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1. 5]

YEA—REERRENLE D T2, S RBEHLEER 7 J5#%E (NSDDEs) ALK T BLAE
P 2 PR, S AR T 25— B 1A] A O ARAL . 205 f) I I B T AR, AL,
LM%, BREIIFM IR S

A #3 BLLT i S R AL R ) T 2

it

dlz(t) = N(x(t — 7)) = f(a(t), (t — 7))t + g(x(t), 2(t — 7))dB(t), t€[0,T].  (1.1)
Xt € [, 0] B, URME =(t) = ¢(1) € O, ([=7, 0] B"). X8 T H 7 HIEREL,
fiR*xR" —R", g:R*xR"—R"™, N:R*—R"

#B42 Borel AIMASAEREL, B(t) 7 d- 447 BIE 3.

BT K350 ) NSDDEs #RRMES B SR FRIA S, It DA 5T HB0E 77 58t AR LA S L.
KIS BAE TG LAEERRAE 2SR Lipschitz SR PERK &0 7 FHEATH9, RTTX M
A GAF A LT ZI 1Y, 7% NSDDEs BRI AN B X B4k, Frbh A D BAE T — BRI & 8T
BEATHESY. ZEBUE M, BB Bl 8 — BRI D R 2 —. Zhang il Gan Pl 4
Lipschitz ¥ 82 R 2 P 44 T HERA T Sk NSDDEs [ — 27888 B ak =X sl st Ji Al
Yuan B %fF NSDDEs #E3E4 )5 Lipschitz &4, #F5F T YR Euler 778588t Gan
2 N O fE 42 JRy Lipschitz ¥ SEFIZR MR A0E TIESE T £HxF 2k NSDDEs HBEHL 6 771,
HAEW T HE 5B A 5. Milosevi¢ 10 xR ARk P9 NSDDEs # Khasminskii %1 4%

* 2018 4F 2 A 8 HULH

D HATH: EEERBEES (11671343, 11601460), HFETH AREIIHES (20181J3491) FIWIFG A WFITAE
RIFFOIHTE SR H (CX20190420) ).
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HEFRBFSE T Euler-Maruyama (EM) 75 38 (& BE 2B 8k, Milosevié MY % T NSDDEs 7F3fE4%
MBS TRISR T /G EM ki mBEeRBesier:. Ji 25 A U2 s RE0y BRHek
FAERE R /2 42/ Lipschitz 460, 8T RE R 2 20 T 4544 DA R H ST 3005 2 2 T X
WK%, iE T NSDDEs {5 EM ik i5RIcE A 5. Yan 28 A 131 #f57 T NSDDEs f
P 0 J5k, X B IER RECRY R BT TR TER £ 42 )7 Lipschitz 454, % E
RTAHR R AR ek, B Sr ot B R 45 4. Tan Al Yuan U4 425 [13] REIG4ALE T i+
T 0 J7ik ARSI, B B AR LI B — R 2 IR A . T SL RN
%4 H7#E (NSFDEs), Wu il Mao 19 £ /g R BOHIY HOER AR L BHFE Lipschitz 4 54%
P3G 2 i DA B P LI R TR R LS 444 T, WESE T X T NSFDEs, EM 75 3 158 e SO iR
Jiang % A 1) e mts B BER BN L2 F Lipschitz 464 AR i Sr 30006 2 R 4R e 5 46 1
T, #EM T X F NSFDEs, EM {42 p Brasailesing. Zhou fil Fang 7 fE7EHE R ECRIY H
FRBHWE LRI Lipschitz 45412 T4 454 DA K Hr ST 000 2 R 48 e 44 T, BB T X0
T NSFDEs, EM J7 & ARKER ). 5% NSDDEs fa@ M 5T R, IS5 SOk
[18-23].

35 0 (IFR SST) 77k — LSRN TR FHEE T % BArEA 3 MARE
B A SST Jrik [6:20-24) Wy, Horpr, e Ding 28 A (6 382 H 6 Bl TSR AR B LI 7 R G SST
TR

{yk =2k +0f(yp)A + (1 = 0) f(21)A,

(1.2)
Zk41 = Yk + 9(yx) ABy,
XHEO[0,1],4k=—m, —m+1, -+, OB, 2z = yr = p(kA), AB; = B((k+1)A)— B(kA)

FoRAIZ B R, BE—5, WA TIER] T 77 RIS A 5. IR SR BRI R B T3
ARTUFIE RE R I 5 AL A=) Lipschitz 4RI AR, Cao 28 A U IEB] T %77 sk
BEPLIER 7> J7 R (SDDEs) JERIT . X1, %77 H AT 5A BN TR # NSDDES,
O AR ST H . DA T R 1% 75 VA P T SRR B — S TR0 A, AR SOKE %5 8 G R PRI A
BE— A 2 DU A

ASCEHINT: 3 = AFN A RIS I, PO S B BE A1 38 =T uE B e i
A (1.1) BERAINA SST J7ik (2.13a-2.13b) SRAFZ A HOBUE ARG p Bridg bk S50 5
4 Z DT R SR A 5 FOTEAIE B 58 T 3 5 PO AR R R 1O B S B — B B UE 2
WERIERYE RF—TRANXK LRSS RE.

