasing continuous function from [φ(0),∞) to

R+. Then we can choose a number ∆∗ ∈ (0, 1] and a strictly decreasing function ψ: (0,∆∗] →
(0,∞) such that

ψ(∆∗) ≥ φ(2), (2.10)

lim
∆→0

ψ(∆) = ∞, (2.11)

∆1/4ψ(∆) ≤ 1, ∀∆ ∈ (0, 1). (2.12)

For a given step size ∆ ∈ (0, 1), we define the truncated functions

F∆(x, y, i) = F

(

(

|x| ∧ φ−1(ψ(∆))
) x

|x| ,
(

|y| ∧ φ−1(ψ(∆))
) y

|y| , i
)

,

G∆(x, y, i) = G

(

(

|x| ∧ φ−1(ψ(∆))
) x

|x| ,
(

|y| ∧ φ−1(ψ(∆))
) y

|y| , i
) (2.13)

for all x, y ∈ R
n and i ∈ S, where we set

x

|x| = 0 when x = 0. It is obvious that

|F∆(x, y, i)| ∨ |G∆(x, y, i)| ≤ φ
(

φ−1(ψ(∆))
)

= ψ(∆) ∀x, y ∈ R
n. (2.14)

That is, although both F and G may be unbounded, both truncated functions F∆ and G∆ are

bounded.

We also impose the following assumption:

(H1) There exists a pair of constant p > 2 and K3 > 0 such that

(x −D(y, i))TF∆(x, y, i) +
p− 1

2
|G∆(x, y, i)|2 ≤ K3

(

1 + |x|2 + |y|2
)

(2.15)

for all ∆ ∈ (0,∆∗], x, y ∈ R
n and i ∈ S.

Lemma 2.2. Let r∆k = r(k∆) for ∆ > 0 and k = 0, 1, 2, · · · , then {r∆k , k = 0, 1, 2, · · · } is

discrete Markovian chain with the one-step transition probability matrix

P(∆) = (Pij(∆))Q×Q = e∆Γ.

Since the γij are independent of x, before computing x the paths of r can be generated inde-

pendently of x.

From now on, we will consider NSDDE-MS (2.2). Let the step size ∆ ∈ (0, 1). Without

loss of any generality, we may assume that τ/∆ = N where N ∈ N. We simulate the discrete

Markovian chain {r∆k , k = 0, 1, 2, · · · } as follows: Compute the one-step transition probability

matrix P(∆). Let r∆0 = i0 and generate a random number η1, which is uniformly distributed

in [0, 1]. Define

r∆1 =



















i1, if i1 ∈ S − {Q} such that

i1−1
∑

j=1

Pi0j(∆) ≤ η1 <

i1
∑

j=1

Pi0j(∆),

Q, if

Q−1
∑

j=1

Pi0j(∆) ≤ η1,
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where
∑0

j=1 Pi0j(∆) =: 0. Generate independently a new random number η2 which is uniformly

distributed in [0, 1] and we define

r∆2 =



























i2, if i2 ∈ S − {Q} such that

i2−1
∑

j=1

Pi1j(∆) ≤ η2 <

i2
∑

j=1

Pi1j(∆),

Q, if

Q−1
∑

j=1

Pi1j(∆) ≤ η2.

Repeating this procedure, the trajectory
{

r∆k , k = 0, 1, 2, · · ·
}

can be generated. The procedure

can be carried out independently to obtain more trajectories. Now we can form the discrete-

time truncated EM numerical solutions Y∆(tk) = x(tk) by setting Y∆(0) = x(0), r∆0 = i0 and

performing



















Y∆(tk) = ξ(tk), k = −N,−N + 1, · · · , 0,

Y∆(tk+1) = Y∆(tk) +D(Y∆(tk+1−N ), r∆k+1)−D(Y∆(tk−N ), r∆k ) + F∆(Y∆(tk), Y∆(tk−N ), r∆k )

+G∆(Y∆(tk), Y∆(tk−N ), r∆k )∆wk, k = 0, 1, 2, · · · ,

where wk = w(tk) and ∆wk = wk+1 − wk. Define r̄(t) = r∆k = r(tk) for t ∈ [tk, tk+1). Let us

now establish the continuous-time truncated EM solutions. The first one is defined by

y∆(t) =

∞
∑

k=−N

Y∆(tk)1[tk,tk+1)(t). (2.16)

This is not a continuous simple step process. Let us refer this as the continuous-time step-

process truncated EM solution. The other one is defined by



























y∆(t) = ξ(t), t ∈ [−τ, 0],

y∆(t) = ξ(0) +D(ȳ∆(t− τ), r̄(t))−D(ξ(−τ), r∆0 ) +

∫ t

0

F∆(ȳ∆(s), ȳ∆(s− τ), r̄(s))ds

+

∫ t

0

G∆(ȳ∆(s), ȳ∆(s− τ), r̄(s))dw(s).

(2.17)

Clearly, (2.17) can also be written as

y∆(t) = Y∆(tk) +

∫ t

tk

F∆(ȳ∆(s), ȳ∆(s− τ), r̄(s))ds+

∫ t

tk

G∆(ȳ∆(s), ȳ∆(s− τ), r̄(s))dw(s).

We will refer this as the continuous-time continuous-sample truncated EM solution. In partic-

ular, this shows that Y∆(tk) = ȳ∆(tk) = y∆(tk) for all k = 0, 1, · · · .
Moreover, for all t ∈ [0, T ], we have

E|ȳ∆(t)| ≤ sup
0≤s≤t

E|ȳ∆(s)| = sup
0≤tk≤t

E|Y∆(tk)|

= sup
0≤tk≤t

E|y∆(tk)| ≤ sup
0≤s≤t

E|y∆(s)|, (2.18)

d[y∆(t)−D(ȳ∆(t− τ), r̄(t))]

= F∆(ȳ∆(t), ȳ∆(t− τ), r̄(t))dt +G∆(ȳ∆(t), ȳ∆(t− τ), r̄(t))dw(t). (2.19)
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3. Moment Boundedness of the Truncated EM Method

In order to obtain moment boundedness of the truncated EM method, we need to show the

following lemma.

Lemma 3.1. For any ∆ ∈ (0,∆∗] and let p̂ > 0, we have

E|y∆(t)− ȳ∆(t)|p̂ ≤ Cp̂∆
p̂/2 (ψ(∆))

p̂
, ∀t > 0. (3.1)

Proof. For all t > 0 and any ∆ ∈ (0,∆∗], there is a unique integer k ≥ 0 such that

tk ≤ t < tk+1, we divided the proof into two cases.

Case (I): For p̂ ≥ 2, by (2.14), elementary inequality

|a+ b|c ≤ 2c−1(|a|c + |b|c) (3.2)

for c > 1, Hölder inequality and Itô isometry, we have

E|y∆(t)− ȳ∆(t)|p̂ = E|y∆(t)− y∆(tk)|p̂

≤ 2p̂−1

[

E

∣

∣

∣

∣

∫ t

tk

F∆(ȳ∆(s), ȳ∆(s− τ), r̄(s))ds

∣

∣

∣

∣

p̂

+ E

∣

∣

∣

∣

∫ t

tk

G∆(ȳ∆(s), ȳ∆(s− τ), r̄(s))dw(s)

∣

∣

∣

∣

p̂ ]

≤ 2p̂−1

[

∆p−1
E

∫ t

tk

|F∆(ȳ∆(s), ȳ∆(s− τ), r̄(s))|p̂ ds

+∆(p̂−2)/2
E

∫ t

tk

|G∆(ȳ∆(s), ȳ∆(s− τ), r̄(s))|p̂ds
]

≤ 2p̂∆p̂/2(ψ(∆))p̂.

Case (II): For p̂ ∈ (0, 2), by Hölder inequality, we get (3.1). �

Now we show the moment boundedness of the truncated EM method.

Lemma 3.2. Assume that (A1)–(A3) and (H1) hold. Then we have

sup
0<∆≤∆∗

sup
−τ≤t≤T

E|y∆(t)|p ≤ C (3.3)

for all T > 0.

Proof. Fix any ∆ ∈ (0,∆∗] and 0 ≤ t ≤ T . Define z∆(t) = y∆(t) −D(ȳ∆(t), r̄(t)). By the

Itô formula, we derive from (2.17) that

E|z∆(t)|p ≤ E|z∆(0)|p + E

∫ t

0

p|z∆(s)|p−2
(

zT∆(s)F∆(ȳ∆(s), ȳ∆(s− τ), r̄(s))

+
p− 1

2
|G∆(ȳ∆(s), ȳ∆(s− τ), r̄(s))|2

)

ds

=: |z∆(0)|p +B1 +B2,

where

B1 = E

∫ t

0

p|z∆(s)|p−2
(

[ȳ∆(s)−D(ȳ∆(s− τ), r̄(s))]TF∆(ȳ∆(s), ȳ∆(s− τ), r̄(s))

+
p− 1

2
|G∆(ȳ∆(s), ȳ∆(s− τ), r̄(s))|2

)

ds
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and

B2 =E

∫ t

0

p|z∆(s)|p−2(y∆(s)− ȳ∆(s))
TF∆(ȳ∆(s), ȳ∆(s− τ), r̄(s))ds.

Using (H1), we get

B1 ≤ K3E

∫ t

0

p|z∆(s)|p−2
(

1 + |ȳ∆(s)|2 + |ȳ∆(s− τ)|2
)

ds

≤ K3pE

∫ t

0

|z∆(s)|p−2ds+K3pE

∫ t

0

|z∆(s)|p−2|ȳ∆(s)|2ds

+K3pE

∫ t

0

|z∆(s)|p−2|ȳ∆(s− τ)|2ds.

