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1. ����YO�AH	�2�L_Y&, DGt2��)L_Y& (NSDDEs) �%%Æ?!e+{y��M8,�Æ?!y��M��m���[.AY&sXD,e!�[}��k��)J^�:wJI}{k&&BU%D [1–4].	TJ	5Z�aDGt2��)L_Y&�
d[x(t) −N(x(t− τ))] = f(x(t), x(t − τ))dt+ g(x(t), x(t − τ))dB(t), t ∈ [0, T ]. (1.1): t ∈ [−τ, 0] �, +�? x(t) = ϕ(t) ∈ Cb

F0
([−τ, 0]; Rn). 4E T { τ O9 ),

f : Rn × R
n −→ R

n, g : Rn × R
n −→ R

n×d, N : Rn −→ R
nK Borel 8���?z), B(t)  d- Q��)J.�!5�_� NSDDEsK~l?<6"��4�, 5��*v)?YU,d?�OH	.5�_)?_℄�*kYK +�- LipschitzK|{ix/"?� [5–7] a&w�,�R4Ng?� ��69�, {P NSDDEs gt��_T4p?�, 5��Æ	+j���?�a&w�*. +)?_℄D, #LxC\�> �*�DsW<=�. Zhang { Gan [5] +�-

LipschitzK|{ix/"?�a:eP}" NSDDEs ��Aq���f��y#Lx. Ji{
Yuan [8] N! NSDDEs +℄�- Lipschitz ?�a, �*P�a Euler YU�y#Lx. GanB� [9] +�- Lipschitz K|{ix/"?�a�*P7N℄ix NSDDEs �2� θ YU,�:ePv3Y#L�O 1

2 . Milošević [10] N!eL℄ix� NSDDEs + Khasminskii t?
* 2018 o 2 ( 8 	$=.
1) �$ni: v�Q�7~�$ (11671343, 11601460), �k�Q�7~�$ (2018JJ3491) |�k��+�7�0rIHni (CX20190420) OK.



1 u p� C: EHu3	�*M`Z'`T� θ ZVAz$My 19�a�*P Euler-Maruyama (EM) YU�Æd[#Lx. Milošević [11] N! NSDDEs +℄ix/"�?�a�*Po� EM YU�Æd[#Lx. Ji B� [12] +q�^){<^)q!℄�)m_T�- Lipschitz ?�, q!�)m_TPm�/"?��
DGm_TPm�/"?�a, :eP NSDDEs � EM YU�y#L�O 1
2 . Yan B� [13] �*P NSDDEs �_S� θ YU, 4E�q�^){<^)N!℄�)mK_T�- Lipschitz ?�, RN�)mK eL℄ix, {DGm_T�4?�. Tan { Yuan [14] +# [13] A.�?�a:\P θ YU�y#Lx, 96�DGm_Tj���Pm�/"?�. N!DGt2�XzL_Y& (NSFDEs), Wu { Mao [15] +q�^){<^)K_T-� Lipschitz ?�#ix/"?��
DGm_T�4��?�a, �*PN! NSFDEs, EM YU�y#LC\.

Jiang B� [16] +q�^){<^)_T�- Lipschitz ?��
DGm_T�4��?�a, :ePN! NSFDEs, EM YU p �/y#L�. Zhou { Fang [17] +q�^){<^)K_T-� Lipschitz ?�{Pm�/"?��
DGm_T�4��?�a, :ePN! NSFDEs, EM YU Æd[#L�. �q NSDDEs VIx_℄��*%w, 8�5Tg
[18-23]._S� θ (�$ SST) YU �A}"2�L_Y& ��)?YU. hx�� 3 G�Bf�� SST YU [6, 20, 24] ��*, vD, � Ding B� [6] ;,��!}"2�L_Y&� SSTYUO:

{

yk = zk + θf(yk)∆ + (1− θ)f(zk)∆,

zk+1 = yk + g(yk)∆Bk,
(1.2)4E θ ∈ [0, 1],: k = −m, −m+1, · · · , 0�, zk = yk = ϕ(k∆), ∆Bk = B((k+1)∆)−B(k∆)����)J/O,&��,6:eP1YU�y#L�O 1

2 .:q�z){<z)q!�)m{℄�)m3_T�- Lipschitz?�{ix/"?��, CaoB� [7] :ePYU}"2��)L_Y& (SDDEs)  3Y#L�. �R, YUhx�b����!}" NSDDEs,4, 	T�,TG.OP�eYU!�!}"j���W<,	T�5Z�ix/"?�j���Pm�/"?�.	T n
a: ES�R,�qq�m�<m{DGm���?�; E��:e+?W< (1.1) �6"{�� SST YU (2.13a-2.13b) }"W<�)?"� p �/�#x; E-�h,YU�y#L�O 1
2 �l`:e; EZ�Ay-g�B|v�)?��&���:C\ w�9�x; V��� 	T�kYS #1K.

2. �Z��X (Ω,Ft, {Ft}t≥0,P) O�g7� t σ- %Y {Ft}t≥0 �I�d[:�, B(t)  I�+:�� Ft-8����)J.OP��Y& (1.1)"�3+N�x�
�*v)?YU�y#Lx, ��z) Vi : R
n × R

n −→ R
+, {N��� x, y ∈ R

n K3+9 ) Ki { qi �?
0 ≤ Vi(x, y) ≤ Ki(1 + |x|qi + |y|qi), i = 1, 2, 3 (2.1)%G. &����q�m f(x, y), <m g(x, y) �
DGm N(x) _�_T�a��?�:p� 2.1

[13,14]
. N��� x1, x2, y1, y2 ∈ R

n, 3+9 ) L1, L2 �?
|f(x1, y1)− f(x2, y2)| ≤ L1|x1 − x2|+ V1(y1, y2)|y1 − y2| (2.2)
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|g(x1, y1)− g(x2, y2)| ≤ L2|x1 − x2|+ V2(y1, y2)|y1 − y2| (2.3)%G.p� 2.2

[14]
. N��� x, y ∈ R

n, �
|N(x)−N(y)| ≤ V3(x, y)|x− y| (2.4)%G, �{ N(0) �#.� 2.1. N!�� 2.2, Tg [14] 	} N(0) = 0, R	T\;P1?�, %	} N(0) �#.� 2.2. ��� 2.1, 8?

|f(x, y)|2 ≤ 2|f(x, y)− f(0, 0)|2 + 2|f(0, 0)|2

≤ 2(L1|x|+ V1(y, 0)|y|)
2 + 2|f(0, 0)|2

≤ 4L2
1|x|

2 + 4K2
1(1 + |y|q1)2|y|2 + 2|f(0, 0)|2

≤ 4L2
1|x|

2 + 8K2
1(1 + |y|2q1)|y|2 + 2|f(0, 0)|2

≤ 4L2
1|x|

2 + 8K2
1(|y|

2 + |y|2(q1+1)) + 2|f(0, 0)|2,

(2.5)

