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�*����z�R, n�z��Ts�(
�/.
?#ZN��0C)�ih�, �G�
=t	
uv.��G	*iWG ���z�[4�b. WG ��C	ms�m5R7� 2011 `aC,���
�vo�.iÆ\{�0H{Rdo� [42], }��1?�dA��1?�d, szK|�#�o�Xz[*5Xz�|np^
dw1?. j&, WG���Xb��p;X�?�1?�Xz d
3�. Hkn�z���#
�H1?�d&, 2O#Z S&=q1?
4>4. }�WG ��-, �H1?
4>4m�|1?5�p;&�?. mq�|1?5�p;�X�Æ8Op^, aKWG ���t�
A�5Jh
#
��n:S
?F4. �0�
X`-, WG ��:_-[q:{C�
(6tG	, %�a;Æ�
G	</.�: WG ��
8Cm�- [33], WG ��
{0t�� [18, 49], WG ��
�K�;K
1%Z [36, 40], WG ��
;G+Y; [65], WG ��
RS#|+ [60], *iC)~=�x WG ���2�� [43], WG ���H1?�dA�,�G	 [56], |, - xeWG �� [54], �t4>WG �� [52], *iWG ���z: �?u%��> [82], RLp|R)Æ�b [7], ��)e-�b [20, 47], p|R�b [45], 
p4xC�b [21], ^�#�b [71–73], )�FC�b [79] e.DKqWG ��Q�diq�z�/�n
jw��>�b. ��~uo~�> [29, 35, 78],

Darcy �> [37, 68], Navier-Stokes �> [28, 38, 75, 80], Stokes �> [16, 34, 39, 59, 62, 66, 76, 81], f��> [83, 84], Brinkman �> [41, 67, 74], Bo5�> [44, 77], {��[4�> [51], Cahn-Hilliard �> [61] e. ��(6WG ����z�[4�b-
di [17, 23, 55, 63, 64, 70]. �� [70] t�� [23] �#��q0HGRd5G�0HDRdXz��E�[4�b, %{i0 RT zp^�H1?
w�,a_;�p
?#�-%�U;?#�-
 “
�U”4,.^#
,�8/?#�-)*i�p;. �� [55]-E�xK�07��4fk
t�o�#
;�n “
�U” 4,
?#�-. �� [17] t�� [64] \I*iWG ���zD80-�[4�b,Q	8�?#�-)j, Zr'�;K�xx:4d1�9
�z. h�|a, ��)℄xWn!E�2�RiT=, aK��my��[4�b?#�z-4i
X��bA�Wny/-�nV!4
z���x WG ����[4�b-
di�b�23=.�[4�bG	
2�Spb"fk�, [4d:q1Ei&d[
d1, d�5�V d
(�. Y�$25$F-n9%�*�
di, ��	5z7
"Zer!T_[41C�Æ. W+[M4,<, �u9��L
H[��0
BqQK��[4�>. }�[4�>�#y#��, �?#�z-O�:{#Z. ��(���WG ���z��[4�b-?#�-
x*4�?#zt�z d
1
/?U(4�D80-�[4�>-d1�9
x:4���b�
di.p^ Ω ⊂ R
d (d = 2, 3) |�n Lipschitz 4>�| Γ = ∂Ω 
n|�v, { Γ 
8�;S

ΓN , ΓD 6= ∅ K� Γ = ΓD ∪ ΓN , ΓD ∩ ΓN = ∅. ℄[4dW:q1
X�dPt| f . �[4�b�E: ��V u K�
−∇ · σ(u) = f , � Ω, (1.1)

u = û, � ΓD, (1.2)

σ(u)n = t̂, � ΓN , (1.3)s- n |�| ΓN 
X�q��%, σ(u) |d1�9. xq�4�����%j4[4d, d



1 r �
: �o�{����\5�
.dej 31�9p^|
σ(u) = 2µε(u) + λ(∇ · u)I,�-- ε(u) = 1

2 (∇u+∇uT )|�4d��9, µ5 λ| Lamé4?. xqmRd��b, Lamé4?
p^|
λ =

Eν

(1 + ν)(1 − 2ν)
, µ =

E

2(1 + ν)
,xqmRd1�b, Lamé 4?
p^|

λ =
Eν

(1 + ν)(1− ν)
, µ =

E

2(1 + ν)
,s- E 2[4V9, ν 2(J�.℄�d L2(Ω), [L2(Ω)]d 5 [L2(Ω)]d×d �
[N| (·, ·). Hkn�z���E�[4�> (1.1)-(1.3) 
d� - �t�0-: � u ∈ [H1(Ω)]d, K� u|ΓD
= û XT

