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1. _��[
�Q\_
�il1FBUHi�3rfb.&�T  �3,
�HiL�9U�(�
uT f(A)v, (1.1)_
 A ∈ Rn×n Z:��$d_
, u, v 
2 ‖u‖ = 1, ‖v‖ = 1, �{ ‖ · ‖ Z 2 di, F� T�W:�'_
H'�, f(z) Z~xU0tFHM"�i, +SG_
�i f(A) lU
. ��#XZR_
TDQ\, n_
.�3rn|FHR_
s�
, y�F�l
�0�._
�il1FBU uT f(A)v HehOk�e, �,kf(Hi�.M��AEJ [14]�}7}WbH3rYW�3 [10] JJ. �p&rbHk"sJ3, Gene Golub [8–10] Z&�?:�. yBl1FBU (1.1) "%[ Riemann-Stieltjes ,k [5–7, 9] HBU, ^��h.,|UGE�i�3r_
�il1FBUH[vVo�, �YZV�u.M_
�i_5A�~4"�hHfb [11]. �Z�ppfbG�[voJ3��*(�H�T  �3 [12, 13].�Z��`,&,kVo�
�Fs�h Krylov,q<fb3r uTf(A)v GEHL
[�,^	ZxU0t�HM"�i, �p3r_
�i&:� f(A)v H Krylov,q<fb [2] _lÆ�H�T  �3y�. d3,6 Krylov,q<HGW,`, ��o`Bi�3r f(A)vH Krylov ,q<fbH�T  �3y���E_
�il1FBU uTf(A)v F, 6^o`A~okH�T  �3�̀ 6��*(�.
�_)x,3r uT f(A)v H Krylov,q<fb, �x,&  �3Hk". B_
�i~xU0t�M"�
2[U��P, x,�p&  H  �gU, y�F��  �g

* 2018 � 10 z 5 >^F.
1) )R8�: �9/9nM)R+$ (8��� 11771249).



118 4 s j M 2020 �UH_7Z[vok�T  �3, 4��ti�RT, 	Z[�"hH�i, ��i�i�CG�i, T�  �3HokF. Z[�jM"�i, �l1�i, u8��y�F��  �gU_7Z[vokH�T  �3, �i�RT��, wC,H  �3=8Z�R  Hok�3.�� Cn×n ' Rn×n �W n Jn_
'R_
-�, Cn ' Rn �W n �n�:�'R:�-�, AH ' AT �W_
 AH}7'�''�. || · ||�W:�'_
H 2-di, || · ||F �W_
H F- di. spec(A) �W_
 A H$, F(A) �W_
 A Hi�t, 0 F(A) = {xHAx :

x ∈ CN , xHx = 1}. λmax(A) � λmin(A) �WRZ$_
 A H4:�4<|��, I �W3eJiH>�_
, ej �W>�_
HO j �.

2. DV uTf(A)v ; Krylov gLE>=_
�iHl1FBU uT f(A)v I.E_
�i f(A) �_
�i&:� f(A)v, 3r_
�iH�(rbf�lj
E_
 A o�lH|bL~, ~3rÆ(�o�##&|bL~, d3~	Z
l|bL~H:��_
&C�3r��70�Æ:, ��Ia. w`�~H�?$Z3r_
�i&:� f(A)v, Zp:��_
, 4ZSfbHZ(p Krylov ,q<Hfb. ~3(/F, 5XGE_
�iHl1FBU�HX}TD[�:��,0o.3r_
�i&:�H Krylov,q<rb
�Ffp	gwrb,	gwrb~.M:��1F=i�~POkl>, d3mQ{6�~Q\_
�i&:�Hl>i�rb�g`,�3eH	gwrb, &	gq<Z Krylov ,q<. pfbo`*k|h_
 A H$dF,d�~B%,q<H[3(MP�|hE�_
:�&H�6. Krylov,q<rbBv:���~ f(A)v 	gE�[vL�H,q<, 8��Æ�(rbu.M3eH�<��H�~0oGE&Vo.�{���3 Arnoldi fbuVo uT f(A)v, & Arnoldi Vo(p�(H Arnoldi kM�
AVk = VkHk + hk+1,kvk+1e

T
k , (2.1)&� Vk = [v1, v2, · · · , vk] H�~%� Krylov ,q< Kk(A, v1) = span{v1, Av1, · · · , Ak−1v1}H[3�(ÆF(, Hk = [hi,j ] � k JF Hessenberg _
, ek ∈ Rk � k J>�
HO k �.j (2.1) oG Hk = V T

k AVk, d3l
uT f(A)v ≈ βuTVkV

T
k f(A)Vke1 ≈ βuTVkf(V

T
k AVk)e1 = βuTVkf(Hk)e1 ≡ Fk, (2.2)

Fk 0� uT f(A)v H Arnoldi Vo, Fhfb$��( Arnoldi fb, &� β = ‖v‖, Arnoldi kM�H+T:� v1 = v/β.

