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1. C����`1E�7M &�
min
x∈Rn

(Ax − b)TW−1(Ax− b) (1.1)dndR9_`	�, �B9_`x~IJB	9�~b{ [4, 12, 13], z0 A ∈ R
n×n, b ∈ R

nxV�9, S� - >S��| W ∈ R
n×n xG�~B9.  ;℄��`1E�7M &�

(1.1), eE��GP℄�1E+�
Hy = f, (1.2)T	+~�|

H =

[
Ip −B U

L Iq − C

]x"O9, z0 Ii �w i 9/#�|Y
B = (bij)p×p, C = (cij)q×q, L = (lij)q×p, U = (uij)p×q.T<��9W>A.O, h JacobiSO, Gauss-SeidelSO, SORSO [7, 11, 14], AORSO [4, 12];, "W℄�1E+� (1.2), 0z<SO9b?xEGP℄�| Ip −B l Iq − C 9O, zt
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64 | 	 � J 2020 Pt�{�rxnVr�9.  ;ÆF℄�| Ip − B l Iq − C 9O, Yuan ;e [12] �#;℄�1E+� (1.2) 9 GAOR SO, Darvishi l Hessari[3] M�;1+~�|xG
wb�|r
GAOR SO9{7E. i	 (1.2) +~�| H W> 

H =

[
Ip 0

0 Iq

]
−

[
0 0

−L 0

]
−

[
B −U

0 C

]
,v℄� (1.2) 9 GAOR SO9A.\vB[ [12]

y(k+1) = Tωγy
(k) + wg, k = 0, 1, 2, · · · , (1.3)T	

Tωγ =

[
Ip 0

γL Iq

]−1 {
(1 − ω)In + (ω − γ)

[
0 0

−L 0

]
+ ω

[
B −U

0 C

]}

=

[
(1 − ω)Ip + ωB −ωU

ω(γ − 1)L− ωγLB (1 − ω)Iq + ωC + ωγLU

] (1.4)xA.�|,

g =

[
Ip 0

−γL Iq

]
f.z0, ω l γ  t�~Y ω 6= 0. ;�% GAOR SO9{7�F, nI�x �;℄�1E+� (1.2) 9k&. GAORSO, �� [2, 5, 6, 8, 9, 10, 15, 16]. k&. GAOR SO9s
�4x` GAOR SO℄�h

(1.2) ;�9k&.1E+�
PHy = Pf,z09UU\�| P � k&.Æ. sg�| H 9�a, k&.�| PH "�w 

PH =

[
Ip − B̂ Û

L̂ Iq − Ĉ

]
,℄)℄� (1.2) 9k&. GAOR SO 

y(k+1) = T̂ωγy
(k) + wĝ, k = 0, 1, 2, · · · , (1.5)T	

T̂ωγ =

[
(1 − ω)Ip + ωB̂ −ωÛ

ω(γ − 1)L̂− ωγL̂B̂ (1 − ω)Iq + ωĈ + ωγL̂Û

]
, (1.6)

ĝ =

[
Ip 0

−γL̂ Iq

]
Pf.
$t$0 [9, 17] 9s%m�#;9
?9k&.Æ`)�� GAOR SO℄�1E+� (1.2) 9{7�F, �5;T+=��B., �h��B.�H?k&.Æ9d:E. �o,~��3�H.AW)9~Ew?k&.Æ9d:E.
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2. E�I:
$oG9ÆA	GP-G9~kl�A. hf�| A = (aij)n×n 9m�B� aij ≥ 0

(aij > 0)GgfZ9 i, j = 1, 2, · · · , nE�5,v��| AxUY (~)9,~ A ≥ 0 (A > 0).G9℄�| A l B, A ≥ B (A > B) x� A−B ≥ 0 (A −B > 0). hf�6:1� n× 1 �|, vm}~kG6:Qxt`9. �| A x�"p9x� A 9d6�xX6�9 [7]. )�,

ρ(A) �w�| A 9R��. GgUY�|d-G9�A:B3 1.
[7] n�| A xT℄ n× n 9UY�"p�|, v

1) �| A dT℄~t�}�;g9R�� ρ(A);

2) GgR�� ρ(A), ,tT℄�}6: x > 0, u7 Ax = ρ(A)x.B3 2.
[1] n�| A xT℄ n× n 9UY�|, v

1) iGK℄UY6: x 6= 0, d αx ≤ Ax, v α ≤ ρ(A),

2) �| A x�"p�|1Y�1 (I + A)n−1 > 0;

3) iGgK<~6: x, d Ax ≤ βx, v ρ(A) ≤ β;

4)i AxT℄�"p�|,GgK℄UY6: x 6= 0, 0 6= αx ≤ Ax ≤ βx, αx 6= Ax, βx 6=

Ax, vd α < ρ(A) < β, Y6: x xT℄~6:.

3. E�5 GAOR '&t$ [9] 	, �x�#`k&.Æ
P i =

[
Ip + Si 0

0 Iq

]
, i = 1, 2)�� GAOR SO℄�1E+� (1.2) 9{7�F, T	 S1 l S2 W� :

S1 =




0 α2b12 · · · 0 0

β2b21 0
. . . 0 0

...
. . .

...
. . .

...

0 0
. . . 0 αpbp−1,p

0 0 · · · βpbp,p−1 0




, S2 =




0 α2b12 · · · αpb1p

β2b21 0 · · · 0
...

...
. . .

...

