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(
C;e>+P+W++R, 
C 210023;w�)	;hS{Sz->+�4�, 
C 211101)JNI
(
C��z->+P+Op#+R, 
C 210044)EMK

(
C;e>+P+W++R, 
C 210023)HGL
(�C
[
i>+P+W++R, �C 100191)9 5b^�?�Q}g, Æze3q7up�Iaz9(W/U�[
, X50Ik-�, k�q[
IKl"��"Kl~. �[
I��#[oO9JI[
aU, ZG%4 (BU) �;�"g-�, C�[
Jx�Iu�\m��IM)� PKd, �7��}gY;,<M�;, 7pY;J�C; (closed-form solution). Pn>29��Eq�[
IJ�".��
: �Q}g; a SOR [
; #IKl"; Kl~

MR (2000) A-��: 65F10, 65H10

1. 7��4~�U|-�H�>�P|f:

Au :=

(

A B

−BT C

)(

x

y

)

=

(

f

−g

)

, (1.1)�v A ∈ R
m×m F℄)gVJ
, C ∈ R

n×n Fit℄)	gVJ
, B ∈ R
m×n(m > n) Fr�sJ
, x, f ∈ R

m, y, g ∈ R
n. vb�f�, ~�%

u :=

(

x

y

)

, F (u) :=

(

A B

−BT C

)

u−
(

f

−g

)

. (1.2))4 (1.1) H:� Ω∗ = {u | F (u) = 0}iZ. ~�F R, R+, R++ j��D=O, in=O, g=O, F R
n 
 R

m×n j��D n w=�nZ*
 m× n w=J
Z*. ℄J
 M ∈ R
m×n,�n v ∈ R

n, ~�F MT , vT j��D M , v H}q, ‖M‖ =
√

λmax(MTM) �D�DH
* 2018 � 3 U 7 +KF.
1) �=��: �'�'W+�= (11625105, 11926358, 11871279, 11571178, 11801279)�0X:�'W+�=

(BK2018078)�
C��z->+W/�X�= (2017r059).



40 # [ P + 2020 �dO. ℄�n u, v ∈ R
n, F uT v �D u, v HÆ�, ‖u‖ =

√
uTu �D�DHdO. ℄J


X, Y ∈ R
n×n, F X ≻ Y �DJ
 X−Y gV. =���>�P|fDFK"ZV*Ny,H&_vP. -�O?�|f [11, 15], SN(!��a+|f [7, 10], ÆPbH�P�o [4], �G\r [6, 12], RzNu� [5, 16] JJ.℄K�>�P|f, D A ∈ R

m×m, C ∈ R
n×n, B ∈ R

m×n (m > n) F=��MJ
<, T?:b/�l6�:wvI�. D C = 0 <, �>�P|f (1.1) t�v�P|f, ℄``|fHT?:b8EI�D_H.F, �-�O�iD% Uzawa fb (+) PIU Zb) [8], �>y8'V.T?Zb (+) GSOR Zb) [2], H�℄)�℄)jsHT?Zb (+) HLSS T?Zb) [13] J. D C 6= 0 <, 5I�D_H.F [3, 14] J.�vuJ( [3] /�:�P|fH�O�iD% Uzawa fb [2] s�E�:�>�P|fv , d2p�>H PIU Zb (+) GPIU Zb). �WJ
 A gV, B r�s, C = O �
C = κQ (�v Q F�Amj:J
 BTP−1B + C HATJ
), κ Fit=&O, P gV��~�O)4j,�, v2p GPIU ZbHJk!i
, �Zb
T?HJ
�B-�:

Algorithm 1: ��>�P|f (1.1) H GPIU Zb
Input: 4 P ∈ R

m×m, Q ∈ R
n×n F℄)gVJ
, it&O η, θ ∈ R, vV1A�n

x0 ∈ R
m, y0 ∈ R

n, T?�" ERR, �"< ε, �=T?8O Kmax.