3. Ek(f) ;Y9aJS�
Fk = βuTVkf(Hk)e1 (3.1)� uT f(A)v H Arnoldi Vo. U
  

Ek(f) = uT f(A)v − Fk = uT f(A)v − βuTVkf(Hk)e1. (3.2)
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�;J�i f(z) ~��_
 A � Hk Hi�t F(A) � F(Hk) H�
- S .&�OFM". R� {tk}∞k=0 u. S, +&�3�R�J �, 0 ti = ti+1 = · · · = tj , �i φj(t) Z
2�(��HM"�i��






φ0(t) = f(t)

φj+1(t) =
φj(t)−φj(tj)

t−tj
j ≥ 0.

(3.3)(�HL
%~.<N 1. ;U f(z) ~��_
 A � Hk Hi�t F(A) � F(Hk) H�
- S .&�OFM", 7~"i C SGZ;� j ≥ 0 l maxz∈S |f (j)(z)| ≤ C, �Zp S �xUHR�
{tk}∞k=0, uT f(A)v (p Arnoldi VoH  �gU�(�

Ek(f) = uTf(A)v − βuTVkf(Hk)e1 = βhk+1,k

∞
∑

j=1

eTk φj(Hk)e1u
T pj−1(A)vk+1. (3.4)&� p0(t) = 1, pj(t) = (t− t0)(t− t1) · · · (t− tj−1), j ≥ 1, ti ∈ S, i ≥ 0.
P. _)U
 φi(A)v H Arnoldi Vo  �(�

sik = φi(A)v − βVkφi(Hk)e1. (3.5)jQ
�&U (3.3) oG f(t) = f(t0) + (t− t0)φ1(t). |h Arnoldi Æ( (2.1), l
uT f(A)v = f(t0)u

T v + uT (A− t0I)φ1(A)v

= f(t0)u
T v + uT (A− t0I)(βVkφ1(Hk)e1 + s1k)

= f(t0)u
T v + βuT (Vk(Hk − t0I) + hk+1,kvk+1e

T
k )φ1(Hk)e1 + uT (A− t0I)s

1
k

= βuTVk(f(t0)e1 + (Hk − t0I)φ1(Hk)e1)

+ βhk+1,ku
T vk+1e

T
k φ1(Hk)e1 + uT (A− t0I)s

1
k

= βuTVkf(Hk)e1 + βhk+1,ku
T vk+1e

T
k φ1(Hk)e1 + uT (A− t0I)s

1
k. (3.6)woN, Zp φ1(A)v l

φ1(A)v = φ1(t1)v + (A− t1I)φ2(A)v

= φ1(t1)v + (A− t1I)(βVkφ2(Hk)e1 + s2k)

= φ1(t1)v + β(Vk(Hk − t1I) + hk+1,kvk+1e
T
k )φ2(Hk)e1 + (A− t1I)s

2
k

= βVk(φ1(t1)e1 + (Hk − t1I)φ2(Hk)e1)

+ βhk+1,kvk+1e
T
k φ2(Hk)e1 + (A− t1I)s

2
k

= βVkφ1(Hk)e1 + βhk+1,kvk+1e
T
k φ2(Hk)e1 + (A− t1I)s

2
k.od� sik = φi(A)v − βVkφi(Hk)e1, 3 i = 1 �BFhL
<AoG�

s1k = φ1(A)v − βVkφ1(Hk)e1 = βhk+1,kvk+1e
T
k φ2(Hk)e1 + (A− t1I)s

2
k.�y, Zp s2k, s

3
k, · · · lwoBUL
%~, 0&�7l�(BU�

si−1
k = βhk+1,kvk+1e

T
k φi(Hk)e1 + (A− ti−1I)s

i
k, i = 2, 3, · · · ,∞,



120 4 s j M 2020 �BFh�73 i = 1, 2, · · · <A (3.6) U, oG�
Ek(f) = uT f(A)v − βuTVkf(Hk)e1

