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MR (2010) ;�Jn: 65D15, 65Y20

1. '��! �l�BdtT (uncertainty propagation) %4&,�
;5HJ2� �l�BdX[2> �l�[tT. OQ�H&�~��m~9��6~%Æ&B^[ �l�BdtT[�y�~, -<L%wÆ ~ (generalized polynomial chaos, gPC) f%��_R>[���y�~.OQ�H&�~9OQ�H~ (Monte Carlo method, MCM) [1] kN�, m-3BrRGS�5l:v*, )���aBFOK/W~^, R>mw,R;0:[h��4��, T^D�r2v>��H"[;0E:>K�̂ D�g>1. �m~ (perturbation method) [2] %4&�;0�~, KbGS�5[�}��u2�2>GS�5g[6:*~~�N%h�,v";0	��Bv>2>�5[kg��,℄�v�,RJOm�℄~�_vN%h� (�w 2 v, 23 2 v�>h�363O�`yv~~�), H9v~e|�E2>GS�5R2�GS�5[6:*~, >yT2�GS�5�m�isK�9W2�2>6:*~[�	�6rsK�, mHvz[�v�HbsK[w,. ��6~ (moment equation method) [3]F�"2�2>6:*~[~^�6>|, {tbW5K2>GS�5�v�[�6�, �Bvz��6�yZX2>GS�5[�v�. ��~[HebO℄���> 23blvE
*
2018 ` 6 \ 22 �.Y.



1 l 9℄' ^: �(C{5njÆ���� 81[�v�[�J , RJOb�Kw:t �mH�>[�v�[�J 	K>�vE�blvE��[�,k7℄&ÆVD> 23blvE[�v�,	 Z u�OblvE[�~�4l[f�, 
B ��Qa��7w,.-<L%wÆ ~ [4–6](generalized polynomial chaos, gPC) %4�QOwÆ 6:�)G[ �l�BdtT[�y�~, m?�RpRÆ&�~e| \. �&�~[Q�?�%$F92�GS�5k��5[uqwÆ Q6:[	��<�2�2>�5g[6:*~, Fy��Bavz>2>�5[�v�9�CPr. ��~>v"~�w,sK[_vh�, ye|�Æ�m~>�℄~�s_vE[h�yW�2�GS�5bsK�i�m�, m
Bz[w,sK[}e. ��~v"�;f�Yl	℄��av>2>�5[�v�, >ym^Dx1[�r9���2S��O��6~. ��~JX
\^D�rH"2[;0E:W
*[^D5Y�OOQ�H~. QO
�Qe, �&�~
1:))G{W!6{[+ [7–10].��Q6:~:[^D�~ \, -<L%�~4"G�k4&�~: 1) GS Galer- kin~ (stochastic Galerkin method, SGM); 2)GSe�e~ (stochastic collocation method, SCM).

1) GS Galerkin ~ [9]. �&�~�FJ~:Ol[uqwÆ Q6:�4[�6:NW2�2>�5g[6:*~, �nmN�*O2�92>�5[GS�	��6�, �Bn�GS�	��6��Hk�l�[�	��6�~�vz, FyZX�Q6:[~:9W�6:. ��~v";0Y�JX>�[^D�r; R�'FO~^W�
uhPrGS�5:s�[/�.

2)GSe�e~ [10]. �&�~/�FX~^OZR2�GS�5[��;0e (Ye�e) uB[2>�5[}, �B*Fo�e�e9
B[6:}^D>�Q6:[~:, FyZX�6:. >k�"2e�e�|y ��A~^[ÆVW�, H9�&�~'F�i-�̂ DBr�. �&�~N��k*}�GSe�e~9mi�GSe�e~ (h3mi�~), m	mi�~>k℄��6:b2�GS�5l<T\�e[w,�V��, H9
uO*}�GSe�e~℄OZÆK����r[�6:. mi�~��k�gmi�~ [11]9�'Bz4mi�~ [12, 13](adaptive sparse pseudospectral approximation method).m	,�gmi�~>k}}:}T�/f[(z�f, H9HbTHF:}T�vE3_�
(YqT�)Q6:~:^D ��,PHF:}T�vE3�� (Y3T�)^D5K[}e.y A-SPAM ~, N�3k��mi�~, �<*F74�H Smolyak z4f� [14]��'BD~ [15] 9Wk5T�f�Rk5TT�/f[eu\7, Fy�OZ��gmi�~����r[�6:. ��~
uO�gmi�~ÆK
�He: 1) ��~JOQ6:U� ;Nr��'B"h, H9℄&���l[^D�r2v�'Ba�l�6:[h�� , Fy�Q7�gmi�~[h�vE[9(e[tT; 2) ��~QOk5T�f�Rk5TT�/feu[\7, 
B�Æ7�gmi�~>qT�93T�yW�[tT, �Zm^D�C��.�+ A-SPAM ÆK�8He, R��~�Hb
�}e: 1) m
��uOTp�6:[��r['^ �� (Kw:t �fK), W�HZ�6:[��rf(Uk�r; 2) ��~�'FOP2>GS�5[5HtT, b�K{tb-Xw2>5HtT�, JO;0�|LKZX9�*Fy�Z^D�Cf_.QO
��8, �rR>7'FOw2>5HtT[�'Bz4mi���~ (new

adaptive sparse pseudospectral approximation method for multi-output problems, NA-SPAM-
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MOP). �r/�R>7 A-SPAM [��
��, �9UT[� wSHR���[K��; �BR>7QOC��
��['FOP2>5HtT[�'Bz4mi���~ (new adaptive sparse pseudospectral approximation method, NA-SPAM). ��
��℄&���a'^>�6:[Tp�r, Fy�Z NA-SPAM [�6:[�r�t�OUk�r. ~y, quw2>5HtT, �rQO��U[^4'E, R>7'FOw2>5HtT[�'Bz4mi���~ (NA-SPAM-MOP). ��U^4'E��;0�|ZX9�*F, Fy�Zx<��U^4'E[ NA-SPAM-MOP bvzw2>5HtT�, ÆK�{t� NA-SPAM b-Xw2>tT[�~��[^D�C.k��℄qW&8, �rnr	�WX[#�l<WD~�O��	.

2. >�*���{)jF (A-SPAM) ^ha2>�5 U R2�GS�5 Z [6:*~ k:

U = f(Z), (2.1) 	 Z = (Z1, . . . , Zd) %l<b Ω �[o.GS�5�5, m1<�CPr6:k ρ(z) =

ρ1(z1) × · · · × ρd(zd), m	 ρi(zi), i = 1, . . . , d kGS�5 Zi [�CPr6:. 
;�B��av>2>�5 U [�v�9�CPr, k4&0k[ �l�BdtT.  (2.1) 	[6: f(z) J�h��TYl:
∫

Ω

|f(z)|2 · ρ(z) dz < ∞,f� �l�BdtT�$F A-SPAM℄ gPC~K�vz. �r f(z)[,F,$F A-SPAM℄ gPC~vz�8tT[^D�C[�, Q�%T f(z) vu�h�, A-SPAM ÆK�:-3Q� [15].