1 while ERR > ε D k < Kmax do

2 xk+1 = xk + ηP−1 (f −Axk −Byk)

3 yk+1 = yk + θQ−1(BTxk+1 − Cyk − g)

4 end/ GPIU Zb�*J
H�B,  






1

η
P O

−BT 1

θ
Q







(

xk+1

yk+1

)

=







1

η
P −A −B

O
1

θ
Q− C







(

xk

yk

)

+

(

f

−g

)

.1�&J( [13] l��FjsQ5
Hfbd2p�>H#gH�℄)�℄)jsHT?Zb (+) GMLHSS T?Zb), �v A X:vi℄)J
, B H := 1
2 (A + AT ) gV, Bvr�s, C v℄)	gVJ
. ℄J
 C ? j:

C =
(

E F
)

(

D O

O O

)(

ET

FT

)

, (1.3)Z�DL/J
 B }�* (B1, B2), �Zb
J
T?sB-�:/ GMLHSS Zb�*J
H�B,  






Q1 +H O O

O Q2 +D O

−BT
2 O Q3













xk+1

zk+1

pk+1






=







Q1 − S −B1 −B2

BT
1 Q2 O

O O Q3













xk

zk

pk






+







f

g1

g2






.
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Algorithm 2: ��>�P|f (1.1) H GMLHSS Zb
Input: 4 Q1 ∈ R

m×m, Q2 ∈ R
n×n F℄)	gVJ
, D ∈ R

r×r ℄3gVJ
,

Q3 ∈ R
(n−r)×(n−r) F℄)gVJ
, H = 1

2 (A+AT ) ∈ R
m×m,

S = 1
2 (A−AT ) ∈ R

m×m, B1 ∈ R
r×m, B2 ∈ R

(n−r)×m, g1 ∈ R
r, g2 ∈ R

n−r. vV1A�n x0 ∈ R
m, z0 ∈ R

r 
 p0 ∈ R
n−r, T?�" ERR, �"< ε, �=T?8O Kmax.

1 while ERR > ε D k < Kmax do

2 xk+1 = xk − (Q1 +H)−1 (f −Axk −B1zk −B2pk)

3 zk+1 = zk + (Q2 +D)−1(g1 +BT
1 xk −Dzk)

4 pk+1 = pk +Q−1
3 (BT

2 xk+1 + g2)

5 yk+1 = (zTk+1, p
T
k+1)

T

6 end℄K�>�P|f (1.1), xd�J( [14] WJ
 A gV, C 	gVHj,�d2p�Hy8'V0T?Zb (+) NSOR Zb), BF>W A, C gVH�^�v2p7ZbHJk!i
�Om=18�, �Zb
J
T?sB-�:

Algorithm 3: ��>�P|f (1.1) H NSOR Zb
Input: 4 Q1 ∈ R

m×m, Q2 ∈ R
n×n FgVJ
, vV1A�n x0 ∈ R

m, y0 ∈ R
n 
V.�O ω 6= 0, σ 6= 1, α 6= 1, ασ 6= 1, T?�" ERR, �"< ε, �=T?8O Kmax.

1 while ERR > ε D k < Kmax do

2 xk+1 = xk + ωQ−1
1 (f −Axk −Byk)

3 yk+1 =
(

I − σ
1−ασQ

−1
2 C

)

yk +
σ

1−ασQ
−1
2

(

BTxk+1 − g
)

4 end/ NSOR Zb�*J
H�B,  
(

Q1 O

−σBT (1− ασ)Q2

)(

xk+1

yk+1

)

=

(

Q1 − ωA −ωB

O (1− ασ)Q2 − σC

)(

xk

yk

)

+

(

ωf

−σg

)