2. WEIR

A F A F >0, P) A—DWH T o- BIK {Filiso KIZABEREZNE, B(t) f& & XAE
A AL Fo- a[ AR B2 3. A THRER TR (1.1) 0 7AE e — Pk DL R T 5% 00 (E 77 vk 1) 52
Wb, SIS Vi - R x R* — RT, HXMEREK ©,y € R™ #AAAEERE K fl ¢ 15

0 <Vi(z,y) < Ki(1+ |2[* +[y|*), i=1,2,3 (2.1)

ROL. #E— B BORIEB I f(x,y), ¥ O g(x,y) ARSI N (x) 53510 2 BUF R &4
BRi% 2.1 US4 SHERN 21, 22, y1, y2 € R", FFAEERE Ly, Lo 15

|f(z1,y1) — f(z2,y2)| < Lilzr — 22| + Vi(yr, y2)|y1 — y2 (2.2)
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l9(x1,91) — g(x2,y2)| < La|w1 — 2| + Va(y1, y2)[y1 — v2 (2.3)
FAL.
Bi% 2.2 M4 SHERH 2, ye R, FH
IN(@) = N < Valap)le — o] (2.0

ROL, 3 H N(0) B 5
i 2.1 P B 2.2, SO [14] ZER N(0) = 0, TASCRIE T B4, UK N(0) A5
i 2.2. thiffik 2.1, AIfR

(@, 9)” <2/ f(z,y) — £(0,0)]* +2|£(0,0)?
< 2(Lalz| + Va(y, 0)ly])* + 2/ £(0,0)?
<ALY|z|® + AKT(1+ |y|™)?[y* + 2| £(0,0)[? (2.5)
< ALf[x? + 8KF(1+ |y[>™)[yl* + 2/ £(0,0)]?
<ALf[z* + 8K (|ly* + [y[* @) + 2[£(0,0)%,

Rplarfs
l9(z,y)I? < 4L3J2f® + 83 (lyl® + [y =) +2]9(0,0)%. (2.6)
4 C'=max{4L], 8K}, 4L3, 8K3, 2[f(0,0)%, 2/g(0,0)[*}, ]
(@, 9)P < OO+ |2 + [yl + [y D), (2.7)

l9(z,9) < C(L+ [z + [yl? + [y =FY). (2.8)

Hifeit 2.2, AT fe

=

N(x) = N(O)* +2|N(0)]”

Vi (2, 0)|z[* +2|N (0)?
K51+ |2]%)?|2* + 2|N (0)? (2.9)
K31+ [a)|2]* + 2N (0)]*
K3(J2]* + @ D) +2IN (0) %,

I/\I/\I/\I/\I/\
ppukwww

A K = max{4K2, 2|N(0)]*}, I
IN(2)]* < K(1+ |zf? + |z(@tD). (2.10)
ZibnR, &y =max{g +1, @2+ 1, gz + 1},
[, 9)* V lg(a,y) < OO+ |2 +[yl* + [y*), (2.11)

IN(@)* < K1+ 2] + |2*7). (2.12)
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Hrp v LR R KE.

PR Ding 28 A 19 15 SST 42X, A FRABAME M (1.1). WHEHIIRT T >0, AT
A, APBESK A = Z, Hpom BRIEEE, B M = m[L)], XH [o] & o KEIE, KRR
NSDDEs (1.1) ] SST J#:N (0 € [0,1]) :

{ Yk — N(Ur—m) = 26 — N(2k—m) + 0f (Yks Yo—m)A + (1 = 0) f(2h, 26—m)A,  (2.13a)
Zt1 = N(zkr1-m) = Yk = N(Yr—m) + 9(Yks Yr—m) A B, (2.13b)

XE E=0,1, -, M —1, AB, = B((k+ 1)A) — B(kA) ERAMBZFEER. B4, 4
kE=-m, —m+1, -, 00, 2z =y, = p(kA).

i 2.3, 240 =1/, SST ik LR A 425 /G Euler 77k AHERH, 240 € (0,1]
i, A% 2 (2.13a) S RaCH. B, 8 T RIEX AN BE RS A B U, AR e 5K A e
OL1A < 1, {7

y=z+0Af(y,7)

SHERH) y € R" GME—f y = Foa(z,9) (BH). 20 =00, 0L1A <1 XHMEER A >0
fE RSO PR ERAT] e X
o, 6=0,
A= 1 (2.14)

1 oo<p<t
or, " <’=

3. p B R FEMA T

A THESTE SST Jiik (2.13a-2.13b) HOBRMCEPE, AR PHAAIME AL (1.1) I FLH R E
BRI p BYARA FPE. fEASCH, O FoRm— AN IEH B EAEAR R AL B E HE FTREAR .

EIE 3.1, W 2.1 IR 2.2 AL, ARATTRE (1.1) fAEME— 2R/ «(t), H T
ittt

E[ sup |a(t) "] < Cle,p,T) (3.1)

SHEREM p>2, T >0 oL, Ho Cle,p, T) REKBT o, p fl T MIEHEL

ERR. {EEE] £ M g HWH LRI Lipchitz 448, FrLAFR (1.1) 7REmME—r R 1. A
TIEMAEX R [0, 7] EREMatE 4R, BARFEENTEEN T > 0, 7% (3.1) B
SEBIA]. | 166 AR ARG AT