A.8?
|g(x, y)|2 ≤ 4L2

2|x|
2 + 8K2

2(|y|
2 + |y|2(q2+1)) + 2|g(0, 0)|2. (2.6)X C̄ = max{4L2

1, 8K2
1 , 4L2

2, 8K2
2 , 2|f(0, 0)|2, 2|g(0, 0)|2}, .

|f(x, y)|2 ≤ C̄(1 + |x|2 + |y|2 + |y|2(q1+1)), (2.7)

|g(x, y)|2 ≤ C̄(1 + |x|2 + |y|2 + |y|2(q2+1)). (2.8)��� 2.2, 8?
|N(x)|2 ≤ 2|N(x)−N(0)|2 + 2|N(0)|2

≤ 2V 2
3 (x, 0)|x|

2 + 2|N(0)|2

≤ 2K2
3(1 + |x|q3)2|x|2 + 2|N(0)|2

≤ 4K2
3(1 + |x|2q3)|x|2 + 2|N(0)|2

≤ 4K2
3(|x|

2 + |x|2(q3+1)) + 2|N(0)|2.

(2.9)

X K = max{4K2
3 , 2|N(0)|2}, .

|N(x)|2 ≤ K(1 + |x|2 + |x|2(q3+1)). (2.10)R�5(, X γ = max{q1 + 1, q2 + 1, q3 + 1}, .
|f(x, y)|2 ∨ |g(x, y)|2 ≤ C̄(1 + |x|2 + |y|2 + |y|2γ), (2.11)

|N(x)|2 ≤ K(1 + |x|2 + |x|2γ). (2.12)



1 u p� C: EHu3	�*M`Z'`T� θ ZVAz$My 21vD ∨ ��N3D�V53.e�� Ding B� [6] � SST f�, �!}"+?W< (1.1). N�h��� T > 0, OP��, �[���" ∆ = τ
m , vD m  98), { M = m[Tτ ], 4E [a]  a ��8, }"

NSDDEs (1.1) � SST YUO (θ ∈ [0, 1]) :

{

yk −N(yk−m) = zk −N(zk−m) + θf(yk, yk−m)∆ + (1− θ)f(zk, zk−m)∆, (2.13a)

zk+1 −N(zk+1−m) = yk −N(yk−m) + g(yk, yk−m)∆Bk, (2.13b)4E k = 0, 1, · · · , M − 1, ∆Bk = B((k + 1)∆) − B(k∆) ����)J/O. WH, :
k = −m, −m+ 1, · · · , 0 �, zk = yk = ϕ(k∆).� 2.3. : θ = 1 �, SST YU8�G�O_S�o� Euler YU. �l4,, : θ ∈ (0, 1]�, f� (2.13a) ����. �1, OP�:4g)?f� ����,XhI�" ∆ _T
θL1∆ < 1, �?��Y&

y = z + θ∆f(y, ȳ)N��� ȳ ∈ R
n �N�" y = Fθ,∆(z, ȳ) (�� [25]). : θ = 0 �, θL1∆ < 1 N��� ∆ > 0�%G. �1XI�

∆ =











∞, θ = 0,

1

θL1
, 0 < θ ≤ 1.

(2.14)

3. p ru�t
moOP�* SST YU (2.13a-2.13b) �y#Lx, 	��:\+?W< (1.1) �6"
v)?"� p �/�#x. +	TD, C ���g9 ), 9+�BSC7�?8n�B.ey 3.1. 
w�� 2.1 {�� 2.2 %G, jaY& (1.1) 3+N���-" x(t), {ado��
E
[

sup
0≤t≤T

| x(t) |p
]

≤ C(ϕ, p, T ) (3.1)N��� p ≥ 2, T > 0 %G, vD C(ϕ, p, T )  AÆ?! ϕ, p { T �9 ).�}. L�< f { g K_T-� Lipchitz ?�, 5�Y& (1.1) 3+N��-�" [1]. OP:e+~� [0, T ]�-�", �-",XAz	:eN!��� T > 0,�B� (3.1)%G�8. � Itô m�{�	�B�8?
|x(t) −N(x(t− τ))|2

=|x(0)−N(x(−τ))|2 +

∫ t

0

2(x(s)−N(x(s− τ)))T f(x(s), x(s − τ))ds

+

∫ t

0

|g(x(s), x(s − τ))|2ds+

∫ t

0

2(x(s)−N(x(s− τ)))T g(x(s), x(s − τ))dB(s)

≤|x(0)−N(x(−τ))|2 +

∫ t

0

|x(s)−N(x(s− τ))|2ds+

∫ t

0

|f(x(s), x(s− τ))|2ds

+

∫ t

0

|g(x(s), x(s − τ))|2ds+

∫ t

0

2(x(s)−N(x(s− τ)))T g(x(s), x(s − τ))dB(s),

(3.2)
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E
[

sup
0≤s≤t

|x(s)−N(x(s− τ))|2p
]

≤5p−1
{

C + C

∫ t

0

E|x(s) −N(x(s− τ))|2pds

+ C

∫ t

0

E|f(x(s), x(s − τ))|2pds+ C

∫ t

0

E|g(x(s), x(s − τ))|2pds

+ E
[

sup
0≤s≤t

(

∫ s

0

2(x(r) − x(r − τ))T g(x(r), x(r − τ))dB(r))p
]

}

.

(3.3)

F� Burkholder-Davis-Gundy �B� [1] { Young �B� [26], N��� ε > 0, 8?
E
[

sup
0≤s≤t

(

∫ s

0

2(x(r) −N(x(r − τ)))T g(x(r), x(r − τ))dB(r))p
]

≤CpE[

∫ t

0

4(|x(s)−N(x(s− τ))|2|g(x(s), x(s − τ))|2)ds]
p
2

≤
1

2ε
E
[

sup
0≤s≤t

|x(s)−N(x(s− τ))|2p
]

+
ε

2
C2

p4
p
E(

∫ t

0

|g(x(s), x(s − τ))|2ds)p,

(3.4)4E
Cp =



















(32p )
p
2 , 1 ≤ p < 2,

4, p = 2,

[pp+1/2(p− 1)p−1]p/2, p > 2.