By the Young inequality, we compute

pE

∫ t

0

|z∆(s)|p−2ds ≤ (p− 2)

∫ t

0

E|z∆(s)|pds+ 2T,

pE

∫ t

0

|z∆(s)|p−2|ȳ∆(s)|2ds ≤ (p− 2)

∫ t

0

E|z∆(s)|pds+ 2

∫ t

0

E|ȳ∆(s)|pds

≤ (p− 2)

∫ t

0

E|z∆(s)|pds+ 2

∫ t

0

sup
u∈[0,s]

E|y∆(u)|pds,

pE

∫ t

0

|z∆(s)|p−2|ȳ∆(s− τ)|2ds

≤ (p− 2)

∫ t

0

E|z∆(s)|pds+ 2

∫ t

0

E|ȳ∆(s− τ)|pds

≤ (p− 2)

∫ t

0

E|z∆(s)|pds+ 2

∫ t

−τ

E|ȳ∆(s)|pds

≤ (p− 2)

∫ t

0

E|z∆(s)|pds+ 2τ‖ξ‖p + 2

∫ t

0

sup
u∈[0,s]

E|y∆(u)|pds,

and

E

∫ t

0

p|z∆(s)|p−2(y∆(s)− ȳ∆(s))
TF∆(ȳ∆(s), ȳ∆(s− τ), r̄(s))ds

≤(p− 2)E

∫ t

0

|z∆(s)|pds+ 2E

∫ t

0

|y∆(s)− ȳ∆(s)|p/2|F∆(ȳ∆(s), ȳ∆(s− τ), r̄(s))|p/2ds.

By Lemma 3.1, (2.14) and (2.12), we get

E

∫ t

0

|y∆(s)− ȳ∆(s)|p/2|F∆(ȳ∆(s), ȳ∆(s− τ), r̄(s))|p/2ds

≤ (ψ(∆))p/2E

∫ t

0

|y∆(s)− ȳ∆(s)|p/2ds

≤ (ψ(∆))p/2
∫ t

0

C∆p/4(ψ(∆))p/2ds ≤ C. (3.4)

Using elementary inequality

|a+ b|c ≤ (1 + ς)c−1(|a|c + ς1−c|b|c) (3.5)



910 W. ZHANG

for c ≥ 1, ς > 0 and (A3), we have

E|z∆(t)|p ≤ (1− κ)1−p
E|y∆(t)|p + κ1−pE|D(ȳ∆(t− τ), r̄(t))|p

≤ (1− κ)1−p
E|y∆(t)|p + κE|ȳ∆(t− τ)|p

≤ (1− κ)1−p
E|y∆(t)|p + κ sup

s∈[0,t]

E|y∆(s)|p + κ‖ξ‖p. (3.6)

Hence, we get

sup
s∈[0,t]

E|z∆(s)|p ≤C
(

1 +

∫ t

0

(

sup
0≤u≤s

E|y∆(u)|p
)

ds

)

.

By elementary inequality (3.5) and (A3), we obtain

E|y∆(t)|p ≤ (1− κ)1−p
E|z∆(t)|p + κ1−p

E|D(ȳ∆(t− τ), r̄(t))|p

≤ (1− κ)1−p
E|z∆(t)|p + κ sup

s∈[−τ,t]

E|y∆(s)|p

≤ (1− κ)1−p
E|z∆(t)|p + κ sup

s∈[0,t]

E|y∆(s)|p + κ‖ξ‖p. (3.7)

Therefore,

sup
s∈[0,t]

E|y∆(s)|p ≤ 1

1− κ

(

(1 − κ)1−p sup
s∈[0,t]

E|z∆(s)|p + κ‖ξ‖p
)

≤ C

(

1 +

∫ t

0

(

sup
0≤u≤s

E|y∆(u)|p
)

ds

)

, (3.8)

where C is independent of ∆.

As this holds for any t ∈ [0, T ] while the right-hand side is non-decreasing in t, we can obtain

sup
0≤u≤t

E|y∆(u)|p ≤ C

(

1 +

∫ t

0

(

sup
0≤u≤s

E|y∆(u)|p
)

ds

)

.

Applying the well-known Gronwall inequality, we obtain

sup
0≤t≤T

E|y∆(t)|p ≤ C.

It is easy to show

sup
−τ≤t≤T

E|y∆(t)|p ≤ C.

As this holds for any ∆ ∈ (0,∆∗] while C is independent of ∆, we get the required (3.3). The

proof is complete. �

Using Lemma 3.2, we can get the following corollaries.

Corollary 3.1. Under (A1)–(A3) and (H1), for any ∆ ∈ (0,∆∗] and t ∈ [0, T ], we have

E|D(y∆(t− τ), r(t)) −D(y∆(t− τ), r̄(t))|q ≤ C∆. (3.9)

Proof. For all t ∈ [0, T ] and any ∆ ∈ (0,∆∗], by (2.1), (A3) and Lemma 3.2, we have

E|D(y∆(t− τ), r(t)) −D(y∆(t− τ), r̄(t))|q

= E|D(y∆(t− τ), r(t)) −D(y∆(t− τ), r(tk))|q
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= E
(

|D(y∆(t− τ), r(t)) −D(y∆(t− τ), r(tk))|q1{r(t) 6=r(tk)}

)

≤ 2q−1
E
[

(|D(y∆(t− τ), r(t))|q + |D(y∆(t− τ), r(tk))|q)1{r(t) 6=r(tk)}

]

≤ 2qκqE
(

|y∆(t− τ)|q1{r(t) 6=r(tk)}

)

≤ 2qκq sup
s∈[−τ,t]

E|y∆(s)|qE
(

1{r(t) 6=r(tk)}

)

≤ CE
(

1{r(t) 6=r(tk)}

)

= C
∑

i∈S

1{r(tk) 6=i}P (r(t) 6= i|r(tk) = i)

= C
∑

i∈S

1{r(tk) 6=i}

∑

j 6=i

(γij(t− tk) + o(t− tk))

≤ C max
0≤i≤Q

(−γii∆+ o(∆))
∑

i∈S

1{r(tk) 6=i}

≤ C max
0≤i≤Q

(−γii∆+ o(∆)) ≤ C∆.

This completes the proof of the corollary. �

Corollary 3.2. Under (A1)–(A4) and (H1), for any ∆ ∈ (0,∆∗] and t ∈ [0, T ], we have

E|D(x(t − τ), r(t)) −D(ȳ∆(t− τ), r̄(t))|q

≤ 3
q−1

κq sup
s∈[0,t]

E|x(s) − y∆(s)|q + C∆q/2(ψ(∆))q + C∆.

Proof. By (A3), Lemma 3.1, Corollary 3.1 and elementary inequality, we have

E|D(x(t − τ), r(t)) −D(ȳ∆(t− τ), r̄(t))|q

≤ 3
q−1

E|D(x(t − τ), r(t)) −D(y∆(t− τ), r(t))|q

+3
q−1

E|D(y∆(t− τ), r(t)) −D(y∆(t− τ), r̄(t))|q

+3
q−1

E|D(y∆(t− τ), r̄(t))−D(ȳ∆(t− τ), r̄(t))|q

≤ 3
q−1

κqE|x(t− τ) − y∆(t− τ)|q + 3
q−1

C∆+ 3
q−1

κqE|y∆(t− τ)− ȳ∆(t− τ)|q

≤ 3
q−1

κq

(

sup
s∈[0,t]

E|x(s)− y∆(s)|q + sup
s∈[−τ,0]

E|x(s) − y∆(s)|q
)

+3
q−1

C∆+ 3
q−1

κ
q

C∆q/2 (1 + (ψ(∆))q)

≤ 3
q−1

κq sup
s∈[0,t]

E|x(s) − y∆(s)|q + C∆q/2(ψ(∆))q + C∆.

This completes the proof of the corollary. �

4. Strong Convergence the Truncated EM Method

4.1. Strong convergence at time T

Before we show that both truncated EM solutions y∆(T ) and ȳ∆(T ) will converge to the

true solution x(T ) in Lq for any T > 0, we need to present several lemmas. In the following of

this subsection, we fix T > 0 arbitrarily.

Lemma 4.1. Let (A1)–(A3) hold. For any real number R > ‖ξ‖, define the stopping time

σR = inf
{

t ≥ 0 : |x(t)| ≥ R
}

,
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where throughout this paper we set inf Φ = ∞(and as usual Φ denotes the empty set). Then

P(σR ≤ T ) ≤ C

R2
, (4.1)

where C is independent of ∆ and R.

Proof. Define z̄(t) = x(t)−D(x(t − τ), r(t)). By the Itô formula and (A4), we derive that

E|z̄(t ∧ σR)|2 ≤ E|z̄(0)|2 + E

∫ t∧σR

0

2K1(1 + |x(s)|2 + |x(s− τ)|2)ds

≤ |z̄(0)|2 + 2K1T + 2K1

∫ t

0

E|x(s ∧ σR)|2ds+ 2K1

∫ t

0

E|x(s ∧ σR − τ)|2ds

≤ |z̄(0)|2 + 2K1T + 2K1

∫ t

0

E|x(s ∧ σR)|2ds+ 2K1

∫ t

−τ

E|x(s ∧ σR)|2ds

≤ |z̄(0)|2 + 2K1τ‖ξ‖2 + 2K1T + 4K1

∫ t

0

E|x(s ∧ σR)|2ds

for any 0 ≤ t ≤ T .

Applying elementary equality (3.5) and (A3), we get

|z̄(0)|2 ≤ 2
(

|ξ(0)|2 + κ2|ξ(−τ)|2
)

≤ 2(1 + κ2)‖ξ‖2,

and

E|x(t)|2 ≤ 1

κ
E|D(x(t − τ), r(t))|2 + 1

1− κ
E|z̄(t)|2

≤ κ2

κ
E|x(t− τ)|2 + 1

1− κ
E|z̄(t)|2

≤ κ sup
s∈[−τ,t]

E|x(s)|2 + 1

1− κ
E|z̄(t)|2

≤ κ

(

sup
s∈[0,t]

E|x(s)|2 + ‖ξ‖2
)

+
1

1− κ
E|z̄(t)|2.