A-SPAM u�8 �l�BdtT[Q�vz36k: ���z4mi�~ (sparse

pseudospectral approximation method, SPAM) ^D��UuB[4�H Smolyak z4f��6:; �B*F�'BD~��l>℄�K6raR���r[��, nmXeX��U	, �!u��UuB[4�H Smolyak z4f��6:, {XjN
��ZXJ�
(C�Y�kD~8JX#��l[��r); �B�HZX[�6:NWX6:*~, ~y^D2>�5 U [�v�9�CPr6:.

2.1. ���z(iE (SPAM)a f(z) [�6:k f̃(z), bz4mi�~ (SPAM) 	, f̃(z) kJ��k5Tf��6:	��<y4[z4f��6::

f̃(z) =
∑

k∈K

ckSk(f), (2.2) 	 z kl<b Ω �[ d l��5; k = (k1, . . . , kd) 9 t = (t1, . . . , td) k d l�� (h3k��), %Jut:%4[�5, ki, ti ��%KN[b i ��5; K k d l��[U< (h3k��U); Sk(f) kR�� k uB[k5Tf��6: (h3k�f�); ck kR�� k



1 l 9℄' ^: �(C{5njÆ���� 83uB[[f�~:. Sk(f) 9 ck [�J ��k:

Sk(f) =

s(1)(k1)
∑

n1=0

· · ·

s(d)(kd)
∑

nd=0

Qk(Φn · f)/γn · Φn(z), (2.3)

ck =
∑

t∈K,∀i=1,...,d, ki≤ti≤ki+1

(−1)‖t‖1−‖k‖1 , (2.4) 	 Φn(z) k Ω �M{ ρ(z) [uqQ6: (h3kQ6:); n = (n1, . . . , nd) k Φn(z) [E:; γn k Φn(z) [M{ ρ(z) 2- �:[h�; s(k) = (s(1)(k1), . . . , s
(d)(kd)) k Sk(f) 	Q6:[��E:, mb i ��5 s(i)(ki) k���5 ki [Pidg6:, 4��zk	�6:

s(i)(ki) = ki − 1 P�:6: s(i)(ki) = 2ki−1 − 1; Qk %FO^D Sk(f) 	HKQ6:~:[k5TT�D�, KJ��2�lr i = 1, . . . , d [�5 Q
(i)
ki
[3k5T/f%4; k	w

Qk u Sk(f) 	HK 0 ∼ s(k) EQ6:[~:^D[���, SPAM /l�lr[ Q
(i)
ki
[N:�r q(i)(ki) �$G� ki [gKydg�r2KO℄O 2s(i)(ki); Qk(Φn · f) �"F Qk ^DM{ ρ(z) \T 〈Φn, f〉 yZ[��}; a Qk H�F[HKT�e[U<k Θk.
Ba, �8�6: f̃(z) 3��"4k5T,�f��6:z9:

f̃(z) =
∑

k∈K

∆k(f), (2.5) 	 ∆k(f) kk5T,�f��6: (h3k,��f�), mRk5Tf��6:[*~k:

∆k(f) =
∑

t∈Ik

(−1)‖k‖1−‖t‖1St(f),

Ik = {t ∈ K : ∀i = 1, . . . , d, ki − 1 ≤ ti ≤ ki}.

(2.6)

2.2. =�(�E�'BD~�!��XeD~9
��4#�. ��XeD~: ���U K 	Æ"Xe�℄R��6:[��r[��. 
��: ����r%�J��l�ruD~~�
�l.��XeD~k:

• l<M��� k [
#w,'^} (local error estimate) k:

εk = ‖∆k(f)‖L2
ρ(z)

=

√

∫

Ω

(∆k(f))2ρ(z) dz, (2.7)� �" ∆k(f) [M{ ρ(z) L2 �:, k�8��, �rnmh3k 2- �:, �rnM{
ρ(z) L2 �:89\T8ha# ‖·‖2 9 〈·, ·〉 . J�6:[,��J (2.5) �y,�6:[�rz�O K 	HK k uB[ ∆k(f) Æ, >C εk ��"b�6:	Xe
∆k(f) ÆB, �6:[�r[R�5 (Pw,[i�5).

• n��U K �44�E 
q[�U A,O, FU< A 	lXÆK�K εk [�� k, nmF A 7�U< O 	.
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• uO�8�� k[�;p:��, mHKB:��n6O O, fnmXeX A9 K 	.�36�F# �"k A := A

⋃

(F(k)
⋂

{p : B(p) ∈ O}) ,K = A
⋃

O , m	 F(k) �"
k [HKp:��%4[U<, B(p) �"�� k [HKB:��%4[U<. >kH(�� k [ εk �K, )��k���[p:��[
#w,'^}3>K, no���e�X K 	, ℄&�K6raR���r.
��k:

• l<�6:[|
w,'^} (global error estimate) k:

η =
∑

k∈A

εk =
∑

k∈A

‖∆k(f)‖2 . (2.8)

•  η ≤ TOL(TOL kw,j}), f
��J�, C���k�6:[��r8J�2v, �'BD~x9.

2.3. A-SPAM ;\�0:
1) =�H: < K 9 A kP��U< {1, . . . , 1}, < O k�U; kM��� k (e s(k) 9

Qk .

2) �� 2.2 w[��XeD~Xe��X A 9 K 	.

3) �� 2.1 w[ SPAM �~^D��U K uB[�6: (2.2), (2.5).

4) �� 2.2 w[
��^D�l%�
�jN, 
��oJ�, f�b 2) "d'jN, �f��4".

5) ^D2>�5[�v�9�CPr.

• n�6: (2.2) �4Q6:	��<[� :

f̃(z) =
∑

Φn∈H

f̂nΦn(z), (2.9) 	 f̂n kQ6: Φn(z) [~:, H kQ6:[U< (h3Q6:U), �5 f̃(z) 	HK[Q6:Æ.

• ^D2>�5 U [kg9�,:

E[U ] ≈ E[f̃(Z)] = f̂0,

Var(U) ≈ Var[f̃(Z)] =
∑

Φn∈H

(f̂n)
2γn − (f̂0)

2,
(2.10)�BFGS�5 f̃(Z) NW2>�5 U ~�OQ�H;0, ZX U [�v�9�CPr.�: >k�6: (2.9) khP[wÆ 6:, yX6: (2.1) 4�ks�`[A 6:, H9u f̃(Z) ~�;0ZX U [�v�9�CPrH"2[^D�g,2Y�O{tu U = f(Z) ~�
B[;0^DH"2[^D�g.
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3. �+-9�6rX��=>�*���{)j�HF (NA-SPAM)b 2 wH|�[ A-SPAM %K�[�~, 
�OmK gPC �~�OZÆK����r[�6:. RK[
�� ℄&��'^>�6:[w,, >y�℄Kb�6:[�w,�KO�l[w,j}���>8J�yRp
�^D, Pnb�6:[�w,8�Ow,j}�����oZXJ�y�~� �2[^D, �
W� A-SPAMHZ�6:[��rKf(�l��r.�rF�w,[�J >|, /��y�K|
w,'^}9
B[
��uO�w,'^ ��[X>, �BQO�)�l<9f�R>7�[|
w,'^}9
B[��
��, QO��
��R>7 NA-SPAM; �9UT[� wS7��
��
�O�K
��, ℄&���a'^>�w,.