(3.5)J} (2.11), (2.12), (3.3) { (3.4), X ε = 5p−1, .
E
[

sup
0≤s≤t

|x(s)−N(x(s− τ))|2p
]

≤C + C

∫ t

0

E|x(s)−N(x(s − τ))|2pds

+ C

∫ t

0

E|f(x(s), x(s − τ))|2pds+ C

∫ t

0

E|g(x(s), x(s − τ))|2pds

≤C + C

∫ t

0

E|x(s)−N(x(s − τ))|2pds

+ CE

∫ t

0

[1 + |x(s)|2p + |x(s− τ)|2p + |x(s− τ)|2pγ ]ds

≤C + C

∫ t

0

E|x(s)−N(x(s − τ))|2pds+ C

∫ t

0

[E|x(s − τ)|2pγ ]ds,

(3.6)

4E��P�B�
|x(s)|2p ≤22p−1|x(s) −N(x(s− τ))|2p + 22p−1|N(x(s− τ))|2p

≤22p−1|x(s) −N(x(s− τ))|2p + 22p−13p−1Kp(1 + |x(s− τ)|2p + |x(s− τ)|2pγ)
(3.7){

|x(s− τ)|2p ≤ 1 + |x(s− τ)|2pγ . (3.8)



1 u p� C: EHu3	�*M`Z'`T� θ ZVAz$My 23F�K|t� Gronwall �B� [1], N��� t ∈ [0, T ] { p ≥ 1,

E
[

sup
0≤s≤t

|x(s)−N(x(s− τ))|2p
]

≤ C
{

1 +

∫ t

0

[E|x(s − τ)|2pγ ]ds
}

. (3.9)F�Tg [13, 27, 28]A.�:eYU, X
pi = ([T/τ ] + 2− i)pγ[T/τ ]+1−i, i = 1, 2, · · · , [T/τ ] + 1.&��, � γ ≥ 1 { p ≥ 2, �<
pi ≥ 2, pi+1γ < pi, p[T/τ ]+1 = p, i = 1, 2, · · · , [T/τ ].Ay (3.9) { ϕ(t) ∈ Cb

F0
([−τ, 0];Rn), 8?

E
[

sup
0≤s≤τ

|x(s)−N(x(s− τ))|p1
]

≤ C
{

1 +

∫ τ

0

E|x(s− τ)|p1γds
}

≤ C, (3.10){ E
[

sup
0≤s≤τ

|x(s)|p1
]

≤ CE
[

sup
0≤s≤τ

|x(s)−N(x(s− τ))|p1
]

+ CE
[

sup
0≤s≤τ

|N(x(s− τ))|p1
]

≤ C.J} (3.10) { Lyapunov �B� [3] 8?
E
[

sup
0≤s≤2τ

|x(s) −N(x(s− τ))|p2
]

≤ C
{

1 +

∫ 2τ

0

E|x(s − τ)|p2γds
}

≤ C
{

1 +

∫ τ

0

(E|x(s− τ)|p1 )
p2γ

p1 ds
}

≤ C,

(3.11)p E
[

sup
0≤s≤2τ

|x(s)|p2
]

≤ CE
[

sup
0≤s≤2τ

|x(s)−N(x(s− τ))|p2
]

+CE
[

sup
0≤s≤2τ

|N(x(s− τ))|p2
]

≤ C,Hby&�8:e1IC. 2ey 3.2. 
w�� 2.1 {�� 2.2 K%G, { 0 < ∆ < min{∆̄, ∆}, .N��� p ≥ 2,3+�g�Æ? ∆ � ) C = C(p, T ) > 0 �?
E
[

sup
0≤k∆≤T

| zk |p
]

≤ C,{
E
[

sup
0≤k∆≤T

| yk |p
]

≤ C%G, vD ∆ � (2.14) h,, ∆̄ = 1√
6C̄θ

.�}. � (2.13b) N�sY, 8F,
|zk+1 −N(zk+1−m)|2

=|zk −N(zk−m)|2 + θ2∆2|f(yk, yk−m)|2 + (1− θ)2∆2|f(zk, zk−m)|2 + |g(yk, yk−m)∆Bk|
2

+ 2∆θ(zk −N(zk−m))T f(yk, yk−m) + 2∆(1− θ)(zk −N(zk−m))T f(zk, zk−m)

+ 2θ(1− θ)∆2f(yk, yk−m)T f(zk, zk−m) + 2(zk −N(zk−m))T g(yk, yk−m)∆Bk

+ 2θ∆fT (yk, yk−m)g(yk, yk−m)∆Bk + 2(1− θ)∆fT (zk, zk−m)g(yk, yk−m)∆Bk. (3.12)
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|zk+1 −N(zk+1−m)|2

=|zk −N(zk−m)|2 − θ2∆2|f(yk, yk−m)|2 − (1− θ)2∆2|f(zk, zk−m)|2 + |g(yk, yk−m)∆Bk|
2

+ 2∆θ(yk −N(yk−m))T f(yk, yk−m)− 2∆2θ(1− θ)fT (zk, zk−m)f(yk, yk−m)

+ 2∆(1− θ)(yk −N(yk−m))T f(zk, zk−m) + 2(yk −N(yk−m))T g(yk, yk−m)∆Bk. (3.13)��	�B�8?
|zk+1 −N(zk+1−m)|2

≤|zk −N(zk−m)|2 + |g(yk, yk−m)∆Bk|
2 +∆θ|yk −N(yk−m)|2 +∆θ|f(yk, yk−m)|2

+∆2θ(1 − θ)|f(zk, zk−m)|2 +∆2θ(1 − θ)|f(yk, yk−m)|2 +∆(1 − θ)|yk −N(yk−m)|2

+∆(1− θ)|f(zk, zk−m)|2 + 2(yk −N(yk−m))T g(yk, yk−m)∆Bk

≤C +∆
k

∑

i=0

|yi −N(yi−m)|2 + C∆
k

∑

i=0

|f(yi, yi−m)|2 + C∆
k
∑

i=0

|f(zi, zi−m)|2

+

k
∑

i=0

|g(yi, yi−m)∆Bi|
2 + 2

k
∑

i=0

(yi −N(yi−m))T g(yi, yi−m)∆Bi.

(3.14)

���N�B� p 2Y, 8C8?
1

6p−1
|zk+1 −N(zk+1−m)|2p

≤C +∆p(

k
∑

i=0

|yi −N(yi−m)|2)p + C∆p(

k
∑

i=0

|f(yi, yi−m)|2)p + C∆p(

k
∑

i=0

|f(zi, zi−m)|2)p

+ (
k

∑

i=0

|g(yi, yi−m)∆Bi|
2)p + 2p[

k
∑

i=0

(yi −N(yi−m))T g(yi, yi−m)∆Bi]
p.