Hence we have

sup
s∈[0,t∧σR ]

E|x(s)|2 ≤ 1

1− κ

(

1

1− κ
sup

s∈[0,t∧σR]

E|z̄(s)|2 + κ‖ξ‖2
)

≤ C

(

1 +

∫ t

0

sup
u∈[0,s]

E|x(u ∧ σR)|2ds
)

.

The Gronwall inequality shows

sup
s∈[0,T ]

E|x(s ∧ σR)|2 ≤ C,

where C is independent of ∆. This implies

R2
P(σR ≤ T ) ≤ C

and the assertion follows. �
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Lemma 4.2. Let (A1)–(A3) and (H1) hold. For any real number R > ‖ξ‖ and ∆ ∈ (0,∆∗],

define the stopping time

ρ∆,R = inf
{

t ≥ 0 : |y∆(t)| ≥ R
}

.

Then

P(ρ∆,R ≤ T ) ≤ C

R2
, (4.2)

where C is independent of ∆ and R.

Proof. Write ρ∆,R = ρ. z∆(t) is defined as in the proof of Lemma 3.2. By the Itô formula,

we have that for 0 ≤ t ≤ T ,

E|z∆(t ∧ ρ)|2 ≤ |z∆(0)|2 + E

∫ t∧ρ

0

(

2z∆(s)
TF∆(ȳ∆(s), ȳ∆(s− τ), r̄(s))

+ |G∆(ȳ∆(s), ȳ∆(s− τ), r̄(s))|2
)

ds

≤ |z∆(0)|2 + E

∫ t∧ρ

0

(

2(ȳ∆(s)−D(ȳ∆(s− τ), r̄(s)))TF∆(ȳ∆(s), ȳ∆(s− τ), r̄(s))

+ |G∆(ȳ∆(s), ȳ∆(s− τ), r̄(s))|2
)

ds

+E

∫ t∧ρ

0

2(y∆(s)− ȳ∆(s))
TF∆(ȳ∆(s), ȳ∆(s− τ), r̄(s))ds.

By (H1), we then obtain that,

E|z∆(t ∧ ρ)|2 ≤ |z∆(0)|2 + E

∫ t∧ρ

0

2K3(1 + |ȳ∆(s)|2 + |ȳ∆(s− τ)|2)ds

+E

∫ t∧ρ

0

2|y∆(s)− ȳ∆(s))||F∆(ȳ∆(s), ȳ∆(s− τ), r̄(s))|ds

≤ |z∆(0)|2 + 2K3T + 4K3

∫ t

0

E|ȳ∆(s ∧ ρ)|2ds+ 2K3τE‖ξ‖2

+2E

∫ T

0

|y∆(s)− ȳ∆(s))||F∆(ȳ∆(s), ȳ∆(s− τ), r̄(s))|ds

≤ |z∆(0)|2 + 2K3T + 8K3

∫ t

0

E|y∆(s ∧ ρ)|2ds+ 8K3

∫ T

0

E|y∆(s)− ȳ∆(s)|2ds

+2K3τE‖ξ‖2 + 2E

∫ T

0

|y∆(s)− ȳ∆(s))||F∆(ȳ∆(s), ȳ∆(s− τ), r̄(s))|ds.

Using Corollary 3.1, we have

∫ T

0

E|y∆(s)− ȳ∆(s))|2ds ≤ TC∆(ψ(∆))2 ≤ CT.

While by Lemma 3.2 and (2.14) and (2.12), we derive

E

∫ T

0

|y∆(s)− ȳ∆(s))||F∆(ȳ∆(s), ȳ∆(s− τ), r̄(s))|ds

≤ ψ(∆)

∫ T

0

C∆1/2ψ(∆)ds ≤ C.
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Using elementary inequality (3.5) and (A3), we get

|z∆(0)|2 ≤ 2
(

|ξ(0)|2 + κ2|ξ(−τ)|2
)

≤ 2p−1(1 + κ2)‖ξ‖2,

and

E|y∆(t)|2 ≤ 1

κ
E|D(ȳ∆(t− τ), r̄(t))|2 + 1

1− κ
E|z∆(t)|2

≤ κ2

κ
E|ȳ∆(t− τ)|2 + 1

1− κ
E|z∆(t)|2

≤ κ sup
s∈[−τ,t]

E|ȳ∆(s)|2 +
1

1− κ
E|z∆(t)|2

≤ κ

(

sup
s∈[0,t]

E|y∆(s)|2 + ‖ξ‖2
)

+
1

1− κ
E|z∆(t)|2.

Hence we have

sup
s∈[0,t∧σR]

E|y∆(s)|2 ≤ 1

1− κ

(

1

1− κ
sup

s∈[0,t∧σR ]

E|z∆(s)|2 + κ‖ξ‖2
)

≤ C

(

1 +

∫ t

0

sup
u∈[0,s]

E|y∆(u ∧ σR)|2ds
)

.

The Gronwall inequality shows that

sup
s∈[0,T ]

E|y∆(s ∧ σR)|2 ≤ C,

where C is independent of ∆ and R. This implies the assertion (4.2) easily. �

Lemma 4.3. Let (A1)–(A3) and (H1) hold. For any ∆ ∈ (0,∆∗] and t ∈ [0, T ], we have

E

∫ t∧θ∆,R

0

|F∆(y∆(s), y∆(s− τ), r(s)) − F∆(y∆(s), y∆(s− τ), r̄(s))|qds ≤ C(ψ(∆))q∆,

E

∫ t∧θ∆,R

0

|G∆(y∆(s), y∆(s− τ), r(s)) −G∆(y∆(s), y∆(s− τ), r̄(s))|qds ≤ C(ψ(∆))q∆.

Proof. Using elementary inequality, (2.1) and (2.14), we have

E

∫ tl+1

tl

|F∆(y∆(s), y∆(s− τ), r(s)) − F∆(y∆(s), y∆(s− τ), r̄(s))|q1{r(s) 6=r(tl)}ds

≤ 2q−1
E

∫ tl+1

tl

[

(

|F∆(y∆(s), y∆(s− τ), r(s))|q

+|F∆(y∆(s), y∆(s− τ), r(tl))|q
)

1{r(s) 6=r(tl)}

]

ds

≤ 2qE

∫ tl+1

tl

(

(ψ(∆))q1{r(s) 6=r(tl)}

)

ds ≤ C∆(ψ(∆))qE
(

1{r(s) 6=r(tl)}

)

= C∆(ψ(∆))q
∑

i∈S

1{r(tl) 6=i}P (r(s) 6= i|r(tl) = i)

= C∆(ψ(∆))q
∑

i∈S

1{r(tl) 6=i}

∑

j 6=i

(γij(s− tl) + o(s− tl))
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≤ C∆(ψ(∆))q max
0≤i≤Q

(−γii∆+ o(∆))
∑

i∈S

1{r(tl) 6=i}

≤ C∆(ψ(∆))q max
0≤i≤Q

(−γii∆+ o(∆)) ≤ C∆(ψ(∆))q(∆ + o(∆)).

Hence, we get

E

∫ t∧θ∆,R

0

|F∆(y∆(s), y∆(s− τ), r(s)) − F∆(y∆(s), y∆(s− τ), r̄(s))|qds

=

⌊t∧θ∆,R/∆⌋
∑

l=0

E

∫ tl+1

tl

|F∆(y∆(s), y∆(s− τ), r(s)) − F∆(y∆(s), y∆(s− τ), r(tl))|q1{r(s) 6=r(tl)}ds

≤ C(ψ(∆))q∆.

Similarly, we can obtain the second estimate of the lemma. �

In order to show the convergence rate at time T , we impose two more assumptions.

(A5) There is a pair of constants 2 ≤ q < p and K2 > 0 such that

(x−D(y, i)− x̄+D(ȳ, i))T (F (x, y, i)− F (x̄, ȳ, i))

+
3(q − 1)

2
|G(x, y, i)−G(x̄, ȳ, i)|2

≤ K2

(

|x− x̄|2 + |y − ȳ|2
)

(4.3)

for all x, y, x̄, ȳ ∈ R
n and i ∈ S.

(A6) There are constants K4 > 0 and γ > 0 such that

|F (x, y, i)− F (x̄, ȳ, i)| ∨ |G(x, y, i)−G(x̄, ȳ, i)|
≤ K4(1 + |x|γ + |y|γ + |ȳ|γ + |x̄|γ)(|x − x̄|+ |y − ȳ|) (4.4)

for all x, y, x̄, ȳ ∈ R
n and i ∈ S.

Lemma 4.4. Let (A2)–(A6) and (H1) hold. Let σR and ρ∆,R be the same as before. Define

θ∆,R := σR ∧ ρ∆,R and e∆(t) := x(t)− y∆(t).