βpbp1 0 · · · 0



,

�~B� αs, βs > 0 (s = 1, 2, · · · p). )rk&.+~�| P iH "�w 
P iH =

[
I −Bi U i

L I − C

]
, i = 1, 2,T	

Bi = B − Si(I −B), U i = (I + Si)U.℄), ℄�k&.1E+� P iHy = P if 9 GAOR SO, x℄�1E+� (1.2) 9k&.
GAOR SOB[ [9]:

y(k+1) = Tωγiy
(k) + ωgi, k = 0, 1, 2, · · · , (3.1)
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Tωγi =

[
(1 − ω)I + ωBi −ωU i

ω(γ − 1)L− ωγLBi (1 − ω)I + ωC + ωγLU i

]
, i = 1, 2, (3.2)

gi =

[
I 0

−γL I

]
P if.Z4k&.Æ P i (i = 1, 2) ��Z�+~�| H 9=M#D,  ;uk&.:fq�4+~�| H 9DT#D, Huang ;e�#;k&.Æ [17]

P ∗

i =

[
Ip + Si 0

0 Iq + Vi

]
, i = 1, 2,T	 Si B[hm, V1 l V2 W� :

V1 =




0 τ2c12 · · · 0 0

σ2c21 0
. . . 0 0

...
. . .

...
. . .

...

0 0
. . . 0 τqcq−1,q

0 0 · · · σqcq,q−1 0




, V2 =




0 τ2c12 · · · τqc1q

σ2c21 0 · · · 0
...

...
. . .

...

σqcq1 0 · · · 0



.

��9, 1 S1 l V1 	9�~ αs = βs = σj = τj = 1 (s = 1, 2, · · · p, j = 1, 2, · · · q), v P ∗

i�x Huang ;e��h9k&.Æ [18]. i�~B� αs, βs > 0, s = 1, 2, · · · p, σj > 0, τj >

0, j = 1, 2, · · · q, )r, k&.+~�| P ∗

i H "W�w 
P ∗

i H =

[
I −B∗

i U∗

i

L∗

i I − C∗

i

]
, i = 1, 2,T	

B∗

i = B − Si(I −B), U∗

i = (I + Si)U, L∗

i = (I + Vi)L, C∗

i = C − Vi(I − C).℄), ℄�1E+� (1.2) 9k&. GAOR SO [17]  :

y(k+1) = T ∗

ωγiy
(k) + ωg∗i , k = 0, 1, 2, · · · , (3.3)T	

T ∗

ωγi =

[
(1 − ω)I + ωB∗

i −ωU∗

i

ω(γ − 1)L∗

i − ωγL∗

iB
∗

i (1 − ω)I + ωC∗

i + ωγL∗

iU
∗

i

]
, (3.4)

g∗i =

[
I 0

−γL∗

i I

]
P ∗

i f.sg$0 [6] 9�4, 
$(E�#h-k&.Æ
P̂i =

[
Ip + Si 0

Ki Iq + Vi

]
, i = 1, 2,T	 Si, Vi B[hm, K1  :
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(1). 1 q < p r,

K1 =




0 −l12 · · · 0 0 0 · · · 0

−l21 0
. . . 0 0 0 · · · 0

...
. . .

...
. . .

...
...

. . .
...

0 0
. . . 0 −lq−1,q 0 · · · 0

0 0 · · · −lq,q−1 0 −lq,q+1 · · · 0




,

(2). 1 q = p r,

K1 =




0 −l12 · · · 0 0

−l21 0
. . . 0 0

...
. . .

...
. . .

...

0 0
. . . 0 −lq−1,q

0 0 · · · −lq,q−1 0




,

(3). 1 q > p r,

K1 =




0 −l12 · · · 0 0

−l21 0 · · · 0 0
...

. . .
...

. . .
...

0 0
. . . 0 −lp−1,p

0 0 · · · −lp,p−1 0

0 0 · · · 0 −lp+1,p

...
...

...
...

...

0 0 · · · 0 0




.

K2  :

K2 =




0 −l12 · · · −l1p

−l21 0 · · · 0
...

...
. . .

...

−lq1 0 · · · 0



.z
\C-, k&.+~�| P̂iH "�w 

P̂iH =

[
I − B̂i Ûi

L̂i I − Ĉi

]
, i = 1, 2,T	

B̂i = B − Si(I −B), Ûi = (I + Si)U,

L̂i = Ki(I −B) + (I + Vi)L, Ĉi = C − Vi(I − C) −KiU.
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B̂1 =




b11 + α2b12b21 · · · b1p + α2b12b2p

b21 + α3b23b31 − β2b21 (1 − b11) · · · b2p + α3b23b3p + β2b21b1p

.

.

.
. . .

.

.

.

bp−1,1 + αpbp−1,pbp1 + βp−1bp−1,p−2bp−2,1 · · · bp−1,p − αpbp−1,p (1 − bpp) + βp−1bp−1,p−2bp−2,p

bp1 + βpbp−1,1bp,p−1 · · · bpp + βpbp,p−1bp−1,p


 ,

B̂2 =




b11 + α2b12b21 + · · · + αpb1pbp1 · · · b1p + α2b12b2p + · · · − αpb1p (1 − bpp)

b21 − β2b21 (1 − b11) · · · b2p + β2b21b1p
...

. . .
...

bp1 − βpbp1 (1 − b11) · · · bpp + βpbp1b1p



,

Ĉ1 =




c11 + τ2c12c21 + l12u21 · · · c1q + τ2c12c2q + l12u2q

c21 + τ3c23c31 − σ2c21 (1 − c11) + l21u11 + l23u31 · · · c2q + τ3c23c3q + σ2c21c1q + l21u1q + l23u3q

.

.

.
. . .

.

.

.