(3.15)

N��� 0 ≤ l ≤ M , �l?<
E
[

sup
0≤k≤l

(
k

∑

i=0

|yi −N(yi−m)|2)p
]

≤ Mp−1
E
[

l
∑

i=0

|yi −N(yi−m)|2p
]

, (3.16)

E
[

sup
0≤k≤l

(
k

∑

i=0

|f(yi, yi−m)|2)p
]

≤ Mp−1
E
[

l
∑

i=0

|f(yi, yi−m)|2p
]

, (3.17)

E
[

sup
0≤k≤l

(

k
∑

i=0

|f(zi, zi−m)|2)p
]

≤ Mp−1
E
[

l
∑

i=0

|f(zi, zi−m)|2p
]

. (3.18)
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E
[

sup
0≤k≤l

(

k
∑

i=0

|g(yi, yi−m)∆Bi|
2)p

]

≤Mp−1
E
[

sup
0≤k≤l

k
∑

i=0

|g(yi, yi−m)∆Bi|
2p
]

=Mp−1
E
[

l
∑

i=0

|g(yi, yi−m)∆Bi|
2p
]

=Mp−1
l

∑

i=0

(E|g(yi, yi−m)|2p∆p)

≤C∆

l
∑

i=0

E|g(yi, yi−m)|2p,

(3.19)

E
[

sup
0≤k≤l

(

k
∑

i=0

(yi −N(yi−m))T g(yi, yi−m)∆Bi)
p
]

≤CpE
[

l
∑

i=0

|yi −N(yi−m)|2|g(yi, yi−m)∆Bi|
2
]

p
2

≤Cp∆
p
2 l

p
2−1

E
[

l
∑

i=0

|yi −N(yi−m)|p|g(yi, yi−m)|p
]

≤C∆E
[

l
∑

i=0

(|yi −N(yi−m)|2p + |g(yi, yi−m)|2p)
]

.

(3.20)

J} (3.15)-(3.20), .
E
[

sup
0≤k≤l

|zk+1 −N(zk+1−m)|2p
]

≤C + C∆
[

l
∑

i=0

E|yi −N(yi−m)|2p +

l
∑

i=0

E|f(yi, yi−m)|2p

+

l
∑

i=0

E|f(zi, zi−m)|2p +

l
∑

i=0

E|g(yi, yi−m)|2p
]

.

(3.21)

� (2.13a) N�sY, 8?
|yk −N(yk−m)|2

≤3(|zk −N(zk−m)|2 + θ2∆2|f(yk, yk−m)|2 + (1− θ)2∆2|f(zk, zk−m)|2)

≤3|zk −N(zk−m)|2 + 3θ2∆2C̄(1 + |yk|
2 + |yk−m|2 + |yk−m|2γ)

+ 3(1− θ)2∆2C̄(1 + |zk|
2 + |zk−m|2 + |zk−m|2γ)

≤3|zk −N(zk−m)|2

+ 3θ2∆2C̄(1 + 2K + 2|yk −N(yk−m)|2 + (2K + 1)|yk−m|2 + (2K + 1)|yk−m|2γ)

+ 3(1− θ)2∆2C̄(1 + 2K + 2|zk −N(zk−m)|2 + (2K + 1)|zk−m|2 + (2K + 1)|zk−m|2γ)
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≤3|zk −N(zk−m)|2 + 3θ2∆2C̄(2 + 4K + 2|yk −N(yk−m)|2 + (4K + 2)|yk−m|2γ)

+ 3(1− θ)2∆2C̄(2 + 4K + 2|zk −N(zk−m)|2 + (4K + 2)|zk−m|2γ)

≤6θ2∆2C̄|yk −N(yk−m)|2 + (3 + 6(1− θ)2∆2C̄)|zk −N(zk−m)|2

+ 3(4K + 2)∆2C̄[θ2(1 + |yk−m|2γ) + (1− θ)2(1 + |zk−m|2γ)], (3.22)4E��P�a�B�
|yk|

2 ≤ 2|yk −N(yk−m)|2 + 2|N(yk−m)|2 ≤ 2|yk −N(yk−m)|2 + 2K(1 + |yk−m|2 + |yk−m|2γ),

|zk|
2 ≤ 2|zk −N(zk−m)|2 + 2|N(zk−m)|2 ≤ 2|zk −N(zk−m)|2 + 2K(1 + |zk−m|2 + |zk−m|2γ),

|yk−m|2 ≤ 1 + |yk−m|2γ , |zk−m|2 ≤ 1 + |zk−m|2γ .8C (3.22) �, ?
|yk −N(yk−m)|2

≤
3 + 6(1− θ)2∆2C̄

1− 6θ2∆2C̄
|zk −N(zk−m)|2

+
3(4K + 2)∆2C̄

1− 6θ2∆2C̄
[θ2(1 + |yk−m|2γ) + (1 − θ)2(1 + |zk−m|2γ)],

(3.23)�
|yk −N(yk−m)|2 ≤ C|zk −N(zk−m)|2 + C∆|yk−m|2γ + C∆|zk−m|2γ + C. (3.24)� (2.13a) �, ?

zk −N(zk−m) = yk −N(yk−m)− θf(yk, yk−m)∆− (1− θ)f(zk, zk−m)∆.BC8:
|zk −N(zk−m)|2 ≤ C|yk −N(yk−m)|2 + C∆|yk−m|2γ + C∆|zk−m|2γ + C. (3.25)_�+�B� (3.24) { (3.25) �N�B� p 2Y, 8?

|yk −N(yk−m)|2p ≤ C|zk −N(zk−m)|2p + C∆|yk−m|2pγ + C∆|zk−m|2pγ + C, (3.26)

|zk −N(zk−m)|2p ≤ C|yk −N(yk−m)|2p + C∆|yk−m|2pγ + C∆|zk−m|2pγ + C. (3.27)J}�B� (3.21), (3.26) { (3.27), 8?
E
[

sup
0≤k≤l+1

|yk −N(yk−m)|2p
]

≤C + C∆

l
∑

i=0

E( sup
0≤k≤i

|yk −N(yk−m)|2p) + C∆

l
∑

i=0

E|f(yi, yi−m)|2p

+ C∆
l

∑

i=0

E|f(zi, zi−m)|2p + C∆
l

∑

i=0

E|g(yi, yi−m)|2p + C∆
l

∑

i=0

E(|yi−m|2pγ + |zi−m|2pγ)
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≤C + C∆

l
∑

i=0

E( sup
0≤k≤i

|yk −N(yk−m)|2p) + C∆

l
∑

i=0

[1 + E|yi|
2p + E|yi−m|2p

+ E|yi−m|2pγ + E|zi|
2p + E|zi−m|2p + E|zi−m|2pγ ]