3.1. A-SPAM 98ykA,(i�3P\.<~;/%I�F f̃(z) � f(z) H.�[�w,�F4nz,[ 2- �: ∥

∥

∥f̃(z) − f(z)
∥

∥

∥

2
#�". �w,[�, f f̃(z) u f(z) [��r[�, 
Ba�S A-SPAM [^D�r3[�.X6: (2.1) ��4Z:� :

f(z) =
∑

k∈Nd
1

∆k(f). (3.1)x< (2.5), �w,��"k:

∥

∥

∥f̃(z)− f(z)
∥

∥

∥

2
=

∥

∥

∥

∥

∥

∥

∑

k∈K

∆k(f)−
∑

k∈Nd
1

∆k(f)

∥

∥

∥

∥

∥

∥

2

=

∥

∥

∥

∥

∥

∑

k∈Kc

∆k(f)

∥

∥

∥

∥

∥

2

, (3.2) 	 Kc % K *O d lut:U N
d
1 [�U, 3kd#��U (kvuU<).2��^D (3.2),f"2bR Kc 	HK�� kuB[T�e Θk Au f(z)( (2.1))~�;0, �B^D
B[ ∆k(f). K

c %vuU<, 
Ba��^D (3.2) [}"2vuE;0yv~��, >C�℄$F'^�~#��^D (3.2) [}, Y*F8[3;0D>[
∆k(f),k ∈ K #��'^ (3.2) [}.

A-SPAM F|
w,'^} ( (2.8)) '^ (3.2), m'^�rf_[4�X>k [16]:bb 2.2 w�'BD~[��Xe36	, "2lX A 	ÆK�K εk [�� k �nmF A	7X O 	, b k [HKp:��	LKJ�HKB:��n6O O o4Yl[��, ZK�E&#	LK���Xe, JO K = A
⋃

O , >C K  �, 
Ba�6: (2.2) b&#pB3 �, m�w,B �; yJO� k 8F A 	7>y�Z A |�7�H, 
B�� (2.8) ^D>[|
w,'^}b�E&#pB> A [�HyKH \, y��|
w,'^}B �; >C, �� (2.8) ^D>[|
w,'^}bo�t �v~p�a�E�6:uOX6:[�t , yHb4l[w,, 
Bm'^�rf_.

3.2. &o��$[℄�`bR>�r[��
��zp, ��>
�[�)�l<Wf�Yl.
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√

∑

k∈Ks

‖∆k(f)‖
2
2 −

∥

∥

∥

∥

∥

∑

k∈Ks

∆k(f)

∥

∥

∥

∥

∥

2

≈ 0, (3.3) 	 Ks k K [�;�U.3w. �;4� 
℄[�� k, t uB[,��f���4: ∆k(f) =
∑

n≤s(k)

Bk,nΦn,

∆t(f) =
∑

n≤s(t)

Bt,nΦn, m	 Bk,n, Bt,n kQ6: Φn [~:; J (2.6) 9W (2.3) �Z
Bk,n [^D k:

Bk,n =
∑

p∈Ik,s(p)≥n

(−1)‖k‖1−‖p‖1Jp,n, (3.4) 	 s(p) k Sp(f) 	Q6: Φn [��E:; Jp,n k Sp(f) 	Q6: Φn [~:, Jp,n =

Qp(Φn f)/γn. T n = s(k) �,  (3.4) [v98\�K 1 Æ, ) Bk,s(k) = Jk,n 6= 0; yT
n < s(k) �, (3.4) [v98\Kb:Æ, rG� p [�H, (−1)‖k‖1−‖p‖1 [}u�qW>�.>kR���� p uB[ Jp,n [x�}bO$F[:}T� \, H9��kKN��
℄. O%uO�; n < s(k), K:

Bk,n ≈ Jp,n
∑

p∈Ik,s(p)≥n

(−1)‖k‖1−‖p‖1 = Jp,n · (1− 1 + · · ·+ 1− 1) = 0,\), T n = s(t) �, Bt,n 6= 0, uO�; n < s(t), K Bt,n ≈ 0. >C, JQ6:[uq�, T
k 6= t �, ∆k(f),∆t(f) [\Tk:

〈∆k(f),∆t(f)〉 =
∑

n≤s(k),n≤s(t)

Bk,nBt,nηn ≈ 0, (3.5)���:h�h�# ZX:

∥

∥

∥

∥

∥

∑

k∈Ks

∆k(f)

∥

∥

∥

∥

∥

2

2

=
∑

k∈Ks

‖∆k(f)‖
2
2 +

∑

k,t∈Ks, k 6=t

〈∆k(f),∆t(f)〉, (3.6)x< (3.5) 9 (3.6), �Z
∥

∥

∥

∥

∥

∑

k∈Ks

∆k(f)

∥

∥

∥

∥

∥

2

≈

√

∑

k∈Ks

‖∆k(f)‖
2
2, (3.7)>C (3.3) Zw. ��$ 1(+g7,). �� k J� k ∈ K, r k [p:��	��K4� b K 	, f3

k k K [�{��. |V�{��%4�{��U.�$ 2(?>7,). �� k J� k ∈ K, r k [HKp:��n b K 	, f3 k k
K [ke��. |Vke��%4ke��U.�$ 3(�+g7,). �� k J� k ∈ Kc, r k [B:��	��K4�b K 	, f3 k k K [d�{��. |Vd�{��%4d�{��U.



1 l 9℄' ^: �(C{5njÆ���� 87�$ 4(�?>7,). �� k J� k ∈ Kc, r k [HKB:��nb K 	, f3 k k
K [dke��. |Vdke��%4d�{��U, a# Kc

V .℄� 1.  k > t, f ‖∆k(f)‖2 < ‖∆t(f)‖2.℄� 2. b'^�w, (3.2) �, �F Kc
V ��NW Kc.℄� 3. b^D ‖∆k(f)‖2 ,k ∈ Kc

V �, �n mint∈B(k) ‖∆t(f)‖2 #kK[��}, m	
B(k) k k [HKB:��%4[U<.�8f�[<)��y
�:

1) f� 1 %b'^�w,�[4�Q�f� [15]. JZ: (3.1) [-3��y, T
k → ∞ �, ∆k(f) → 0, ‖∆k(f)‖2 → 0 o�Sb k → ∞ �, �V� ‖∆k(f)‖2 [w$��%Æmi�[, Y	�Vw$y- k [K, ‖∆k(f)‖2 	[�, >Cf� 1 %<)[.

