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ut −
1

xσ1

∂

∂x1

(
xσ1

∂u

∂x1

)
− ∂2u

∂x22
= f(x, t), (x, t) ∈ Ω× (0, T ],

u(x, t) = 0, (x, t) ∈ Γ1 × [0, T ],

u(x, 0) = u0(x), x ∈ Ω,

(1.1)[U x = (x1, x2), T ��i0�, u0(x) 2 f(x, t) �?�&?^�J.�, $sh- Ω � R
2U^F~{h-�

Ω = {(x1, x2)
∣∣0 < x1 < 1, 0 < x2 < 1}, ∂Ω Y Ω ^�s, R

2
+ = {(x1, x2)

∣∣(x1, x2) ∈ R
2, x1 > 0}, Γ1 = ∂Ω ∩ R

2
+, Γ0 = ∂Ω ∩

{(x1, x2)
∣∣x1 = 0},`n, Γ1 = ∂Ω/Γ0. Q3 (1.1)^O+{		ÆGyI Poisson~< −∆u =

f ^�LQ3,Wgqh-2���9hZq86d�,  ℄n��D℄Y^o+ [1,8−10].�N^I��^�vm�A+t[k Sobolve _i����	O[ Radau �LL�{	2h$��; ymq�	v|+Oi~�Y; "m! Radau fF^ Lagrange+Lsk	0~, o6$d.�x2$d/x^T_GB+$d/q9�_jOD�_[k L2(Ω)- DW.�V. j:m�A+t�L��.

2. 1�:��#�>�NC+� �b Sobolev _ [13,14] h${�2JLi��A�C�u^[k.�_O[JL2{�:}9 1. � v �i�9 Ω |^	).�, <i�[k L2(Ω) _ [1]

L2
σ(Ω) =

{
v :

∫

Ω

xσ1 |v|2dx <∞
}
,[h�^{�i�G

||v||σ =
( ∫

Ω

xσ1 |v(x)|2dx
)1/2

, v ∈ L2
σ(Ω),[U xσ1 > 0 �k.�.}9 2. i�[k Sobolev _ [1]

Hm
σ (Ω) =

{
v :

djv

dxj
∈ L2

σ(Ω), 0 ≤ j ≤ m
}
,[h�^{�i�G

||v||m,σ =
( m∑

j=0

||d
jv

dxj
||2σ

)1/2

, ∀v ∈ Hm
σ (Ω).^>�AQ3 (1.1) ^�__o�$d/�	. GI, �_q�_h_ [0, T ] �z. �

0 = t0 < t1 < · · · < tN = T , In = (tn, tn+1], n = 0, · · · , N − 1. kn = tn+1 − tn ���_!2,

k = max
n

kn. i��V Qn := Ω × In, �9;��V Qn J, � T n
h = {τ} �_h- Ω



1 Z 5 t!� a: �P,℄�℄�E��=_�``p�Æ%e0�y 103^WMPY�, hτ ��U/ τ ^2l, hn = maxτ∈T n
h
hτ , h = max

n
hn. ;��V Qn ^Y�	��h9, Q, 9 T n

h 2 T
n−1
h 9s> t = tn(n = 1, 2, · · · , N − 1) |	�j�9^mf. e$$d/_. Y V 1

0 (Ω) = {v
∣∣v ∈ H1

σ(Ω), v
∣∣
Γ1

= 0}. q;��_V In (0 ≤ n ≤ N −1)J, i�$d/_ Sn
h u^:

Sn
h =

{
χ ∈ V 1

0 (Ω) : χ
∣∣
τ
∈ Pr(τ), τ ∈ T

n
h

}
,[U Pr(τ) ��U/ τ |$( x ^J��4- r ^sk	N6. Y t0 q�^_G S−1

h . GaU, Q S−1
h = S0

h. � q ���i^FE��0 Vhk ��#��sk	 v : Ω× [0, T ] → Ri9^_
Vhk =

{
v : v

∣∣
In×Ω

=

q−1∑

j=0

tjψj(x), ψj(x) ∈ Sn
h

}
,<q ∀t ∈ In, .� v � Sn

h U$( x ^J��4- r ^%�sk	, uq ∀x ∈ Ω, v �$(�_�* t ^ q − 1 J�Vsk	, �a9�_Y�mf tn (n = 1, · · · , N − 1) F6�_o. v!, i� V n
hk = {v

∣∣
In×Ω

: v ∈ Vhk}.Q3 (1.1) ^�__o�$d/�	G�g U ∈ Vhk �℄q n = 0, 1, · · · , N − 1,

(xσ1U
n+1, φn+1) +

∫

In

[
− (xσ1U, φt) + (xσ1∇U,∇φ)

]
dt

= (xσ1U
n, φn+) +

∫

In

(xσ1f, φ)dt, ∀φ ∈ V n
hk,

(2.1)[U φn+ = lim
s→0,s>0

φ(x, tn + s).G! N [12] (2A^$d/+ Lagrange +Lho6^T�, Q9�_h_ In |^
Radau fGmf^ Lagrange+Lsk	Oh�^�� Radau L�b<2[�R�yl~S9x^�C�dR6d^q��	v|�6�Y, ^>�AtI�ÆS2��.}9 3. � g(τ) ∈ C2q−1[0, 1], q ≥ 1, u+gL�	