(2µε(u), ε(v)) + (λ∇ · u,∇ · v) = (f ,v) + 〈t̂,v〉ΓN
, ∀v ∈ [H1

D(Ω)]d, (1.4)s- H1
D(Ω)| Sobolev�d H1(Ω)��| ΓD �| 0
;�d. �EB�40- (2µε(·), ε(·))

+(λ∇ · (·),∇ · (·)) t [H1
D(Ω)]d �d-�?
(�. X~~|/

(2µε(u), ε(u)) + (λ∇ · u,∇ · u)

=

∫

Ω

2µ

((
∂u1

∂x

)2

+

(
∂u2

∂y

)2

+
1

2

(
∂u1

∂y
+

∂u2

∂x

)2
)

+ λ

(
∂u1

∂x
+

∂u2

∂y

)2

dT. (1.5)�d [H1
D(Ω)]2 -
�?|

‖u‖21 =

∫

Ω

u2
1 + u2

2 +

(
∂u1

∂x

)2

+

(
∂u1

∂y

)2

+

(
∂u2

∂x

)2

+

(
∂u2

∂y

)2

dT.�	 H1 �?)℄�B�40- (1.5)  *, &)℄"t�2�Æ. aK, x*42#
�[4�b?#�-8O�E
�b.N�0- (1.4) C�p^
n�z?#�-, s?#zt�z

1mU(q�? λ. 	}, ℄[4d�q)�FT&, V℄ Poisson � ν t� 1
2 &, /? λ �q
�. �/?#y/U(q
|/?
�&:|�U�& [31, 69]. #
�n “ 
�U” 4,
?#�-2�z�[4�b
Zl S. � 1983 `, Vogelious [53] �U; p- �-n�z��)>�v��n “
�U” �&. Babuška 5 Suri [6] ��xq,oz, �
0o��xÆ\�H{"-�dM? k ≥ 1 ?#zr2�U
. �dw Galerkin ���, Hansbo 5 Larson [22] �U;xÆ\ k ≥ 1 dw Galerkin ��
?#�Hr2 “ 
�U” 
e, x�[4�>�U4
G	n:{. ����;�7*i WG ��#
�[4�b
 “
�U” ?#�-.X�
I=�O�E
�b2�z�V�9 u, }�[4�>4�i&Dd1�Æ,aK8O�zd1�9 σ. mqN�V�zd1, 8Oxs�2�^, �tsg. aK�O�E�[4�>
X�D8�-: � (σ,u) ∈ H(div,Ω; S)× [L2(Ω)]d K�

(Λσ, τ) + (∇ · τ,u)− 〈τn,u〉ΓN
= 〈τn, û〉ΓD

, ∀τ ∈ H(div,Ω; S),

(∇ · σ,v) − 〈σn,v〉ΓN
= −(f ,v) − 〈t̂,v〉ΓN

, ∀v ∈ [L2(Ω)]d,



4 \ P A E 2020 bs- H(div,Ω; S) 2�#Ts�t L2 �N
x:
�#1?�d, Λ |d1td� dK�
�4�#(�N;. �n�z�d Σh ⊂ H(div,Ω; S), Vh ⊂ [L2(Ω)]d. mD8�b
�n+I [12, 13] ��, ?#zO�{S{66, '8K��=fk:

• �H�dK�
∇ · Σh ⊂ Vh. (1.6)