[(t) — N(a(t - )/
~12(0) = Na(-r)? + [ 2a(s) = Nlats — 7)) S(als) (s — s
/ (o), (s — 7))+ /t2< (9) = Nlals ~ ) glas)als ~ TDABE) (5.
<|z(0) N2+ /|33 (s —7) |ds+/ 1f(@(s), 2(s — 7))[2ds
/ J9(a(s), (s — )[ds + / 2(a(s) — Na(s — 7)) gla(s),als — 7))dB(s),
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B EABAFER p (> 1) W5 )G, B A R A 15
E[Os<u;<>t |z(s) — N(xz(s — 7'))|2p}
<5P- 1{c+o/ Ela(s) — N(z(s — 7))[2Pds
(3.3)
+C/ E|f(x |2pds+C/ E|g(z(s), z(s — 7))|*"ds
+ E[Oiugt(/o 2(x(r) — x(r — T))Tg(x(r), x(r — T))dB(r))p] }
FIF] Burkholder-Davis-Gundy A~2530 1 Fl Young A2 261 SHEEH € > 0, A[15
B[ sup ([ 20a(r) — Nalr = )7 gll0). ol — 1)AB)))
o<s<t Jo
ng]E[/ A(|z(s) = N(x(s — 7)) *[g(a(s), 2(s — 7))[*)ds] > (3.4)
0
<o sup [o(s) — N(ats — 7)) + SCIE( [ laa(s) als = 7)),
X B
(%)%7 1<p<2,
Cp =14, p=2, (3.5)
[Pt /2(p — 1)P1P2, p > 2,
Bedr (2.11), (2.12), (3.3) Fil (3.4), & & = 571, I
E[Os<u;<>t |x(s) — N(x(s — T))|2p}
<c+c/ E|z(s) — N(a(s — 7))[ds
+C | E|f(z ™|*ds +C [ Elg(z(s),z(s — 7))|*’ds
/ A o
<c+c/ E|z(s) — N(a(s — 7))[ds
0
+CE [+ [as) +la(s = 1) +[a(s - 7)7ds
’ ¢
<C+ C/o E|lz(s) — N(z(s — 7))[Pds + C/o [E|z(s — 7)[F7]ds,
XA T A%
|2 (s) [P <2277 Y (s) — N(a(s — 7)) + 22PN (2(s — 7))|* (3.7

<2 a(s) = Na(s = 7)) + 27187 K7L+ fals = D) + fals = 1))

gl

(s = )P < 1+ |a(s — 7).
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PR SR Gronwall A% M, SHMERMY ¢ € [0,T) Rl p > 1,

E[ sup |a(s) — N(z(s — 7))|?] < 0{1 +/0 E|z(s —T)|2m]ds}. (3.9)

0<s<t
FIFHSCHR (13,27, 28] RLHGUER T7 ¥k, &

pi= (T +2— i)/ = =1, 2, ... [T/7]+ 1.
#—5, oy > 1l p> 2, Gan

Pi 22, pit1y<pi, DPrjr=p, i=1,2, -, [T/7].
3T (3.9) M (t) € C%, (-7, 01, R™), 1%

E[ sup |z(s) — N(z(s—7))|"] <C{1+ /OT Elz(s — 7)[""7ds} < C, (3.10)

0<s<rt

ME[ sup |a(s)l"] < CE[ sup |a(s) ~ N(a(s =) ] + CE[ sup [N(a(s —m)|"] <C.
B4 (3.10) Fil Lyapunov AN%5L P arfy
E[ sup |z(s) — N(z(s —7))["*] < C{l _|_/0 TE|I(S _ 7')|p2"ds}

0<s<27
4 Py 22 o (3.11)
{l—l—/o (Elz(s —7)[P*) 1 d }

3

IN

c
C

IN

HWE| sup |z(s)|P2] < CE[ sup |z(s)— N(z(s—7))[P2]| + CE[ sup |N(z(s—1))[F2] <C,

0<s< 0<s<27 0<s<27
HEZS BRI ER. O

T 3.2. WREGE 2.1 AR 2.2 #RZ, H 0 < A < min{A, A}, MXHERR p > 2,
FE— DMK A HEE C = Cp, T) > 0 1%

E[ swp |z]<C,
0<kA<T

gl

E[ sup [y[P]<C
0<kA<T

R, BT A (214 ik, A = S
SERA. ¥4 (2.130) BT, THEH

|zk41 — N(2rg1-m)[?
=|zk = N(zhom) > + 0° A% f (Y yr—m)|* + (1= 0)> A% f (21, zk—m) [ + [9 (Y Yr—m) AB |
+200(z5 — N(zk-m))" f(Yr: Yo—m) + 2801 = ) (2 = N(z5-m))" (2> 25—m)
+20(1 = 0)A% f(yk, Yr—m) " f (28, 2k—m) + 2(2k = N(zk-m))" 9(Uk, Yo—m)ABy,
+ 200 (ks Yr—m) Ik Yk ) ABx + 2(1 = O)AF" (21, 2k—m) 9 (ks Yr—m ) A B, (3.12)
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B 2k — N(zkm) = Uk = NWk—m) = OF (U Yo—m) D — (1 = 0) f(2x, 21—m) A RN LR, 15

12611 — N(2kp1-m)|?

=|zk = N(zi-m) > = 222 f(yr, ye-m)|* = (1 = 0)*A°|f (21, 26-m)|* + 19(Ys Y ) ABr[*
+280(yr — N (Yr—m )" [ (ks yr—m) = 28%0(1 = 0) f (21, zk—m) f (Uks Y —m)
+2A(1 = 0)(yk = N(r—m))" f(2hs 25-m) + 2k = N(Ub-m))" 9(Urs Yr—m)ABr.  (3.13)

HIEE AR AT

|zke1 — N (2Zkg1-m)?
<2k = N(zk—m)* + |9k Yo—m) ABk|* + AOlyx — N (yk—m)|* + A0 f (ks Yr—m)|?
+ A%0(1 = 0)| f (2k 2k—m)|* + A*0(1 = O f (ks Yk—m) > + AL — O)|yx — N (yo—m)|?