E1 · · · E2

cq1 + σqcq,q−1cq−1,1 + lq,q−1uq−1,1 · · · cqq + σqcq,q−1cq−1,q + lq,q−1uq−1,q


 ,

Ĉ2 =




F1 · · · F2

c21 − σ2c21 (1 − c11) + l21u11 · · · c2q + σ2c21c1q + l21u1q

...
. . .

...

cq1 − σqcq1 (1 − c11) + lq1u11 · · · cqq + σqcq1c1q + lq1u1q



,T	

E1 = cq−1,1 + τqcq−1,qcq1 + σq−1cq−1,q−2cq−2,1 + lq−1,q−2uq−2,1 + lq−1,quq1,

E2 = cq−1,q − τqcq−1,q (1 − cqq) + σq−1cq−1,q−2cq−2,q + lq−1,q−2uq−2,q + lq−1,quqq,

F1 = c11 + τ2c12c21 + · · · + τqc1qcq1 + l12u21 + · · · + l1pup1,

F2 = c1q + τ2c12c2q + · · · − τq (1 − cqq) + l12u2q + · · · + l1pupq.(EB[℄�1E+� (1.2) 9k&. GAOR SO :

y(k+1) = T̂ωγiy
(k) + ωĝi, k = 0, 1, 2, · · · , (3.5)T	

T̂ωγi =

[
(1 − ω)I + ωB̂i −ωÛi

ω(γ − 1)L̂i − ωγL̂iB̂i (1 − ω)I + ωĈi + ωγL̂iÛi

]
, (3.6)

ĝi =

[
I 0

−γL̂i I

]
P̂if.

4. �-%5
Æ, (E	^#y℄��B.. ^#9��B.	�H(E�#9k&.Æ9d:E. ), (E��B GAOR SO (1.3) x{79, x ρ(Tωγ) < 1.$3 1. n Tωγ l T̂ωγ1 W�x GAOR SO (1.3) lk&. GAOR SO (3.5) 9A.�|. �n (1.2) 	 H  �"p�|, �YB� L ≤ 0, U ≤ 0, B ≥ 0, C ≥ 0, 0 < ω ≤ 1,
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0 ≤ γ < 1, bs,s+1 > 0, bs+1,s > 0(s = 1, 2, · · ·p−1), bss ≥ 1, αs > 0, βs > 0,T	 s ∈ {2, · · · p};

cj,j+1 > 0, cj+1,j > 0(j = 1, 2, · · · q − 1), i�
(1) 1 0 ≤ cjj < 1, Ωj ≥ 0 r, d

0 < σq <
cq,q−1 + lq,q−1uq−1,q−1

cq,q−1(1 − cq−1,q−1)
, 0 < τ2 <

c12 + l12u22

c12(1 − c22)
,

0 < σj <
(1−cj+1,j+1)(cj,j−1+lj,j−1uj−1,j−1+lj,j+1uj+1,j−1)+cj+1,j−1(cj,j+1+lj,j−1uj−1,j+1+lj,j+1uj+1,j+1)

cj,j−1Ωj
,

0<τj+1<
(1−cj−1,j−1)(cj,j+1+lj,j−1uj−1,j+1+lj,j+1uj+1,j+1)+cj−1,j+1(cj,j−1+lj,j−1uj−1,j−1+lj,j+1uj+1,j−1)

cj,j+1Ωj
,T	

Ωj = (1 − cj−1,j−1)(1 − cj+1,j+1) − cj+1,j−1cj−1,j+1, j ∈ {2, · · · q − 1};

(2) 1 0 ≤ cjj < 1, Ωj < 0 r, d
0 < σq <

cq,q−1 + lq,q−1uq−1,q−1

cq,q−1(1 − cq−1,q−1)
, 0 < τ2 <

c12 + l12u22

c12(1 − c22)
,

σj > 0, τj+1 > 0, T	 j ∈ {2, · · · q − 1};

(3) 1 cjj ≥ 1 r, σj > 0, τj > 0, T	 j ∈ {2, · · · q},vd
ρ(T̂ωγ1) < ρ(Tωγ) < 1.H8. �h�n, Y� T̂ωγ1 l Tωγ xUY�"p�|. ^. 1 "�, ,tT℄~6:

x, u7
Tωγx = λx. (4.1)T	 λ = ρ(Tωγ).  (4.1) v, (E"74W-vÆ:

{
(1 − ω)I + (ω − γ)

[
0 0

−L 0

]
+ ω

[
B −U

0 C

]}
x = λ

[
I 0

γL I

]
x,

ωHx =

[
I 0

γL I

]
(I − Tωγ)x = (1 − λ)

[
I 0

γL I

]
x..d λ 6= 1, Xv H xU\9, zh�n3CH.
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T̂ωγ1x− λx

=

[
I 0

γL̂1 I

]−1 {
(1 − ω) I + (ω − γ)

[
0 0

−L̂1 0

]
+ ω

[
B̂1 −Û1

0 Ĉ1

]}
x− λx

=

[
I 0

γL̂1 I

]−1 {
(1 − ω) I + (ω − γ)

[
0 0

−L̂1 0

]
+ ω

[
B̂1 −Û1

0 Ĉ1

]
− λ

[
I 0

γL̂1 I

]}
x

=

[
I 0

γL̂1 I

]−1 {
−ωI + ω

[
0 0

−L̂1 0

]
+ ω

[
B̂1 −Û1

0 Ĉ1

]
+ (1 − λ)

[
I 0

γL̂1 I

]}
x

=

[
I 0

γL̂1 I

]−1 {[
−ωI + B̂1 −ωÛ1

−ωL̂1 −ωI + ωĈ1

]
+ (1 − λ)