∫ 1

0

g(τ)dτ ≈
q∑

j=1

ωjg(τj), 0 < τ1 < τ2 < · · · < τq = 1, (2.2)^R�ylNY 2q − 2 J, <8	 (2.2) G�[ (Radau) gL�	, mf τj G Radau f. ��	 (2.2) U&mmf τq = 1 G#i�Radau gL�	�8G._(iFtmf^ Gauss ygL�	 [15].q#i^E� q ≥ 1, � {ℓi(τ)}qi=1 �� Radau f 0 < τ1 < · · · < τq = 1 Gmf^ q − 1J Lagrange +Lsk	, Q
ℓi(τ) =

q∏

j=1,j 6=i

(τ − τj)

(τi − τj)
,8-f~�D t = tn + τkn fh_ [0, 1] �~Yh_ In = [tn, tn+1], $

tn,i = tn + τikn, tn,q = tn+1, ℓn,i(t) = ℓi(τ), t = tn + τkn,

wn,i =

∫ tn+1

tn
ℓn,i(t)dt = kn

∫ 1

0

ℓi(τ)dτ = knωi, i = 1, · · · , q,
(2.3)



104 W % � � 2020 R<h_ In |^ Radau L��	:
∫

In

g(t)dt ≈
q∑

j=1

wn,jg(t
n,j). (2.4)E 1. Radau L�~x6w#V$i�9����h_|L�, u�fF0+_o�$d/~x^I.�6�9�_Y�mfF_o^0fh�6.� N ,M � q × q k�D, �℄

Nij = wn,jℓ
′
n,i(t

n,j) = ωjℓ
′
i(τj), M = eqe

T
q − N , eTq = (0, · · · , 0, 1) ∈ R

q.`n, N 2 M ���( kn, aW Y =
(
yn,1, yn,2, · · · , yn,q

)T ∈ R
q, �

Y
T
MY =

q∑

i=1

δqiy
n,qyn,i −

q∑

i,j=1

wn,jℓ
′
n,i(t

n,j)yn,jyn,i.;� 1.
[12] �qhD D = diag{τ1, τ2, · · · , τq}, <�D M̃ = D−1/2MD1/2 Fi, QL9

λ := 1
2 min{ω1

τ1
, · · · , ωq−1

τq−1
, 1 + ωq} > 0, �℄

X
T
M̃X ≥ λ|X|2 = λ

q∑

i=1

x2i , ∀X = (x1, x2, · · · , xq)T ∈ R
q.� ℓn,j(t) �h_ In |� Radua f tn,j , (1 ≤ j ≤ q) Gmf^ Lagrange +LI.�, <

U
∣∣
In
	��G�

U(x, t) =

q∑

j=1

ℓn,j(t)U
n,j , Un,j = Un,j(x) ∈ Sn

h . (2.5)f�N	 (2.5) Rv (2.1) �j φ = ℓn,i(t)ψ (ψ ∈ Sn
h ) < (2.1) ^ Radau L��	:

δqi(x
σ
1U

n,q, ψ)−
q∑

j=1

wn,jℓ
′
n,i(t

n,j)(xσ1U
n,j, ψ) + knωi(x

σ
1∇Un,i,∇ψ)

= ℓn,i(t
n)(xσ1U

n, ψ) +

∫

In

(xσ1 f(t), ℓn,i(t)ψ)dt, i = 1, · · · , q.
(2.6)

3. +�4�/^>^�6�YUC��-|^[k Sobolev _O[h${�i�.}9 4. $dIm*_ (
L2
σ(Ω)

)q |i�{�
|||Ψ|||σ =

( q∑

i=1

||ψi||2σ
)1/2

, Ψ = (ψ1, · · · , ψq)
T , ψi ∈ L2

σ(Ω).}9 5. � ℓ,m G��E��<[k Sobolev _ Hℓ(J ;Hm
σ (Ω)) 2 L∞(J ;Hm

σ (Ω)) ��i�G
Hℓ(J ;Hm

σ (Ω)) = {u ∈ Hm
σ (Ω) :

∫

J

ℓ∑

i=0

|| d
i

dti
u(x, t)||2m,σdt <∞},

L∞(J ;Hm
σ (Ω)) = {u ∈ Hm

σ (Ω) : ess sup
J

||u(x, t)||m,σ <∞},
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*{�
||u||Hℓ(J;Hm

σ (Ω)) =
( ∫

J

ℓ∑

i=0

|| d
i

dti
u(x, t)||2m,σdt

)1/2
,

||u||L∞(J;Hm
σ (Ω)) = max

J
||u(x, t)||m,σ.GaU, Y |||ψ||n,σ = ||ψ||L2(In;L2

σ(Ω)) 2 max
In

||ψ(t)||σ = ||u||L∞(In;L2
σ(Ω)).}� 1. ���L U0 = u0(x) , <�	 (2.1) Oi�aq n = 0, 1, · · · , N − 1 $

max
In

||U ||σ ≤ c
{
||u0||σ +

( ∫ T

0

||f ||2σdt
)1/2}

.� . G+?�! �D M ^~S, f U Yx��9 In |^+L{	:

U(x, t) =

q∑

j=1

τ
1/2
j ℓn,j(t)Ũ

n,j , Ũn,j = τ
−1/2
j Un,j ∈ Sn

h (3.1)f�N	 (3.1) Rv	 (2.1) �j φ = τ
−1/2
i ℓn,i(t)ψ, $

δqi(x
σ
1 Ũ

n,q, ψ)−
q∑

j=1

wn,jℓ
′
n,i(t

n,j)τ
1/2
j τ

−1/2
i (xσ1 Ũ

n,j , ψ) + knωi(x
σ
1∇Ũn,i,∇ψ)