+ A= 0)|f 2k zk—m)” + 2(uk = N(yk—m))" 9k Ye—m)ABy,
k K K
SCH+ A yi = Niem)* + CAY 1 (i yimm) P+ CAD (20 2i-m)|
=0 =0 =0
k k
+ D 19 4imm)AB* + 2 (4 = N(Wiem)) " 9(ys, 4i-m)ABi.
=0 1=0

(3.14)

¥ EXBARI p Y7, AR

1

- 2p
6rp—1

|2k+1 — N (2kt1-m)]

k k k
<O+ A3 i = N(piman) P + OO (3 |F @) P+ CA (Y I et ) PV (545

i=0 1=0 =0
k k

+ O 19 yim) ABIP)? +2°1> (4 = N(yiem)) " 9y, yiem) ABiJ.
i=0 1=0

SHERR) 0 <1 < M, RHERE]

l

k
E[oiligz(z |9i = N(yi-m)[)P] < MPT'E[Y [y = N(gi-m)[*], (3.16)
SRSE s =0

l

k
E[ sup (Z|f(yiayi—m)|2)p] < Mp_l]E[ZU(yi,yi—mﬂzp]a (3.17)

Okl i—g i=0
!

k
E[ sup (O 1f(zi,2i-m)P)P] < MPTE[D D |£ (20, 20mm) 7] (3.18)
0

Osksl G- i=0
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FIH Burkholder-Davis-Gundy 285, Holder AL IFEANE S, H
k
E[ sup (3 19(yi yim)ABi|*)"]

0<k<l 25

<MP™'E[ sup Z|g Vi Yiem ) AB; ]
0<k<l

=MPTYE[ Y 19(yis Yiom) ABi|*] (3.19)
i—0
!
=MPt Z(EW(%‘, Yi—m)|?PAP)
=0
!
SCAZEw(yiayi—m)'zp’

=0

k
E[ sup (Z(?Ji — N(i-m)" 9(yi, yi—m)AB;)]
0<k<l * —0

<G,E| Zlyz (Wimm) 219y, yim)AB,*] ®

(3.20)
SCpA%lg”lE[Z 19 = N (i) P19 (i yimm) ]
1=0
l
<SCAE[Y “(lyi = NWiem) I + 19 (Wi, yim) )]
1=0
BEA (3.15)-(3.20), ]
E[ sup [2e+1 — N(Zkt1-m)|*"]
0<k<I
l l
<C+ CA[Y Elyi — N(wiem) [ + S EIf (i, yim) (3.21)

=0 i=0
l l
+ ) EIf (20 ziem) | + Y Elg(yi, yiom)|*].
1=0 =0

H (2.13a) PP, A%

lyk = N (Yr—m)[*
<B(Jzk — N(zk—m) > + O A2 f (yh, Yr—m) |* + (1 = )2 A% f (21, 25—m)[*)
<8z, — N(zk—m)|* + 30 AC(L + |yrl* + [Yr—m|* + [yr—m|>)
+3(1 = 0P A2C(L+ |21 + |2k |* + [2k—m[*)
<32k — N(2hm)|?
+30°A%C(1+ 2K +2Jyk — N(yr—m)1* + 2K + 1)yr—m|* + (2K + 1)[yr—m[*")
+3(1 = 0)?A2C(1 + 2K + 2|z, — N (2k—m)|* + 2K + 1)|zg—m|* + (2K + 1)|zp—m|*")
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<3lzk — N(zk—m)|? + 30°A%C (2 + 4K + 2|yr, — N(Yr—m)|* + (4K + 2)|yk—m|*")
+3(1 - 0)2A2C(2 + 4K + 2|z, — N(2h—m)|* + (4K + 2)|zp—m|*")
<60°ACly, — N(yp—m)”> + (3 +6(1 = 0)°A°C) [z — N (21p—m)|?
+3(4K + 2)A2Cl0° (1 + |yk—m[*?) + (1 = 0)* (1 + |21—m|*)], (3:22)

XEAFAH T U A%

lkl* < 2lye — N (Yk—m)|” + 21N Wr—m)|* < 2lyk — N (Yr—m) > + 2K (1 + [yr—m|* + [yr—m|>7),
l26|* < 2|2k — N(zk—m) > + 2IN (zk—m)* < 2|2k — N(2k=m)|® + 2K (1 + [2k—m|* + [25—m|*"),

|yk—m|2 < 1+ |yk—m|2’yu |Zk—m|2 < 1+ |Zk:—m|2’y-
A (3.22) 5 &

|yk - N(ykfm)|2
3460 - 0)2A2C

ST egarg 1k~ Na-m)l® (3.23)
SR 200 1201+ by ™) + (1 021+ |z
B
vk — N(ys—m)|* < Clzk — N(zk—m)|* + CAlygp—m|*” + CA|zk—m|*" + C. (3.24)

i1 (2.13a) 5,
2k = N(zk—m) = Yk = N(Yk-m) = 0f Yk, Yp—m)A — (L = 0) f (2k, 26—m) A.
[ BE AT HIE
12k — N(zk—m)|> < Clyk = Nyr—m)|? + CAlyg—m|*’ + CAlzi_m|* + C. (3.25)
THIEAE (3.24) Fl (3.25) MPARI p UKT7, IS

[y = N (Yn-m) " < Clar = N(zp-m)[*" + CAlyn—m|* + CAlz—m|*" + C, (3.26)
|2k = N(zk-m)|* < Clyx = N(y—m)[*? + CAlyp—m[*” + CAlz—m[*"? + C. (3.27)

BeA A& (3.21), (3.26) F (3.27), A%

E[ sup [yx — N(yr—m)|*]
0<k<I+1

l l
<C+ CAZE((E;% Yk = N(Yr—m)|™) + CA Y E|f(ysr i)™
1=0 == 1=0

l l l
+ OA S EIf (21 zimm) [ + CA S Elg (i, yimn) P + CA S Elyimnl 7 + [2imma )