[
I 0

γL̂1 I

]}
x

=

[
I 0

γL̂1 I

]−1 {[
−ωI + ωB − ωS1 (I −B) −ωU − ωS1U

−ωK1 (I −B) − ωV1L− ωL −ωI + ωC − ωK1U − ωV1 (I − C)

]

+ (1 − λ)

[
I 0

γL̂1 I

]}
x

=

[
I 0

γL̂1 I

]−1 {[
−ωS1 (I −B) −ωS1U

−ωK1 (I −B) − ωV1L −ωK1U − ωV1 (I − C)

]

−ωH + (1 − λ)

[
I 0

γL̂1 I

]}
x

=

[
I 0

γL̂1 I

]−1 {[
−S1 0

−K1 −V1

]
ωH + (1 − λ)

[
0 0

γ
(
L̂1 − L

)
0

]}
x

=

[
I 0

γL̂1 I

]−1 {
(1 − λ)

[
−S1 0

−K1 −V1

][
I 0

γL I

]
+ (1 − λ)

[
0 0

γ
(
L̂1 − L

)
0

]}
x

=

[
I 0

γL̂1 I

]−1 {
(1 − λ)

[
−S1 0

−K1 − γV1L −V1

]
+ (1 − λ)

[
0 0

γK1 (I −B) + γV1L 0

]}
x

= (1 − λ)

[
I 0

−γL̂1 I

][
−S1 0

−K1 + γK1(I −B) −V1

]
x

= (1 − λ)

[
−S1 0

γK1(I −B)(I + S1) + γ(I + V1)LS1 −K1 −V1

]
x.℄ αs, βs, σj , τj > 0, �Y S1 > 0 , K1 > 0 l V1 > 0. ℄), (E"W74:

[
−S1 0

γK1(I −B)(I + S1) + γ(I + V1)LS1 −K1 −V1

]
≤ 0,f℄ [

−S1 0

γK1(I −B)(I + S1) + γ(I + V1)LS1 −K1 −V1

]
6= 0.



1 S �1 <: ^��a2F�8N!'�:U-l'/ GAOR TP 71�W1 λ < 1 r, d T̂ωγ1x− λx < 0, ^. 2 "� ρ(T̂ωγ1) < ρ(Tωγ) < 1 �5.,�9, Ggk&.�| T̂ωγ2, (EQN74h-���f.$3 2. n Tωγ l T̂ωγ2 W�xk GAOR SO (1.3) lk GAOR SO (3.5) 9A.�|.�n (1.2) 9	 H  �"p�|, YB� L ≤ 0, U ≤ 0, B ≥ 0, C ≥ 0, 0 < ω ≤ 1, 0 ≤ γ < 1,

bs1 > 0, b1s > 0(s = 2, · · · p), b11 ≥ 1, αs > 0, βs > 0; cj1 > 0, c1j > 0(j = 2, · · · q), i:

(1) 1 0 ≤ c11 < 1, 0 < σj <
cj1+lj1u11

c21(1−c11)
, j ∈ {2, · · · q}, rx c11 ≥ 1, σj > 0, j ∈ {2, · · · q};

(2) 0 ≤ cjj < 1, j ∈ {2, · · · q}, d
0 < τj <
c1j + τ2c12c2j + · · · + τj−1c1,j−1cj−1,j + τj+1c1,j+1cj+1,j + · · · + τqc1qcqj + l12u2j + · · · + l1pupj

c1j(1 − cjj)
,rx cjj ≥ 1, τj > 0, j ∈ {2, · · · q},vd

ρ(T̂ωγ2) < ρ(Tωγ).-T�, (E^# GAOR SO (3.5) �B9?SOl GAOR SO (3.3) �B9
GAOR SO��9��B..$3 3. n T ∗

ωγ1 l T̂ωγ1 W�x GAOR SO (3.3) l GAOR SO (3.5) 9A.�|. �n (1.2) 	 H  �"p�|, �YB� L ≤ 0, U ≤ 0, B ≥ 0, C ≥ 0, 0 < ω ≤ 1, 0 ≤ γ < 1,

bs,s+1 > 0, bs+1,s > 0(s = 1, 2, · · ·p− 1), bss ≥ 1, αs > 0, βs > 0, T	 s ∈ {2, · · · p}; cj,j+1 > 0,

cj+1,j > 0(j = 1, 2, · · · q − 1), i�
(1) 1 0 ≤ cjj < 1, Ωj ≥ 0 r, d

0 < σq <
cq,q−1 + lq,q−1uq−1,q−1

cq,q−1(1 − cq−1,q−1)
, 0 < τ2 <

c12 + l12u22

c12(1 − c22)
,

0 < σj <
(1−cj+1,j+1)(cj,j−1+lj,j−1uj−1,j−1+lj,j+1uj+1,j−1)+cj+1,j−1(cj,j+1+lj,j−1uj−1,j+1+lj,j+1uj+1,j+1)

cj,j−1Ωj
,

0<τj+1<
(1−cj−1,j−1)(cj,j+1+lj,j−1uj−1,j+1+lj,j+1uj+1,j+1)+cj−1,j+1(cj,j−1+lj,j−1uj−1,j−1+lj,j+1uj+1,j−1)

cj,j+1Ωj
,T	 Ωj = (1 − cj−1,j−1)(1 − cj+1,j+1) − cj+1,j−1cj−1,j+1, T	 j ∈ {2, · · · q − 1};

(2) 1 0 ≤ cjj < 1, Ωj < 0 r, d
0 < σq <

cq,q−1 + lq,q−1uq−1,q−1

cq,q−1(1 − cq−1,q−1)
, 0 < τ2 <

c12 + l12u22

c12(1 − c22)
,

σj > 0, τj+1 > 0, T	 j ∈ {2, · · · q − 1};