≤C + C∆

l
∑

i=0

E( sup
0≤k≤i

|yk −N(yk−m)|2p) + C∆

l
∑

i=0

[E|yi−m|2pγ + E|zi−m|2pγ ], (3.28)4E, ��P�a�B�
|yk|

2p ≤22p−1|yk −N(yk−m)|2p + 22p−1|N(yk−m)|2p

≤22p−1|yk −N(yk−m)|2p + 22p−13p−1Kp(1 + |yk−m|2p + |yk−m|2pγ),
(3.29)

|zk|
2p ≤22p−1|zk −N(zk−m)|2p + 22p−1|N(zk−m)|2p

≤22p−1|zk −N(zk−m)|2p + 22p−13p−1Kp(1 + |zk−m|2p + |zk−m|2pγ),
(3.30)

|yk−m|2p ≤ 1 + |yk−m|2pγ , (3.31)

|zk−m|2p ≤ 1 + |zk−m|2pγ . (3.32)F�Bt� Gronwall �B�, � (3.28) �8�F,: N��� p ≥ 1 �
E
[

sup
0≤k≤l

|yk −N(yk−m)|2p
]

≤ C + C∆

l−1
∑

i=0

[

E|yi−m|2pγ + E|zi−m|2pγ
]

. (3.33)A.!IC 3.1 �:eYU, N!�h� p ≥ 2, X
pi = ([M/m] + 2− i)pγ[M/m]+1−i, i = 1, 2, · · · , [M/m].�< pi ≥ 2, pi+1γ < pi { p[M/m]+1 = p, i = 1, 2, · · · , [M/m]. Ay (3.33) { ϕ(t) ∈

Cb
F0

([−τ, 0]; R
n), 8?

E
[

sup
0≤k≤m

|yk −N(yk−m)|p1
]

≤ C
[

1 + ∆

m−1
∑

i=0

(E|yi−m|p1γ + E|zi−m|p1γ)
]

≤ C. (3.34)�1, 8:
E
[

sup
0≤k≤m

|yk|
p1
]

≤ E
[

sup
0≤k≤m

|yk −N(yk−m)|p1
]

+ E
[

sup
0≤k≤m

|N(yk−m)|p1
]

≤ C. (3.35)J} (3.33), (3.35) { Lyapunov �B�, 8?
E
[

sup
0≤k≤2m

|yk −N(yk−m)|p2
]

≤C
[

1 + ∆

2m−1
∑

i=0

(E|yi−m|p2γ + E|zi−m|p2γ)
]

≤C
{

1 + ∆

2m−1
∑

i=0

[(E|yi−m|p1)
p2γ

p1 + (E|zi−m|p1)
p2γ

p1 ]
}

≤C.

(3.36)
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E
[

sup
0≤k≤2m

|yk|
p2
]

≤ E
[

sup
0≤k≤2m

|yk −N(yk−m)|p2
]

+ E
[

sup
0≤k≤2m

|N(yk−m)|p2
]

≤ C.�O M/m = [T/τ ]  �g�h), 5�Wb)�xd�YU8?, N!��� p ≥ 2,

E
[

sup
0≤k≤M

|yk|
p
]

≤ E
[

sup
0≤k≤([M/m]+1)m

|yk|
p[M/m]+1

]

≤ C.��i0�B� (3.21), 
G�8:? E
[

sup
0≤k≤M

|zk|
p
]

≤ C. 2

4. l|\ θ jhd~�{rOPY�_℄ SST YU�y#L�, X��)?f��K|v�. N�D,, N!
t ∈ [tk, tk+1), tk = k∆, k = 0, 1, · · · , M − 1, I�K|" z(t) { y(t) :



























z(t)−N(z(t− τ)) = z(tk)−N(z(tk − τ)) + θ(t− tk)f(yk, yk−m)

+(1− θ)(t− tk)f(zk, zk−m) + g(yk, yk−m)(B(t) −B(tk)),

y(t)−N(y(t− τ)) = z(t)−N(z(t− τ)) + θ∆f(y(t), y(t− τ))

+(1− θ)∆f(z(t), z(t− τ)).

(4.1): t ∈ [−τ, 0] �, z(t) = y(t) = ϕ(t). �<�(K|��2�y& z(t) { y(t)  Ft- 8��,{ z(tk) = zk, y(tk) = yk. +�a_℄D, X�Hb�� z(t) ��gB�I�
z(t)−N(z(t− τ)) =z(0)−N(z(−τ)) + θ

∫ t

0

f(y(š), y(š− τ))ds

+ (1− θ)

∫ t

0

f(z(š), z(š− τ))ds+

∫ t

0

g(y(š), y(š− τ))dB(s).

(4.2): s ∈ [tk, tk+1) �, š = tk. X$ z(t) { y(t) _� zk { yk �K|<2.ey 4.1. 
w�� 2.1 {�� 2.2 K%G, 0 < ∆ < min{∆̄, ∆}, {��+?z) ϕ(t)_T�B Lp- K|, �N��� u1, u2 ∈ [−τ, 0] , 3+�g ) Ĉ �?
E | ϕ(u2)− ϕ(u1) |

p≤ Ĉ | u2 − u1 |
p
2 , (4.3)ja, N!��� p ≥ 2 �

E
[

sup
0≤t≤T

|x(t)− z(t)|p
]

≤ C∆
p
2 (4.4){

E
[

sup
0≤t≤T

|x(t) − y(t)|p
]

≤ C∆
p
2 (4.5)%G, vD ∆ � (2.14) �h,, ∆̄ = 1√

6C̄θ
.OPY�:\IC 4.1 �:e, %:e
aNg�C.Æy 4.2. 
wIC 4.1 D�?�_T, jaN��� p ≥ 2, �

E
[

sup
0≤t≤T

|z(t)|p
]

≤ C, (4.6)
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E
[

sup
0≤t≤T

|y(t)|p
]

≤ C (4.7)%G, vD C = C(p, T )  �g# ∆ Yq�9 ).�}. N��� p ≥ 2, + (4.2) �N�B� p 2Y8?
|z(t)−N(z(t− τ))|p

≤4p−1(|z(0)−N(z(−τ))|p + 4p−1|θ

∫ t

0

f(y(š), y(š− τ))ds|p

+ 4p−1|(1− θ)

∫ t

0

f(z(š), z(š− τ))ds|p + 4p−1|

∫ t

0

g(y(š), y(š− τ))dB(s)|p).