Let ∆̄ ∈ (0,∆∗] be sufficient small such that ψ(∆) ≥ φ(R). Then, for any ∆ ∈ (0, ∆̄), q ∈ [2, p)

and qγ < p,

E|e∆(T ∧ θ∆,R)|q ≤ C∆ [(ψ(∆))q ∨ 1] , ∀ T > 0. (4.5)

Proof. Define ē∆(t) = x(t)−D(x(t − τ), r(t)) − y∆(t) +D(ȳ∆(t− τ), r̄(t)). By Itô formula

and Young inequality, we can show that for all t ∈ [0, T ],

E|ē∆(t ∧ θ∆,R)|q (4.6)

≤ E

∫ t∧θ∆,R

0

q|ē∆(s)|q−2

(

ēT∆(s)[F (x(s), x(s − τ), r(s)) − F∆(ȳ∆(s), ȳ∆(s− τ), r̄(s))]

+
q − 1

2

∣

∣G(x(s), x(s − τ), r(s)) −G∆(ȳ∆(s), ȳ∆(s− τ), r̄(s))
∣

∣

2

)

ds
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≤ E

∫ t∧θ∆,R

0

q|ē∆(s)|q−2

(

ēT∆(s)[(F (x(s), x(s − τ), r(s)) − F∆(y∆(s), y∆(s− τ), r(s)))

+(F∆(y∆(s), y∆(s− τ), r(s)) − F∆(y∆(s), y∆(s− τ), r̄(s)))

+(F∆(y∆(s), y∆(s− τ), r̄(s))− F∆(ȳ∆(s), ȳ∆(s− τ), r̄(s)))]

+
3(q − 1)

2

[∣

∣G(x(s), x(s − τ), r(s)) −G∆(y∆(s), y∆(s− τ), r(s))
∣

∣

2

+
∣

∣G∆(y∆(s), y∆(s− τ), r(s)) −G∆(y∆(s), y∆(s− τ), r̄(s))
∣

∣

2

+
∣

∣G(y∆(s), y∆(s− τ), r̄(s)) −G∆(ȳ∆(s), ȳ∆(s− τ), r̄(s))
∣

∣

2]

)

ds

≤ E

∫ t∧θ∆,R

0

q|ē∆(s)|q−2

(

ēT∆(s)[F (x(s), x(s − τ), r(s)) − F∆(y∆(s), y∆(s− τ), r(s))]

+
3(q − 1)

2

∣

∣G(x(s), x(s − τ), r(s)) −G∆(y∆(s), y∆(s− τ), r(s))
∣

∣

2

)

ds

+E

∫ t∧θ∆,R

0

(q − 2)(3q − 1)|ē∆(s)|qds

+E

∫ t∧θ∆,R

0

2|ē∆(s)|q/2|F∆(y∆(s), y∆(s− τ), r(s)) − F∆(y∆(s), y∆(s− τ), r̄(s))|q/2ds

+E

∫ t∧θ∆,R

0

2|ē∆(s)|q/2|F∆(y∆(s), y∆(s− τ), r̄(s))− F∆(ȳ∆(s), ȳ∆(s− τ), r̄(s))|q/2ds

+3(q − 1)E

∫ t∧θ∆,R

0

|G(y∆(s), y∆(s− τ), r(s)) −G∆(y∆(s), y∆(s− τ), r̄(s))|qds

+3(q − 1)E

∫ t∧θ∆,R

0

|G∆(y∆(s), y∆(s− τ), r̄(s))−G∆(ȳ∆(s), ȳ∆(s− τ), r̄(s))|qds

≤ E

∫ t∧θ∆,R

0

q|ē∆(s)|q−2

(

ēT∆(s)[F (x(s), x(s − τ), r(s)) − F∆(y∆(s), y∆(s− τ), r(s))]

+
3(q − 1)

2

∣

∣G(x(s), x(s − τ), r(s)) −G∆(y∆(s), y∆(s− τ), r(s))
∣

∣

2

)

ds

+E

∫ t∧θ∆,R

0

[(q − 2)(3q − 1) + 2]|ē∆(s)|qds

+E

∫ t∧θ∆,R

0

|F∆(y∆(s), y∆(s− τ), r(s)) − F∆(y∆(s), y∆(s− τ), r̄(s))|qds

+E

∫ t∧θ∆,R

0

|F∆(y∆(s), y∆(s− τ), r̄(s))− F∆(ȳ∆(s), ȳ∆(s− τ), r̄(s))|qds

+3(q − 1)E

∫ t∧θ∆,R

0

|G∆(y∆(s), y∆(s− τ), r(s)) −G∆(y∆(s), y∆(s− τ), r̄(s))|qds

+3(q − 1)E

∫ t∧θ∆,R

0

|G∆(y∆(s), y∆(s− τ), r̄(s))−G∆(ȳ∆(s), ȳ∆(s− τ), r̄(s))|qds.

Using Lemma 4.3, we have

E|ē∆(t ∧ θ∆,R)|q
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≤ E

∫ t∧θ∆,R

0

q|ē∆(s)|q−2

(

ēT∆(s)[F (x(s), x(s − τ), r(s)) − F∆(y∆(s), y∆(s− τ), r(s))]

+
3(q − 1)

2

∣

∣G(x(s), x(s − τ), r(s)) −G∆(y∆(s), y∆(s− τ), r(s))
∣

∣

2

)

ds

+CE

∫ t∧θ∆,R

0

|ē∆(s)|qds+ C(ψ(∆))q∆

+E

∫ t∧θ∆,R

0

|F∆(y∆(s), y∆(s− τ), r̄(s)) − F∆(ȳ∆(s), ȳ∆(s− τ), r̄(s))|qds

+3(q − 1)E

∫ t∧θ∆,R

0

|G∆(y∆(s), y∆(s− τ), r̄(s)) −G∆(ȳ∆(s), ȳ∆(s− τ), r̄(s))|qds.

Since s ∈ [0, t ∧ θ∆,R],

|x(s)| ∨ |x(s− τ)| ∨ |y∆(s)| ∨ |y∆(s− τ)| ∨ |ȳ∆(s)| ∨ |ȳ∆(s− τ)| ≤ R

and ψ(∆) ≥ φ(R), we have

|x(s)| ∨ |x(s− τ)| ∨ |y∆(s)| ∨ |y∆(s− τ)| ∨ |ȳ∆(s)| ∨ |ȳ∆(s− τ)| ≤ φ−1(ψ(∆))

and

F∆(y∆(s), y∆(s− τ), r(s)) = F (y∆(s), y∆(s− τ), r(s)),

F∆(y∆(s), y∆(s− τ), r̄(s)) = F (y∆(s), y∆(s− τ), r̄(s)),

F∆(ȳ∆(s), ȳ∆(s− τ), r̄(s)) = F (ȳ∆(s), ȳ∆(s− τ), r̄(s)),

G∆(y∆(s), y∆(s− τ), r(s)) = G(y∆(s), y∆(s− τ), r(s)),

G∆(y∆(s), y∆(s− τ), r̄(s)) = G(y∆(s), y∆(s− τ), r̄(s)),

G∆(ȳ∆(s), ȳ∆(s− τ), r̄(s)) = G(ȳ∆(s), ȳ∆(s− τ), r̄(s)).

Define ê∆(t) = x(t)−D(x(t − τ), r(t)) − y∆(t) +D(y∆(t− τ), r̄(t)). Consequently, we obtain

E|ē∆(t ∧ θ∆,R)|q

≤ E

∫ t∧θ∆,R

0

q|ē∆(s)|q−2

(

ēT∆(s)[F (x(s), x(s − τ), r(s)) − F (y∆(s), y∆(s− τ), r(s))]

+
3(q − 1)

2

∣

∣G(x(s), x(s − τ), r(s)) −G(y∆(s), y∆(s− τ), r(s))
∣

∣

2

)

ds

+CE

∫ t∧θ∆,R

0

|ē∆(s)|qds+ C∆(ψ(∆))q

+E

∫ t∧θ∆,R

0

|F (y∆(s), y∆(s− τ), r̄(s)) − F (ȳ∆(s), ȳ∆(s− τ), r̄(s))|qds

+3(q − 1)E

∫ t∧θ∆,R

0

|G(y∆(s), y∆(s− τ), r̄(s))−G(ȳ∆(s), ȳ∆(s− τ), r̄(s))|qds

≤ CE

∫ t

0

|ē∆(s ∧ θ∆,R)|qds+ C(ψ(∆))q∆+ J1 + J2 + J3 + J4,

where

J1 = E

∫ t∧θ∆,R

0

q|ē∆(s)|q−2

(

êT∆(s)[F (x(s), x(s − τ), r(s)) − F (y∆(s), y∆(s− τ), r(s))]
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+
3(q − 1)

2

∣

∣G(x(s), x(s − τ), r(s)) −G(y∆(s), y∆(s− τ), r(s))
∣

∣

2

)

ds,

J2 = E

∫ t∧θ∆,R

0

q|ē∆(s)|q−2(D(ȳ∆(s− τ), r̄(s)) −D(y∆(s− τ), r̄(s)))T

·[F (x(s), x(s − τ), r(s)) − F (y∆(s), y∆(s− τ), r(s))]ds,

J3 = E

∫ t∧θ∆,R

0

|F (y∆(s), y∆(s− τ), r̄(s))− F (ȳ∆(s), ȳ∆(s− τ), r̄(s))|qds,

J4 = 3(q − 1)E

∫ t∧θ∆,R

0

|G(y∆(s), y∆(s− τ), r̄(s))−G(ȳ∆(s), ȳ∆(s− τ), r̄(s))|qds.

By (A5) and the Young inequality, we get

J1 ≤ E

∫ t∧θ∆,R

0

q|ē∆(s)|q−2K2

(

|x(s) − y∆(s)|2 + |x(s− τ) − y∆(s− τ)|2
)

ds

≤ C

(

E

∫ t

0

|ē∆(s ∧ θ∆,R)|q ds+ 2

∫ t

0

E|e∆(s ∧ θ∆,R)|qds+
∫ 0

−τ

∣

∣

∣ξ
([ s

∆

]

∆
)

− ξ(s)
∣

∣

∣

q

ds

)

≤ C

(

E

∫ t

0

|ē∆(s ∧ θ∆,R)|qds+
∫ t

0

E|e∆(s ∧ θ∆,R)|qds+∆q/2

)

.