(3) 1 cjj ≥ 1 r, σj > 0, τj > 0, T	 j ∈ {2, · · · q},vd
ρ(T̂ωγ1) < ρ(T ∗

ωγ1).H8. �h�n, Y� T̂ωγ1 l T ∗

ωγ1 xUY�"p�|. ^. 1 "�, ,tT℄~6:
x, u7

T ∗

ωγ1x = µx. (4.2)
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ωγ1).  (4.2) "7
{

(1 − ω)I + (ω − γ)

[
0 0

−L∗

1 0

]
+ ω

[
B∗

1 −U∗

1

0 C∗

1

]}
x = µ

[
I 0

γL∗

1 I

]
x,

ωP ∗

1Hx =

[
I 0

γL∗

1 I

]
(I − T ∗

ωγ1)x = (1 − µ)

[
I 0

γL∗

1 I

]
x..d λ 6= 1, Xv H xU\9, zh�n3CH.�h{�, d

T̂ωγ1x− µx

=

[
I 0

γL̂1 I

]−1 {
(1 − ω) I + (ω − γ)

[
0 0

−L̂1 0

]
+ ω

[
B̂1 −Û1

0 Ĉ1

]}
− µx

=

[
I 0

γL̂1 I

]−1 {
(1 − ω) I + (ω − γ)

[
0 0

−L̂1 0

]
+ ω

[
B̂1 −Û1

0 Ĉ1

]
− µ

[
I 0

γL̂1 I

]}
x

=

[
I 0

γL̂1 I

]−1 {
−ωI + ω

[
0 0

−L̂1 0

]
+ ω

[
B̂1 −Û1

0 Ĉ1

]
+ (1 − µ)

[
I 0

γL̂1 I

]}
x

=

[
I 0

γL̂1 I

]−1 {[
−ωI + B̂1 −ωÛ1

−ωL̂1 −ωI + ωĈ

]
+ (1 − µ)

[
I 0

γL̂1 I

]}
x

=

[
I 0

γL̂1 I

]−1 {[
−ωI + ωB − ωS1 (I −B) −ωU − ωS1U

−ωK1 (I −B) − ωV1L− ωL −ωI + ωC − ωK1U − ωV1 (I − C)

]

+ (1 − µ)

[
I 0

γL̂1 I

]}
x

=

[
I 0

γL̂1 I

]−1 {[
0 0

−ωK1 (I −B) −ωK1U

]
− ωP ∗

1H + (1 − µ)

[
I 0

γL̂1 I

]}
x

=

[
I 0

γL̂1 I

]−1 {[
0 0

−K1 0

]
ωH + (1 − µ)

[
0 0

γ
(
L̂1 −  L∗

1

)
0

]}
x

=

[
I 0

γL̂1 I

]−1 {
(1 − λ)

[
0 0

−K1 0

]
+ (1 − µ)

[
0 0

γK1 (I −B) 0

]}
x

= (1 − λ)

[
0 0

−K1 0

]
x + (1 − µ)

[
0 0

γK1 (I −B) 0

]
x.��� K1 > 0. ℄), (E"W74:

[
0 0

−K1 0

]
≤ 0,

[
0 0

γK1 (I −B) 0

]
≤ 0
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0 0

−K1 0

]
6= 0,

[
0 0

γK1 (I −B) 0

]
6= 0.v1 λ < 1, µ < 1 r, d T̂ωγ1 − µx < 0, ^. 2 "� ρ(T̂ωγ1) < ρ(T ∗

ωγ1) < 1 �5.,�9, Ggk&.�| T̂ωγ2, (EQN74h-{7B..$3 4. n T ∗

ωγ2 l T̂ωγ2 W�x GAORSO (3.3)l GAORSO (3.5)9A.�|.�n
(1.2) 	 H  �"p�|, YB� L ≤ 0, U ≤ 0, B ≥ 0, C ≥ 0, 0 < ω ≤ 1, 0 ≤ γ < 1, bs1 > 0,

b1s > 0(s = 2, · · · p), b11 ≥ 1, αs > 0, βs > 0; cj1 > 0, c1j > 0(j = 2, · · · q), i:

(1) 1 0 ≤ c11 < 1, 0 < σj <
cj1+lj1u11

c21(1−c11)
, j ∈ {2, · · · q}, rx c11 ≥ 1, σj > 0, j ∈ {2, · · · q};

(2) 0 ≤ cjj < 1, j ∈ {2, · · · q}, d
0 < τj <

c1j+τ2c12c2j+···+τj−1c1,j−1cj−1,j+τj+1c1,j+1cj+1,j+···+τqc1qcqj+l12u2j+···+l1pupj

c1j(1−cjj)
,rx cjj ≥ 1, τj > 0, j ∈ {2, · · · q}�vd

ρ(T̂ωγ2) < ρ(T ∗

ωγ2).�o, (E^# GAOR SO (3.5) �B9?SOl GAOR SO (3.1) �B9
GAOR SO��9��B..$3 5. n Tωγ1 l T̂ωγ1 W�x GAOR SO (3.1) l GAOR SO (3.5) 9A.�|. �n (1.2) 	 H  �"p�|, �YB� L ≤ 0, U ≤ 0, B ≥ 0, C ≥ 0, 0 < ω ≤ 1, 0 ≤ γ < 1,

bs,s+1 > 0, bs+1,s > 0(s = 1, 2, · · ·p− 1); cj,j+1 > 0, cj+1,j > 0(j = 1, 2, · · · q − 1), i�
(1) 1 0 ≤ bss < 1, ∆s ≥ 0 r, d 0 < α2 < 1