= τ
−1/2
i ℓn,i(t

n)(xσ1U
n, ψ) + τ

−1/2
i

∫

In

(xσ1f(t), ℓn,i(t)ψ)dt, i = 1, · · · , q.
(3.2)! �� 1 �J,

q∑

i=1

δqi(x
σ
1 Ũ

n,q, Ũn,i)−
q∑

i,j=1

wn,jℓ
′
n,i(t

n,j)τ
1/2
j τ

−1/2
i (xσ1 Ũ

n,j , Ũn,i)

= ((xσ1M̃ Ũ, Ũ)) ≥ λ|||Ũ|||2σ,
(3.3)[U Ũ =

(
Ũn,1, · · · , Ũn,q

)T
. /~>, ! Cauchy-Schwarz�`	2 Young �`	, $

∣∣∣
q∑

i=1

ℓn,i(t
n)τ

−1/2
i (xσ1U

n, Ũn,i)
∣∣∣ ≤ c||Un||σ|||Ũ|||σ,

∣∣∣
q∑

i=1

∫

In

(ℓn,iτ
−1/2
i xσ1 f, Ũ

n,i)dt
∣∣∣ ≤ ckn|||f |||n,σ|||Ũ|||σ.

(3.4)�I, 9�	 (3.2) Uj ψ = Ũn,i, � i K 1 Y q g2, 8! |��V, zE�℄
|||Ũ|||σ ≤ c||Un||σ + ckn|||f |||n,σ. (3.5)'`�Y Un,j = τ

1/2
j Ũn,j (j = 1, · · · , q), �a$$\	:

|||U |||2n,σ =

q∑

j=1

wn,j ||Un,j||2σ = kn

q∑

j=1

ωj||Un,j ||2σ. (3.6)(�, K (3.5) 2 (3.6) ℄
|||U |||2n,σ ≤ ckn{||Un||2σ + |||f |||2n,σ}. (3.7)



106 W % � � 2020 R/~>, 9 (2.1) Uj φ = U , ! �#L�2 Cauchy-Schwarz�`	, Young �`	,℄
||Un+1||2σ ≤ c{||Un||2σ + |||f |||2n,σ + |||U |||2n,σ}, (3.8)o6 (3.7) 2 (3.8), ℄
||Un+1||2σ ≤ c(1 + kn){||Un||2σ + |||f |||2n,σ}. (3.9)q (3.9) 	U n K 0 hRO ℓ (1 ≤ ℓ ≤ N − 1), �o6	 (3.7), $

|||U |||ℓ,σ ≤ ck
1/2
ℓ {||u0||σ +

( ∫ tℓ+1

0

||f ||2σdt
)1/2}.'�G U

∣∣
In

∈ V n
hk, P�`	

max
In

||y(t)|| ≤ cIk
−1/2
n

(∫

In

||y(t)||2dt
)1/2

, ∀y ∈ Rq−1(In), cI > 0, (3.10)�B, q n = 0, 1, · · · , N − 1 $
max
In

||U ||σ ≤ c
{
||u0||σ +

( ∫ T

0

||f ||2σdt
)1/2}

,�ui� 1 ℄G.

4. %�4�/�.w
�
4.1. ,u�y^>�AQ3 (1.1) ^ L∞([0, T ];L2

σ(Ω)) DW.�V.}9 6. q�i^ s,m = 0, 1, · · · , 2 v ∈ Hm
σ (Ω), i��zD

||hsnv||2m,h,σ =
∑

τ∈T n
h

h2sτ ||v||2m,τ,σ.}9 7. [k?2:�$e: Pn
h : V 1

0 (Ω) → Sn
h �℄

(
xσ1∇(u − Pn

h u),∇v
)
= 0, ∀v ∈ Sn

h . (4.1)u+ u ∈ Hs
σ(Ω) ∩ V 1

0 (Ω) (2 ≤ s ≤ r + 1), < Pn
h 9hu^�V	 [13,14]:

||u− Pn
h u||σ ≤ c||hsnu||s,h,σ, ||∇(u− Pn

h u)||σ ≤ c||hs−1
n u||s,h,σ. (4.2)}9 8. �_U/ In = (tn, tn+1] |i�� Radau f tn,j (1 ≤ j ≤ q) Gmf^ Lagrange+L$e: In

q−1 : C(In) → Pq−1(In) �℄
(In

q−1v)(t
n,j) = v(tn,j), 1 ≤ j ≤ q.
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q−1v(t) ∈ Pq−1(In) �a In

q−1v(t
n+1) = v(tn+1). # In

q−1 ^i�J, .� W (x, t)
∣∣
In

=

In
q−1P

n
h u(x, t)

(
(x, t) ∈ Ω× In

)
, �($d/_ V n

hk. GaU^, s W �� W
∣∣
In
.;� 2. q 2 ≤ s ≤ r + 1, ! +L�w~S$�V	 [12−14]:

(a) |||u−W |||n,σ ≤ ckqn|||u(q)|||n,σ + ck1/2n max
In

||hsnu||s,h,σ,

(b) max
In

||u−W ||σ ≤ ckqn max
In

||u(q)||σ + cmax
In

||hsnu||s,h,σ.
(4.3)W. e = U − u �.G: U − u = E − ρ, E = U −W, ρ = u−W . �&~�Y^\�!2�q ρ ! 	 (4.3) 	℄�Vo+. GI�\�^�m}9(u4�V E. K (2.1) 	, 	℄Y E = E

∣∣
In
9h^~<:

(xσ1E
n+1, φn+1)−

∫

In

{
(xσ1E, φt) + (xσ1∇E,∇φ)

}
dt = (xσ1E

n +Wn, φn+)

+

∫

In

(xσ1f, φ)dt −
(
(xσ1W

n+1, φn+1)

−
∫

In

{
(xσ1W,φt) + (xσ1∇W,∇φ)

}
dt− (xσ1W

n, φn+)
)
,

(4.4)[U W 0 = P 0
hu0, E

0 = U0 −W 0 = u0 − P 0
hu0. ! +L W = In

q−1P
n
h u =

q∑
j=1

ℓn,jP
n
h u

n,j, $
E = U−W =

q∑
j=1

ℓn,jE
n,j =

q∑
j=1

ℓn,j(t)(U
n,j−Pn

h u
n,j). (�,9	 (4.4)Uj φ = ℓn,i(t)ψ (ψ ∈

Sn
h ), �0 ω(x, t) = Pn

h u(x, t), η = u− ω, $
δqi(x

σ
1E

n,q, ψ)−
q∑

j=1

wn,jℓ
′
n,i(t

n,j)(xσ1E
n,j , ψ) + knωi(x

σ
1∇En,i,∇ψ)

= (xσ1E
n, ℓn,i(t

n)ψ) + (Θn,i +An,i +Bn,i, xσ1ψ)− (xσ1J [η
n], ℓn,i(t

n)ψ),

(4.5)[U ηn,i = η(·, tn,i), �a
Θn,i := δqiη

n,q −
q∑

j=1

wn,jℓ
′
n,i(t

n,j)ηn,j − ℓn,i(t
n)ηn+,

An,i :=

q∑

j=1

wn,jℓ
′
n,i(t

n,j)un,j −
∫

In

ℓ′n,i(t)udt,

Bn,i := knωi

( 1

xσ1

∂

∂x1

(
xσ1
∂un,i

∂x1

)
+
∂2un,i

∂x22

)
−
∫

In

ℓn,i(t)
( 1

xσ1

∂

∂x1

(
xσ1

∂u

∂x1

)
+
∂2u

∂x22

)
dt,

J [ηn] := ηn − ηn+ = ωn+ − ωn = (Pn
h − Pn−1

h )u(tn).`n, w Sn−1
h = Sn

h , < [ηn] = 0, �< [ηn] 6= 0. 9|	U,  Y+ W ^i�2
(xσ1u

n+1, φn+1)−
∫

In

{
(xσ1u, φt) + (xσ1∇u,∇φ)

}
dt = (xσ1u

n, φn+) +

∫
(xσ1f, φ)dt.

4.2. �D;��t��L�ÆG�&~�Y(℄$d/q^W.�V�j"^.



108 W % � � 2020 R;� 3. qr�^ n (0 ≤ n ≤ N − 1) 2 i = 1, · · · , q $W.�V
(a) ||Θn,i||σ ≤ ck1/2n

(∫

In

||hr+1
n ut||2r+1,h,σdt

)1/2

,

(b) ||An,i||σ ≤ ckq+1/2
n |||u(q+1)|||n,σ, (4.6)

(c) ||Bn,i||σ ≤ ckq+1/2
n |||Lu(q)|||n,σ, Lu =

1

xσ1

∂

∂x1

(
xσ1

∂u

∂x1

)
+
∂2u

∂x22
.� . 9� u�A Bn,i ^�VGB. Θn,i 2 An,i ^�VGB+N [12] U�� 3.1 �#�IFK5. #( ∀x ∈ Ω, ℓn,i(t)In

q−1Lu ∈ P2q−2(In),

Bn,i =

q∑

j=1

wn,jℓn,i(t
n,j)Lun,j −

∫

In

ℓn,iLudt =

∫

In

ℓn,i(In
q−1 − I)Ludt,(�

||Bn,i||σ =
( ∫

Ω

xσ1 (B
n,i)2dx

)1/2

≤
(∫

Ω

xσ1
( ∫

In

|ℓn,i(t)|2dt
∫

In

|(In
q−1 − I)Lu|2dt

)
dx

)1/2

≤
(∫

In

|ℓn,i(t)|2dt
)1/2

|||In
q−1Lu− Lu|||n,σ

≤ c
(
kn

∫ 1

0

|ℓi(τ)|2dτ
)1/2

kqn|||Lu(q)|||n,σ ≤ ckq+1/2
n |||Lu(q)|||n,σ.