By (A4) and (A6), the Young inequality, Lemma 2.1 and Theorem 3.2, we have that

J2 ≤ E

∫ t∧θ∆,R

0

(

(q − 2)|ē∆(s)|q + 2|D(ȳ∆(s− τ), r̄(s))−D(y∆(s− τ), r̄(s))|q/2

·|F (x(s), x(s − τ), r(s)) − F (ȳ∆(s), ȳ∆(s− τ), r(s))|q/2
)

ds

≤ E

∫ t

0

(q − 2)|ē∆(s ∧ θ∆,R)|qds+ 2(K4κ)
q/2

E

∫ t∧θ∆,R

0

|ȳ∆(s− τ)− y∆(s− τ)|q/2

·
[

1 + |y∆(s)|qγ/2 + |x(s)|qγ/2 + |y∆(s− τ)|qγ/2 + |x(s − τ)|qγ/2
]

·
(

|x(s) − y∆(s)|q/2 + |x(s− τ) − y∆(s− τ)|q/2
)

ds

≤ E

∫ t

0

(q − 2)|ē∆(s ∧ θ∆,R)|qds+ CE

∫ t∧θ∆,R

0

|ȳ∆(s− τ)− y∆(s− τ)|q

·
[

1 + |y∆(s)|qγ + |x(s)|qγ + |y∆(s− τ)|qγ + |x(s− τ)|qγ
]

ds

+CE

∫ t∧θ∆,R

0

(|x(s) − y∆(s)|q + |x(s− τ)− y∆(s− τ)|q) ds

≤ E

∫ t

0

(q − 2)|ē∆(s ∧ θ∆,R)|qds

+C

∫ t∧θ∆,R

0

(E|ȳ∆(s− τ) − y∆(s− τ)|pq/(p−qγ))(p−qγ)/p

·
[

1 + E|y∆(s)|p + E|x(s)|p + E|y∆(s− τ)|p + E|x(s− τ)|p
]qγ/p

ds

+C

∫ t

0

E|e∆(s ∧ θ∆,R)|qds+
∫ 0

−τ

∣

∣

∣ξ
([ s

∆

]

∆
)

− ξ(s)
∣

∣

∣

q

ds

)

≤ CE

∫ t

0

|ē∆(s ∧ θ∆,R)|qds+ CE

∫ t

0

|e∆(s ∧ θ∆,R)|qds+ C∆q/2 (1 + (ψ(∆))q) .
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By Hölder inequality and (A6), we obtain

J3 ≤ Kq
4E

∫ t∧θ∆,R

0

[

1 + |y∆(s)|qγ + |ȳ∆(s)|qγ + |y∆(s− τ)|qγ + |ȳ∆(s− τ)|qγ
]

· (|y∆(s)− ȳ∆(s)|q + |y∆(s− τ) − ȳ∆(s− τ)|q) ds

≤ C

∫ t∧θ∆,R

0

[

1 + E|y∆(s)|p + E|ȳ∆(s)|p + E|y∆(s− τ)|p + E|ȳ∆(s− τ)|p
]qγ/p

·
(

E|y∆(s)− ȳ∆(s)|qp/(p−qγ) + E|y∆(s− τ) − ȳ∆(s− τ)|qp/(p−qγ)
)(p−qγ)/p

ds

≤ C∆q/2 (1 + (ψ(∆))q) .

Simiarly, we have

J4 ≤ C∆q/2 (1 + (ψ(∆))q) .

Hence

E|ē∆(t)|q ≤ C

(

1 + sup
s∈[0,t]

E|e∆(s)|q
)

+ C∆ [(ψ(∆))q ∨ 1] . (4.7)

Using elementary inequality and Corollary 3.2, we get

E|e∆(t)|q ≤ 2q−1E (|ē∆(t)|q + |D(x(t − τ), r(t)) −D(ȳ∆(t− τ), r̄(t))|q)

≤ C

(

1 + sup
s∈[0,t]

E|ē∆(s)|q
)

+ C∆q/2.

Therefore, we have

E|e∆(t ∧ θ∆,R)|q ≤C
∫ t

0

E|e∆(s ∧ θ∆,R)|qds+ C∆ [(ψ(∆))q ∨ 1] .

By Gronwall inequality, we have the assertion (4.5). �

Theorem 4.1. Let (A2)–(A6) and (H1) hold. Then, for any q ∈ [2, p), p > qγ, and ψ(∆) ≥
φ (∆ [(ψ(∆))q ∨ 1])

−p/2(p−q)
, then there is a ∆̄ ∈ (0,∆∗] such that for all ∆ ∈ (0, ∆̄]

E|x(T )− y∆(T )|q ≤C∆ [(ψ(∆))q ∨ 1] ,

E|x(T )− ȳ∆(T )|q ≤C∆ [(ψ(∆))q ∨ 1] .
(4.8)

Proof. Let σR, ρ∆,R, θ∆,R and e∆(T ) be the same as before. By the Young inequality, we

obtain that for any ǫ > 0,

E |e∆(T )|q = E
(

|e∆(T )|q1{θ∆,R>T}

)

+ E
(

|e∆(T )|q1{θ∆,R≤T}

)

≤ E
(

|e∆(T )|q1{θ∆,R>T}

)

+
qǫ

p
E|e∆(T )|p +

p− q

pǫq/(p−q)
P(θ∆,R ≤ T ). (4.9)

Using Lemmas 2.1 and 3.2, we have

E|e∆(T )|p ≤ 2p−1 (E|y∆(T )|p + E|y(T )|p) ≤ C. (4.10)
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While by Lemmas 4.1 and 4.2, we obtain

P(θ∆,R ≤ T ) ≤ P(σR ≤ T ) + P(ρ∆,R ≤ T ) ≤ C

R2
. (4.11)

Substituting (4.10) and (4.11) into (4.9), we hence get

E|e∆(T )|q ≤ E(|e∆(T )|q1{θ∆,R>T}) +
qǫ

p
C +

(p− q)C

pǫq/(p−q)R2
.

Choosing

ǫ = ∆ [(ψ(∆))q ∨ 1] , R = (∆ [(ψ(∆))q ∨ 1])
−p/2(p−q)

,

we have that

E|e∆(T )|q ≤ E(|e∆(T )|q1{θ∆,R>T}) + C∆ [(ψ(∆))q ∨ 1] . (4.12)

By Lemma 4.4, we can show that

E(|e∆(T )|q) ≤ C∆ [(ψ(∆))q ∨ 1] . (4.13)

It is easy to see that

φ−1(ψ(∆)) ≥ (∆ [(ψ(∆))q ∨ 1])
−p/2(p−q)

= R.

The proof is therefore complete. �

4.2. Convergence rate over a finite time interval

We discussed that both truncated EM solutions y∆(T ) and ȳ∆(T ) converge to the true

solution x(T ) in Lq for any T > 0 in the previous section. This is sufficient for some applications,

but we sometimes need the strong convergence for a numerical solution to the true solution over

a finite time interval (see, e.g., [2]). Now we will show the convergence rate over the finite time

interval [0, T]. A stronger assumption is needed.

(A7) There are constants K > 0 and ν > 0 such that

(x−D(y, i)− x̄+D(ȳ, i))T (F (x, y, i)− F (x̄, ȳ, i)) ≤ K
(

|x− x̄|2 + |y − ȳ|2
)

, (4.14)

|F (x, y, i)− F (x̄, ȳ, i)| ≤ K(1 + |x|ν + |y|ν + |ȳ|ν + |x̄|ν)(|x − x̄|+ |y − ȳ|), (4.15)

|G(x, y, i)−G(x̄, ȳ, i)| ≤ K(|x− x̄|+ |y − ȳ|) (4.16)

for all x, y, x̄, ȳ ∈ R
n.

Remark 4.1. We observe that (A7) implies (A1), (A2), (A5) and (A6) we imposed so far in

this paper. We now show that (A1), (A2), (A5) and (A6) are satisfied for p > 2.

(x −D(y, i))TF (x, y, i)

≤ (0−D(0, i))TF (0, 0, i) + (x−D(y, i)− 0 +D(0, i))T (F (x, y, i)− F (0, 0, i))

≤ K
(

|x|2 + |y|2
)

,

|G(x, y, i)|2 ≤ 2|G(0, 0, i)|2 + 2|G(x, y, i)−G(0, 0, i)|2

≤ 2|G(0, 0, i)|2 + 4K2
(

|x|2 + |y|2
)

≤ 2
(

|G(0, 0, i)|2 + 2K2
) (

1 + |x|2 + |y|2
)

,
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(x −D(y, i))TF (x, y, i) +
p− 1

2
|G(x, y, i)|2 ≤ K1

(

|x|2 + |y|2
)

and

(x−D(y, i)− x̄+D(ȳ, i))T (F (x, y, i)− F (x̄, ȳ, i)) +
3(q − 1)

2
|G(x, y, i)−G(x̄, ȳ, i)|2

≤ K2

(

|x|2 + |y|2
)

,

where K1 = K + (p− 1)
(

|G(0, 0, i)|2 + 2K2
)

and K2 = K + 3(q − 1)K2.

Using the same unique as the proof of Lemma 3.2, we therefore have the results under (A7).

Lemma 4.5. Under (A3) and (A7), we have

E

(

sup
0≤t≤T

|x(t)|p
)

≤ C. (4.17)

For any real number R > ‖ξ‖, define the stopping time

σR = inf{t ≥ 0 : |x(t)| ≥ R},

where throughout this paper we set inf Φ = ∞(and as usual Φ denotes the empty set). Then

P(σR ≤ T ) ≤ C

Rp
. (4.18)

Proof. z̄(t) is defined se in the proof of Lemma 4.1. Using the Itô formula and (2.17), for

0 ≤ t ≤ T , we obtain

|z̄(t)|p ≤ |z̄(0)|p +
∫ t

0

p|z̄(s)|p−2
(

z̄T (s)F (x(s), x(s − τ), r(s))

+
p− 1

2
|G(x(s), x(s − τ), r(s))|2

)

ds+

∫ t

0

p|z̄(s)|p−2z̄T (s)G(x(s), x(s − τ), r(s))dw(s).