=0 =0 =0
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l l

<C+CAY E(sup |yx — N(yk—m)[*) + CAD [1+Elyi]™ + Elyipm|™
= o<k<i i—o

+Elyi—m| " + Elzi]* + E|2i—m[* + Elzi—m [*"]
l l

<C+CA ZE( sup |yx — N(yp—m)|??) + CA Z[E|yi_m|2p7 + Elzi_m|*], (3.28)
= 0<k<i =0

XH, R T BT A%

lykl?? <22y — N (Ye—m)[* + 227N (Yr—m) [P

(3.29)
<2 Ny — N(Yoem)[? + 22271 3P 7 KP (1 + |ykem| ® + [Yr—m| "),
2P <2%P 7Yz — N(2k—m) | + 2771 [N (26=m)[*? (3.30)
<277z — N(2hom) [P + 2277137 KP (1 + 24| + |20 [2P7), '
Wk—m]® <1+ |y—m]?7, (3.31)
|2k —m|?P <14 |zp_m 7. (3.32)
FIF S BN Gronwall AN, B (3.28) A LAEH: XEBM p>1FH
-1
E[ sup [yr — N(yr-m)|*] < C + CAY " [Elysm[*" + Elzim[*7]. (3.33)
0<k<I —o
RLLTF B 3.1 BIEH T, X FEEA p > 2, &
CY% ([-7,0; R"), AT{§
m—1
E[ sup |yx — N(yr—m)["*] <C[1+ AZ (Elyi—m | + E|zi_m|*7)] < C. (3.34)
0<k<m ‘=0
K, AIE

E[ sup [ye[”] <E[ sup |yx = N(yr—m)|”] +E[ sup |[N(yr—m)["*] <C.  (3.35)
0<k<m 0<k<m 0<k<m

A (3.33), (3.35) il Lyapunov A%, Al

2m—1

E — N —m P2 SO 1 A E i—m p27y E i—m P27y
[Ogskuggmlyk (ye—m)|P2] <C[1+ ;( Yiem |P2Y + E|2im|P27)]
It 27 27 (3.36)
<C{1+A S [(Elyim[™) 70 + (Elziom|™) 51 1}
1=0

<C.
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PRI, ATHIE

E[ sup |yx[”?] <E[ sup |yx— N(Wr-m)??] +E[ sup |N(ys—m)*] <C.
0<k<2m 0<k<2m 0<k<2m

WA M/m = [T/7] R—AFHFREL, Br AR 2 AT i 7 &, 6k FAERK p > 2,

E[ sup |yl?] <E[ sup [y |Pmis] < C.
Osk<M 0<k<([M/m]+1)m

RIEHEAE (3.21), B ANHER E[ofz?gw lzlP] <C. O

4. %L 0 TiERIRERY

AT RS SST J7 B i By, Bl 15N ZBUE R LB . HEF B, X T
te [tkatk-i-l)a t,=kA, k=0,1, ---, M —1, %X]‘f—ﬁ_?;ﬁ Z(t) K y(t) :
2(t) = N(z(t = 7)) = 2(ts) = N(z(tx — 7)) + 0(t = t) f Yk, Yk —m)
+(1 = 0)(t = tr) f(zr: 2k—m) + 9(Urs Yo—m ) (B(t) — B(tr)), (4.1)
y(t) = N(y(t = 7)) = 2(t) = N(z(t = 7)) + 0AF (y(t), y(t — 7))
+(1 = 0)Af(2(), 2(t — 7).
Mt [-7,0] B, 2(t) = y(t) = (). Ba ERESN RIS 2(t) M y(t) & Fi- 7T,
H 2(tk) = 21, y(te) = yo. LT 2T, BATSERMEA 2(t) B— 5 X
z2(t) = N(z(t — 7)) =2(0) +9/f (5—1)
. (4.2)
(1-0) / f(z (5—71 ds—l—/o 9(y(35),y(3 — 7))dB(s).

M s € [th, trrr) B, 8 = te. TATRR 2(t) i y(t) 53512 2 i yp HIEELLY K.
IR 4.1, QURMBE 2.1 AMERBE 2.2 #BROL, 0 < A < min{A, A}, BEREVIHEEE o)
W — 8 LP- S, BIXHERE v, us € [-7,0] , TEE—NHEE C 15

E | p(uz) = p(w) P< C | uz —us |2, (4.3)

WA, S TFHEER p>2H

E[ sup |z(t) — 2(t)]’] < CA% (4.4)
0<t<T
il
E[ sup [a(t) —y(t)|"] < CA% (4.5)

o<t<T
oL, Fof A Y (2.14) Ui, A= L
AT FHEHAR I 4.1 MUEY, ¥ SGAED R R4 5B
312 4.2 WAER 41 AL, IAXHERE p > 2, &

E[ sup |=(t)F"] <C. (4.6)
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E[Oi?ngy(t)lp} <C (4.7)

BOL, B C = C(p, T) #—15 A ERMIEHE
R XTMERRT p > 2, £E (4.2) PR p RI7AIF5

|2(t) = N(2(t —7))P
<471 (2(0) ~ NC-)P + 70 [ Fl0(3)0(5 - 7)ask (8)
P11 -0) [ 160626y + 07 / 9).4(s — B

] Holder 14X, Al

E( sup |z(s) = N(z(s —7))[")

0<s<t

<4P7'E|z(0) — N(2(—7))[P + 4*~'CE] sup / |fy (), y(F — 7))[Pdr]
0<s<t
—|—4p_1IE sup / |f(z(7), z(T — 7)) |pdr}+4p 1E[ sup | g(y (r),y(f—T))dB(r)V’ﬂ
0<s<t 0<s<t 0
<4P~HE|z(0) |p—|—E/ |f(y (5 —71))Pds
+E/ |f(z (5—1)) |pd8+E[ sup | (y(r) y(f—T))dB(T)|p]}. (4.9)
0<s<t Jo
MR (2.11) KXAERE 3.2, A7%0
B [ 170E)0(5-m)Pas <€ [ (04BIEP B - 1) +Ely(s- 1)) < €, (410
/|f (5-7) |”ds<C/ (1+E[2(3)|P +E|2(5 — )P + E|2(5 — 7)|")ds < C. (4.11)