2) ��; p ∈ Kc \ Kc
V, F p [B:��U	l4��� p(1) ∈ Kc , aF p(1) [B:��U	l4��� p(2) ∈ Kc, �~��B:+l&#, {�ZX p(m) [B:��n 6O Kc. a k = p(m), ��l<�Z k ∈ Kc

V, JO k < p, H9��f� 1 �Z ‖∆k(f)‖2 > ‖∆p(f)‖2, 
Ba;p�R Kc
V 	[��uB[
#w,'^}KOR Kc \Kc

V 	[��uB[
#w,'^}, >y Kc
V 	[��
uO Kc \Kc

V [��, u (3.2) }[D3�K, bm}[�4	j�Waq, >yb (3.2) 	�DE Kc \ Kc
V y��F Kc

V NW Kc, ��	wu (3.2) K�&['^�r, �r[3w�D,.w�f�%<)[, ÆVkD,�y#�[D, 1 [b 2 #�.

3) u�; k ∈ Kc
V, JO k /∈ K, H9v~{tZX ‖∆k(f)‖2, "2F
B[8K^Dx1#��aOZm}, Y*F K 	X��� t uB[ ‖∆t(f)‖2 #��NW. Jdke��[l<�y, B(k) ⊂ K �rb K [HK��	, B(k) 	[��R k [�(�� (k 1), ��a B 	��uB[ ‖∆t(f)‖2 , t ∈ B(k) 3�t� ‖∆k(f)‖2. u�;

t ∈ B(k) K t < k, Jf� 1 �Z ‖∆t(f)‖2 > ‖∆k(f)‖2, H9 mint∈B(k) ‖∆t(f)‖2 R
‖∆k(f)‖2 [}�t�, 
BaFK��NW ‖∆k(f)‖2 �k<), >Cf� 3 %<)[.

3.3. � 98yk[Y,8; NA-SPAMQO�8�)�l<9f�Yl, �rR>
���|
w,'^}9
B[
��:

ηnew =

√

∑

t∈KE

bt ‖∆t(f)‖
2
2 =

√

∑

t∈KE

btε2t ,

ηnew ≤ TOL,

(3.8) 	 ηnew kR��
��
uB[�[|
w,'^}; KE k K [4��U, �
�� OZ: uOwU< (Y
\[WA�9�>�[U<)K′
E :

K′
E = {arg min

t∈B(k)
‖∆t(f)‖2 : k ∈ Kc

V}, (3.9)b� 	�� K′
E 	[�WA��	=m	4�zBHZX[U<Yk KE ; bt k εt [~:, m}k�� t b K′

E 	>�[E:. >k K′
E e|z�O Kc

V, ~ye|z�O K, T K 9



88 _ E ; * 2020 `�6: ��, K′
E  �, KE 3 �, >yJ (23) ^D>[�[|
w,'^} bt 3 �, 
Ba�Æ7�K
��b�6: ��|
w,'^}�|���o4}�.�2bb 2 w[
��	F (3.8) NW (2.8) ^D|
w,'^}, �
Ba!�
��, YZXQO��
��[ NA-SPAM.9�UTnwS (3.8)uO�w,['^
�O (2.8)uO�w,['^ÆK��[�r.uO\4��6: f̃(z), nmu f(z) [��w,} ( (3.2)) ak ζ, n�K|
w,'^} (2.8) ak ηold, n�|
w,'^} (3.8) ak ηnew. fK
�UT4.:x
 1.

|ηnew − ζ| < |ηold − ζ|. (3.10)3w.

ηnew − ζ =





∥

∥

∥

∥

∥

∥

∑

k∈Kc
V

∆k(f)

∥

∥

∥

∥

∥

∥

2

−

∥

∥

∥

∥

∥

∑

k∈Kc

∆k(f)

∥

∥

∥

∥

∥

2



+





√

∑

k∈Kc
V

‖∆k(f)‖
2
2 −

∥

∥

∥

∥

∥

∥

∑

k∈Kc
V

∆k(f)

∥

∥

∥

∥

∥

∥

2



+





√

∑

t∈KE

bt ‖∆t(f)‖
2
2 −

√

∑

k∈Kc
V

‖∆k(f)‖
2
2



 ,

(3.11)

ηold − ζ =

(∥

∥

∥

∥

∥

∑

k∈A

∆k(f)

∥

∥

∥

∥

∥

2

−

∥

∥

∥

∥

∥

∑

k∈Kc

∆k(f)

∥

∥

∥

∥

∥

2

)

+

(

∑

k∈A

‖∆k(f)‖2 −

∥

∥

∥

∥

∥

∑

k∈A

∆k(f)

∥

∥

∥

∥

∥

2

)

.

(3.12)n (3.11) Mt[ÆÆ��ak α1, α2, α3, n (3.12) Mt[4Æ��ak β1, β2. α1,

α3, β1 ��kF Kc
V NW Kc, F KE NW Kc

V, F A NW Kc H.�['^w,Æ, α2, β2 kn,��f�9�:�H4�:9.�['^w,Æ.��f� 2,���F Kc
V NW Kc, ) α1 ≈ 0 . ��f� 3, ���F mint∈B(k) ‖∆t(f)‖2NW ‖∆k(f)‖2 ,k ∈ Kc

V , Y��F KE NW Kc
V, ) α3 ≈ 0 . JO A ⊂ K, H9 A 6= Kc,

β1 6= 0.

α2, β2 ��k�:h�9��9�:Ær ℄ ��[w,, ���) (3.3) �9{tZX α2 ≈ 0.JO −β1 z�OU< K,A,y β2 }z�OU< A,H9��K −β1 6= β2,Y β1+β2 6= 0.���Z
|ηnew − ζ| = |α1 + α2 + α3| ≈ 0,

|ηold − ζ| = |β1 + β2| > 0.>C,  (3.10) !tÆ�OMtÆ, UT4.. ��8UT;p� ηnew � ηold �t� ζ , Y��
��uO�w,['^
�O�K��e��.



1 l 9℄' ^: �(C{5njÆ���� 89>k NA-SPAM b�6:[^D�~9��[XeD~�R A-SPAM 
\, }b
���KH \, H9 NA-SPAM 9 A-SPAM [j4x�bO;�
�jN36 (Y��U["h36). �8UTwS7��
��[|
w,'^}
�O�K
��[|
w,'^}�t�O�[�w,, Fyb�l
\[w,j} TOL(Y�l
\[��r) �, QO��
��[ NA-SPAM 
�O A-SPAM ℄b�w,�t�w,j} TOL�
�jN36, Fy℄OZ��r�t�O�l��r[�6:.