Therefore we have

E

(

sup
0≤u≤t

|z̄(u)|p
)

≤ |z(0)|p + M̄1 + M̄2,

where

M̄1 = E

∫ t

0

p|z̄(s)|p−2
(

z̄T (s)F (x(s), x(s − τ), r(s)) +
p− 1

2
|G(x(s), x(s − τ), r(s))|2

)

ds,

M̄2 = E

(

sup
0≤u≤t

∣

∣

∣

∣

∫ u

0

p|z̄(s)|p−2z̄T (s)G(x(s), x(s − τ), r(s))dw(s)

∣

∣

∣

∣

)

.

Similarly to the proof of Lemma 3.2, we have

M̄1 = C

(

1 +

∫ t

0

(

sup
0≤u≤s

E|x(u)|p
)

ds

)

.

Using Young inequality, elementary inequality and Lemma 3.1, we get

M̄2 ≤
1

2
E

(

sup
0≤u≤t

|z̄(u)|p
)

+ 16p(p− 2)K2
E

∫ t

0

|z̄(s)|pds
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+32pK2
E

∫ t

0

(1 + |x(s)|p + |x(s− τ)|p) ds

≤ 1

2
E

(

sup
0≤u≤t

|z̄(u)|p
)

+ CE

∫ t

0

|z̄(s)|pds+ C + C

∫ t

0

E

(

sup
0≤u≤s

|x(u)|p
)

ds.

Hence, using elementary inequality and (A3), we have

E

(

sup
0≤u≤t

|z̄(u)|p
)

≤C
(

1 +

∫ t

0

E

(

sup
0≤u≤s

|x(u)|p
)

ds

)

,

where C is independent of ∆ and its value may change between occurrences. By elementary

inequality and (A3), we get

E

(

sup
0≤u≤t

|x(u)|p
)

≤ C

1− κ

(

1 + E

(

sup
0≤u≤s

|z̄(u)|p
)

ds

)

≤C
(

1 +

∫ t

0

E

(

sup
0≤u≤s

|x(u)|p
)

ds

)

.

The well-known Gronwall inequality yields that

E

(

sup
0≤t≤T

|x(t)|p
)

≤ C.

Namely,

E

(

sup
−τ≤t≤T

|x(t)|p
)

≤ C.

As this holds for any ∆ ∈ [0,∆∗] while C is independent of ∆. The proof is complete. �

Lemma 4.6. Under (H1), (A3) and (A7), for any p > 2, we have

sup
0≤∆≤∆∗

E

(

sup
−τ≤t≤T

|y∆(t)|p
)

≤ C. (4.19)

For any real number R > ‖ξ‖, define the stopping time

ρ∆,R = inf
{

t ≥ 0 : |y∆(t)| ≥ R
}

.

Then

P(ρ∆,R ≤ T ) ≤ C

Rp
. (4.20)

Proof. z∆(t) is defined se in the proof of Lemma 3.2. By the Itô formula, we derive from

(2.17) that, for 0 ≤ t ≤ T ,

|z∆(t)|p ≤ |z(0)|p +
∫ t

0

p|z∆(s)|p−2
(

zT∆(s)F∆(ȳ∆(s), ȳ∆(s− τ), r̄(s))

+
p− 1

2
|G∆(ȳ∆(s), ȳ∆(s− τ), r̄(s))|2

)

ds

+

∫ t

0

p|z∆(s)|p−2zT∆(s)G∆(ȳ∆(s), ȳ∆(s− τ), r̄(s))dw(s).
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Therefore we have

E

(

sup
0≤u≤t

|z∆(u)|p
)

≤ |z(0)|p +M1 +M2,

where

M1 = E

∫ t

0

p|z∆(s)|p−2
(

zT∆(s)F∆(ȳ∆(s), ȳ∆(s− τ), r̄(s))

+
p− 1

2
|G∆(ȳ∆(s), ȳ∆(s− τ), r̄(s))|2

)

ds,

M2 = E

(

sup
0≤u≤t

∣

∣

∣

∣

∫ u

0

p|z∆(s)|p−2zT∆(s)G∆(ȳ∆(s), ȳ∆(s− τ), r̄(s))dw(s)

∣

∣

∣

∣

)

.

Similarly to the proof of Lemma 3.2, we have

M1 = C

(

1 +

∫ t

0

(

sup
0≤u≤s

E|y∆(u)|p
)

ds

)

.

Using Young inequality, elementary inequality and Lemma 3.1, we get

M2 ≤ 1

2
E

(

sup
0≤u≤t

|z∆(u)|p
)

+ 16p(p− 2)K2
E

∫ t

0

|z∆(s)|pds

+32pK2
E

∫ t

0

(1 + |ȳ∆(s)|p + |ȳ∆(s− τ)|p) ds

≤ 1

2
E

(

sup
0≤u≤t

|z∆(t)|p
)

+ CE

∫ t

0

|z∆(s)|pds+ C

∫ t

0

E

(

sup
0≤u≤s

|y∆(s)|p
)

ds+ C.

Hence, by elementary inequality and (A3), we get

E

(

sup
0≤u≤t

|z∆(u)|p
)

≤C
(

1 +

∫ t

0

E

(

sup
0≤u≤s

|y∆(u)|p
)

ds

)

,

where C is independent of ∆ and its value may change between occurrences. By elementary

inequality and (A3), we have

E

(

sup
0≤u≤t

|y∆(u)|p
)

≤ C

1− κ

(

1 + E

(

sup
0≤u≤s

|z∆(u)|p
)

ds

)

≤C
(

1 +

∫ t

0

E

(

sup
0≤u≤s

|y∆(u)|p
)

ds

)

.

The well-known Gronwall inequality yields that

E

(

sup
0≤t≤T

|y∆(t)|p
)

≤ C.

Namely,

E

(

sup
−τ≤t≤T

|y∆(t)|p
)

≤ C.

As this holds for any ∆ ∈ [0,∆∗] while C is independent of ∆. The proof is complete. �
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Lemma 4.7. Let (A3), (A4), (H1) and (A7) hold and qν < p. Let ∆̄ ∈ (0,∆∗] be sufficiently

small such that ψ−1(φ(∆)) ≥ R. Let θ∆,R, R and e∆(t) be the same as defined in Theorem 4.1.

Let q ≥ 2 be arbitrary. Then for any ∆ ∈ (0, ∆̄), we have

E

(

sup
0≤t≤T∧θ∆,R

|e∆(t)|q
)

≤ C [∆(ψ(∆))q ∨ 1] ∀T > 0, (4.21)

where C is dependent on T, q, ξ but independent of ∆.

Proof. We also write θ∆,R = θ for simplicity. ē∆(t) is defined in the proof of Lemma 4.4.
By the Itô formula, we can show that for 0 ≤ t ≤ T ,

E

(

sup
0≤u≤t∧θ

|ē∆(t)|q
)

≤ E

(

sup
0≤u≤t∧θ

∫ u

0

q|ē∆(s)|q−2
[

ē
T
∆(s)[F (x(s), x(s− τ ), r(s))

−F∆(ȳ∆(s), ȳ∆(s− τ ), r̄(s))] +
q − 1

2
|G(x(s), x(s− τ ), r(s))−G∆(ȳ∆(s), ȳ∆(s− τ ), r̄(s))|2

]

ds

)

+E

(

sup
0≤u≤t∧θ

∫ u

0

q|ē∆(s)|q−2
ē
T
∆(s)[G(x(s), x(s− τ ), r(s))−G∆(ȳ∆(s), ȳ∆(s− τ ), r̄(s))]dw(s)

)

≤ J5 + J6, (4.22)

where

J5 = E

(

sup
0≤u≤t∧θ

∫ u

0

q|ē∆(s)|q−2(ē∆(s)
T [F (x(s), x(s − τ), r(s)) − F∆(ȳ∆(s), ȳ∆(s− τ), r̄(s))]

+
3(q − 1)

2
|G(x(s), x(s − τ), r(s)) −G∆(ȳ∆(s), ȳ∆(s− τ), r̄(s))|2ds

)

,

J6 = E

(

sup
0≤u≤t∧θ

∫ u

0

q|ē∆(s)|q−2ēT∆(s)[G(x(s), x(s − τ), r̄(s))

−G∆(ȳ∆(s), ȳ∆(s− τ), r̄(s))]dw(s)

)

. (4.23)

Noting that

F∆(y∆(s), y∆(s− τ), r(s)) = F (y∆(s), y∆(s− τ), r(s)),

F∆(y∆(s), y∆(s− τ), r̄(s)) = F (y∆(s), y∆(s− τ), r̄(s)),

F∆(ȳ∆(s), ȳ∆(s− τ), r̄(s)) = F (ȳ∆(s), ȳ∆(s− τ), r̄(s)),

G∆(y∆(s), y∆(s− τ), r(s)) = G(y∆(s), y∆(s− τ), r(s)),

G∆(y∆(s), y∆(s− τ), r̄(s)) = G(y∆(s), y∆(s− τ), r̄(s)),

G∆(ȳ∆(s), ȳ∆(s− τ), r̄(s)) = G(ȳ∆(s), ȳ∆(s− τ), r̄(s))

for 0 ≤ s ≤ t ∧ θ. Similarly to the proof of Lemma 4.4, we can show that

J5 ≤ C

∫ t

0

E|e∆(s ∧ θ∆,R)|qds+ C [∆(ψ(∆))q ∨ 1] . (4.24)
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By the Burkholder-Davis-Gundy inequality and (A7) , we then have

J6 ≤ 4
√
2E

(

∫ t∧θ

0

|ē∆(s)T |2(q−1)|G(x(s), x(s − τ), r̄(s))−G(ȳ∆(s), ȳ∆(s− τ), r̄(s))|2ds
)1/2

≤ 12
√
2qKE

(

sup
0≤u≤t∧θ

|ē∆(u)T |q
[

∫ t∧θ

0

|ē∆(s)T |q−2

·
[∣

∣G(x(s), x(s − τ), r(s)) −G∆(y∆(s), y∆(s− τ), r(s))
∣

∣

2

+
∣

∣G∆(y∆(s), y∆(s− τ), r(s)) −G∆(y∆(s), y∆(s− τ), r̄(s))
∣

∣

2

+
∣

∣G(y∆(s), y∆(s− τ), r̄(s))−G∆(ȳ∆(s), ȳ∆(s− τ), r̄(s))
∣

∣

2]1/2

)

≤ 1

2
E

(

sup
0≤u≤t∧θ

|ē∆(u)T |q
)

+ C

∫ t

0

E|ē∆(s ∧ θ∆,R)|qds

+C

∫ t

0

E|e∆(s ∧ θ∆,R)|qds+ C [∆(ψ(∆))q ∨ 1] . (4.25)

Substituting (4.24) and (4.25) into (4.22), we obtain

E

(

sup
0≤u≤t∧θ

|ē∆(t)|q
)

≤ C [∆(ψ(∆))q ∨ 1] .