• O�n|�4N; Πh : H1(Ω, S) → Σh, {n
(∇ · (Πhσ − σ),v) = 0, ∀v ∈ Vh. (1.7)mq8O#

��%9#1?�dB8, {mqgd1<e
(�, d1 σ |x:
�, ���d
1?�dB8#
U&#Z [5, 24–27]. |��K#Z�OQ�X�E	Jx σ x:4
O�, N}O�s�nW/�x:4 [1, 3] H�*i
,oz�� [5] h�x1?4>4
O�, ����; WG ��E|S/
,oz����zd1�9�R
!E.�[4�bmqsdi*�{�z#Z}:_;*�
(6tG	, DHkn�z�� [11, 13] q�/sX?#��Q�iX�z�[4�b�: n�1�� [48], n�dN� [32],dw Galerkin n�z� [50], 9^n�z� [9], Dual-primal �� [30], C)~=� [15] e, ���E*iWG �� [55, 63, 64] &�z�[4�b.��j~��CWG ?#�-SÆ0-, I�;WG �-�K��* Dirichlet �#fk&
x*4. j��I=; “
�U” WG ?#�-
#
��. jG�90#
;�p
�K�d1�9x:4
D80-�[4�> WG ?#�-. C;�j��x���2?y, %�vtK�b�(
�&!E.

2. f�w�jÆThN
�}b" Th |�v Ω 
S�K�07��4fk [58] 
o�. ℄ Eh | Th -�
S8, E0
h =

Eh/Γ | Eh -Wn[�
S8. xÆ\
Xz T ∈ Th, p^ hT |sqt~Hqt�"�, %p^ h = maxT∈Th
hT |o� Th 
t��P. xÆ\
� e ∈ Eh p^ he |s6tHqt~"�. p^�1?�d Vh.

Vh = {vh = {v0,vb} : v0|T ∈ Vh,0(T ), ∀T ∈ Th,vb|e ∈ Vh,b(e), ∀e ∈ Eh},s- Vh,0(T ) 5 Vh,b(e) |�#p^�Xz T 5Xz�| e �
{"-�d. ℄ V 0
h,D | Vh 
K�� ΓD G vb = 0 
;�d.�	xq�d Vh -
�1?, Hkw�N;
p^)�<0. �-�O�x�1?p^��tN;5�`tN;.O� 1. [58, 59] ℄1? vh ∈ Vh 
��t| ∇w · vh ∈ Wh,d, sp^|

(∇w · vh)|T = ∇w,T · (vh|T ), vh ∈ Vh,

(∇w,T · vh, φ)T = −(v0,∇φ)T + 〈vb · n, φ〉∂T , ∀φ ∈ Wh,d(T ). (2.1)



1 r �
: �o�{����\5�
.dej 5O� 2. [57, 59] ℄1? vh ∈ Vh 
�`t| ∇wvh ∈ Wh,g, sp^|
(∇wvh)|T = ∇w,T (vh|T ), vh ∈ Vh,

(∇w,Tvh, φ)T = −(v0,∇ · φ)T + 〈vb, φn〉∂T , ∀φ ∈ Wh,g(T ). (2.2)s-Wh,d(T ) 5Wh,g(T ) |�#p^�Xz T �
 9#5
�#{"-�d. �O*i�`tN;p^�d�N;:

εw(vh) =
1

2
(∇wvh +∇wv

T
h ). (2.3)xqWG ��
�H1?�d, �O8O�EG��d: {Vh,0(T ), Vh,b(e),Wh,d(T ),Wh,g(T )}
A�.

2.1. WG i
SgMb�|℄ ΓN = ∅ &, V�b (1.1)–(1.3) | Dirichlet �#�b&:

−∇ · (2µε(u) + λ(∇ · u)I) = f , � Ω, (2.4)

u = û, � Γ, (2.5)e
q:

−µ∆u− (µ+ λ)∇(∇ · u) = f , � Ω,

u = û, � Γ.��-
S����b|: � u ∈ [H1(Ω)]d K� u|Γ = û %{
µ(∇u,∇v) + (µ+ λ)(∇ · u,∇ · v) = (f ,v), ∀v ∈ [H1

0 (Ω)]
d. (2.6)�O:��-|`t - �t�-. ℄ ΓN 6= ∅&D8�#fk�b (1.1)–(1.3)t`t -�t�- (2.6) )e
. xq (2.6), sx*4�)Hq Poisson �b�C, xqd� - �t�- (1.4),8O~4 Korn’s )e-&a_x*4 [10, 46, 55].�-�Ov��� [55] -xd� - �t�-x*4
EU. 8��N�Xz T ∈ Th �p^ RM (rigid motion) �d:

RM(T ) = {a+ ηx : a ∈ R
d, η ∈ so(d)},s- x 2Xz�
�)%9, so(d) 2 d× d~�x:
��d. RM �d-1?�Nf� e ⊂