.
yv,~�d2�:�>�P|f (1.1)Ho?H`y8'V0T?Zb (+) NCSORZb), WJ
 A gV, C 	gVHj,�v2 NCSOR ZbHJk!i
, �?6�Li
��!Jk}. ~�/ NCSOR ZbN GPIU Zb
 NSOR Zb? �4, WOm3I6VHGT!.
yH8|-�, N67C0, Na7d2�:�>�P|f (1.1) Ho?H NCSOR Zb, N17j� NCSOR ZbHJk!��!Jk}, NS7v2ZbHOm=18�, N�7�p�8.
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2. NCSOR ,�
yU|6to?HT?sB,  NCSOR Zb:

Algorithm 4: ��>�P|f (1.1) H NCSOR Zb
Input: 4 R ∈ R

m×m, S ∈ R
n×n FgVJ
, vV1A�n x0 ∈ R

m, y0 ∈ R
n, T?�" ERR, �"< ε, �=T?8O Kmax.

1 while ERR> ε D k < Kmax do

2 xk+1 = (A+R)−1 (Rxk −Byk + f)

3 yk+1 = (C + S)−1
(

BTxk+1 + Syk − g
)

4 end/ NCSOR Zb�*J
H�B,  
(

A+R O

−BT C + S

)(

xk+1

yk+1

)

=

(

R −B

O S

)(

xk

yk

)

+

(

f

−g

)

. (2.1)B. �4KN67dEH1xZb, NCSOR ZbI:�
P�
1. NCSOR Zbv, � R = 1

ηP − A, S = 1
θQ − C, Z NCSOR Zb:�B3t�E GPIUZb, BF NCSOR Zbo3�J
 R, S F*=vVHgVJ
, � S ≻ BTB

2τ , �v τFJ
 A H��
em, :`:Q C v	gVJ
H�>�P|fHJk!��!Jk}, ` GPIU Zb3�J
 P , Q ℄)gV, Q F�Amj:J
 BTP−1B + C HATJ
, η, θ Fit=O, C = O � C = κQ, �v κ Ftit=&OH�^�vMJk!i
. ��:$:QH�>�P|f
5�F:JkHj,_T`YFm`�nHZb.

2. GMHLSS Zb, �FjsQ5
fb (1.3) /J
 C }�* D, �DH/J
 B }�* (B1, B2), �T?J
5N B1, B2 I~, AK~�d2H NCSOR Zb, �~�?6�℄ NCSOR Zb? Jk}j�, �X:<E�!Jk}.

3. NCSOR Zbv, J
 R, S X:F*=vVHgVJ
, o3 S ≻ BTB
2τ , �v τ FJ


A H��
em, B7WZb=��,vI�=H�H[. W74/Hj,�, ~�v2ZbHJk!��!Jk}. �v, D R, S j�� 1
ωQ1−A, 1−σα

σ Q2−C <, NCSOR Zbt�E NSOR Zb.

4. :Jk!i
3T, NCSOR Zbo$J
 A gV, C 	gVGGEJk!, �<E�!Jk}, ` NSOR ZboWJ
 A, C gVHj,�v2pJk!i
. :��T?"Zn3T, NCSOR ZbN NSOR Zb�4, "Zn�x[(. W NCSOR Zbv(�ÆHH R, S, �G (2.1) HT?J
Hj,Ow�, :`Om{V!�.
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3. ("2�("#�/
7W)4J
 A gV, C 	gVHj,�GE NCSOR ZbHJk!��!Jk}.v7, w {uk} =
{

(xT
k , y

T
k )

T
} vH NCSOR Zb$8HT?'r.6 1. T?'r {uk} I-�!t:

(

R −B

O S

)

(uk − uk+1) =

(

A B

−BT C

)

uk+1 +

(

−f

g

)

. (3.1)<%. / (2.1) E�f
XG (3.1). 26 2. T?'r {uk} ��-��JB:

(uk+1 − u)T
(

R O

O S

)

(uk − uk+1) ≥ −
1

4τ
‖B (yk+1 − yk) ‖

2 + (uk+1 − u)T F (u), ∀u ∈ R
m+n

, (3.2)�v F (u) H (1.2) v2, τ F A H��
em.<%. H (3.1), ~�I
(uk+1 − u)