Noting that

E

(

sup
0≤u≤t∧θ

|e∆(t)|q
)

≤ C [∆(ψ(∆))q ∨ 1] ,

by (4.8) and the Gronwall inequality, we get (4.21). The proof is complete. �

Before we state our theorem in this section, let us remark that it is straightforward to see

from (A7) that

sup
|x|∨|y|≤v

(|F (x, y, i)| ∨ |G(x, y, i)|) ≤ K̄|v|1+ν , ∀v ≥ 1, (4.26)

where K̄ is dependent of |F (0, 0, i)|, |G(0, 0, i)| and K.

Theorem 4.2. Let (A3), (A4), (H1) and (A7) hold and ε ∈ (0, 1/2∧ 2/q) be arbitrary. Define

φ(v) = K̄v1+ν , v ≥ 0,

ψ(∆) = ∆−ε/2, ∆ ∈ (0, 1].

Letting ∆ ∈ (0, ∆̄) be sufficiently small, we can make (2.10), (2.11) and (2.12) hold. Then, for

any q ∈ [2, p) and qν < p, the truncated EM solutions satisfy

E

(

sup
0≤t≤T

|y∆(t)− x(t)|q
)

= O(∆1−qε/2), (4.27)

E

(

sup
0≤t≤T

|ȳ∆(t)− x(t)|q
)

= O(∆1−qε/2). (4.28)



926 W. ZHANG

Proof. Let e∆(t) and θ∆,R be the same as defined in the proof of Theorem 4.1. Recalling

Remark 4.1, we know that the assumptions (A1), (A2), (A5) and (A6) in the previous sections

are satisfied under (A7). In particularly, we can choose p ∈ [2, p) as large as we need for (H1)

to hold. For our proof, we choose p > q ∨ (1 + ν) sufficiently large such that

ε

2
>
q(1 + ν)

2(p− q)
. (4.29)

Using the Young inequality, we can show that, for any ∆ ∈ (0,∆∗), ǫ > 0 and R > ‖ξ‖,

E

(

sup
0≤t≤T

|e∆(t)|q
)

≤ E

(

sup
0≤t≤T

|e∆(t)|q1{θ∆,R>T}

)

+
qǫ

p
E

(

sup
0≤t≤T

|e∆(t)|p
)

+
p− q

pǫq/(p−q)
P(θ∆,R ≤ T ). (4.30)

By Lemmas 4.5, 4.1 and 4.2, we can then have

E

(

sup
0≤t≤T

|e∆(t)|q
)

≤ E

(

sup
0≤t≤T

|e∆(t)|q1{θ∆,R>T}

)

+
qǫ

p
C +

C(p− q)

pǫq/(p−q)Rp
. (4.31)

We therefore see that the inequality

E

(

sup
0≤t≤T

|e∆(t)|q
)

≤ E

(

sup
0≤t≤T

|e∆(t ∧ θ∆,R)|q
)

+
qǫ

p
C +

C(p− q)

pǫq/(p−q)Rp
(4.32)

holds for any ∆ ∈ (0, ∆̄), ǫ > 0. Choosing ǫ = ∆1−qε/2 and R =
(

∆1−qε/2
)−1/(p−q)

, we then

get

E

(

sup
0≤t≤T

|e∆(t)|q
)

≤ E

(

sup
0≤t≤T

|e∆(t ∧ θ∆,R)|q
)

+ C∆1−qε/2 (4.33)

for any ∆ ∈ (0, ∆̄). On the other hand, by (4.29), we see that

∆−ε/2 ≥ K̄
(

∆q(1−ε)(1+ν)/2 ∨∆(1+ν)
)−1/(p−q)

for all sufficiently small ∆. For every such small ∆, we then have

φ−1(ψ(∆)) ≥
(

∆1−qε/2
)−1/(p−q)

= R.

By Lemma 4.7, we have

E

(

sup
0≤t≤T

|e∆(t)|q
)

≤ C
(

∆1−qε/2
)

(4.34)

for any ∆ ∈ (0, ∆̄). In other words, the required (4.27) has been proved. By the similar way of

Lemma 5.4 in [17], we have

E

(

sup
0≤t≤T

|y∆(t)− ȳ∆(t)|q
)

≤ C
(

∆q(1−ε)/2
)

for any ∆ ∈ (0, ∆̄). This, together with (4.34), implies

E

(

sup
0≤t≤T

|ȳ∆(t)− x(t)|q
)

≤
(

∆1−qε/2
)

(4.35)

for all sufficiently small ∆, we must therefore have (4.28) as desired. �
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5. Numerical Experiments

In this section, to illustrate the therotical results, we present two numerical examples.

Example 5.1. Consider the NSDDE-MS

d(x(t) − 0.1x(t− 1)) = a(r(t))[x(t) − 0.1x(t− 1)− (x(t) − 0.1x(t− 1))3]dt

+b(r(t))|x(t) − 0.1x(t− 1)|3/2dw(t), (5.1)

on t ≥ 0 with initial data {y(t) = 1 : −τ ≤ t ≤ 0}. where w(t) is a 1-dimension Brownian

motion, r(t) is a Markovian chain on the state space S = {1, 2} and they are independent. Let

the generator of Markovain chain that

Γ =

(

−1 1

2 − 2

)

. (5.2)

Moreover, a(1) = 2, b(1) = 1, a(2) = 1, b(2) = 2.

Here D(y, i) = 0.1y, F (x, y, i) = a(r(t))[x − 0.1y − (x − 0.1y)3] and G(x, y, i) = b(r(t))|x −
0.1y|3/2. It is easy to see that (A1), (A3) and (A4) are satisfied. It can be seen that

(

x−D(y, i)
)T
F (x, y, i) +

q − 1

2
|G(x, y, i)|2

= (x− 0.1y)T2[x− 0.1y − (x− 0.1y)3] +
q − 1

2
||x− 0.1y|3/2|2

= (x− 0.1y)2
[

2− 2(x− 0.1y)2 +
q − 1

2
|x− 0.1y|

]

≤ (x− 0.1y)2
[

2 +
(q − 1)2

32

]

≤ 2

[

2 +
(q − 1)2

32

]

(|x|2 + |y|2)

and

(x−D(y, i))TF (x, y, i) +
q − 1

2
|G(x, y, i)|2

= (x− 0.1y)T [x− 0.1y − (x − 0.1y)3] +
q − 1

2
|2|x− 0.1y|3/2|2

= (x− 0.1y)2[1− (x− 0.1y)2 + 2(q − 1)|x− 0.1y|]

≤ (x− 0.1y)2[1 + (q − 1)2]

≤ 2[1 + (q − 1)2](|x|2 + |y|2).

Hence, if we choose K1 = 2[2 + (q−1)2

32 ] ∨ [1 + (q − 1)2], we have (A2). Obviously,

|F (x, y, i)− F (x̄, ȳ, i)|

= |a(i)||x− 0.1y − (x− 0.1y)3 − (x̄− 0.1ȳ) + (x̄− 0.1ȳ)3|

≤ 2|1− (x− 0.1y)2 − (x̄− 0.1ȳ)2 − (x− 0.1y)(x̄− 0.1ȳ)|(|x − x̄|+ 0.1|y − ȳ|)

≤ 2|1− 1

2
(x− 0.1y)2 − 1

2
(x̄− 0.1ȳ)2|(|x− x̄|+ 0.1|y − ȳ|)
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≤ 2(1 + |x|2 + 0.01|y|2 + |x̄|2 + 0.01|ȳ|2)(|x− x̄|+ 0.1|y − ȳ|)

≤ 2(1 + |x|2 + |y|2 + |x̄|2 + |ȳ|2)(|x− x̄|+ 0.1|y − ȳ|)

and

|G(x, y, i)−G(x̄, ȳ, i)| = |b(i)|||x− 0.1y|3/2 − |x̄− 0.1ȳ|3/2|
≤ 2||x− 0.1y|1/2 − |x̄− 0.1ȳ|1/2|(|x− 0.1y|+ |x̄− 0.1ȳ|+ |x− 0.1y|1/2|x̄− 0.1ȳ|1/2)
≤ 2||x− 0.1y|1/2 − |x̄− 0.1ȳ|1/2|(|x− 0.1y|1/2 + |x̄− 0.1ȳ|1/2)2

≤ 2||x− 0.1y| − |x̄− 0.1ȳ||(|x − 0.1y|1/2 + |x̄− 0.1ȳ|1/2)
≤ 2(|x|1/2 + |y|1/2 + |x̄|1/2 + |ȳ|1/2)|x− 0.1y − x̄+ 0.1ȳ|
≤ 2(|x|1/2 + |y|1/2 + |x̄|1/2 + |ȳ|1/2)(|x − x̄|+ |y − ȳ|).

Therefore, (A6) is satisfied with γ = 2.