(4.7)G�.;� 4. qr�^ n (0 ≤ n ≤ N − 1) 2?�p^ kn $
|||E|||2n,σ ≤ ckn

{
||En||2σ + k2q+1

n

(
|||u(q+1)|||n,σ + |||Lu(q)|||2n,σ

)

+ kn max
In

||hr+1
n ut||2r+1,h,σ + ||J [ηn]||2σ

}
.� . f E YxvG In |^+L{	 E =

q∑
j=1

τ
1/2
j ℓn,jẼ

n,j, �Rv (4.4) 	, j φ =

τ
−1/2
i ℓn,iψ (ψ ∈ Sn

h,r), ℄
δqi(x

σ
1 Ẽ

n,q, ψ)−
q∑

j=1

wn,jℓ
′
n,i(t

n,j)τ
1/2
j τ

−1/2
i (xσ1 Ẽ

n,j , ψ) + knωi(x
σ
1∇Ẽ,∇ψ)

= τ
−1/2
i

{
(xσ1E

n, ℓn,i(t
n)ψ)

+ (Θn,i +An,i +Bn,i, xσ1ψ)− (xσ1J [η
n], ℓn,i(t

n)ψ)
}
.

(4.8)9 (4.8) Uj ψ = Ẽn,i, � i K 1 Y q g2. ! �� 1 $
q∑

i=1

δqi(x
σ
1 Ẽ

n,q, Ẽn,i) −
q∑

i,j=1

wn,jℓ
′
n,i(t

n,j)τ
1/2
j τ

−1/2
i (xσ1 Ẽ

n,j, Ẽn,i)

= ((xσ1M̃ Ẽn, Ẽn)) ≥ λ
q∑

j=1

||Ẽn,j ||2σ,
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λ

q∑

j=1

||Ẽn,j ||2σ +

q∑

i=1

knωi||∇Ẽn,i||2σ ≤ c
( q∑

j=1

||Ẽn,j ||2σ
)1/2{

||En||σ

+
( q∑

i=1

[||Θn,i||2σ + ||An,i||2σ + ||Bn,i||2σ]
)1/2

+ ||J [ηn]||σ
}
.! $\	:

|||E|||2n,σ =

q∑

j=1

wn,j ||En,j ||2σ = kn

q∑

j=1

ωj ||En,j||2σ, (4.9)�j kn ?�p, ℄Y
|||E|||2n,σ ≤ ckn{||En||2σ + ||J [ηn]||2σ}+ ckn{

q∑

i=1

(
||Θn,i||2σ + ||An,i||2σ + ||Bn,i||2σ

)
}.(�o6�� 3 ℄Y�� 4 ^o6.

4.3. F=,u��}� 2. � u �Q3 (1.1) ^q, U ��	 (2.1) ^q, �a��L U0 = u0, <L9��� kn 2 hn ^F0� c �℄q 2 ≤ s ≤ r + 1 $ L∞([0, T ];L2
σ(Ω))- DW.�V

max
t∈[0,T ]

||u(t)− U(t)||σ ≤ c
{
max
n

max
In

(
||hsnut||s,h,σ + ||hsnu||s,h,σ

)

+max
n

kqn max
In

(
||u(q+1)||σ + ||Lu(q)||σ

)
+ Nc max

n
||J [ηn]||σ

}
,[U J [ηn] = (Pn

h − Pn−1
h )u(tn), � Pn

h �?2:�$e.� . 9 (4.5) 	Uj ψ = En,i, � i K 1 Y q g2. I�, [lm+9 (2.1) Uj Φ = E(℄~<lmh`. (�
1

2

{
||En+1||2σ + ||En+||2σ

}
+ |||∇E|||2n,σ = (xσ1E

n, En+)− (xσ1J [η
n], En+)

+

q∑

i=1

(Θn,i +An,i +Bn,i, xσ1E
n,i).q|	! $\	 (4.9), �� 3, Cauchy-Schwarz �`	2 Young �`	�`�Y: W

Sn−1
h = Sn

h � J [ηn] = 0, zE�℄
||En+1||2σ ≤ (1 + βn)||En||2σ + ck2qn

(
|||u(q+1)|||n,σ + |||Lu(q)|||2n,σ

)

+ ckn max
In

||hr+1
n ut||2r+1,h,σ +Mn||J [ηn]||2σ + c|||E|||n,σ,

(4.10)[U Mn + n $$^0�. q#i^ n, j Mm =M = Nc(n) (m = 1, · · · , n). � Nc(n) �� Sj
h 6= Sj−1

h (j = 1, · · · , n) ^g�, �aW Nc(n) = 0 H 1 �j M = 2. /AW Sn
h = Sn−1

h�, β = 0, �< β = 1
Mn−1 .