1−b22
, 0 < βp < 1

1−bp−1,p−1
,

0 < αs+1 <
bs,s−1bs−1,s+1 + bs,s+1(1 − bs−1,s−1)

bs,s+1∆s

,

0 < βs <
bs,s−1(1 − bs+1,s+1) + bs,s+1bs+1,s−1

bs,s−1∆s

,T	 s ∈ {2, · · ·p− 1};

(2) 1 0 ≤ bss < 1, ∆s < 0 r, d 0 < α2 < 1
1−b22

, 0 < βp < 1
1−bp−1,p−1

, αs+1 > 0, βs > 0,T	 s ∈ {2, · · ·p− 1};

(3) 1 bss ≥ 1, αs > 0, βs > 0, T	 s ∈ {2, · · · p};

(4) 1 0 ≤ cjj < 1, Ωj ≥ 0 r, d
0 < σq <

cq,q−1 + lq,q−1uq−1,q−1

cq,q−1(1 − cq−1,q−1)
, 0 < τ2 <

c12 + l12u22

c12(1 − c22)
,

0 < σj <
(1−cj+1,j+1)(cj,j−1+lj,j−1uj−1,j−1+lj,j+1uj+1,j−1)+cj+1,j−1(cj,j+1+lj,j−1uj−1,j+1+lj,j+1uj+1,j+1)

cj,j−1Ωj
,

0 < τj+1 <
(1−cj−1,j−1)(cj,j+1+lj,j−1uj−1,j+1+lj,j+1uj+1,j+1)+cj−1,j+1(cj,j−1+lj,j−1uj−1,j−1+lj,j+1uj+1,j−1)

cj,j+1Ωj
,T	 j ∈ {2, · · · q − 1};
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(5) 1 0 ≤ cjj < 1, Ωj < 0 r, d

0 < σq <
cq,q−1 + lq,q−1uq−1,q−1

cq,q−1(1 − cq−1,q−1)
, 0 < τ2 <

c12 + l12u22

c12(1 − c22)
,

σj > 0, τj+1 > 0, T	 j ∈ {2, · · · q − 1};

(6) 1 cjj ≥ 1, σj > 0, τj > 0, T	 j ∈ {2, · · · q},T	
∆s = (1 − bs−1,s−1)(1 − bs+1,s+1) − bs+1,s−1bs−1,s+1, T	 s ∈ {2, · · · p− 1},

Ωj = (1 − cj−1,j−1)(1 − cj+1,j+1) − cj+1,j−1cj−1,j+1, T	 j ∈ {2, · · · q − 1},vd
ρ(T̂ωγ1) < ρ(Tωγ1).H8. �h$0 [17]93�H,(E"W74: 1 ρ(Tωγ1) < 1,d ρ(T ∗

ωγ1) < ρ(Tωγ1);1
ρ(Tωγ1) > 1, d ρ(T ∗

ωγ1) > ρ(Tωγ1). f℄ tB. 3 	, (EV��H#;: 1 λ < 1, µ < 1r, d T̂ωγ1 − µx < 0, ^. 2 "� ρ(T̂ωγ1) < ρ(T ∗

ωγ1) < 1 �5; 1 λ > 1, µ > 1 r,d T̂ωγ1 − µx > 0, ^. 2 "� ρ(T̂ωγ1) > ρ(T ∗

ωγ1) > 1 �5. ℄)(E"W74: 1
ρ(Tωγ1) < 1, d ρ(T̂ωγ1) < ρ(Tωγ1) < 1 �5; 1 ρ(Tωγ1) > 1, d ρ(T̂ωγ1) > ρ(Tωγ1) > 1 �5.3�9, Ggk&.�| T̂ωγ2, (EQN74h-{7B..$3 6. n Tωγ2 l T̂ωγ2 W�x GAOR SO (3.1) l GAOR SO (3.5) 9A.�|. �n (1.2) 	 H  �"p�|, YB� L ≤ 0, U ≤ 0, B ≥ 0, C ≥ 0, 0 < ω ≤ 1, 0 ≤ γ < 1,

bs1 > 0, b1s > 0(s = 2, · · · p); cj1 > 0, c1j > 0(j = 2, · · · q), i:

(1) 1 0 ≤ b11 < 1, 0 < βs <
1

1−b11
, s ∈ {2, · · ·p}, rx b11 ≥ 1, βs > 0, s ∈ {2, · · · p};

(2) 1 0 ≤ bss < 1, s ∈ {2, · · · p}, d
0 < αs <

b1s + α2b12b2s + · · · + αs−1b1,s−1bs−1,s + αs+1b1,s+1bs+1,s + · · · + αpb1pbps

b1s(1 − bss)
,rx bss ≥ 1, αs > 0, s ∈ {2, · · · p};

(4) 1 0 ≤ c11 < 1, 0 < σj <
1

1−c11
, j ∈ {2, · · · q}, rx c11 ≥ 1, σj > 0, j ∈ {2, · · · q};

(5) 0 ≤ cjj < 1, j ∈ {2, · · · q}, d
0 < τj <

c1j+τ2c12c2j+···+τj−1c1,j−1cj−1,j+τj+1c1,j+1cj+1,j+···+τqc1qcqj+l12u2j+···+l1pupj

c1j(1−cjj)
,rx cjj ≥ 1, τj > 0, j ∈ {2, · · · q},vd

ρ(T̂ωγ2) < ρ(Tωγ2).