(4.8)�� Hölder �B�, 8?
E( sup

0≤s≤t
|z(s)−N(z(s− τ))|p)

≤4p−1
E|z(0)−N(z(−τ))|p + 4p−1CE

[

sup
0≤s≤t

∫ s

0

|f(y(ř), y(ř − τ))|pdr
]

+ 4p−1
E
[

sup
0≤s≤t

∫ s

0

|f(z(ř), z(ř − τ))|pdr
]

+ 4p−1
E
[

sup
0≤s≤t

|

∫ s

0

g(y(ř), y(ř − τ))dB(r)|p)
]

≤4p−1
{

E|z(0)−N(z(−τ))|p + E

∫ t

0

|f(y(š), y(š− τ))|pds

+ E

∫ t

0

|f(z(š), z(š− τ))|pds+ E
[

sup
0≤s≤t

|

∫ s

0

g(y(ř), y(ř − τ))dB(r)|p
]}

. (4.9)i0 (2.11) �{IC 3.2, 8<
E

∫ t

0

|f(y(š), y(š− τ))|pds ≤ C

∫ t

0

(1+E|y(š)|p+E|y(š− τ))|p+E|y(š− τ))|pγ)ds ≤ C, (4.10)

E

∫ t

0

|f(z(š), z(š− τ))|pds ≤ C

∫ t

0

(1+E|z(š)|p+E|z(š− τ))|p +E|z(š− τ))|pγ)ds ≤ C. (4.11)�� Burkholder-Davis-Gundy �B�, Hölder �B�, (2.11) {IC 3.2 8<
E
[

sup
0≤s≤t

|

∫ s

0

g(y(ř), y(ř − τ))dB(r)|p
]

≤ CpE(

∫ t

0

|g(y(š), y(š− τ))|2ds)
p
2

≤ C

∫ t

0

E|g(y(š), y(š− τ))|pds

≤ C.

(4.12) }�B� (4.9)-(4.12), 8?
E[ sup

0≤s≤t
|z(s)−N(z(s− τ))|p] ≤ C, (4.13)
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0≤s≤t

|z(s)|p] ≤ C. JG (2.11), (4.1) { (4.12), N��� p ≥ 2, 8?
E[ sup

0≤s≤t
|y(s)−N(y(s− τ))|p]

≤CE[ sup
0≤s≤t

|z(s)−N(z(s− τ))|p] + C∆p
E[ sup

0≤s≤t
|f(y(s), y(s− τ))|p]

+ C∆p
E[ sup

0≤s≤t
|f(z(s), z(s− τ))|p]

≤CE[ sup
0≤s≤t

|z(s)−N(z(s− τ))|p] + C∆p(1 + E|y(t)|p + E|y(t− τ)|p + E|y(t− τ)|pγ

+ E|z(t)|p + E|z(t− τ)|p + E|z(t− τ)|pγ)

≤C(1 + E|y(t)|p + E|y(t− τ)|p + E|y(t− τ)|pγ + E|z(t)|p + E|z(t− τ)|p + E|z(t− τ)|pγ).

(4.14)�1i0IC 3.1 �:ey&, A.D8:e1IC. 2Æy 4.3. 
wIC 4.1 D�?�_T, ja3+�g# ∆ Yq�9 ) C, �?N��� p ≥ 2, t ∈ [0, T ], �
E|x(t) − x(ť)|p ≤ C∆

p
2 , (4.15)

E|z(t)− z(ť)|p ≤ C∆
p
2 , (4.16)

E|z(t)− y(ť)|p ≤ C∆
p
2 (4.17)%G, vD: t ∈ [tk, tk+1) �, ť = tk, k = 0, 1, · · · , M − 1.�}. : t ∈ [0, T ] �, i0IC 4.1, Hölder �B��
 Burkholder-Davis-Gundy �B�, 8?

E|x(t) −N(x(t− τ) − (x(ť)−N(x(ť− τ)))|p

≤CE|

∫ t

ť

f(x(s), x(s − τ))ds|p + CE|

∫ t

ť

g(x(s), x(s − τ))dB(s)|p

≤C∆p−1

∫ t

ť

E|f(x(s), x(s − τ))|pds+ C[

∫ t

ť

E|g(x(s), x(s − τ))|2ds]
p
2

≤C∆
p
2 .

(4.18)

F��� 2.2, Hölder �B�{ (4.17) �8?
E|x(t) − x(ť)|p

=CE|x(t) −N(x(t− τ)) − (x(ť)−N(x(ť− τ)))|p + CE|N(x(t − τ)) −N(x(ť− τ))|p

≤C∆
p
2 + CE{(1 + |x(t− τ)|q3 + |x(ť− τ)|q3 )|x(t− τ) − x(ť− τ)|}p

≤C∆
p
2 + CE{(1 + |x(t− τ) − x(ť− τ)|q3 + |x(ť− τ)|q3 )|x(t − τ)− x(ť − τ)|}p

≤C∆
p
2 + CE|x(t − τ) − x(ť− τ)|(q3+1)p.

(4.19)

N��� t ∈ [0, T ], 8<: 3+�g8) k �? t ∈ [(k − 1)τ, kτ)
⋂

[0, T ], k = 1, 2, · · · , M .
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E|x(t) − x(ť)|p ≤C∆

p
2 + CE|x(t − kτ)− x(ť− kτ)|(q3+1)p

≤C∆
p
2 + CE|ϕ(t − kτ)− ϕ(ť− kτ)|(q3+1)p

≤C∆
p
2 + C|t− ť|

(q3+1)p
2

≤C∆
(q3+1)p

2

≤C∆
p
2 .

(4.20)

BC8?
E|z(t)−N(z(t− τ)− (z(ť)−N(z(ť− τ)))|p

=CE|

∫ t

ť

θf(y(š), y(š− τ))ds|p + CE|

∫ t

ť

(1− θ)f(z(š), z(š− τ))ds|p

+ CE|

∫ t

ť

f(y(š), y(š− τ))dB(s)|p

≤C∆p−1

∫ t

ť

E|f(y(š), y(š− τ))|pds

+ C∆p−1

∫ t

ť

E|f(z(š), z(š− τ))|pds+ C[

∫ t

ť

E|g(y(š), y(š− τ))|2ds]
p
2

≤C∆
p
2 ,

(4.21)

E|z(t)− z(ť)|p

≤CE|z(t)−N(z(t− τ)) − (z(ť)−N(z(ť− τ)))|p + CE|N(z(t− τ)) −N(z(ť− τ))|p

≤C∆
p
2 + CE|z(t− τ)− z(ť− τ)|(q3+1)p

≤C∆
p
2 + CE|z(t− kτ)− z(ť− kτ)|(q3+1)p

≤C∆
p
2 + C|t− ť|

(q3+1)p
2

≤C∆
(q3+1)p

2

≤C∆
p
2 .

(4.22)

F� y(ť)−N(y(ť− τ)) = z(ť)−N(z(ť− τ)) + θ∆f(y(ť), y(ť− τ)) + (1− θ)∆f(z(ť), z(ť− τ)),{�B� (4.10), (4.11), 8?
E|z(ť)− y(ť)|p ≤ C∆

p
2 ,V�� (4.16) �8?