∂T �
P1?B<S�n�~�d:

PRM (e) = {v ∈ [L2(e)]d : v = ṽ|e, ṽ ∈ RM(T )}.�H1?�dA�
{Vh,0, Vh,b,Wh,d,Wh,g} = {[Pk(T )]

d, [Pk−1(e)]
d + PRM (e), Pk−1(T ), [Pk−1(T )]

d×d}.
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s1(wh,vh) =
∑

T∈Th

h−1
T 〈Qh,bw0 −wb, Qh,bv0 − vb〉∂T , (2.7)

a1(wh,vh) = 2(µεw(wh), εw(vh)) + (λ∇w ·wh,∇w · vh) + s1(wh,vh), (2.8)s- wh,vh ∈ Vh, (·, ·) =
∑

T∈Th
(·, ·)T , Qh,b |�Nf� e ∈ Eh �_ Vh,b(e) 
 L2 mfN;.p^�[4�> (1.1)-(1.3) 
S�WG ?#�-|:i
Sg 1. � uh = {u0,ub} ∈ Vh K� ub|ΓD

= Qh,bû %{
a1(uh,vh) = (f ,v0) + 〈t̂,vb〉ΓN

, ∀vh = {v0,vb} ∈ V 0
h,D. (2.9)p^�n�z�d Vh �
��?

|||vh|||1 =
( ∑

T∈Th

(‖εw(vh)‖
2
T + λ‖∇w · vh‖

2
T + h−1

T ‖Qh,bv0 − vb‖
2
∂T )
) 1

2

, vh ∈ Vh. (2.10)�_ 1. ��? ||| · |||1 2�d V 0
h,D �
�?.�a. �O'8�U ||| · |||1 
�4. b"xq vh ∈ V 0

h,D, n |||vh|||1 = 0. &�N�Xz T ∈ Th � εw(vh) = 0 %{� ∂T � Qh,bv0 = vb. m (2.2) 5 (2.3) �a
(εw(vh), ϕ)T =

(
∇v0,

1

2
(ϕ+ ϕT )

)

T

−

〈
v0 − vb,

1

2
(ϕ+ ϕT )n

〉

∂T

=(ε(v0), ϕ)T −

〈
Qh,bv0 − vb,

1

2
(ϕ+ ϕT )n

〉

∂T

(2.11)xÆ\
 ϕ ∈ [Pk−1(T )]
d×d r<0. aKn

|(ε(v0), ϕ)T | ≤ ‖εw(vh)‖T ‖ϕ‖T + ‖Qh,bv0 − vb‖∂T

∥∥∥∥
1

2
(ϕ+ ϕT )n

∥∥∥∥
∂T

. (2.12)mP)e-5_)e-n
∥∥∥∥
1

2
(ϕ+ ϕT )n

∥∥∥∥
∂T

≤ C
(
h−1
T ‖ϕ‖2T + hT ‖∇ϕ‖2T

) 1

2

≤ Ch
− 1

2

T ‖ϕ‖T .m�-V� (2.12) �a
|(ε(v0), ϕ)T | ≤

(
‖εw(vh)‖T + Ch

− 1

2

T ‖Qh,bv0 − vb‖∂T
)
‖ϕ‖T .mK�a

‖ε(v0)‖
2
T ≤ 2‖εw(vh)‖

2
T + Ch−1

T ‖Qh,bv0 − vb‖
2
∂T . (2.13)N}�N�Xz T ∈ Th � ε(v0) = 0. mq RM �d|N; ε(·) 
4�d, aK v0 ∈ RM(T ),&n v0|e = Qh,b(v0|e) = vb, � vh � Ω �4>. mj~ Korn’s )e-, V ‖v0‖1 ≤ C‖ε(v0)‖,�On� Ω � vh |4?. pa|� ΓD � vb = 0, � ∂T � v0 = vb. aK� Ω � vh ≡ 0.



1 r �
: �o�{����\5�
.dej 7)Hi�O��U: O��4? α1, α2, *axq�d V 0
h,D -
Æ\1? vh n

α1

∑

T∈Th

(
‖∇v0‖

2
T + h−1

T ‖Qh,bv0 − vb‖
2
∂T

)
≤

∑

T∈Th

(
‖εw(vh)‖

2
T + h−1

T ‖Qh,bv0 − vb‖
2
∂T

)

≤ α2

∑

T∈Th

(
‖∇v0‖

2
T + h−1

T ‖Qh,bv0 − vb‖
2
∂T

)
.mX�y/ZaX�p+.O_ 1. WG ?#�- 1 
zO�{{S.