5. ;J<7/t, (E �9℄�3, +J)�zhm^#9.A�f.6 1.  (1.2) ^#9+~�| H 9B[h-:

H =

[
I −B U

L I − C

]



1 S �1 <: ^��a2F�8N!'�:U-l'/ GAOR TP 75T	 B = (bij)p×p, C = (cij)q×q, L = (lij)q×p, U = (uij)p×q, �Y
bii =

1

10(i + 1)
, i = 1, 2, · · · p,

bij =
1

30
−

1

30j + i
, i < j, i = 1, 2, · · · p− 1, j = 2, · · · p,

bij =
1

30
−

1

30(i− j + 1) + i
, i > j, i = 2, · · · p, j = 1, 2, · · · p− 1,

cii =
1

10(p + i + 1)
, i = 1, 2, · · ·n− p,

cij =
1

30
−

1

30(p + j) + p + i
, i < j, i = 1, 2, · · ·n− p + 1, j = 2, · · ·n− p,

cij =
1

30
−

1

30(i− j + 1) + p + i
, i > j, i = 2, · · ·n− p, j = 1, 2, · · ·n− p− 1,

lij =
1

30(p + i− j + 1) + p + i
−

1

30
, i = 1, 2, · · ·n− p, j = 1, 2, · · ·p,

uij =
1

30(p + j) + i
−

1

30
, i = 1, 2, · · · p, j = 1, 2, · · ·n− p.� 1 =#;3_9A.�|9R��, T	�~ ω, γ, n, p � �uHu, YB�B. 1–6 	9��, (E?+~ αi = βi = δi = τi = 0.5, �d9{��fExt MATLAB 7 9��-q79. � 1 GAOR #!0G*D�4 GAOR #!0G"9�/�,

n p ω γ ρ(Tωγ) ρ(Tωγ1) ρ(Tωγ2) ρ(T ∗

ωγ1) ρ(T ∗

ωγ2) ρ(T̂ωγ1) ρ(T̂ωγ2)

10 5 0.9 0.9 0.2729 0.2672 0.2680 0.2643 0.2630 0.2565 0.2556

15 5 0.9 0.8 0.4158 0.4141 0.4138 0.4078 0.4071 0.4034 0.4004

20 10 0.9 0.9 0.5360 0.5326 0.5320 0.5286 0.5277 0.5212 0.5214

20 10 0.8 0.7 0.6065 0.6038 0.6033 0.6006 0.5999 0.5929 0.5932

30 20 0.7 0.6 0.9082 0.9072 0.9071 0.9067 0.9065 0.9050 0.9044+� 1 (E"W�6, z<~��flB. 1–6 9�AxT�9.6 2.
[18, 19]  �4t�dV* Dirichlet����9_j Ωm9 N×N MÆ? (n = N2)9�r�\9M"�(kS"

−(uxx + uyy) + ux + 2uy = f(x, y),T	 Ω = (0, 1) × (0, 1). do2`M	A�W℄�M�WlT�W, 74; n 1ES"�, �749+~�| H 9Cvh-:

H = I ⊗ P + Q⊗ I,T	 ⊗ x Kronecker v,

P = tridiag(−
2 + h

8
, 1, −

2 − h

8
), Q = tridiag(−

1 + h

4
, 0, −

1 − h

4
),
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�|, �� h = 1
N+1 . zL9 H "W�w (1.2) 9Cv, T	 B, C ≥ 0, L, U ≤ 0.� 2=#;3_9A.�|9R��,T	�~ ω = 1, γ = 0.55, n = N2, p = N

2 + 7,YB�B. 1–6 	9��, (E?+~ αi = βi = δi = τi = 0.5, �d9{��fExt MATLAB

7 9��-q79.� 2 GAOR #!0G*D�4 GAOR #!0G"9�/�,
N p ρ(Tωγ) ρ(Tωγ1) ρ(Tωγ2) ρ(T ∗

ωγ1) ρ(T ∗

ωγ2) ρ(T̂ωγ1) ρ(T̂ωγ2)

8 11 0.9353010889 0.9348208562 0.9352730808 0.9202083811 0.9346935768 0.9202083811 0.9345029186

12 13 0.9690689757 0.9690187346 0.9690673309 0.9615489758 0.9690486793 0.9614648514 0.9690455627

16 15 0.9818901488 0.9818765659 0.9818900316 0.9774360115 0.981889914 0.9774136578 0.9818897794

24 19 0.9916157484 0.9916138515 0.9916157429 0.9895358841 0.9916155803 0.9895358841 0.9916155433+� 2 (EQ"W�6, z<~��flB. 1–6 9�AxT�9.

6. L��.t
$	,sg$0 [9, 17],�`$0 [6]9�4,(E�#;T,?9k&.Æ`g��℄�#1E+� (1.2) 9 GAOR SO. �7��B.�H, 1z<SO{7r, 
$��#9k&. GAOR SOd_i9{7E. ~�3ÆQN�;�7�A.)�, (EQ"W �k&.Æ	 Ki 9h-�~Cv:

(1). 1 q < p r,

K1 =




0 −δ2l12 · · · 0 0 0 · · · 0

−η2l21 0
. . . 0 0 0 · · · 0

...
. . .

...
. . .

...
...

. . .
...

0 0
. . . 0 −δqlq−1,q 0 · · · 0

0 0 · · · −ηqlq,q−1 0 −δq+1lq,q+1 · · · 0




,

(2). 1 q = p r,

K1 =




0 −δ2l12 · · · 0 0

−η2l21 0
. . . 0 0

...
. . .

...
. . .

...

0 0
. . . 0 −δqlq−1,q

0 0 · · · −ηqlq,q−1 0




,
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(3). 1 q > p r,

K1 =




0 −δ2l12 · · · 0 0

−η2l21 0 · · · 0 0
...