4. �+-D�6rX��=>�*���{�HF (NA-SPAM-MOP)uOP2>�5[GS5HtT, A-SPAM %K�[�~; RuOw2>�5[5HtT (Y U [l:KO 1), Yp
*r�okPG, yKw!6tT�kw2>tT. nb 3w[ NA-SPAM {tb-Xw2>5HtT, f;0x1v~ZX9�*Fy^D�C_.�rQO��U^4'E,R>7'FOw2>5HtT[�'Bz4mi��~ (NA-

SPAM-MOP), ��~℄R�;0x1[*FCyR�^D�C, 
B�Æ7� NA-SPAM {tb-Xw2>5HtT�^D�C_[}e.

4.1. b NA-SPAM 4d�R:C�5qW�
;GE[}>n NA-SPAM {tb-Xw2>5HtT[�~k: nw2>5HtT U = f(Z) �Hkw�o.[P2>5HtT U (j) = f (j)(Z), j = 1, . . . , No(No k2>�5��:), a���F NA-SPAM ~�^D, vz>��P2>5HtT[��U K(j)��f� Sk(f
(j))�f�~: c

(j)
k �,��f� ∆k(f

(j)) 9W�6: f̃ (j)(z):

f̃ (j)(z) =
∑

k∈K(j)

∆k(f
(j)) =

∑

k∈K(j)

c
(j)
k Sk(f

(j)). (4.1)o�"~hP, RmHb
�}e: b^D4�2>�5�,  ℄&9�a*FmJ2>�5[;0x1#R��2>�5[^D�r, Fy�Z NA-SPAM [^D�C_�^D�g1. ÆVX>k: ^D Sk(f
(1)), . . . ,Sk(f

(No)) �HF[:}T�D� Qk 9T�eU Θk%
\[,Rz
B[2>�5 U (j), j = 1, . . . , No [z}U<ak Ξ
(j)
k = {f (j)(Z) : Z ∈ Θk}

. JOb�"~	, �2>�5 U (j), j = 1, . . . , No [vz%o.[, H9bvz�2>�5�ZX[��U4� K
\,  �� K(1) 6= K(2), f�lHb4��� k, J� k ∈ K(1)r k /∈ K(2) . b^D Sk(f
(1)) �, "2^D2��5z}U< Θk HuB[ U (1) [z}U< Ξ

(1)
k ,>kbw2>5HtT	�l4�2��5[}	�\�^D>�2>�5[},H9b^D> Ξ

(1)
k [\�, 3^D>7 Θk HuB[ U (2) [z}U< Ξ

(2)
k , R k /∈ K(2) W�

f̃ (2)(z) 	 �5 Ξ
(2)
k o4Æ, �Zb^D f̃ (2)(z) � ℄&*F Ξ

(2)
k o4;0x1, O%d47;0�| Ξ

(2)
k v~ZX*Fyp_7;0�|[*F�C.

4.2. Y,7,Z�#2u; NA-SPAM-MOP�AX�8n NA-SPAM {tb-Xw2>5HtT[�~Hb[}e, �rQO��U^4'ER>7'FOw2>tT5H[ NA-SPAM-MOP. ��~[Q�?�k: $F��U[^4'E�Zb��U�'B"h36	�2>�5[�6:[��U�
	8
\, o0	�Q7�8�~>��6:[��U 
\yHb;0�|v~ZX9�*F



90 _ E ; * 2020 `[}e. �rHR>[��U^4'E�!
�4#�\	: 1) ^4�2>�5uB[
#w,'^}; 2) ^4�2>�5uB[|
w,'^}.

1) ^4�2>�5uB[
#w,'^}. �m (2.7), l<Rb j = 1, . . . , No �2>�5uB[��� k [
#w,'^}k:

ε
(j)
k =

∥

∥

∥∆k(f
(j))
∥

∥

∥

2
(4.2)u�2>�5uB[ ε

(j)
k ze{h�, 	ZX^4[
#w,'^} εk:

εk =
1

No

No
∑

j=1

ε
(j)
k

ε
(j)
ref

(4.3)

ε
(j)
ref =

√

∑

k∈K

(ε
(j)
k )2 =

√

∑

k∈K

∥

∥∆k(f (j))
∥

∥

2

2
(4.4)

2) ^4�2>�5uB[|
w,'^}: ����
�� (3.11), �2>�5uB[|
w,'^}k:

η(j) =

√

√

√

√

∑

t∈K
(j)
E

b
(j)
t · ε

(j)
t ε

(j)
t (4.5) 	 K

(j)
E 9 b

(j)
t ��k����
��#'^ f̃ (j) u f (j)(z) [�w,�HF[U<9~:, m^D�~R (3.11) 	[ KE 9 bt 
\.u�2>�5[ η(j) ze{h�, 	ZX^4[|
w,'^}9
��:

η =
1

No

No
∑

j=1

η(j)/ε
(j)
ref

η ≤ TOL

(4.6)b (4.3) 9 (4.6) 	, 1/ε
(j)
ref ��%b j �2>�5uB[
#w,'^}[e{~:9|
w,'^}[e{~:, �~:[#FW<)�=S
�:

1) J (4.4) �y, ε
(j)
ref kb j �2>�5 U (j) [��U K(j) 	HK ε

(j)
k [h�9[�

(
TOJHK ε
(j)
k ,k ∈ K(j) %4[�5[a*1r), >C 1/ε

(j)
ref ÆK04H#F, ℄<)�� \K�[ ε

(j)
k u^4[w,'^} εk [D, ���2>�5[
#w,'^}�℄b εk 	ZX<)[V�.

2) ���:h�h��� (3.7) �Z:

ε
(j)
ref ≈

∥

∥

∥

∥

∥

∑

k∈K

∆k(f
(j))

∥

∥

∥

∥

∥

2

=
∥

∥

∥f̃ (j)
∥

∥

∥

2� ;p� ε
(j)
ref \�3% U (j) [�6:[ 2- �: ∥

∥

∥f̃ (j)
∥

∥

∥

2
[��}, 1/ε

(j)
ref Yk���}[V:, >C�V:3;p�*F�2>�5[�6:}#k
B[�
#w,'^}[e{},℄���2>�5[
#w,'^}�℄b^4[
#w,'^} εk 	ZX<)[V�. �8 ε

(j)
ref [#FW<)�[z)\0'FO^4[|
w,'^} η.QO�8^4[
#w,'^}9^4[|
w,'^}, �2ub 2.2 w A-SPAM [��XeD~9
����~�
�!�Y�ZX NA-SPAM-MOP.



1 l 9℄' ^: �(C{5njÆ���� 91!� 1: F (4.3) NW (2.7) ^D�� k [
#w,'^} εk, 	�ZX NA-SPAM-

MOP bw2>�5t��[��XeD~. JO!�B[ εk 9��XeD~RÆV[2>lrv*, H9�2>�5[��U�%Xe
\[��, �2���2>�5[=���Unk {(1, . . . , 1)}, 	�	8�2>�5[��U�

\, Fy����U[^4.!� 2: F (4.5),(4.6) NW (3.12) ^D|
w,'^}, 	�ZX NA-SPAM-MOPbw2>�5t��[
��.