T

(

R −B

O S

)

(uk − uk+1)

= (uk+1 − u)
T

(

A B

−BT C

)

uk+1 + (uk+1 − u)
T

(

−f

g

)

= (uk+1 − u)
T

(

A B

−BT C

)

(uk+1 − u) + (uk+1 − u)
T

(

A B

−BT C

)

u+ (uk+1 − u)
T

(

−f

g

)

= (uk+1 − u)
T

(

A B

−BT C

)

(uk+1 − u) + (uk+1 − u)
T

[(

A B

−BT C

)

u+

(

−f

g

)]

= (uk+1 − u)
T

(

A B

−BT C

)

(uk+1 − u) + (uk+1 − u)
T
F (u)

= (xk+1 − x)
T
A (xk+1 − x) + (yk+1 − y)

T
C (yk+1 − y) + (uk+1 − u)

T
F (u).HKJ
 A gV, Z���
em τ > 0, �℄K*=H xk − x, I (xk − x)T A (xk − x) ≥

τ‖xk − x‖2. HKJ
 C 	gV, Z℄*=H yk − y, I (yk − y)
T
C (yk − y) ≥ 0, Z3BX�+v

(uk+1 − u)
T

(

R −B

O S

)

(uk − uk+1) ≥ τ‖xk+1 − x‖2 + (uk+1 − u)
T
F (u),



44 # [ P + 2020 �f
3B, XG
(uk+1 − u)

T

(

R O

O S

)

(uk − uk+1)

≥ − (uk+1 − u)
T

(

O −B

O O

)

(uk − uk+1) + τ‖xk+1 − x‖2 + (uk+1 − u)
T
F (u)

= − (xk+1 − x)
T
(−B) (yk − yk+1) + τ‖xk+1 − x‖2 + (uk+1 − u)

T
F (u)

≥ −1

2

(

2τ‖xk+1 − x‖2 + 1

2τ
‖B(yk − yk+1)‖2

)

+ τ‖xk+1 − x‖2 + (uk+1 − u)
T
F (u)

= − 1

4τ
‖B(yk+1 − yk)‖2 + (uk+1 − u)

T
F (u),

(3.3)

�v (3.3) vHNat�JBFVF{B
aT b ≤ 1

2
(r‖a‖2 + 1

r
‖b‖2), ∀a, b ∈ R

n, ∀r ∈ R++GE. 2� 1. H NCSOR Zb$8HT?'r {uk} NI G [n�H Fejer AS!,  
‖uk+1 − u∗‖2D ≤ ‖uk − u∗‖2D − ‖uk − uk+1‖2G, ∀u∗ ∈ Ω∗, (3.4)�v D =

(

R O

O S

)

, G =

(

R O

O S − BTB
2τ

)

.<%. H (3.2) I
(uk+1 − u)T D (uk − uk+1) ≥ − 1

4τ
‖B(yk+1 − yk)‖2 + (uk+1 − u)T F (u), ∀u ∈ R

m+n,VFJB bTD (b− a) = 1
2

(

‖b‖2D − ‖a‖2D + ‖a− b‖2D
)

, w b = uk+1−u, a = uk −u?.3BI
−1

2

(

‖uk+1 − u‖2D − ‖uk − u‖2D + ‖uk+1 − uk‖2D
)

≥ − 1

4τ
‖B(yk+1 − yk)‖2 + (uk+1 − u)

T
F (u),f
3B, XG

‖uk+1 − u‖2D

≤ ‖uk − u‖2D − ‖uk − uk+1‖2D +
1

2τ
‖B(yk+1 − yk)‖2 − 2 (uk+1 − u)

T
F (u)

= ‖uk − u‖2D − ‖xk − xk+1‖2R − ‖yk − yk+1‖2S +
1

2τ
‖B(yk+1 − yk)‖2 − 2 (uk+1 − u)

T
F (u)

= ‖uk − u‖2D − ‖xk − xk+1‖2R − ‖yk − yk+1‖2
S−BT B

2τ

− 2 (uk+1 − u)T F (u)

= ‖uk − u‖2D − ‖uk − uk+1‖2G − 2 (uk+1 − u)
T
F (u).