= βhk+1,k

i
∑

j=1

eTk φj(Hk)e1u
T pj−1(A)vk+1 + uT pi(A)s

i
k.(�x,�p |uT pi(A)s

i
k| ℄�F (qW) Hk". ��7~Æ
i P , B i ≥ P P,

|uT pi(A)s
i
k| ℄�p 0 HqWsp 1/i3/2.j�i� {φj(t)} HU
o�, φj+1(t) o`h�i Eu�W, �(

φj+1(t) = f [t, t0, t1, · · · , tj]. (3.7)d� f(z) ~ S F j JoC, w`7~ ζ ∈ S SG
f [t0, t1, · · · , tj ] =

f (j)(ζ)

j!
. (3.8)d3, j maxz∈S |f (j)(z)| ≤ C oG

|φi(t)| = |f [t, t0, · · · , ti−1]| ≤
C

i!
. (3.9)J_
 A �_
 Hk H Schur kMk���QH

1 AQ1 = U1 � QH
2 HkQ2 = U2, &� Q1, Q2 k��k
, U1, U2 �FCG_
.6 Û1, Û2 k�� U1, U2 HPuFCG�k,��p φi(A) �

φi(Hk) k�l(U%~
||φi(A)|| ≤

n−1
∑

m=0

sup
z∈S

|φ(m)
i (z)| ||Û1||mF

m!
, ||φi(Hk)|| ≤

k−1
∑

m=0

sup
z∈S

|φ(m)
i (z)| ||Û2||mF

m!
. (3.10)�p ||φi(A)|| � ||φi(Hk)|| HFO�3Uo�j [1] �Uy 2.4. jU (3.9) �U (3.10) oG

||φi(A)|| ≤
C

i!

n−1
∑

m=0

||Û1||mF
m!

, ||φi(Hk)|| ≤
C

i!

k−1
∑

m=0

||Û2||mF
m!

. (3.11)j sik = φi(A)v − βVkφi(Hk)e1 �F�HL
oG
||sik|| ≤ ||φi(A)||||v|| + β||Vk||||φi(Hk)||||e1||

≤ 1

i!
(Cβ

n−1
∑

m=0

||Û1||mF
m!

+ Cβ||Vk||
k−1
∑

m=0

||Û2||mF
m!

)

=
C1

i!
. (3.12)ojp {tj}i−1

k=0 fp�
- S, d3
||pi(A)|| = ||(A− t0I)(A− t1I) · · · (A− ti−1I)||

≤
i−1
∏

j=0

(||A||+ |tj |) ≤ Ci
2, (3.13)
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- S �upH4:eZ�. L� (3.12)�(3.13) � Cauchy-

Schwarz �JU, l
|uT pi(A)s

i
k| ≤ ||u||||pi(A)sik|| ≤ ||u||C1

Ci
2

i!
= C3

Ci
2

i!
, (3.14)&� C3 = ||u||C1, }L� Stirling �JU (�j [4] HO 257 Z)

√
2πi

(

i

e

)i

< i! <
√
2πi

(

i

e

)i

e
1

12i , (3.15)&� e Z.8�i, � (3.14) Uo`8Ji:�
|uT pi(A)s

i
k| ≤ C3

Ci
2

i!
≤ C3√

2πi

(

C2e

i

)i

. (3.16)Z (

C2e
i

)i ^S, 7~Æ
i P , B i ≥ P P,
(

C2e
i

)i ℄�p 0 HqWXsp 1/i , d3
|uT pi(A)s

i
k| /p 0, +B i ≥ P P, &℄�qWsp 1/i3/2. d3, uT f(A)v (p Arnoldi VoH  �gU�(�

Ek(f) = uT f(A)v − βuTVkf(Hk)e1 = βhk+1,k

∞
∑

j=1

eTk φj(Hk)e1u
T pj−1(A)vk+1,0 (3.4) %~, UyG�.%bE, �
R� {ti}n−1

i=0 Z_
 A H n v|��, �  �gU (3.4) o"�l07H�:

Ek(f) = uT f(A)v − βuTVkf(Hk)e1 = βhk+1,k

n−1
∑

j=1

eTk φj(Hk)e1u
Tpj−1(A)vk+1. (3.17)f 1. y���, 7~Æ
i P , SGB i ≥ P P,

(

C2e
i

)i /p 0 HqWXsp 1
i /p 0HqW, Y^Z |uT pi(A)s

i
k| ℄�p 0 HqW:p 1/i3/2. ��O�
2Fh��HÆ
i P ,HX
2�JU

(

C2e

i

)i

<
1

i
, (3.18)0

(

i

C2e

)i

> i. (3.19)���P3Zi�
yG
log i > log (C2e) +

log i

i
. (3.20)B i ≥ 1 P, 0 ≤ log i

i < 1, d3i:Fh�JUoG
log i > log(C2e) + 1 = log(10C2e). (3.21)3 P = ⌈10C2e⌉, �B i ≥ P P, l

|βhk+1,k

∞
∑

j=P

eTk φj(Hk)e1u
Tpj−1(A)vk+1| ≤

∞
∑

P

i−3/2 ≤
∫

∞

P−1

x−3/2dx =
2√

P − 1
. (3.22)
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(3.16) Ub�* (3.4) H) P − 1 7�7:<s 1/i1/2 �J�. }jFUo�, �"-t(  �gUHO[7HeZ�s  �gUHeZ��J, d3  �gUHO[7HeZ�:<o`6�  :<HokH�T  �3, h��*(�.f 2. pUyo`�I��E3rl1FBUHl� Lanczos fb [12], hl� Lanczosfb3r f(A)v HVo, $� Lanczos Vo. � Arnoldi Æ(3�, l�H Lanczos Æ(u8hHZXQ�U, �5/Zi��UF , �o�,,℄F�Y, 3PB��3r Lanczos Vo. d3, 
�H{��RTS0p Arnoldi Vo.

4. Ek(e
−ht) ;^�QHAD�i_
�iHl1FBUZeh�4">H, Zp_
�i f(A) = e−hA, 3R�

{ti}∞i=0 ��I�, ��i�iHl1FBU uT e−hAv H Arnoldi VoH  �gU�(�
Ek(e

−hA) = uT e−hAv − βuTVke
−hHke1 = −hβhk+1,k

∞
∑

j=1

eTk φj(−hHk)e1u
T (−hA)j−1vk+1.

(4.1)
K�ÆA~[v�p |Ek(e
−hA)| HY7FO�3, _5U�x,  �gU (4.1) HO[7Z |Ek(e

−hA)| H��T  �3Hy�℄a.j (4.1) o�&l1FBU Arnoldi Vo  :��(�
Ek(e

−hA) = uT e−hAv − βuTVke
−hHke1 = −hβhk+1,k

∞
∑

j=1

eTk φj(−hHk)e1u
T (−hA)j−1vk+1.

(4.2)6m� E
(2)
k (e−hA) �W uT e−hAv H  �gU.O[7�
HMr7��, 0
E

(2)
k (e−hA) = −hβhk+1,k

∞
∑

j=2

eTk φj(−hHk)e1u
T (−hA)j−1vk+1. (4.3)��pW uT e−hAv H  �gUHeZ� |Ek(e

−hA)| �Mr7��HeZ� E
(2)
k (e−hA) l(hUy%~.<N 2. J A � n JRZ$_
, &$ spec(A) �p0< Θ = [a, b] �, E
(2)
k (e−hA) �

Ek(e
−hA) k�l`(L
%~

|E(2)
k (e−hA)| ≤ γhβηk+1|eTk φ1(−hTk)e1||uT vk+1|, (4.4)

|Ek(e
−hA)| ≤ (1 + γ)hβηk+1|eTk φ1(−hTk)e1||uT vk+1|, (4.5)&� γ = eh(b−a)γ1 , γ1 Z[v"i, s_
 A H$ spec(A) l�.
P. |h [1] Uy 4.5��Æ(H�_lL
,6�p_
�i&:� f(A)v H ArnoldiVowG  �g7.O[7�
HMr7��� e

(2)
k (e−hA). _�

e
(2)
k (e−hA) = βηk+1e

T
k φ1(−hTk)e1

(

∫ h

0

zk

hk−1
g(z)e(z−h)Adz

)

Avk+1, (4.6)
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|E(2)

k (e−hA)| = |uT e
(2)
k (e−hA)| ≤ hβηk+1|eTk φ1(−hTk)e1|eh(b−a)|uT

∫ h

0

e(z−h)AdzAvk+1|

= hβηk+1|eTk φ1(−hTk)e1|eh(b−a)|uT (I − e−hA)vk+1|
≤ hβηk+1|eTk φ1(−hTk)e1|eh(b−a)(|uT vk+1|+ ||e−hA||)
≤ hβηk+1|eTk φ1(−hTk)e1|eh(b−a)γ1|uT vk+1|
= γhβηk+1|eTk φ1(−hTk)e1||uT vk+1|. (4.7)d3Zp Ek(e