110 W % � � 2020 Rf�� 4 ^o6Rv (4.10) 	&m, 8q n v|hR, zE�℄
||En+1||2σ ≤

n∏

j=0

(1 + βj + ckj)||E0||2σ

+ c

n∑

m=0

( n∏

j=m+1

(1 + βj + ckj)
)(
Fm + (ckm +Mm)||J [ηm]||2σ

)
.[U Fm = k2qm

{
|||u(q+1)|||2m,σ + |||Lu(q)|||2m,σ

}
+ km max

Im
||hr+1

m ut||2r+1,h,σ.`�YW Sj
h 6= Sj−1

h (j = 1, · · · , n) � βj = β = 1
M−1 �Q Cn := (3e2ct

n+2)1/2. #(
E0 = u0 − P 0

hu0, J [η
0] = 0, �a km ≤M , ℄

||En+1||σ ≤ Cn+1

{
||u0 − P 0

hu0||σ + c
( n∑

m=0

Fm

)1/2

+ c
√
M

( n∑

m=1

||J [ηm]||2σ
)1/2}

. (4.11)8#�� 4 2 (4.11), q n = 0, · · · , N − 1 $
|||E|||n,σ ≤ k1/2n cCn

{
||hr+1

0 u0||r+1,h,σ +
( n∑

m=0

Fm

)1/2

+
√
M

( n∑

m=1

||J [ηm]||2σ
)1/2}

,'�G E
∣∣
In

∈ V n
hK , ! P�`	 (3.10), ℄

max
In

||E||σ ≤ cCn

{
||hr+1

0 u0||r+1,h,σ +
( n∑

m=0

Fm

)1/2

+
√
M

( n∑

m=1

||J [ηm]||2σ
)1/2}

. (4.12)j:, o6yh�`	 ||u− U ||σ ≤ ||E||σ + ||ρ||σ O (4.3) 	, ℄
max
In

{||u(t)− U(t)||σ ≤ cCn max
0≤m≤n

max
Im

[
||hr+1

m u||r+1,h,σ + ||hr+1
m ut||r+1,h,σ

]

+ cCn max
0≤m≤n

kqm max
Im

[
||u(q+1)||σ + ||Lu(q)||σ

]
+ cCnM max

1≤m≤n
||J [ηm]||σ,v!, $W.�V

max
t∈(0,T ]

||u(t)− U(t)||σ ≤ C̃max
n

max
In

[
||hr+1

n u||r+1,h,σ + ||hr+1
n ut||r+1,h,σ

]

+ C̃max
n

kqn max
In

[
||u(q+1)||σ + ||Lu(q)||σ

]
+ C̃Nc max

n
||J [ωn]||σ,[U C̃ = cecT �F0�, Nc �� Sj

h 6= Sj−1
h (j = 1, · · · , N − 1) ^g�. J [ωn] = ωn+ − ωn��:� ω(t) = Pn

h u(t) 9f tn F74k (Pn
h − Pn−1

h )u(x, tn).E 2. � � ||hr+1
n−1u||r+1,h,σ + ||hr+1

n u||r+1,h,σ, gL��V ||J [ηn]||σ. �I, i� 2 ^�V	��&^. IA, W_ Sn
h (n = 0, · · · , N − 1) ^�B��8Wz�, i� 2 �A^

L∞([0, T ];L2
σ(Ω))- DW.�V� O(kq , hr+1).E 3. �__o�$d/�	 (2.1) ^`℄�	 (2.6) �S|��_~mG� q �

Radau fGmf^�L~x. �I, ~x9�_~m|L�NY 2q − 1 k�& [16,17].GI,^>% U/Fg�Y~x [17] GB�_mf|^ 2q−1k�&~.9�V In×Ω|, Y
Bn(U, φ) =

∫

In

[
(xσ1Ut, φ) + (xσ1∇U,∇φ)

]
dt+ (xσ1 [U

n], φn+),



1 Z 5 t!� a: �P,℄�℄�E��=_�``p�Æ%e0�y 111[U [Un] = Un+ − Un. (� �_~m^�#L�	f�	 (2.1) aBG:

Bn(U, φ) =

∫

In

(xσ1f, φ)dt, ∀φ ∈ V n
hk. (4.13)� ℓm(s) ��U/ E = (−1, 1) |^ m J Legendre sk	. v!, 9 E |i�sk	

ϕ0(s) = 1, ϕm+1(s) = ℓm+1(s)− ℓm(s), (m ≥ 0),<W m ≥ 0 � ϕm+1(s) 9 E U$ m+ 1 ���, sα, α = 0, 1, · · · ,m. 0�b sm = 1 ��.� Pn
E �[k L2(Ω) :�$e, Qqr�^ u ∈ L2(Ω) $

(xσ1 (u− Pn
Eu), φ) = 0, ∀φ ∈ Sn

h ,<W u ∈ Hr+1
σ (Ω) ∩ V 1

0 (Ω), Pn
E 9hu^�V	 [13,14]:

||u− Pn
Eu||σ ≤ c||hr+1

n u||r+1,h,σ, ||Pn
Eu||σ ≤ ||u||σ.}� 3. � u �Q3 (1.1) ^q, U ��	 (2.1) ^q, �a��L U0 = u0, <L9��� k 2 h ^F0� c �℄q 0 ≤ n ≤ N ,

||un − Un||σ ≤ c||hr+1
n u||r+1,h,σ + ck2q−1

(∫ tn

0

||u(q)||2σ,2dt
)1/2

.� . 9U/ In = (tn, tn+1] |m�D t = tmid + kn

2 s, s ∈ (−1, 1), [U tmid = tn+1+tn

2 .Y ω(x, t) = Pn
Eu(x, t) �� ω(x, s) = ω(x, tmid + kn

2 s) �=GR�
ω(x, s) = b0(x) +

∞∑

i=1

bi(x)φi(s) =

∞∑

i=1

(
bi(x) − bi+1(x)

)
ℓi(s). (4.14)# Legendre Fg=�J,

αi = bi(x) − bi+1(x) =
2i+ 1

2

∫ 1

−1

ω(x, s)ℓi(s)ds =
(−1)i(2i+ 1)

2

∫ 1

−1

∂iω(x, s)

∂si
(s2 − 1)ids

=
(−1)i(2i+ 1)(ξ2 − 1)i

2i
ki−1
n

∫

In

∂iω(x, t)