. . .
...

. . .
...

0 0
. . . 0 −δplp−1,p

0 0 · · · −ηplp,p−1 0

0 0 · · · 0 −ηp+1lp+1,p

...
...

...
...

...

0 0 · · · 0 0




,

K2 =




0 −δ2l12 · · · −δpl1p

−η2l21 0 · · · 0
...

...
. . .

...

−ηqlq1 0 · · · 0


 ;��s�, (E� � p = q 9\', vd:

Ĉ1 =




c11 + τ2c12c21 + δ2l12u21 · · · c1q + τ2c12c2q + δ2l12u2q

c21 + τ3c23c31 − σ2c21 (1 − c11) + η2l21u11 + δ2l23u31 · · · c2q + τ3c23c3q + σ2c21c1q + ηql21u1q + δ2l23u3q

.

.

.
. . .

.

.

.

a1 · · · a2

cq1 + σqcq−1,1cq,q−1 + ηq lq,q−1uq−1,1 · · · cqq + σqcq,q−1cq−1,1 + ηqlq,q−1uq−1,q


 ,

Ĉ2 =




a3 · · · a4

c21 − σ2c21 (1 − c11) + η2l21u11 · · · c2q + σ2c21c1q + η2l21u1q

...
. . .

...

cq1 − σqcq1 (1 − c11) + ηqlq1u11 · · · cqq + σqcq1c1q + ηqlq1u1q



,

L̂1 =




l11 + τ2c12l21 + δ2l12b21 · · · l1q + τ2c12l2q + δ2l12b2q

l21 + τ3c23l31 − η2l21 (1 − b11) + σ2c21l11 + δ3l23b31 · · · c2q + τ3c23c3q + σ2c21c1q + ηql21u1q + δ2l23u3q

.

.

.
. . .

.

.

.

b1 · · · b2

ηqbq−1,1lq,q−1 + σqcq,q−1lq−1,1 · · · σqcq,q−1lq−1,1 + ηqlq,q−1bq−1,q


 ,

L̂2 =




b3 · · · b4

l21 − η2l21 (1 − b11) + σ2c21l11 · · · l2p + η2l21b1p + σ2c21l1p
...

. . .
...

lq1 − ηqlq1 (1 − b11) + σqcq1l11 · · · lqp + ηqlq1b1p + σqcq1l1p



,
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a1 = cq−1,1 + τqcq−1,qcq1 + σq−1cq−1,q−2cq−2,1 + ηq−1lq−1,q−2uq−2,1 + δqlq−1,quq1,

a2 = cq−1,q − τqcq−1,q (1 − cqq) + σq−1cq−1,q−2cq−2,q + ηq−1lq−1,q−2uq−2,q + δqlq−1,quqq,

a3 = c11 + τ2c12c21 + · · · + τqc1qcq1 + δ2l12u21 + · · · + δpl1pup1,

a4 = c1q + τ2c12c2q + · · · − τq (1 − cqq) + δ2l12u2q + · · · + δpl1pupq,

b1 = cq−1,1 + τqcq−1,qcq1 + σq−1cq−1,q−2cq−2,1 + ηq−1lq−1,q−2uq−2,1 + δqlq−1,quq1,

b2 = cq−1,q − τqcq−1,q (1 − cqq) + σq−1cq−1,q−2cq−2,q + ηq−1lq−1,q−2uq−2,q + δqlq−1,quqq,

b3 = δ2l12b21 + · · · + δpl1pbp1 + l11 + τ2c12l21 + · · · + τqc1qlq1,

b4 = δ2l12b2p + · · · − δpl1p (1 − bpp) + l1p + τ2c12l2p + · · · + τqc1qlqp,1 L̂1 l Ĉ1 	9 σi, τi, δi l ηi B�-=�℄�;vr, Q"W74G_9���f.

ηq−1bq−2,qlq−1,q−2 − δqlq−1,q (1 − bqq) + σq−1cq−1,q−2lq−2,q + τqcq−1,qlqq + lq−1,q < 0,

δqlq−1,qbq,q−2 − ηq−1 (1 − bq−2,q) lq−1,q−2 +σq−1cq−1,q−2lq−2,q−2 + τqcq−1,qlq,q−2 + lq−1,q−2 < 0,

cq−1,q − τqcq−1,q (1 − cqq) + σq−1cq−1,q−2cq−2,q + ηq−1lq−1,q−2uq−2,q + δqlq−1,quqq > 0,

cq−1,q−2−σq−1cq−1,q−2 (1 − cq−2,q−2)+τqcq−1,qcq,q−2+ηq−1lq−1,q−2uq−2,q−2+δqlq−1,quq,q−2 > 0,�.Q"W74 L̂2 l Ĉ2 	 σi, τi, δi l ηi �B�9��u73_9���A�5.� 1 > ?
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A CLASS OF PRECONDITIONED GAOR METHODS FOR

SOLVING WEIGHTED LINEAR LEAST-SQUARES PROBLEM
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Abstract

In this paper, a new type of preconditioners are proposed for accelerating the GAOR

method, which are the preconditioned GAOR methods, for solving a class of block 2 × 2

linear systems arising from the weighted linear least-squares problem. Some comparison

results are obtained, the comparison results show that the convergence rate of the proposed

preconditioned GAOR methods are indeed better than those of the original GAOR method

and the preconditioned GAOR methods, whenever the original GAOR method is convergent.

Furthermore, effectiveness of the proposed methods is verified by numerical experiment.

Keywords: weighted linear least-squares problem; preconditioner; GAORmethod; com-

parison theorems
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