E|z(t)− y(ť)|p ≤ CE|z(t)− z(ť)|p + CE|z(ť)− y(ť)|p ≤ C∆
p
2 . (4.23):. 2+�(Ng�C��.�, e+h,IC 4.1 �l`:ey&.ey 4.1 b�}. i0 x(t) { z(t) �I�, 8?

x(t)−N(x(t−τ)) = x(0)−N(x(−τ))+

∫ t

0

f(x(s), x(s−τ))ds+

∫ t

0

g(x(s), x(s−τ))dB(s), (4.24)
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z(t)−N(z(t− τ)) =z(0)−N(z(−τ)) + θ

∫ t

0

f(y(š), y(š− τ))ds

+ (1− θ)

∫ t

0

f(z(š), z(š− τ))ds+

∫ t

0

g(y(š), y(š− τ))dB(s). (4.25)JG (4.24) { (4.25) �8?
|x(t)−N(x(t− τ)) − [z(t)−N(z(t− τ))]|

=|

∫ t

0

[θ(f(x(s), x(s − τ)) − f(y(š), y(š− τ))) + (1− θ)(f(x(s), x(s − τ)) − f(z(š), z(š− τ)))]ds

+

∫ t

0

[g(x(s), x(s − τ)) − g(y(š), y(š− τ))]dB(s)|. (4.26)OPY�:\, X
e(t) = x(t) − z(t),

ε(t) = x(t) −N(x(t− τ)) − (z(t)−N(z(t− τ))),

F (s) = θ(f(x(s), x(s − τ)) − f(y(š), y(š− τ))) + (1− θ)(f(x(s), x(s − τ)) − f(z(š), z(š− τ))),

G(s) = g(x(s), x(s − τ))− g(y(š), y(š− τ)).� Itô m�{ Hölder �B�, 8?
|ε(t)|2 =

∫ t

0

2〈ε(s), F (s)〉ds+

∫ t

0

|G(s)|2ds+

∫ t

0

2〈ε(s), G(s)〉dB(s)

≤

∫ t

0

(|ε(s)|2 + |F (s)|2)ds+

∫ t

0

|G(s)|2ds+

∫ t

0

2〈ε(s), G(s)〉dB(s).

(4.27)jaN��� p ≥ 2, �� Hölder �B�, 8?
E
[

sup
0≤s≤t

|ε(s)|p
]

≤CE

∫ t

0

|ε(s)|pds+ CE

∫ t

0

(|F (s)|p + |G(s)|p)ds

+ 4
p
2−1

E
[

sup
0≤s≤t

∫ s

0

2〈ε(r), G(r)〉dB(r)
]

p
2 .

(4.28)J}�� (2,1), Hölder �B�, IC 3.1, IC 3.2, �C 4.2 {�C 4.3, 8:
E

∫ t

0

|F (s)|pds

≤E

∫ t

0

|(f(x(s), x(s − τ)) − f(y(š), y(š− τ))) + (f(x(s), x(s − τ)) − f(z(š), z(š− τ)))|pds

≤CE

∫ t

0

[|x(s) − y(š)|+ (1 + |x(s− τ)|q1 + |y(š− τ)|q1 )|x(s− τ) − y(š− τ)|]pds

+ CE

∫ t

0

[|x(s)− z(š)|+ (1 + |x(s− τ)|q1 + |z(š− τ)|q1 )|x(s − τ)− z(š− τ)|]pds

≤CE

∫ t

0

[|x(s) − y(š)|p + (1 + |x(s− τ)|pq1 + |y(š− τ)|pq1 )|x(s− τ) − y(š− τ)|p]ds
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+ CE

∫ t

0

[|x(s) − z(š)|p + (1 + |x(s− τ)|pq1 + |z(š− τ)|pq1 )|x(s − τ)− z(š− τ)|p]ds

≤CE

∫ t

0

[|x(s) − z(s)|p + |z(s)− z(š)|p + |z(š)− y(š)|p]ds

+ C

∫ t

0

[E(1 + |x(s− τ)|2pq1 + |y(š− τ)|2pq1 )]
1
2 [E|x(s − τ)− y(š− τ)|2p]

1
2 ds

+ CE

∫ t

0

[|x(s) − z(s)|p + |z(s)− z(š)|p]ds

+ C

∫ t

0

[E(1 + |x(s− τ)|2pq1 + |z(š− τ)|2pq1 )]
1
2 [E|x(s− τ) − z(š− τ)|2p]

1
2 ds

≤C

∫ t

0

E|e(s)|pds+ C∆
p
2 + C

∫ t

0

√

E|e(s− τ)|2pds, (4.29){
E

∫ t

0

|G(s)|pds ≤ C

∫ t

0

E|e(s)|pds+ C∆
p
2 + C

∫ t

0

√

E|e(s− τ)|2pds. (4.30)F� Burkholder-Davis-Gundy �B�, Hölder �B��
 Young �B� [13], 8?: N!��� p ≥ 2, δ > 0 { r ∈ [0, T ] �
E
[

sup
0≤s≤t

∫ s

0

2〈ε(r), G(r)〉dB(r)
]

p
2

≤CpE(

∫ t

0

4|ε(s)|2|G(s)|2ds)
p
4

≤CpE[(4 sup
0≤s≤t

|ε(s)|2)

∫ t

0

|G(s)|2ds]
p
4

≤
1

2δ
E[ sup

0≤s≤t
|ε(s)|p] + C

∫ t

0

E|G(s)|pds.

(4.31)

� δ = 4
p
2−1, � }�B� (4.28)-(4.31) 8?

E
[

sup
0≤s≤t

|ε(s)|p
]

≤ C

∫ t

0

E|ε(s)|pds+ C

∫ t

0

E|e(s)|pds+ C∆
p
2 + C

∫ t

0

√

E|e(s− τ)|2pds

≤ C

∫ t

0

E|e(s)|pds+ C∆
p
2 + C

∫ t

0

√

E|e(s− τ)|2pds. (4.32)��C 4.1 {�C 4.2 �:ey&YA./C, &��8?
E
[

sup
0≤s≤t

|e(s)|p
]

≤ C

∫ t

0

E|e(s)|pds+ C∆
p
2 + C

∫ t

0

√

E|e(s− τ)|2pds+ E
[

sup
0≤s≤t

|e(s− τ)|p)
]

.