∂ti
dt = O(kin).(�,

bi =

∞∑

j=i

αi = O(kin), i ≥ 0.v!, �: q − 1 Jsk	 W (x, s) �℄ W (x, 1) = ω(x, 1), a[)kG
R = ω −W =

q−1∑

j=1

b∗j (x)φj(s) +

∞∑

j=q

bj(x)φj(s),[U b∗j �Ti\�, u bj � (4.14) U^��\�. `n, R(1) = 0. W. e = u− U �.G:

e = u−W +W − U = ρ+ θ.  �#L�, )k R 2:� Pn
E ^i�, $

Bn(ρ, φ) = (xσ1 ρ, φ)
∣∣∣
tn+1

tn+
−
∫

In

(xσ1ρ, φt)dt+

∫

In

(xσ1ρ, Lφ)dt+ (xσ1 [ρ
n], φn+)

= −
∫ 1

−1

(xσ1R, φs +
kn
2
Lφ)ds,



112 W % � � 2020 R[U Lφ ^i��� 3.j φ =
q−1∑
i=0

βi(x)ϕi, |	$
Bn(ρ, φ) = −

q−1∑

i=0

(
xσ1

( q−1∑

j=1

Cijb
∗
j (x) +

∞∑

j=q

Cijbj(x)
)
, βi(x) + Lβi(x)

)
, (4.15)[U\� Cij =

∫ 1

−1(ϕ
′
i +

kn

2 ϕi)ϕjds, a�=A
Cii = −2 +O(kn), i ≥ 1; Cj+1,j = 4 +O(kn), i = j + 1;

Cij = O(k|i−j|
n ), 9[)e{, i ≥ 0, j ≥ 1.a9�g b∗j 9h q − 1 kf~~<i

q−1∑

j=1

Cijb
∗
j = −

∞∑

j=q

Cijbj = O(k2qn ), 1 ≤ i ≤ q − 1.*^\��D$u^o�
[Cij ] ≈




−2 kn k2n k3n · · · kq−1
n

4 −2 kn k2n · · · kq−2
n

kn 4 −2 kn · · · kq−3
n

k2n kn 4 −2 · · · kq−4
n

· · · · · · · · · · · · · · · · · ·
kq−2
n kq−3

n kq−4
n kq−5

n · · · −2


wKj:|��%-, 	FqA b∗j = O(k2q−j

n ), 1 ≤ j ≤ q − 1. (�, U/L� (4.15) BaG
Bn(ρ, φ) = −

(
xσ1

( q−1∑

j=1

C0jb
∗
j(x) +

∞∑

j=q

C0jbj(x)
)
, β0(x) + Lβ0(x)

)

= −O(k2q−1
n )

∫

In

(
xσ1
∂qω(x, t)

∂tq
, β0(x) + Lβ0(x)

)
dt.#(Q3 (1.1) ^q u 9h (4.13), "$

Bn(θ, φ) = −Bn(ρ, φ) ≤ O(k2q−1
n )

(
|||ω(q)|||n,σ + |||Lω(q)|||n,σ

)
|||φ|||n,σ,[U ω(q) = ∂qω(x,t)

∂tq , � +P�`	 |β0| ≤ c
∫ 1

−1
|φ|ds.�_, j φ = θ, L�� Young �`	:$

||θn+1||2σ − ||θn||2σ + |||∇θ|||2n,σ ≤ ck4q−2
n

(
|||ω(q)|||2n,σ + |||Lω(q)|||2n,σ

)
+ c|||θ|||2n,σ , (4.16)q($�_U/g2, ℄

||θN ||2σ ≤ ||θ0||2σ + c

N−1∑

n=0

k4q−2
n

∫

In

||ω(q)||2σ,2dt+ c

∫ tN

0

||θ||2σdt. (4.17)



1 Z 5 t!� a: �P,℄�℄�E��=_�``p�Æ%e0�y 113[J, j φ = (t− tn)θt, < φn+ = 0 �$
∫

In

(t− tn)||θt||2σdt+
kn
2
||∇θn+1||2σ ≤

∫

In

||∇θ||2σdt

+ ck2q−1
n

(
kn

∫

In

||ω(q)||2σ,2dt
)1/2(∫

In

(t− tn)||θt||2σdt
)1/2

.! ~#P~S, |	�G
∫

In

||θt||2σdt ≤ ck−1
n

∫

In

(t− tn)||θt||2σdt ≤ ck−1
n

∫

In

||∇θ||2σdt+ ck4q−2
n

∫

In

||ω(q)||2σ,2dt. (4.18)9 In = (tn, tn+1] |# θ(t) = θn+1 +
∫ t

tn+1 θtdt =A
θ2(t) ≤ 2|θn+1|2 + 2kn

∫

In

|θt|2dt,vu, $
∫

In

||θ||2σdt ≤ 2kn||θn+1||2σ + 2k2n

∫

In

||θt||2σdt,f (4.17) 2 (4.18) Rv|	, �! (4.16) 2 (4.17), ℄
∫

In

||θ||2σdt ≤ ckn

n∑

m=0

k4q−2
m

∫

Im

||ω(q)||2σ,2dt+ ckn

n∑

m=0

∫

Im

||θt||2σdt.|	! Gronwall �`	, 8g2:Rv (4.17) $
||θN ||2σ ≤ ck4q−2

∫ tN

0

||ω(q)||2σ,2dt.j:, ! L2(Ω) :� Pn
E ^~S2)k R ^i�, 	℄q 0 ≤ n ≤ N ,

||un − Un||σ ≤ ||un − ωn||σ + ||θn||σ ≤ c||hr+1
n u||r+1,h,σ + ck2q−1

(∫ tn

0

||u(q)||2σ,2dt
)1/2

.