4.3. NA-SPAM-MOP \�s4QO 4.2 wuO A-SPAM [!�, �9ZX NA-SPAM-MOP [^D>6, 
` 1 H".

a 1 NA-SPAM-MOP \?7a
5. 	pK��rD~�$F C++ ��, ^DI�k: CPU Intel Core i3-4160 3. 60GHz [M S.b�rD,	 s(k) [M��5 s(i)(ki) = ki − 1, Qk [M��5 Q

(i)
ki
k s(i)(ki) + 1 e�>T�/f.

5.1. NA-SPAM . A-SPAM ;(i�3P\5;A*�D,.w��
��
�O�K
��u�w,['^���, ~y.wb�l
\[�w,j}�J NA-SPAM ZX[�6:
�O A-SPAM ZX[�6:ÆK�t�w,j}[�w,. \�, �D,J.w7��
��H6$[f� 2 [<)



92 _ E ; * 2020 `�. b,�:}T��*}9WwÆ ��~[^D�C�, [0(z Genz 6:�	[6:#kD~[),6: [17]. Genz 6:��5rU��5T
��rI
���>��2'�9 2'�o 6 &, m	�0�F[k�>�. >C�D,�F�>�),6:#k2>�5R2�GS�5 Z [6:, mÆV�J k:

f(Z) = d · exp

(

−

d
∑

i=1

v2i (Zi − oi)
2

)

, (5.1) 	 d kGS�5 Z [l:, vi, oi k6:%:.�l d = 5, �%: vi, oi bxg [0, 1] ��^aGS.�; ��2�GS�5
Eo.,

Z1, Z2 ��ÆFxg [−1, 1] 9 [−0.5, 0.5]�[�^�!, Z3, Z4 ��ÆF�}k 0���,k
1 9�}k 0���,k 0. 7 [uO�!, Z5 ÆF%:k 1 [�:�!. �w, (3.2) ��4GS�5 f̃(Z)− f(Z) [ 2 v�[h��, �F 105 EOQ�H;0ZX.GS.�4�%: vi, oi , 	ZX4�6: f(Z) , ���F A-SPAM�NA-SPAM �'BjNa��6:�zm	 9 EjNx1, 	�ZX�6:b 9 EjN�[�O, 
Ba�9ZX�6:b 9 EjN�[�w,�A-SPAM [�K�W NA-SPAM [�����b 9 EjN���u�w,['^} (��k �K|
w,'^} (3.12) 9�[|
w,'^} (3.11)). �r$.� 100 �%:, ZX 100 �6:, ~y�ZX 100 ��6:�900 ��w,��K�9���u 900 ��w,['^}.

 

  a 2 �Ld:��dvÆ�x-\(_~\v�` 2 k NA-SPAM R A-SPAM ��ZX[HK�w,Wm'^}[�e`, `	$
1800 �e, M�e[?$�k�w,}, �$�k��w,['^}, A�%�	 y = x�"�w,['^}R�w,}
℄, �e[t��%�	, f�euB['^[��.F` 2 �9�>���[�e
s�K�[�e, R%�	[f(6r��r�eU	O�%�	��, o�S�����K�u�w,['^���. ~y|��K�[HK�e9��� 90.7% [�enqO%�	[��, Yo��e[�$�}KO?$�}, KNuB[�w,'^}KO
B2v[�w,}, H9�w,['^}�Kw:t �%fK[.` 3 9` 4 k 100 �6:	X4�6:[�w,Wm'^}, ` 5 k 100 �6:[�w,Wm'^}[�}, M�`	[ 9 �u��e��uB��6:bo 9 EjN�[�O, m?$��"^D�g, �$��"�w,}, Ro�e[?$�
\[mJeuB



1 l 9℄' ^: �(C{5njÆ���� 93��K�Pn���w,'^, m�$��"u
B[�w,['^}. F` 3 �̀ 49W` 5 �9�>, ���u�w,['^}y	��K�u�w,['^}y	�t�O�w,�}y	, >C���u�w,['^���. b` 4 	�l
\[w,j}�, ,
 TOL = 0.03(`	=�?�#	), NA-SPAM 9 A-SPAM k7�KN[�w,'^}��℄Ow,j}, "2��^D�e b 9e c, Ye b 9e c ���"7b�l TOL = 0.03 � NA-SPAM 9 A-SPAM [^D�g9�w,. JOe b Rw,j}	[�(�Oe c Rw,j}	[�(, H9 NA-SPAM [�w,
�O A-SPAM [�w,�t�O�l[w,j} (Y`	e a ). �re b 9e c qOw,j}	��, H9��Re c 9e b 
uB[ A-SPAM 9 NA-SPAM [�w,�Ow,j}, YKNn8J��l[�r2v. NJOe b be c [!�, H9bJ��l[
\[�r2v�, NA-SPAM[^D�g�O A-SPAM [^D�g.

 

  a 3 v 1 �7;\Æ�x-Xn(_~
 

  a 4 v 2 �7;\Æ�x-Xn(_~
3.3w	[UTwS7��
��u�w,['^
sO�K
�����, �UT[4.#�z�O�UT[f� 1�2�3, m	f� 1 k-�$F[f�, b!6	Kw℄&4., f� 3 QOf� 1 yZX, >C3%℄4.[. f� 2 JOn�w,�J (3.2)	[vuU< Kc FK�U< Kc

V #��NW, H9m<)�"2Po.w. f� 2 [<)�



94 _ E ; * 2020 `
0 0.2 0.4 0.6 0.8 1 1.2

10
-3

0

0.5

1

1.5

2

a 5 100 �7;\Æ�x-Xn(_~\�~�9FNW&#BZX[�w,[��}R�w,[p�}z�#�s:

r =

∥

∥

∥

∥

∥

∥

∑

k∈Kc
V

∆k(f)

∥

∥

∥

∥

∥

∥

2

/

∥

∥

∥

∥

∥

∥

∑

k∈Kc

∆k(f)

∥

∥

∥

∥

∥

∥

2

r [}[t� 1, ff� 2 [<).6: f(Z) �k (5.1), 2�GS�5[�!RzpD,[
\ (2�GS�5�:
d > 5 r d ≤ 10, f< Zi+5, i = 1, . . . , 5 [�!R Zi 
\). �l d 9w,j} TOL, GS�44�%: vi, oi f�ZX4�6: f(Z) 94� NA-SPAM [^Dx1, FyD>4� r}. GS�4 100 �%:, 	ZX 100 � \�O[6:, FyZX 100 � \t�� r }
(r1, . . . , r100), zmh�}#kf� 2 <)�[�s5:

raver =
1

100

100
∑

j=1

rjR \[ d 9 TOL uB[ raver }"O� 1 	. �9�>b d 9 TOL z \[}�,

raver [}�
�KO 1, LKf( 1 3w, 
BwS7f� 2 [<)�.- 1 /Æ< d V TOL 6B)< raver 6
TOL= 0.1 TOL= 0.07 TOL= 0.05 TOL= 0.02

d = 2 1. 029 8 1. 026 7 1. 026 6 1. 026 7

d = 5 1. 084 2 1. 078 4 1. 023 6 1. 041 0

d = 8 1. 125 3 1. 280 4 1. 190 5 1. 184 2

5.2. NA-SPAM-MOP . NA-SPAM 0|fC�5qW�
�;A*�D,.w NA-SPAM-MOP
�O{tb-Xw2>5HtT[ NA-SPAM, b\℄^D5[Yl�ÆK��[^D�r. �D,HF[b4�),6:k
�w2�w2>6::

f (j)(Z) = d · exp

(

−

d
∑

i=1

v2i,j(Zi − oi,j)
2

)