M Burkholder-Davis-Gundy 285, Holder A%, (2.11) FIE B 3.2 BI 40

S

E[ sup | [ g(y(7),y(F — 7))dB(r)|"] < CpE(/O l9(y(8),y(5 — 7)) Pds) %

o<s<t Jo
<c / Elg(y(8), y(s — 7))[Pds (4.12)
0
<C.
LATER (4.9)-(4.12), AT
E[ sup |z(s) — N(z(s —1))’] < C, (4.13)

0<s<t
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I, AERSH E[ sup |2(s)[P] < C. BROL (2.11), (4.1) I (4.12), XHEBHT p > 2, A5

0<s<t

E[ sup |y(s) — N(y(s —7))["]

0<s<t
<CB{sup_|2(5) = N(:(s = 7)"| + CAPE] sup [f(y(s).3(s = )P

+ CAPE[ sup [f(z(s), 2(s — 7))I7]

0<s<t

SCE[OS;;% |2(s) = N(z(s = 7))IP] + CAP(1 + Ely(8)[” + Ely(t — 7)[” + Ely(t — 7)["”

+E[z(O)" + Elz(t — 7)[” + El2(t — 7)["7)
<CA+Ey@) +Ely(t — )" + Ely(t — )" + E[z(t)]” + Elz(t — 7)I” + E[=(t — 7)["7).
(4.14)

PIBEARGE B 3.1 UER AR, R AHEN ) ER. O
5132 4.3. WAREB 4.1 PEIFAFM L, MATFAE—NT A ERIIERH O, HHEMER
Kip=>2te(0,T],H

Elx(t) — a(f)|? < CA%, (4.15)

E|z(t) — z(£)|P < CA%, (4.16)

E|2(t) — y(HP < CA? (4.17)
RROL, oA ¢ € [ty toyr) W =t k=0, 1, .-, M —1.

WEBA. 24t € [0,7] I, /B8 EF 4.1, Holder A2 DL K Burkholder-Davis-Gundy %%
=, "G

Ela(t) = N(a(t —7) = (2() = N(z(t - 7)))”

<CE|/ Fa(s),a(s — 7 ds|p+CE|/ s), (s — 7))dB(s)[?
(4.18)

<car! / E|(2(s), (s — 7))[Pds + O / Elg(a(s), 2(s — 7))*ds]’
<CA%.

FUF S 2.2, Holder %0R1 (4.17) XATFS

Elz(t) — 2(f)|
=CElz(t) — N(z(t — 7)) — ((f) = N(z(t — 7))’ + CE|N(z(t — 7)) = N(z(t — 7))|
<CA% + CE{(1 + |z(t — 7)|% + |z({ — 7)|%)|x(t — 7) — z(f — 7)|}? (4.19)
<CA% + CE{(1 + [a(t — 7) —2(f = 7)|%® + |2(I — 7)|%)|a(t — 7) —a(I = 7)|}"
<CA? + CE|z(t — 7) — a(f — 7)|(@+D)Pp,

XT‘HEJE%H(J t e [O,T], Ef%ﬂ: ﬁﬁ—ﬁ\%ﬁ k 'fﬁfgf t e [(k - 1)T= kT)m[OﬂT]v k=12, -, M.
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gify (4.3) fll (4.18) X, ATf

Elz(t) — x(f)|? <CA% + CE|x(t — kr) — z(f — kr)|(@+DP
<CA% + CE|o(t — kt) — o(f — kr)|(s 1P

(Qa+ )P

<CA% +CJt — 1

(as+1)p
2

(4.20)
<CA
<CA%.

[l BE AT 1%
Elz(t) = N(z(t = 7) = (2(f) = N(z(f = 7)))I"

=CE| | 0f(y(5),y(5 —7))ds|” + CE| /t (1= 6)f(2(8),2(5 — 7))ds|”

+CE| [ f(y(3),y(5—7))dB(s)[”

t

: (4.21)
<cav / E|f(y(8), 5(5 — 7))[Pds

Elz(t) — z()|P
<CE|z(t) = N(2(t = 7)) = (2(f) = N(2(t = 7)))|" + CE|N(2(t — 7)) = N(2(f = 7))[”
<CA% + CE|z(t — 1) — 2(f — 7)|(@+P
<CA% + CE|z(t — kr) — 2(f — kr)|(@2+DP (4.22)

(q3+ )P

<CA% +C|t -1
SCA (QS;rl)p
<CA%.
FIH y(f) = Ny — 1)) = 2(8) = N(2(f = 7)) + 0Af(y(D), y(T — 7)) + (1 = O)Af(2(f), 2(t - 7)),
A% (4.10), (4.11), AIFG
Elz() - y(D)P < CA?,
wJEH (4.16) A3
E|z(t) — y())P < CEl2(t) — 2(})|” + CE|2(f) — y()|P < CA*. (4.23)

EH. D

e FRWAN T PR B b, IRAEZS e B 4.1 MR 40 R I T AR

EIE 4.1 BYIERR. MR4E () F1 2(t) W& X, "fE

2= N(z(t—7)) = / f@ ))ds+ / g(2(s), w(s—7))dB(s), (4.24)
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2(t) = N(z(t—1)) = +9/f (83—1))

(1-0) / f(z (8§ —7))ds+ /0 g(y(3),y(s —7))dB(s). (4.25)
BXSZ (4.24) F (4.25) Al f
lz(t) = N(z(t — 7)) — [2(t) = N(2(t — 7))]|

- / (5 — 1)) — FW(E)y(5 — 1)) + (1= O)(F((s). 2(s — 7)) — F(2(3), 2(5 — 7)))]ds
/0 l9((s),2(s — 7)) — 9(y(8), y( — 7)}dB(s)|. (4.26)

X T A, 4

e(t) = x(t) — 2(t),

e(t) = 2(t) — N(x(t — 7)) — (2(t) - N(=(t - 7)),

F(s) = 0(f (2(s), (s — 7)) — F@().9(5 — 1)) + (1 — 6)(F((s). 2(s — 7)) — F(=(3). (5 — 7)),

G(s) = g(x(s), x(s = 7)) — g(y(5),y(5 — 7).
i1 166 22201 Holder 14K, AR

|5(t)|2:/0 2<€(S),F(8)>d8+/0 |G(s)|2ds+/0 2(e(s),G(s))dB(s)

) t . (4.27)
< / (e(s) + |F())ds + / IG(s)[2ds + / 2((s), G(s))dB(s).