(3.5)

W (3.5) vw u = u∗ ∈ Ω∗, fF (uk+1 − u∗)T F (u∗) = 0, ~�I (3.4) *h. 2� 2. )4J
 R, S gV, �G S ≻ BTB
2τ , 'r {uk} H NCSOR Zb$8, Z'r

{uk} JkE u∗ ∈ Ω∗.
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J
 R, S gV, ��� S ≻ BTB
2τ k'r {uk} FI<Or, �

lim
k→∞

‖uk − uk+1‖ = 0.w u∞ vOr {uk}H6tLP, Z;W6tJkE u∞ H~r {ukj
}. H (3.1) Xk u∞ ∈ Ω∗, u∞ F�>�P|f (1.1) H:. W (3.4) v� u∗ v u∞, Z~�I

‖uk+1 − u∞‖2D ≤ ‖uk − u∞‖2D − ‖uk − uk+1‖2G,`< ‖uk+1 − u∞‖ AS�2I�Æ, � {uk} ;W~rJkE u∞, B7'r {uk} JkE
u∞ ∈ Ω∗. 2vj�ZbH�!Jk!, ~�	.hT?Pr-�H!t, `/T?Pr�OmH!"N��mPHObj��_.6 3. )4'r {uk} H NCSOR Zb$8, J
 G =

(

R O

O S − BTB
2τ

)

≻ O, J
 Br�s, ZI
‖uk+1 − uk‖2G ≥ C0 ‖F (uk+1)‖2, (3.6)�v C0 = λmin(G)/max{2‖R‖2, 2‖BTB‖ + ‖S‖2}.<%. HC
 1 k:

F (uk+1) =

(

A B

−BT C

)

uk+1 −
(

f

−g

)

=

(

R −B

O S

)

(uk − uk+1) ,}I
‖F (uk+1)‖2

= ‖R(xk − xk+1)−B(yk − yk+1)‖2 + ‖S(yk − yk+1)‖2

≤ 2‖R(xk − xk+1)‖2 + 2‖B(yk − yk+1)‖2 + ‖S(yk − yk+1)‖2

≤ 2‖R‖2 ‖xk − xk+1‖2 + 2‖BTB‖‖yk − yk+1‖2 + ‖S‖2‖yk − yk+1‖2

≤ C‖uk − uk+1‖2,

(3.7)

�v C = max{2‖R‖2, 2‖BTB‖ + ‖S‖2} > 0, N6t�JBFfF{B (a + b)2 ≤ 2a2 + 2b2GE. HKJ
 G gV, fF λmin(G)‖u‖2 ≤ ‖u‖2G N (3.7) Xk
‖F (uk+1)‖2 ≤ C

λmin(G)
‖uk − uk+1‖2G,:` (3.6) *h. 2HK F F�!�O, ~�I-�8�:6 4. [18] ℄*=H M > 0, �;W ς > 0, �G

dist(x, F−1(0)) ≤ ς ‖F (x)‖, ∀ ‖x‖ < M.
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 3 
C
 4, ~�G2ZbH�!Jk!8�:� 3. 4'r {uk} H NCSOR Zb$8, WC
 3 H)4j,�, I
dist2D(uk+1, Ω∗) ≤ 1

1 + C1
dist2D(uk, Ω∗),�v C1 = C0/(ς

2‖D‖).<%. HV
 1 k
dist2D(uk+1, Ω∗) ≤ dist2D(uk,Ω

∗)− ‖uk − uk+1‖2G.Bv {uk} I<, fFC
 4 H8�N (3.6), I
dist2D(uk+1,Ω

∗)