, j = 1, . . . , No, (5.2)



1 l 9℄' ^: �(C{5njÆ���� 95m	 d = 5, No = 5, �2�GS�5[�!R 5.1 w
\.�rn NA-SPAM {tb-Xw2>5HtT[�~3ko.^D[ NA-SPAM. bo.^D[ NA-SPAM 	, M�P2>5HtTn$F��
�� ( (3.11)), b4�),6:[w,j} TOL k 0.05, k���s, �l NA-SPAM-MOP [^D5Ro.^D[ NA-

SPAM [^D5
\ (Y NA-SPAM-MOP JXo.^D[ NA-SPAM [^D5�, vG
��%�J�, NA-SPAM-MOP nnZ�).GS.�4�%: vi,j , oi,j , 	ZX4�6: f (j)(Z), j = 1, . . . , No 9
B[^Dx1,no.^D[ NA-SPAM 9 NA-SPAM-MOP [b j �2>�5[�6:[�w,��ak e
(j)
1 , e

(j)
2 , 
` 6 H". n NA-SPAM-MOP Ro.^D[ NA-SPAM [�w,�}��ak e2,r =
∑No

j=1 e
(j)
2 /e

(j)
1 , GS.� 20 �%:, 	ZX 20 �6:9
B[�w,�},
` 7 H".

 

  a 6 p/_E\ NA-SPAM : NA-SPAM-MOP \Æ�x-F` 6 �9�>, T^D5
\�, NA-SPAM-MOP u��2>�5[�w,
�Oo.^D[ NA-SPAM Kki�; F` 7 3�9�> 20 �x1	[�w,�} e2,r �%K��O 1, Yb 20 � \[tT	 NA-SPAM-MOP [�w,�%�
\^D5[o.^D[ NA-SPAM �[w.

 

  a 7 NA-SPAM-MOP \Æ�x-�vPp/_E\ NA-SPAM \Æ�x-\�~
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�54�GS%: c1 9 c2(#k2�GS�5) [fh��6tT:

∂u1

∂t
=

∂

∂x

[

c1

(∂u1

∂x
+ exp(−x)

)

+ c2u1

]

(5.3)

s.t. u1(x, 0) = − sin(πx), u1(0, t) = u1(1, t) = 0, 0 ≤ x ≤ 1 (5.4)

∂u2

∂t
=

∂

∂x

[

c1u2 + c2

(∂u2

∂x
+ exp(x)

)]

(5.5)

s.t. u2(x, 0) = sin(πx), u1(0, t) = u1(1, t) = 0, 0 ≤ x ≤ 1 (5.6)6:[2>k:

f (1)(c1, c2) = 10u1(0.4, 0.8), f (2)(c1, c2) = 10u2(0.4, 0.8) (5.7)m	 c1 ÆFxg [0.4, 0.6] �[�^�!, c2 ÆF�}k 0.5, ��,k 0.1 [uO�!.�),6:	w,j}�k 0.001, \0�l NA-SPAM-MOP [^D5Ro.^D[
NA-SPAM [^D5
\. o.^D[ NA-SPAM 9 NA-SPAM-MOP [4�2>�5[�w,
` 8 H".

21

0

0.2

0.4

0.6

0.8

1

1.2

1.4
10
-3

NA-SPAM-MOP

NA-SPAM

a 8 p/_E\ NA-SPAM : NA-SPAM-MOP \Æ�x- (PDE)J` 8 �y, uOb4�2>�5, o.^D[ NA-SPAM 9 NA-SPAM-MOP ^D>#[[�w,[C
℄, yuOb{�2>�5, NA-SPAM-MOP ^D>#[[�w,2S�_Oo.^D[ NA-SPAM. o�SPo�A��2>�5[�w,#"h��U�,JO \2>�5[��U �
\, H9
\^D5 (;0:) �, nP2> NA-SPAM {tb-Xw2> NA-SPAM [�~[��*F�C_, �V�w,f�; y$F��U^4'E[ NA-SPAM-MOP �℄\��A�2>lr[�w,, )�V�w,�_.J�8D,�9�>, NA-SPAM-MOP[��U^4'Es{t� NA-SPAM b-Xw2>tT[�~, JO℄\��AX�2>�5[�w,, Fy(e>��2>�5[�w,��[��,>Cb
\^D5�, NA-SPAM-MOP[�r��, 
BaÆK��[^D�C.

6. e��v�rR>7'FOw2>tT[�'Bz4mi���~. �r/�R>7 A-SPAM[��
��, �9UT[� wS7HR��
��[K��; �BR>7QOC��
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��[�'Bz4mi���~ (NA-SPAM).JO��
��℄&���a'^>�6:[Tp�r, H9 NA-SPAM ZX[�6:[�r�t�OUk�r. ~y, quw2>tT, �rQO��U[^4'E, R>7'FOw2>tT[�'Bz4mi���~ (NA-SPAM-MOP). ��U[^4'E�;0�|ZX9�*F, Fy�ZQO��U^4'E[ NA-SPAM-MOP bvzw2>tT�, 
s{t� NA-SPAM b-Xw2>tT[�~ÆK��[^D�C.

7. L��t
7.1. 2YT�;�$� z = (z1, . . . , zd) kl<b d l��xT Ω = Ω(1) × · · · × Ω(d) �[�5, m	 Ω(i) k
zi [l<T. h(z) 9 r(z) k�;4�*O z [6:, ρ(z) = ρ1(z1) × · · · × ρd(zd) k{6:.f h(z) R r (z) [M{ ρ(z) \T9 h(z) [M{ ρ(z) 2- �:��l<k:

〈h(z), r(z)〉 =

∫

Ω

h(z)r(z)ρ(z) dz (7.1)

‖h(z)‖2 =
√

〈h(z), h(z)〉 (7.2)

Ω �M{ ρ(z) [uqQ6:~ {Φn(z)}
∞
n=0 l<k:

〈Φm(z),Φn(z)〉 =







γn, m = n,

0, m 6= n
(7.3)

Φn(z) =

d
∏

i=1

φi,ni
(zi) (7.4) 	 m = (m1, . . . ,md),n = (n1, . . . , nd) ��kuqQ6: Φm(z),Φn(z) [E:; γn k

Φn(z) M{ ρ(z) 2- �:[h�; φi,ni
(zi) kP�5 zi [ ni EuqwÆ , KJ�
�uqYl:

∫

Ω(i)

φi,mi
(zi)φi,ni

(zi)ρi(zi)dzi =







γi,ni
, mi = ni,

0, mi 6= ni

(7.5)x< (7.3) 9 (7.5) �Z γn = γ1,n1 × · · · × γd,nd
.