AR p > 2, 0 Holder F8%,

E[ sup |e(s)P]

0<s<t
<CE /O le(s)|Pds + CE / (F(s)” + |G(s)|)ds (4.28)
+4g_1E[ sup / 2(e(r),G(r))dB(r )]%
0<s<t Jo
BEAB (2,1), Holder AN&E5X, SEPE 3.1, EPE 3.2, 5[ PH 4.2 FIT|PE 4.3, AJ1F
E/t |F(s)|Pds
<E / (Fa(s), 2(s — 7)) — FW(E)5(E — 7)) + (Fla(s), 2(s — 7)) — F((3), 2(5 — 7)) Pds

<CE/O [lz(s) =y(3)[+ (L + [2(s = )" +[y(5 = 7)[*)]x(s —7) —y(5 — 7)[]Pds
+ CE/ [lz(s) = 2(3)[ + (1 + [x(s — 7)™ +[2(5 = )|")[a(s — 7) — 2(8 — 7)[]Pds
0

SCE/O lz(s) =y + (L + [x(s = )" + [y(5 — 7)[P")|2(s — 7) — y(8 — 7)["]ds
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+CEAHﬂ&—ZGW+%L+m®—ﬂP“+b@—7Wmﬂﬂs—ﬂ—ZG—ﬂPMs

scE/na@—i@ww44®—45w+u@w—uamw
0

+9£Eu+m@—ﬂWm+w&—ﬂwmﬁmm@—ﬂ—y@—ﬂWﬁw

+OEA[W@w—4@w+vw>—49wm$

+Q/mu+mw—ﬂﬁm+w@—ﬂwwﬁmu@—ﬂ—z@—ﬂWﬁm

0
gc/ Ele(s)[Pds + CA% +c/ VEle(s — 7)|2Pds, (4.29)
0 0

$ﬂ t t t
E/ G(s)lPds < c/ Ele(s)|Pds + CA3 +c/ VEle(s = TP ds. (4.30)
0 0 0

FIF Burkholder-Davis-Gundy 2530, Holder AA2550 L K Young A28 181wl 8 %t FALE
Mp>2,6>0frel0,T]H

E[ sup /OS2<5(T),G(T)>dB(r)]

[NS]

SCM/MdNW®ﬁM%
(4.31)

CLE[(4 sup |e(s) / |G(s)|ds] ¥

0<s<t

IN

[wpm>m+cAEmmmm

1
20 To<s<t

B o =451 IR AAR%R (4.28)-(4.31) ATfh
[ sup [e(s)P] <c/ Ele(s |pds+c/ Ele(s |pds+CA2+C/ JEle(s = P)PPds
< c/o Ele(s)|Pds + CA3 +c/0 VEle(s = )PP ds. (4.32)
EHS 3 4.1 F5| B 4.2 A9E I S FRAESRAAL B, JE— P a] 15
E[ sup le(s)["] <c/ Ele(s)Pds + CA% +c/ VEIels = I)PPds + E[ sup fe(s = )P")].

0<s<t

(4.33)
FIH LR Gronwall N4, Al
E[ sup |e(s)["] < CA% —i—C/ VEle(s —7)[?Pds + E[ sup |e(s —7)|")]. (4.34)

0<s<t 0<s<t

W5, BEA (4.5) Al (4.1) K28 A0, FFRIAEEE 3.1 S|P 4.3 H TR AE M 77k, BP
AR E R EIER]. O



34 B 2020 4

5. HEXW

AFORRIA SST J7ik (2.13a-2.13b) KA 4 NAFEIE 89 - L B BENLIER 3 7 e, I
H A A RIS, AL s b, SRATRE A EE T HeE 1. Bk, FIR A

1 5000 ()
_ (i) oyl
e 5000;u{ (tar) — X3 | (5.1)

K BB LA tar BIRZE, Hop X O (tar), X 40BN i SRR AHSE (RS fAA
HUE .

HFARE (1.1) BETRRE BB, U EAIBRAE KA A =271 BB MmN
RENBRSHRAE 2050, BoN, RARMARGEK A =275 276 277 278 279 S3RIHH-EAH M
11 i

5 1. %8 dELMk NSDDE (n=d = 1):

dfa(t) — %ﬁ(t —1)] = [—a(t) — 23t — D]t + [x(t) — 22(t — D)]dB(t), t€[0,2],  (5.2)

HANGME «(t) =1, ¢ € [-1,0]. HHELRIE 1 AIK 1.