(4.33)F�K|t� Gronwall �B�, 8?
E
[

sup
0≤s≤t

|e(s)|p
]

≤ C∆
p
2 + C

∫ t

0

√

E|e(s− τ)|2pds+ E
[

sup
0≤s≤t

|e(s− τ)|p)
]

. (4.34)V�, * } (4.5) { (4.1) �ESg�P, �F�IC 3.1 {�C 4.3 D5(�:eYU, �8I%IC�:e. 2
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5. ����	��F� SST YU (2.13a-2.13b)}" 4 g�B|v�DGt2��)L_Y&,��"v)?"�y#L�. +��D, ���	3?�')}tK. 1=D,, F�m�

ε =
1

5000

5000
∑

i=1

| X(i)(tM )−X
(i)
M | (5.1)>�/)?"+FG/ tM �\�, vD X(i)(tM ), X

(i)
M _���E i ?�	u>�(�"{)?".�!Y& (1.1) �(�"~ld�?<, 5�X5Z��"O ∆ = 2−14 �)?">8R<�(�" [29, 30]. WH, ��ZG�B��" ∆ = 2−5, 2−6, 2−7, 2−8, 2−9 _��/j��)?".z 1. 5Z℄ix NSDDE (n = d = 1):

d[x(t)−
1

2
x3(t− 1)] = [−x(t)− x3(t− 1)]dt+ [x(t)− x2(t− 1)]dB(t), t ∈ [0, 2], (5.2)v+�? x(t) = 1, t ∈ [−1, 0]. �/ w�� 1 {D 1.[ 1 f�i_ (1.1), a T = 2 �, SST igvf�^ ε

∆ θ = 0 θ = 0.2 θ = 0.4 θ = 0.5 θ = 0.6 θ = 0.8 θ = 1

2−5 2.6758e-01 2.8284e-01 2.8162e-01 2.8118e-01 2.8086e-01 2.8060e-01 2.8074e-01

2−6 1.9607e-01 1.9519e-01 1.9501e-01 1.9497e-01 1.9498e-01 1.9513e-01 1.9548e-01

2−7 1.4529e-01 1.4563e-01 1.4555e-01 1.4554e-01 1.4554e-01 1.4561e-01 1.4574e-01

2−8 9.9761e-02 9.9534e-02 9.9564e-02 9.9585e-02 9.9610e-02 9.9685e-02 9.9773e-02

2−9 7.4117e-02 6.7721e-02 6.7766e-02 6.7790e-02 6.7817e-02 6.7877e-02 6.7944e-02$M� 4.4863e-01 5.3507e-01 5.3022e-01 5.2824e-01 5.2655e-01 5.2411e-01 5.2220e-01z 2. 5ZPQ℄ix NSDDEs (n = 2, d = 1):

d







x1(t)−
1

4
x2
1(t− 1)

x2(t)−
1

4
x2
2(t− 1)






=





−x1(t) + x2(t)− x2
1(t− 1) + x1(t− 1)x2(t− 1)− x2

2(t− 1)

x1(t)− x2(t) + x2
1(t− 1)−

1

2
x1(t− 1)x2(t− 1) +

1

4
x2
2(t− 1)



 dt

+





x1(t)− x1(t− 1)x2(t− 1)

x2(t) + x1(t− 1)x2(t− 1)



 dB(t), t ∈ [0, 2], (5.3)v+�? x(t) = (1, 1)T , t ∈ [−1, 0]. �/ w�D 2.
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1/512 1/256 1/128 1/64 1/32
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−1

10
0

∆
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E 2 ; θ = 0.4 �, SST ZVAz$M� (W�) |; θ = 0.8 �, SST ZVAz$M� ( �)z 3. 5ZPQP-�℄ix NSDDEs( n = d = 2):

d







x1(t)−
3

4
x2
1(t− 1)

x2(t)−
3

4
x2
2(t− 1)






=







−x1(t) +
1

2
x2(t)− x2

1(t− 1) + sin(x1(t− 1))

1

2
x1(t)− x2(t) + x2

2(t− 1) + cos(x2(t− 1))






dt

+





x1(t) + x2(t− 1) sin(x1(t− 1))

x2(t) + x1(t− 1) cos(x2(t− 1))



 dB1(t)

+





x1(t) + x2(t− 1) cos(x1(t− 1))

x2(t) + x1(t− 1) sin(x2(t− 1))



 dB2(t), t ∈ [0, 2],

(5.4)

v+�? x(t) = (cos(t), sin(t))T , t ∈ [−1, 0]. �/ w�D 3.z 4. 5Z N(0) 6= 0 � NSDDE (n = d = 1):

d[x(t) −
1

2
x2(t− 1)− 1] = [−x(t) − x2(t− 1)]dt+ [x(t) − x3(t− 1)]dB(t), t ∈ [0, 2], (5.5)v+�? x(t) = 1, t ∈ [−1, 0]. �/ w�D 4.



36 � 0 * ~ 2020 o

1/512 1/256 1/128 1/64 1/32
10

−2

10
−1

10
0

∆

ε

 

 

θ=0.4
Ref. slope=0.5

1/512 1/256 1/128 1/64 1/32
10

−2

10
−1

10
0

∆

ε

 

 

θ=0.8
Ref. slope=0.5

E 3 ; θ = 0.4 �, SST ZVAz$M� (W�) |; θ = 0.8 �, SST ZVAz$M� ( �)

1/512 1/256 1/128 1/64 1/32
∆

10-2

10-1

100

ǫ

θ=0.4
Ref. slope=0.5

1/512 1/256 1/128 1/64 1/32
∆

10-2

10-1

100

ǫ

θ=0.8
Ref. slope=0.5

E 4 ; θ = 0.4 �, SST ZVAz$M� (W�) |; θ = 0.8 �, SST ZVAz$M� ( �)�� 1 #D 1 8�, N!�O-��J�℄ixDGt2��)L_Y&, SST YU�y#L�O 1
2 . B�D, D 2 #D 3 h,� PQ-��J�℄ix^C�|v, D 4 h,P

N(0) 6= 0 �|v, V�K�eP��)0#vC\ w �B�.

6. �s���	T� DingB�;,� SSTYUFs<DGt2��)L_Y&.+q�^){<^)q!℄�)m_T�- Lipschitz ?�, q!�)m_TPm�/"?��
DGm_TPm�/"?�a, :ePYU�y#L�O 1
2 . OP&��:�5�?�C\ w, XN�O-��J�℄ixDGt2��)L_Y&#PQ-��J�℄ix^C�
 N(0) 6= 0�|vKXPj��)?��. R{, 5��)? w#X�C\_℄3�(�B. a��,X�5ZNYUYVIx_℄.
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STRONG CONVERGENCE OF THE SPLIT-STEP θ METHOD

FOR NEUTRAL STOCHASTIC DELAY DIFFERENTIAL

EQUATIONS

Peng Jie Dai Xinjie Xiao Aiguo Bu Weiping

(School of Mathematics and Computational Science, Xiangtan University, Xiangtan 411105, China)

Abstract

Neutral stochastic delay differential equations often appear in some fields of science and

engineering. The aim of this article is to investigate the strong convergence of the split-step

θ method for neutral stochastic delay differential equations. When the drift and diffusion

coefficients satisfy global Lipschitz condition with respect to the present state and the poly-

nomial growth condition about the delay term respectively, and the neutral term may also

be polynomial growth, this method is shown to be strongly convergent of order 1/2. Some

numerical results are presented to confirm the obtained theoretical results.

Keywords: Neutral stochastic delay differential equations; Split-step θ method; Strong

convergence; Polynomial growth
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