≤ dist2D(uk,Ω
∗)− C0 ‖F (uk+1)‖2

≤ dist2D(uk,Ω
∗)− C0

ς2
dist2(uk+1,Ω

∗)

≤ dist2D(uk,Ω
∗)− C0

ς2‖D‖ dist2D(uk+1,Ω
∗).:`I dist2D(uk+1,Ω

∗) ≤ 1
1+C0/(ς2‖D‖)dist

2
D(uk,Ω

∗), }`Gi. 2

4. *>!C
℄7v, ~�l�6t+AHg~R
~�HZbHI�!. vpf��4Om��,~�(Fy
 [1, 2, 9] vH Stockes ��. a℄J
 C gV
	gVH�^, / NCSOR ZbN
NSOR Zb, GPIU Zb? �4.

Stockes ��|fF� u, z ��






















−ν∆u+∇z = f̃ , x ∈ Ω,

∇ · u = g̃, x ∈ Ω,

u = 0, x ∈ ∂Ω,
∫

Ω
z(x)dx = 0,

(4.1)�v Ω = (0, 1) × (0, 1) ⊂ R
n, ∂Ω F Ω H�<, ν F\[J!, ∆ FjjH Laplace Z~,

u =
(

uT , vT
)T F�DY[H�nm�O, z F�D-iH�nm�O. �FElsB [1, 2] b2 (4.1), �w T = 1

h2 · tridiag(−1, 2,−1) ∈ R
p×p, F = 1

h · tridiag(−1, 1, 0) ∈ R
p×p, ZGE-

(1.1) BH|f, ��OJ
H~J
I-��B
A =

(

I ⊗ T + T ⊗ I O

O I ⊗ T + T ⊗ I

)

∈ R
2p2×2p2

, B =

(

I ⊗ F

F ⊗ T

)

∈ R
2p2×p2

,�v ⊗ �D Kronecker�, h = 1
p+1 �Db2�Hus=�.NhL, ~�w1Am (

xT
0 , y

T
0

)T
= 0, �" ε = 10−6, Zb�=T?8O Kmax = 1000,�w

ERR =
‖b−Auk‖
‖b−Au0‖

.
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 47~�F Iter., CPU, ERR j�_�DZbHT?�O, "Z<* (�), N k �T?�". _IZgRW Windows 10 �o�F Matlab 8.3.0.532 (R2014a) "Z.� 1, � 2 N� 3j�v2p NCSOR Zb, NSOR ZbN GPIU ZbvJ
���OH(�, �v� 2 vH�O�m_� [14], �v q = σ
1−ασ , � 3 vH�O�m_� [17], ~�(� [17] vOm8���H η, θ m_? Om=1�4.
 1 NCSOR +��Æ�:�&�)Æ3'

δ S R ε

2 I I 10−6
 2 NSOR +��Æ�:�&�)Æ3'
Q1 Q2 ρ ω q ε
A
ρ

BTB 2 0.3 0.9 10−6
 3 GPIU +��Æ�:�&�)Æ3'
P Q η θ ε

A C 0.6 0.8 10−6��, ~�jJ
 C gVN	gVmx�^_? Om=1.

a. J
 A, C gVH��~��F [14] vH�O�b, w C = δBTB, δ = 2, HKJ
 B r�s, }J
 CgV. � 4 v2pWJ
 A, C gV�^�, NCSOR Zb, NSOR ZbN GPIU ZbW
p (��nm<HOm8��4. �OM
D, ��F:T?�O (Iter.) �F"Z<*
(CPU) _T, ~�H NCSOR ZbYGK NSOR Zb. D p ≥ 10 <, NCSOR ZbHT?�" (ERR) 5

GK NSOR ZbN GPIU Zb. q 1 j�v2p p ��nm<, ZbHT?�" (ERR) ℄T?�O (Iter.) H����.
 4 NCSOR +�, NSOR +�� GPIU +�Æ)=��	� (�: C ;�)