[x−D(y, i)− x̄−D(ȳ, i)]T [F (x, y, i)− F (x̄, ȳ, i)] +
3(q − 1)

2
|G(x, y, i)−G(x̄, ȳ, i)|2

= [x− 0.1y − (x̄ − 0.1ȳ)]T 2
[

x− 0.1y − (x− 0.1y)3 − (x̄− 0.1ȳ) + (x̄− 0.1ȳ)3
]

+
3(q − 1)

2
||x− 0.1y|3/2 − |x̄− 0.1ȳ|3/2|2

≤ [x− 0.1y − (x̄ − 0.1ȳ)]2
[

2− ((x − 0.1y)2 + (x̄− 0.1ȳ)2)
]

+
3(q − 1)

2
||x− 0.1y| − |x̄− 0.1ȳ||2(|x− 0.1y|1/2 + |x̄− 0.1ȳ|1/2)2

≤ [x− 0.1y − (x̄−0.1ȳ)]2[2− ((x−0.1y)2+(x̄− 0.1ȳ)2) + 3(q−1)(|x− 0.1y|+ |x̄− 0.1ȳ|)]

≤ 2

(

2 +
9

2
(q − 1)2

)

(|x− x̄|2 + |y − ȳ|2)

and

[x−D(y, i)− x̄−D(ȳ, i)]T [F (x, y, i)− F (x̄, ȳ, i)] +
3(q − 1)

2
|G(x, y, i)−G(x̄, ȳ, i)|2

= [x− 0.1y − (x̄− 0.1ȳ)]T
[

x− 0.1y − (x− 0.1y)3 − (x̄− 0.1ȳ) + (x̄− 0.1ȳ)3
]

+
3(q − 1)

2
|2|x− 0.1y|3/2 − 2|x̄− 0.1ȳ|3/2|2

≤ [x− 0.1y − (x̄− 0.1ȳ)]2
[

1− 1

2
((x − 0.1y)2 + (x̄− 0.1ȳ)2)

]

+6(q − 1)||x− 0.1y| − |x̄− 0.1ȳ|2|(|x − 0.1y|1/2 + |x̄− 0.1ȳ|1/2)2

≤ [x− 0.1y − (x̄− 0.1ȳ)]2[1− 1

2
((x− 0.1y)2 + (x̄− 0.1ȳ)2)

+6(q − 1)(|x− 0.1y|+ |x̄− 0.1ȳ|)]
≤ 2

(

1 + 36(q − 1)2
)

(|x− x̄|2 + |y − ȳ|2).

So (A2) is also fulfilled.

Then we define the truncated EM functions. Let φ(s) = 2s3 such that

sup
|x|∨|y|≤s

(|F (x, y, i)| ∨ |F (x, y, i)|) = sup
|x|∨|y|≤s

(2|x|3 ∨ 2|x|3/2) ≤ 2s3, ∀s ≥ 1.
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Let ψ(∆) = ∆−1/10, then (2.10)–(2.12) hold for any ∆∗ ∈ (0, 1]. Now we define the truncated

functions as follows:

F∆(x, y, i) = F

(

(

|x| ∧∆−1/30
) x

|x| ,
(

|y| ∧∆−1/30
) y

|y| , i
)

,

G∆(x, y, i) = G

(

(

|x| ∧∆−1/30
) x

|x| ,
(

|y| ∧∆−1/30
) y

|y| , i
)

.

We use discrete Brownian paths over [0, 1] with ∆ = 2−12. We take the numerical solution with

h = ∆ to be a approximation X∆ of the exact solution and compare this with the numerical

approximation using h = 26∆, h = 27∆, h = 28∆ and h = 29∆ over M = 500 sample paths.

Here the mean-square error is denoted as follows:

Errorh :=

(

1

M

M
∑

i=1

∣

∣Y i
h(T )−X i

∆(T )
∣

∣

2

)1/2

(5.3)

where Y i
h(T ) denotes the numerical solution of the truncated EM method along the ith sample

path at t = T with stepsize h, and the strong convergence order is defined numerically by

Order = log
Errorh
Errorh/2

/ log(2).

10
−4

10
−3

10
−2

10
−2

10
−1

10
0

∆ t

E
rr

or

strongconvergence

 

 
Mean square errors
Reference line with order 1/2

Fig. 5.1. Strong convergence of the truncated EM for NSDDE-MS (5.1).

The strong convergence order of truncated EM for NSDDE-MS (5.1) is shown in Fig. 5.1.

From this, we can see that the strong convergence order of truncated EM for NSDDE-MS (5.1)

is close to 1
2 .

Example 5.2. Consider the NSDDE-MS

d(x(t) − 0.1 sin(x(t− 1))) =
[

−a(r(t))(x(t)3
]

dt+ xdw(t), (5.4)

on t ≥ 0 with initial data {y(t) = 1 : −τ ≤ t ≤ 0}. where w(t) is a 1-dimension Brownian

motion, r(t) is a Markovian chain on the state space S = {1, 2} and they are independent. Let

the generator of Markovain chain that

Γ =

(

−1 1

2− 2

)

. (5.5)

Moreover, a(1) = 2, a(2) = 1.
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Here D(y, i) = 0.1 sin y, F (x, y, i) = −a(r(t))x3 and G(x, y, i) = x. It is obvious that (A1),

(A3) and (A4) are satisfied. It can be seen that

(x−D(y, i))TF (x, y, i) +
q − 1

2
|G(x, y, i)|2

= (x− 0.1 sin y)T 2[−x3] + q − 1

2
|x|2

= x2[−2x2 +
q − 1

2
] ≤ q − 1

2
|x|2,

(x−D(y, i))TF (x, y, i) +
q − 1

2
|G(x, y, i)|2 ≤ q − 1

2
|x|2.

Hence, if we choose K1 =
q−1
2 , we have (A2). Obviously,

|F (x, y, i)− F (x̄, ȳ, i)| = |a(i)|| − x3 + x̄3|
≤ 2(|x|2 + |x̄|2 + |x||x̄|)|x− x̄| ≤ 3(|x|2 + |x̄|2)|x− x̄|,

|G(x, y, i)−G(x̄, ȳ, i)| = |x− x̄|.

Therefore, (A7) is satisfied.

[x−D(y, i)− x̄−D(ȳ, i)]T [F (x, y, i)− F (x̄, ȳ, i)]

= [x− 0.1 sin y − (x̄− 0.1 sin ȳ)]T 2
[

−x3 + x̄3
]

a(r(t))

≤ |x− x̄|2
[

−x2 − x̄2 − xx̄)
]

a(r(t)) + | − 0.1 siny + 0.1 sin ȳ|| − x3 + x̄3|a(r(t))
≤ |x− x̄|2

[

−x2 − x̄2 − xx̄)
]

a(r(t)) + 0.2|x− x̄||x2 + x̄2 + xx̄|a(r(t))
≤ |x− x̄|2

[

−x2 − x̄2 − xx̄)
]

a(r(t)) + 0.2|x− x̄||(x− x̄)2 + 3xx̄|a(r(t))

≤ |x− x̄|2
[

−x2 − x̄2 − xx̄)
]

a(r(t)) + 0.2|x− x̄||(x− x̄)2 +
3

2
(x− x̄)2|a(r(t))

≤ |x− x̄|2
[

−x2 − x̄2 − xx̄+ 0.5|x− x̄|)
]

a(r(t))

≤ |x− x̄|2
[

−0.5x2 − 0.5x̄2 + 0.5|x|+ 0.5|x̄|)
]

a(r(t))

≤ 1

2
|x− x̄|2.

So (A7) is also fulfilled.

Then we define the truncated EM functions. Let φ(s) = 2s3 such that

sup
|x|∨|y|≤s

(|F (x, y, i)| ∨ |G(x, y, i)|) = sup
|x|∨|y|≤s

(|x|3 ∨ |x|) ≤ 2s3, ∀s ≥ 1.

Let ψ(∆) = ∆−1/10, then (2.10)–(2.12) hold for any ∆∗ ∈ (0, 1]. Now we define the truncated

functions as follows:

F∆(x, y, i) =F

(

(

|x| ∧∆−1/30
) x

|x| ,
(

|y| ∧∆−1/30
) y

|y| , i
)

,

G∆(x, y, i) =G

(

(

|x| ∧∆−1/30
) x

|x| ,
(

|y| ∧∆−1/30
) y

|y| , i
)

.

Consider NSDDE-MS (5.4) with T = 1 and ∆ = 2−12. We use the numerical solution with

h = ∆ to be a approximation Ỹ∆ of the exact solution and compare this with the numerical
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approximation using h = 26∆, h = 27∆, h = 28∆ and h = 29∆ over M = 1000 sample paths.

Here the mean-square error is denoted as follows:

Errorh :=





1

M

M
∑

j=1

∣

∣

∣Y
j
h (T )− Ỹ j

∆(T )
∣

∣

∣

2





1/2

(5.6)

where Y i
h(T ) denotes the numerical solution of the truncated EM method along the ith sample

path at t = T with stepsize h, and the strong convergence order is defined numerically by

Order = log
Errorh
Errorh/2

/ log(2).

10
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strongconvergence

 

 
Mean square errors
Reference line with order 1/2

Fig. 5.2. Strong convergence of the truncated EM for NSDDE-MS (5.4).

The strong convergence order of truncated EM for NSDDE-MS (5.4) is shown in Fig. 5.2.

From this, we can see that the strong convergence order of truncated EM for NSDDE-MS (5.4)

is close to 1
2 .

6. Conclusion

This paper aims to present an explicit method, called the truncated EM method, for the

nonlinear NSDDEs-MS. The moment boundedness is investigated. We also show strong con-

vergence rates at time T and over a finite interval [0, T ].

References

[1] Q. Guo, X. Mao, R. Yue, The truncated Euler-Maruyama method for stochastic differential delay

equations, Numer. Algorithms, 78:2 (2018), 599–624.
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