2.2. e�v�QP�MqO�mq�O�E�b
�zuu�nSp
4>4,}�O*i
�H1?�Xz�|5Xz[*�X2dw
, |K�O�X$�xI=
SM��--b��p; (2.7), Q�Xi0A�K��=fk
�H1?�dXa_�p
 WG ?#�-:

1 xÆ\
 v ∈ Vh, � ∇wv = 0 � v � Ω �|4?;

2 O�mfN; Qh : [H1(Ω)]d → Vh, Qh : [H1(Ω)]d×d, K� ∇w(Qhv) = Qh(∇v), v ∈ Vh./���� [23,70]-E�*i RT z�H�V
`t*�=fkK�, �}�Q;*i�p;.

3. \� “tGk” }�Nf�w�jÆTh
3.1. xK|rlM��|℄[4d�q)�FT&, V ν = 1

2 H� λ = ∞ &, ?#zt�z d

1CC�)66
�&, Q�2�U�&. |�US�?#�-
 “
�U” 4,, �O4*i�[4�b (1.1)–(1.3) 
����4:

‖u‖H2(Ω) + λ‖∇ · u‖H1(Ω) ≤ C
(
‖û‖

H
3

2 (ΓD)
+ ‖t̂‖

H
1

2 (ΓN )
+ ‖f‖L2(Ω)

)
, (3.1)s- C |S�4?./��� [23]�G�0HDRdo��*i�H1?�d {Qd

0, Q
d
0, RT d

[0], Q0}, �E���b: � uh ∈ Vh, K� uh|ΓD
= Qh,b(û) {

µ(∇wuh,∇wv) + (µ+ λ)(∇w · uh,∇w · v) = (f ,v0),s- ΓN = ∅, Qd
0 5 Q0 �#|��9M?)80 0 
%9#5 9#{"-�d, Qh,b |�Nf� e ∈ Eh �_�d Vh,b(e) 
mfN;. ��b
?#z uh t�z u  d

1K�

‖∇u−∇wuh‖ ≤ Ch(‖u‖H2(Ω) + λ‖∇ · u‖H1(Ω)) ≤ Ch(‖f‖0 + ‖ûD‖
H

3

2 (ΓD)
).
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3.2. �dzH` p = λ∇ · uAS/4i
�U “
�U” 4,
�-2b�S�.�9*�[4�b�0|S�
Stokes �b. ℄ p = λ∇ · u, �[4�b (1.1)–(1.3) �X�0|: � u 5 p K� u|ΓD

= û,%{
−∇ · (2µε(u))−∇p = f , � Ω,

∇ · u = λ−1p, � Ω,

(2µε(u) + pI)n = t̂, � ΓN .

(3.2)�b (3.2) 
S����b|: � u ∈ [H1(Ω)]d, p ∈ L2(Ω) K� u|ΓD
= û,

2(µε(u), ε(v)) + (∇ · v, p) = (f ,v) + 〈t̂,v〉ΓN
, ∀v ∈ [H1

D(Ω)]d, (3.3)

(∇ · u, q)− (λ−1p, q) = 0, ∀q ∈ L2(Ω). (3.4)x (3.3)–(3.4) *iWG ��, 8Ob�S��4�9 ph. p^n�z�H�d
Wh = {qh : qh|T ∈ Pk−1(T ), T ∈ Th},Ts��?,

|||qh|||2 =


h

∑

e∈E0

h

‖[[qh]]e‖
2
e + h2

∑

T∈Th

‖∇qh‖
2
T




1

2

, qh ∈ Wh,s- [[qh]] | qh ∈ Wh � e ∈ Eh,0 �
h, K�
[[qh]]e = qh|T1

− qh|T2
, e ∈ Eh,0,%{

[[qh]]e = qh, e ⊂ ∂Ω,�- T1, T2 
p|� e. mq�O�E
r2 [[qh]] 
�?, WX T1 5 T2 
D=)f!�Æ.p^B�40-
a2(wh,vh) = 2(µεw(wh), εw(vh)) + s1(wh,vh), wh,vh ∈ Vh,