7.2. Nm7,U7,Z;�$�� (index): k = (k1, . . . , kd) k d lw�� (h3��), ki k�� k [b i ��5.��[K�: �� k KO�� t %� k [M��5 ki nKO℄O t [uB�5 ti , rHbX�lr j , b�lr�K kj > tj .B:��: �� k [B:��k k− ei, i = 1, . . . , d(k− ei ∈ N
d
1), m	 ei kPq��, K[b i ��5k 1, mQ�5nk 0.p:��: �� k [p:��k k+ ei, i = 1, . . . , d.��g[�(: �� k R�� t g[�(l<k ∑d

i=1 |ki − ti|. R�� k �(��[��k k [p:��9B:��, ���(k 1.



98 _ E ; * 2020 `��U (index set): J��%4[U<3k��U, ak K . bB^[ Smolyak z4f�	, ��U K �℄z
�1��[� :

K = {k : l + 1 ≤ ‖k‖1 ≤ l + d} (7.6) 	 l kz4f�[vE. yb A-SPAM HF[4�H Smolyak z4f�	, K �9k�;�%U.�%U (admissible set): uO��U K 	[�;�� k,  k [HKB:��n6O K,f3 K k�%U.

7.3. Smolyak ���M;OaS4k5TD� Lk l<k [13]:

Lk = L
(1)
k1

⊗ · · · ⊗ L
(d)
kd

(7.7) 	 k = (k1, . . . , kd) k d ��, L
(i)
ki
, i = 1, . . . , d kb i �lr[ ki vPlD�, ⊗ kk5T_D.k5T,�D� ∆k l<k [13]:

∆k = ∆
(1)
k1

⊗ · · · ⊗∆
(d)
kd

= (L
(1)
k1

− L
(1)
k1−1)⊗ · · · ⊗ (L

(d)
kd

− L
(d)
kd−1) (7.8) 	∆

(i)
ki
, i = 1, . . . , dkb i�lr[ kivPl,�D�,ml<k∆

(i)
ki

= L
(i)
ki
−L

(i)
ki−1,∆

(i)
0 =

L
(i)
0 = 0 . � �5~[�eBh�Y�ZXk5T,�D�*O�k5TD� Lkc.z4f�D�l<k [13]:

A(K, d,L) =
∑

k∈K

∆k (7.9) 	 K k��U. ��k5T,�D�9k5TD�[*~, � 3��4
A(K, d,L) =

∑

k∈K

ckLk (7.10) 	 ck k�� k [f�~:. \&�[k5TD� Lk ÆK \[ÆV�J . T Lk kk5TT�D� (a# Qk)�, m�J k:

Qk(f) = (Q
(1)
k1

⊗ · · · ⊗ Q
(d)
kd

)(f) =

a(1)(k1)
∑

q1=1

· · ·

a(d)(kd)
∑

qd=1

f(z
(q1)
1 , . . . , z

(qd)
d ) ·

d
∏

i=1

w(i)
qi

(7.11)

Q
(i)
ki
(h) =

a(i)(ki)
∑

qi=1

h(z
(qi)
i ) · w(i)

qi
, i = 1, · · · , d (7.12) 	 f(z) %*O z [�;6:; h(zi) k�5 zi [�;6:; Q

(i)
ki
kb i �lr[ ki vPl:}T�D�, a(i)(ki) kmT�e:, z

(qi)
i 9 w

(i)
qi ��kmT�e9uB[T�{.uOPl:}T�D�; Q

(i)
ki
, mN:�r[l<k: a:}T� (7.12) uB[��T�}k I(h),  h(zi) k�;E:�O℄O m [wÆ 6:�, �K Q

(i)
ki
(h) = I(h) , yT

h(zi) kX�E:k m+1[wÆ 6:�, Q
(i)
ki
(h) 6= I(h), f3:}T�D� Q

(i)
ki
[N:�rk m.



1 l 9℄' ^: �(C{5njÆ���� 99T Lk kk5T�D� (a# Sk) �, m�J k:

Sk(f) = (S
(1)
k1

⊗ · · · ⊗ S
(d)
kd

)(f) =

s(1)(k1)
∑

n1=0

· · ·

s(d)(kd)
∑

nd=0

Qk(Φn · f)/γn · Φn(z) (7.13)

S
(i)
ki

(h) =

s(i)(ki)
∑

ni=0

Q
(i)
ki
(φi,ni

· h)/γi,ni
· φi,ni

(zi), i = 1, · · · , d (7.14) 	 S
(i)
ki
kb i�lr[ kivPlwÆ �D�,Qk(Φn·f)k�FQk^D\T 〈Φn(z), f(z)〉HZ[:}T�}.bz4f�D��J (7.9) 9 (7.10) 	, ��F Sk 9 S

(i)
ki
NW Lk 9 L

(i)
ki
, 	�ZXz4f��D� A(K, d,S). 1 l � �
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A NEW ADAPTIVE SPARSE PSEUDOSPECTRAL

APPROXIMATION METHOD

Lin Jikeng Yuan Kaiming Shen Danfeng

(College of Electronics and Information Engineering, Tongji University, Shanghai 201804, China)

Luo Pingping

(College of Electrical Engineering, Shanghai Electrical Power University, Shanghai 200090, China)

Liu Yangsheng

(College of Electronics and Information Engineering,Tongji University, Shanghai 201804, China)

Abstract

The adaptive sparse pseudospectral approximation method is a highly efficient method

of polynomial chaos, but there exist two defects. One defect is that its termination criterion

cannot estimate its approximation error accurately, and the other is that it�s only applicable

to single-output problems. A new adaptive sparse pseudospectral approximation method

applicable to multi-output problems is proposed in this paper. First, a new termination

criterion that can estimate the approximation error more accurately than the original is

put forward and its correctness is ensured by a proposition which is strictly proved in the

paper. Based on the new criterion, a new adaptive sparse approximation pseudospectral

method for single-output problems is thus proposed whose approximation error is closer to

the required error than the original method. Then, a new adaptive sparse pseudospectral

approximation method for multi-output problems is proposed by the strategy of unifying

the index sets corresponding to all output variables and using the new termination criterion.

The proposed method is computationally more efficient than the methods of extending the

adaptive sparse pseudospectral approximation method for single-output to the multi-output

problems directly. Several mathematical cases demonstrate the effectiveness and validity of

the proposed method.

Keywords: adaptive sparse pseudospectral approximation method, termination crite-

rion, approximation error, single-output, multi-output
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