5. &A(�'�7 �3u^�$ymq u(x, t) = e4t
(
sinh 2x
x sinh 2 − 1

) ^I\�D�~<Q3




ut − uxx −
2

x
ux = −4e4t, x ∈ (0, 1), t ∈ (0, 1]

ux(0, t) = 0, u(1, t) = 0, t ∈ [0, 1],

u(x, 0) =
sinh 2x

x sinh 2
− 1, x ∈ [0, 1].9�L��U�f�h-v|`�Y���(�~m9�jf~sk	mGI.���aG+iDb���_2_W.^�B2�&~�9�(�~m^Y�!2Uji�!2�[?�p�℄�~m^W.qE5W.^�jip�u/~m^!2?�eb��Y[�&ke�. � 1 �A+#iF!2 (�_!2 k H_!2 h) �W.
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||u−U ||L∞(L2

σ)
^����O[�&k. '_!2?�eb�_~m^�&kjwvk�+i� 2 ^�6�Yo+h�. nu'�_!2?�eb, �_~m^�&kjwyk, +i� 3 ^�6�Yo+h�, :a4�&~S. ; 1 2; 2 ��EA+W k = 0.05, h = 0.05��9�_*^ymq2�Lq^q�;2ymq^�>;{.

0 0.2 0.4 0.6 0.8 1

 x-axis

-25

-20

-15

-10

-5

0

 u
,U

 t=0

 t=0.5

 t=1.0
Exact

Numerical< 1 u 3 U r�< -25

-20

1

-15

-10

 U
( 

x
, 

t)

-5

0

1

 x-axis

0.5

 t-axis

0.5

0 0< 2 �Mr U �?<r 1 {�~!8sx ("�sx k ���sx h) ", -vÆ$��
k = 1.0e-04 h = 0.2 h = 0.1 h = 0.05

||u− U ||L∞(L2
σ) 1.0225e-01 2.6631e-02 6.7258e-03Æ`�'l � 1.9410 1.9853

h = 2.5e-04 k = 0.05 k = 0.025 k = 0.0125

||u− U ||L∞(L2
σ) 2.6679e-03 3.7570e-04 5.1144e-05�`�'l � 2.8280 2.8770'�� �3�$ymq u(x1, x2, t) =

e−2π2t

πx1
sinaπx1 sin aπx2 ^vI\�D�~<Q3





a2ut −
1

x21

∂

∂x1

(
x21

∂u

∂x1

)
− ∂2u

∂x22
= 0, (x1, x2) ∈ (0, 0.1)× (0, 0.1), t ∈ (0, 1],

∂u

∂x1
(0, x2, t) = 0, u(1, x2, t) = 0, t ∈ [0, 1],

u(x1, 0, t) = 0, u(x1, 1, t) = 0, t ∈ [0, 1],

u(x1, x2, 0) =
1

πx1
sinπx1 sinπx2, (x1, x2) ∈ [0, 0.1]× [0, 0.1],[U\� a = 10. 9V$-<U�f_h- [0, 0.1]× [0, 0.1] v|PKhyh{Y���_h_ [0, 1] v|`�Y���(�~m9�% f~sk	�w.� 2 �A+#i�_!2u_!2?�b}��W. ||u − U ||L∞(L2

σ)
2 tN = 1.0� ||uN −UN ||L2

σ
^_~m^����2�&k. '_!2?�eb��(W{���



1 Z 5 t!� a: �P,℄�℄�E��=_�``p�Æ%e0�y 115r 2 {�~"�sx k = 5.0e-04 ", ���2|-v	�Æ$��Æ`"3 ||u− U ||L∞(L2
σ) �'l ||uN − UN ||L2

σ
�'l

√
2/16 9.1543e-05 � 6.5176e-12 �√
2/32 2.2949e-05 1.9960 1.7328e-12 1.9112√
2/64 5.7414e-06 1.9999 4.4001e-13 1.9775r 3 {�~��sx h =

√
2/3200 ", "��2|-v	�Æ$���`"3 ||u− U ||L∞(L2

σ) �'l ||uN − UN ||L2
σ

�'l
1/16 8.3748e-05 � 1.0770e-11 �
1/32 1.1865e-05 2.8194 1.7054e-12 2.6588
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TIME DISCONTINUOUS SPACE-TIME FINITE ELEMENT

METHOD FOR UNSTEADY DIFFERENTIAL EQUATION

WITH SINGULAR COEFFICIENTS

He Siriguleng Li Hong Liu Yang Fang Zhichao

(School of Mathematical Science, Inner Mongolia University, Hohhot 010021, China)

Abstract

A time discontinuous space-time finite element formulation is presented for a class of two-

dimensional unsteady uniaxial problem with singular coefficients. By using the characteristic

of Lagrange polynomial at Radau nodes, and the technique of combining finite difference

method and finite element method, the stability of the scheme and the temporal maximum

norm and spatial weighted L2(Ω)-norm error estimation of the finite element solution are

proved. Finally, some numerical results are gieven to verify the theoretical results and the

feasibility of the scheme.

Keywords: unsteady differential equation with singular coefficients; time discontinuous

space-time finite element method; error estimate
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