b2(vh, qh) = (∇w · vh, qh), vh ∈ Vh, qh ∈ Wh,

d2(ph, qh) = λ−1(ph, qh), ph, qh ∈ Wh.i
Sg 2. � uh = {u0,ub} ∈ Vh 5 ph ∈ Wh K� ub|ΓD
= Qh,bû 5

a2(uh,vh) + b2(vh, ph) = (f ,v0) + 〈t̂,vb〉ΓN
, ∀vh ∈ V 0

h,D, (3.5)

b2(uh, qh)− d2(ph, qh) = 0, ∀qh ∈ Wh. (3.6)�_ 2. [55] ?#�- 1 5 2 e
. V (2.9) 
z5 (3.5)–(3.6) 
z�e.



1 r �
: �o�{����\5�
.dej 9�a. b" ũh 5 p̃h 2 (3.5)–(3.6) 
z. 6\ (3.6) �X-<
(∇w · ũh, q)T − λ−1(p̃h, q)T = 0, ∀q ∈ Pk−1(T ), ∀T ∈ Th.mq ∇w · ũh ∈ Pk−1(T ), T ∈ Th, �m�-�a

p̃h = λ∇w · ũh. (3.7)m (3.7) V� (3.5) �a
a2(ũh,vh) + λb2(vh,∇w · ũh) = (f ,v0) + 〈t̂,vb〉ΓN

, ∀vh ∈ V 0
h,D.6\_

a2(wh,vh) + λb2(vh,∇w ·wh) = a1(wh,vh), wh, vh ∈ Vh.aK
a1(ũh,vh) = (f ,v0) + 〈t̂,vb〉ΓN

, ∀vh ∈ V 0
h,D,�t (2.9) �j. �mz
{S4�, ũh t?#�- 1 
z�j. )Hi�X�U (2.9) 
z uh K� (uh;λ∇w · uh) 2 (3.5)–(3.6) 
z.xÆ\Xz T ∈ Th, B Qh,0 |_ Vh,0(T ) 
 L2 mfN;. xÆ\
 e ⊂ ∂T , Qh,b 
p^W��C. ℄ Qh |N [H1(Ω)]d _n�z�d Vh 
g , xÆ\ u ∈ [H1(Ω)]d, Qhu �NS�Xz T ∈ Th �K�

Qhu := {Qh,0u, Qh,bu}.B Qh 5 Qh �#|_Wh,d(T )5Wh,g(T )
 L2 mfN;.x (3.5)–(3.6)
WG?#z (uh;

ph) = ({u0,ub}; ph) ∈ Vh ×Wh p^
11? eh 5 ζh:

eh = {e0, eb} = {Qh,0u− u0, Qh,bu− ub}, (3.8)

ζh = Qhp− ph, (3.9)s- (u; p) 2���b (3.3)–(3.4) 
�z. Za eh ∈ V 0
h,D %{ ζh ∈ Wh.�_ 3. [55] 
11? eh 5 ζh K��=
1�>

a2(eh,vh) + b2(vh, ζh) = ϕu,p(vh), ∀vh ∈ V 0
h,D, (3.10)

b2(eh, qh)− d2(ζh, qh) = 0, ∀qh ∈ Wh, (3.11)s-
ϕu,p(vh) = ℓu(vh) + θp(vh) + s(Qhu,vh), (3.12)

ℓu(vh) = 2
∑

T∈Th

〈v0 − vb, µ(ε(u)−Qhε(u))n〉∂T , (3.13)

θp(vh) =
∑

T∈Th

〈v0 − vb, (p−Qhp)n〉∂T . (3.14)



10 \ P A E 2020 bO_ 2. [55]xq (3.3)–(3.4)
z (u; p) ∈ [Hk+1(Ω)]d×Hk(Ω), k ≥ 1. WG�- (3.5)–(3.6)
?#z (uh; ph) ∈ Vh ×Wh K�
|||Qhu− uh|||1 + λ− 1

2 ‖Qhp− ph‖+ |||Qhp− ph|||2 ≤ Chk(‖u‖k+1 + ‖p‖k), (3.15)

‖Qh,0u− u0‖ ≤ Chk+1
(
‖u‖k+1 + ‖p‖k

)
. (3.16)s- C |t λ 
(
�4?.mq4? C t λ 
(, aK?#�- 2 �n “
�U” 4,. pmq?#�- 1 5 2 e
, aK?#�- 1 Q2 “
�U” 
.