NCSOR NSOR GPIU

Iter. CPU ERR Iter. CPU ERR Iter. CPU ERR

p=5 5 0.000 8.7781e-007 62 0.045 8.2336e-007 15 0.003 5.6713e-007

p=10 5 0.001 5.6440e-007 61 0.334 8.8294e-007 15 0.074 6.7102e-007

p=20 5 0.027 2.7467e-007 61 9.827 8.6137e-007 15 0.308 7.2170e-007

p=30 5 0.131 1.6689e-007 61 92.536 8.6055e-007 15 2.042 7.3657e-007
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b. J
 A gV, J
 C 	gVH��L	, ~�|Y	gVJ
 C, a℄ a. vHgVJ
 C H p2 tgH
em, ℄�(��vH 2 × p t, /�4qv 0, �L
em��, }X|Y2	gVJ
 C. � 5 v2pWJ
 A gV, C 	gVH�^�, NCSOR ZbN NSOR ZbW|fH p (��nm<HOm8�, �OM
D, ~�H NCSOR ZbX:"ZDJ
 C 	gV<HZg, ` NSOR Zb$��, 

LT2~�HZbGK NSOR Zb. q 2 j�v2p p
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 49��nm<, ZbHT?�" (ERR) ℄T?�O (Iter.) H����.
 5 NCSOR +�8 NSOR +�Æ)=��	� (�: C �;�)

NCSOR NSOR

Iter. CPU ERR Iter. CPU ERR

p=5 12 0.001 5.9185e-007 1000 0.110 NaN

p=10 12 0.003 4.7360e-007 1000 0.808 NaN

p=20 12 0.056 3.7468e-007 1000 55.884 NaN

p=30 11 0.274 5.8800e-007 1000 303.292 NaN

5. ��$
yv2p�:�>�P|fHo?H` SOR Zb. W{℄3℄ A gV, C 	gVHj,�, i
pZbH"HJk!�j�p��!JkY}. 1�HOm8��
, �ZbFI�H.?1. �_q�6r(℄
y1rH��
.�, `���
.�℄d9
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[1] Bai Z Z, Golub G H, Pan J Y. Preconditioned Hermitian and skew-Hermitian splitting methods

for non-Hermitian positive semidefinite linear systems[J]. Numerische Mathematik, 2004, 98(1):

1–32.

[2] Bai Z Z, Parlett B N, Wang Z Q. On generalized successive overrelaxation methods for augmented

linear systems[J]. Numerische Mathematik, 2005, 102(1): 1–38.

[3] Bai Z Z, Wang Z Q. On parameterized inexact Uzawa methods for generalized saddle point

problems[J]. Linear Algebra and its Applications, 2008, 428(11–12): 2900–2932.

[4] Bergamaschi L, Gondzio J, Zilli G. Preconditioning indefinite systems in interior point methods

for optimization[J]. Computational Optimization and Applications, 2004, 28(2): 149–171.

[5] Bergen A R. Power systems analysis[M]. Englewood Cliffs, NJ�Prentice-Hall, 1986�
[6] Betts J T. Practical methods for optimal control using nonlinear programming[M]. Society for

Industrial and Applied Mathematics, Philadelphia, 2001.
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AN IMPROVED SOR-TYPE ALGORITHM FOR SLOVING
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Abstract

For the generalized saddle point problem, we develop an improved class of successive

over relaxation algorithms. Under mild conditions, we prove its convergence and establish its

linear rate of convergence. While, as the classical methods, it needs to solve some linear sys-

tem of equations approximately to get the next iterate, the flexibility in choosing the involved

matrices makes the subproblems easy or even to have closed form solutions, which leads the

algorithm to be an efficient one. Preliminary numerical results show the effectiveness of the

new method.

Keywords: saddle point problem; SOR algorithm; global convergence; convergence

rate
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