F1IXFAHE (1.1), 5 T =2 i, SST HEMBIHRE <

A 0=0 0=0.2 0=04 0=0.5 0=0.6 0=0.38 0=1

275 2.6758e-01  2.8284e-01  2.8162e-01  2.8118e-01  2.8086e-01  2.8060e-01  2.8074e-01
276 1.9607e-01  1.9519e-01  1.9501e-01  1.9497e-01  1.9498e-01  1.9513e-01  1.9548e-01
277 1.4529e-01  1.4563e-01  1.4555e-01  1.4554e-01  1.4554e-01  1.4561e-01  1.4574e-01
278 9.9761e-02  9.9534e-02  9.9564e-02  9.9585e-02  9.9610e-02  9.9685e-02  9.9773e-02
279 7.4117e-02  6.7721e-02  6.7766e-02  6.7790e-02  6.7817e-02  6.7877e-02  6.7944e-02
WS 4.4863e-01  5.3507e-01  5.3022e-01  5.2824e-01  5.2655e-01  5.2411e-01  5.2220e-01

5 2. HBLYEAR LM NSDDEs (n =2, d = 1):

1
druw4ﬁ@n

ra(t) — 3a3(t 1)

_ —z1(t) +22(t) — 23 (t — 1) + 21(t — Do (t — 1) — 23(t — 1) i
z1(t) — 2o(t) + 27 (t — 1) — %xl(t — Dot — 1)+ ix%(f —1)

+{x1(t)—w1(t—1)$2(t—1) B(). te 0.2, (5.3)

IQ(t) + X1 (t — 1)I2(t — 1)

HAAE «(t) = (1,17, ¢ € [-1,0]. FHEER LA 2.
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—&=0-04 == 0-08
= = +Ref. dope=0.5 = = +Ref. dope=0.5

w 10 -

10

1512 1/256  1/128 1/64 1/32 1512 1/256  1/128 1/64 1/32
A A

B 12 0=04H, SST Jrikiysabesif (7o) M= 0 = 0.8 i, SST Jrikr sttt (£13d)

10° : ‘ : ‘ 10°

== 0-0.4
= = +Ref. dope=0.5

== 0-0.8
= = +Ref. dope=0.5

1512 1/256  1/128 1/64 1/32 1512  1/256  1/128 1/64 1/32
A A

B 224 0 =041, SST Jrkrsabesir (Zed) F124 0 = 0.8 i, SST Jrikr e i (f14)

Bl 3. BB L UL WALt NSDDEs( n =d = 2):

x1(t) — %x%(t -1) —x1(t) + %xg(t) — 22(t — 1) +sin(zy (t — 1))
d 3 = 1 dt
xo(t) — ng(t -1) —x1(t) — 22(t) + 23(t — 1) + cos(za(t — 1))
n Il(t) + ZCQ(t - 1) sin(xl (t — 1)) dBl (t) (54)
_xg(t) +x1(t — 1) cos(xa(t — 1))_
N x1(t) + x2(t — 1) cos(z1(t — 1)) IBy(1), te (0.
| wa(t) + 21 (¢ — 1) sin(aa(t — 1)) ’ Y

HAVEE () = (cos(t), sin(t)T 1 € [~1,0]. LRI 3.
5 4. #& N(0) # 0 [y NSDDE (n =d = 1):
1 2

dfz(t) — 57 (t—1) = 1] = [~z(t) — 2*(t — D)]dt + [2(t) — 2*(t — 1)]dB(t), t €[0,2], (5.5)

E@Jﬁﬁ{ﬁ ‘T(t) =1,te [_170]' ﬁ‘ﬁ:édn: IJI_I.AE 4.
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= 0=0.4 == 0=0.8
= = +Ref. dope=0.5 = = +Ref. dope=0.5
- - - -
- - - -
- - - -
.

w 107" .” w 107 "

10

10

-2
. . . . . 10 . . . . .
1512 1/256  1/128 1/64 1/32 1512 1/256  1/128 1/64 1/32
A A

Bl 324 0 =04 I, SST JrkmsesiBr (Zed) F124 0 = 0.8 if, SST J5 LRl (F1k)

== (=04 == ()=0.8
= Ref. dope=0.5 = Ref. dope=0.5

e / | v 10t /
- -
- -

1512 1/256  1/128 1/64 132
A

1512 1/256  1/128 1/64 1/32
A

Bl 4240 =04 1, SST JrkmsabesBr (Zed) F12 0 = 0.8 i, SST Jrikrsmbe s (414)

HI 1 S5 1A, X Fhn it B i RS g AR 2otk i S BB LRE R oy AR, SST J7 kG
SRS A 5 FIREHD, B 2 S 3 4 R 2 4E e PR IR I AR R ME RS TR, I 4 S T
N(0) # 0 KT, B EHR T LB B 5 PR 4 R — 2.

6' :%\%5%%

ASCRE Ding ¢ A$RH 19 SST 5%k £ ip LR BEHLIER > 7 #E. 2T R BRI R
BORTFARIE R 242 J7 Lipschitz 264, )T 3R 2 2 WA 1< 551 A K ST R 2
BRI T, UEB] T 07 RRRISN A 5. A T 38— IESCAT RS I BRI 45 5L, JAiInt
A B W IRl ) S M b ST T RN LRGSR (o 70 5 AR 5 & M A IR B I AR R PE R SERA B N(0) # 0
HI TEARA T AR SO BB SE % 17 HL, B A BB S5 R S BA TR B T RS — 8L T —2,
FAPRB B 2T AR R PR T
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STRONG CONVERGENCE OF THE SPLIT-STEP ¢ METHOD
FOR NEUTRAL STOCHASTIC DELAY DIFFERENTIAL
EQUATIONS

Peng Jie Dai Xinjie Xiao Aiguo Bu Weiping

(School of Mathematics and Computational Science, Xiangtan University, Xiangtan 411105, China)

Abstract
Neutral stochastic delay differential equations often appear in some fields of science and
engineering. The aim of this article is to investigate the strong convergence of the split-step
0 method for neutral stochastic delay differential equations. When the drift and diffusion
coefficients satisfy global Lipschitz condition with respect to the present state and the poly-
nomial growth condition about the delay term respectively, and the neutral term may also
be polynomial growth, this method is shown to be strongly convergent of order 1/2. Some
numerical results are presented to confirm the obtained theoretical results.
Keywords: Neutral stochastic delay differential equations; Split-step 0 method; Strong
convergence; Polynomial growth
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