4. YW{hyL}smN WG jÆTh�x�O�E�X"t�zd1�9
D80-�[4�>. |K, �O��[4�b
(1.1)–(1.3) �-<��0-:

Λσ = ε(u), � Ω, (4.1)

−∇ · σ = f , � Ω, (4.2)

u = û, � ΓD, (4.3)

σn = t̂, � ΓN , (4.4)s- σ |d1�9, ε |d��9, N; Λ 
p^|:

Λσ =
1

2µ

(
σ −

λ

2µ+ dλ
tr(σ)I

)
, (4.5)

ε(u) =
1

2
(∇u+∇uT ). (4.6)℄ S | d× d x:
�
S8. p^

H(div,Ω; S) = {τ ∈ [L2(Ω)]d×d : ∇ · τ ∈ [L2(Ω)]d, τT = τ}.�b (4.1)–(4.3) 
S��0-|: � σ ∈ H(div,Ω; S), u ∈ [L2(Ω)]d K�
(Λσ, τ) + (∇ · τ,u)− 〈τn,u〉ΓN

= 〈τn, û〉ΓD
, ∀τ ∈ H(div,Ω; S),

(∇ · σ,v) − 〈σn,v〉ΓN
= (−f ,v) − 〈t̂,v〉Γn

, ∀v ∈ [L2(Ω)]d.
(4.7)���b24p
 [4]. �R��8/�zD80-�[4�b
 WG ?#�-.

4.1. XVSg 1p^�1?�d
Σh = {σh ∈ [L2(Ω)]d×d : σh|T ∈ [Pk(T )]

d×d, σh = σT
h , ∀T ∈ Th},

Vh,0(T ) = [Pk+1(T )]
d, ∀T ∈ Th,

Vh,b(e) = [Pk(e)]
d, ∀e ∈ Eh,
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WG ?#�-p^|�i
Sg 3. [17] � σh ∈ Σh,uh ∈ Vh, K�
ag3(σh, τh)− bg3(τh,uh) = 0, ∀τh ∈ Σh, (4.8)

bg3(σh,vh) + sg3(uh,vh) = (f ,vh) + 〈t̂,vh〉ΓN
, ∀vh ∈ Vh, (4.9)s-:

ag3(σh, τh) = (Λσh, τh),

bg3(τh,uh) = (τh,∇wuh),

sg3(uh,vh) =
∑

T∈Th

hT 〈Qh,bu0 − ub, Qh,bv0 − vb〉∂T .

4.2. XVSg 2x Eh �d-
Nf�Æ\�pS�X�q�%9B<S�.
�d, ℄|
Nh = {ne : ne | e 
S�X��%9, e ∈ Eh}.p^�1?�d

Σh ={σh = {σ0, σn = σbn
t
e} : σ0|T ∈ [Pk−1(T )]

d×d, σ0 = σT
0 , ∀T ∈ Th,ne ∈ Nh,

σb|e ∈ Vk−1(e), ∀e ⊂ Eh},

Vh ={vh : vh|T ∈ [Pk(T )]
d, ∀T ∈ Th},s- k ≥ 1, σbn

t
e 2
�.p^�d Σh �
*���t|
(∇w · σh)|T = ∇w,T · (σh|T ), σh ∈ Σh,

(∇w,T · σh,vh)T = −(σ0,∇vh)T + 〈σnn,vh〉∂T , ∀vh ∈ [Pk(T )]
d.m�d Vh 
p^�� ∇w · σh ∈ Vh.p^��B�40-

sd3(σh, τh) =
∑

T∈Th

hT 〈σ0n− σnn, τ0n− τnn〉∂T , σh, τh ∈ Σh,

ad3(σh, τh) = (Λσ0, τ0) + sd3(σh, τh), σh, τh ∈ Σh,

bd3(σh,vh) = (∇w · σh,vh)− 〈σnn,vh〉ΓN
, σh ∈ Σh,vh ∈ Vh.6\n σnn = sgn(ne · n)σb, s- n 2 e ⊂ ∂T 
X�q�%9} ne ∈ Nh.i
Sg 4. [64] � σh ∈ Σh,uh ∈ Vh, K�

ad3(σh, τh) + bd3(τh,uh) = 〈τnn, û〉ΓD
, ∀τh ∈ Σh, (4.10)

bd3(σh,vh) = (−f ,vh)− 〈t̂,vh〉ΓN
, ∀vh ∈ Vh,3. (4.11)
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8/WG ?#�-, s-?#�- 3 *i�1?�H�V�9,  at�q|,0-�[4�b (1.1)–(1.3), }?#�- 4 xd1�9*i�1?�H�2ND80-�b�#C�"Z
?#�-, 8/�-Q	�n^l, Z2r�X_RCku66, {d��9r=	K�x:4O�.

5. �[�
o��B';WG���z�[4�b
S�=!E,��;*iWG��z��[4�b?#�z0>-4i
���b:

1. mq�V
d�N;
p^, �[4�>��0-
x*4)ZK�. xq Dirichlet �#�b, �O�X�Es`t - �t?#�-N}a_sx*4. xqD8�#fk�b, ����;*ij~ Kron )e-�Uxq�d V 0
h,D -
zK v, N;

∑

T∈Th

(
‖εw(v)‖

2
T + h−1

T ‖Qh,bv0 − vb‖
2
∂T

)|S��?.

2. *iHkn�z���z�[4�b&, ?#zt�z d

1uuU(q/? λ, ℄s�q
�&?#z)66. ����;8/�U�- “
�U” 
��. sS2*i�[4�b
��4fk (3.1). s~2�?#�--b�.�9. #a%C
2?#�- 1 
#
.iHkWG ?#�-#

SÆ,�, V�n�z?#�-
JF�*i�1?, .i�w�N;, b��p;. D��1?
�|z.i�[4�b4i
RMz�SG+ q%MnDsX^#G+, �d�;WG ��4i4*��q#

kl.

3. xqD80-�[4�b, mqdzj�p+
�*, d��9 σ |x:
�, �*a�d
�H1?�d#
#Z. ����;8/K�d��9x:4
�p
 WG ?#�-. s?#�-
�C�I>Hk WG��
SÆ,�, #
�xeX. �Qd�; WG��4i4*
kl.��qHkn�z��, WG ��)O��H1?4>, N}	J;x�H1?�d#

O�. j&WG ��*i�w�N;Qg�p;&T=�H1?�Xz d
4>4.�+^l*WG ���n4i4*�Zq#

kl. Z2, �1?
b�Q*a WG ���ns�
=mt, �ZNU&#Z. |;z��S�b, �X�E*i�p�n�z�, 6��n�z�e��x WG ���2kA. xqD80-�[4�>
 WG ?#�- 4, �� [63] *i�p��xs�2;kA, N}mXz[*
=mt(�, a�;ZN*G. mqh��b�O)��-�2��<=.xq[4�b
WG ��, �O�:{8Oz�
�b. �
• �[4�bWG ��
!LN�, ��v�z�{0t�5yfk;e;

• �[4�bWG ���d
=4d664�Æ;

• 
�4[4�bWG ��
#
tG	.
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WEAK GALERKIN FINITE ELEMENT METHOD FOR LINEAR

ELASTICITY PROBLEMS

Zhang Ran

(School of Mathematics, Jilin University, ChangChun 130012, China)

Abstract

This article considers the application of the weak Galerkin finite element (WG) method

to linear elasticity problems. The WG method is a generalization of the traditional finite

element method, which is used to solve numerical solutions of partial differential equations.

In WG, the weak function, a piecewise polynomial function that is defined both inside the

element and on the boundary of the element, is used as an approximate function and weak

differential operators are given correspondingly. Moreover, stabilizers are introduced to keep

the weak continuity of the approximate function. In the WG method, partitions could be

arbitrary polygons or polyhedrons that satisfies the shape regular conditions. In addition

the numerical format and the approximate function are easy to construct. In this paper, we

introduce the application of the WG method in solving linear elasticity problems by solving

three common problems in the numerical methods for linear elasticity problems, namely: the

coerciveness, locking property, and the symmetry of stress tensor.

Keywords: weak Galerkin finite element method, linear elasticity problem, locking-

free, mixed method
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