−hA) l
|Ek(e

−hA)| ≤ hβηk+1|eTk φ1(−hTk)e1||uT vk+1|+ |E(2)
k (e−hA)|

≤ (1 + γ)hβηk+1|eTk φ1(−hTk)e1||uT vk+1|, (4.8)&� γ = eh(b−a)γ1.f 3. Zp e−hA, A H|���"k�~n�"�. d3, ~[�-t(, |uT vk+1| +
||e−hA|| Zs |uT vk+1| ��1H. XRF, B_
 A H|��xxvRP, l ||e−hA|| ≪
|uT vk+1| . 0F, B_
H4<|���Z|�kVvRP, γ �Hd, γ1 Zs O(1) ��1H. h ~eh�x<p 1, d3d, eh(b−a) = O(1). d3, [�-t(,   �gUHO[7HeZ�o`6��i�il1FBU uT e−hAv H Arnoldi VoHokH�T  �3.

5. UdR\
KBhi�RTT�  �gUH_7 ξ1 = βhk+1,k|eTk φ1(Hk)e1||uT vk+1| Z�R  [vH�H�3.
��wlHi�RTf~�7 4.0GB,1y( Intel(R) Core(TM) i7-6500U CPU @ 2.50

GHz(4 CPUs), 2.6GHz H�*FR,, &�Z Window 10, ShB�� MATLAB R2013a. ~3r φ1(Hk) HP�HXhE t0 H�, %bE t0 ∈ S +_
 Hk Hi�tfp S, �hJ t0fp_
 Hk Hi�t, RTÆ(�`,, ξ1 H:<Z�� t0 HK3���q, o3� h1,1'�Z 0. RTÆ(�HX3r f(Hk) � φ1(Hk), jp Hk Z�<��H, d3���I�3
MATLAB ���i funm TD3r, |�HB_
ZRZ$_
P, �3$kMHBUTD3r. ��HX&s�RH  TD�H, RTÆ(���3rHZ3Z  , d3�RH3Z  �

ξreltrue =
|uT f(A)v − βuTVkf(Hk)e1|

|uT f(A)v| . (5.1)hUy 1 �H�gUH_76�  �3H3Z  �3 ξrel �
ξrel =

βhk+1,k|eTk φ1(Hk)e1||uT vk+1|
|Fk|

=
βhk+1,k|eTk φ1(Hk)e1||uT vk+1|

|βuTVkf(Hk)e1|
. (5.2)~ (5.2) UHk�F, jp�� uTf(A)v ��, ���h3rGEHVo� Fk HeZ�

|Fk|uVo=��R� |uT f(A)v|, ���g6��HRT�H,d�~rbs℄�P,��H



124 4 s j M 2020 ���IV. (���Bx,C �i, k�Z�i�i e−ht �l11 1/t`.CG�iHÆ�r*�i sin(−ht) � cos(−ht). RT�3 u 6= v, �k�hZ$_
�jZ$_
TDRT.

5.1. IbCT f(A) = e−hA
<KZ�i�iHl1FBUTDRT, k�	ZZ$_
sjZ$_
.O 1. 3r}3.�. [1]. _
 A �Ji n = 1001 HZG_
, &|��Zf{k�~
[0, 40] F, n ��:� u, v k�j MATLAB v*L%, �TD�>�"SG ‖u‖ = ‖v‖ = 1,k�3 h = 0.1, 0.5, 1, �H uT e−hAv H�T3Z  �3 ξrel ��R3Z  �3 ξreltrue.
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(c) !!22 (h=1)� 1: i�3rZ$_
 uT e−hAv H�R3Z  ��T3Z  �H6� 1 �o`i,, 3Z  �3 ξrel o`6��R3Z  ξreltrue H[vokH��,�+`, ξrel s ξreltrue ��Hj"�. 6RTL
�Yi, ξrel ��a γ H:<g6. 3
,
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|��Hk�d�l�.O 2. pr}�H_
uwp Higham H�\-, _
 A �&�H_
 grcar, Ji n =

2000, n ��:� u, v k�j MATLAB v*L%, �TD�>�"SG ‖u‖ = ‖v‖ = 1, k�3 h = 0.1, 0.5, 1, �H uT e−hAv H Arnoldi �T3Z  �3 ξrel ��R3Z  �3
ξreltrue.
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(b) !!22 (h=0.5)
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(c) !!22 (h=1)� 2: i�3rjZ$_
 uT e−hAv H�R3Z  ��T3Z  �Hj� 2 o�, sr} 1 HL
wo, B_
�jZ$_
P, �T3Z  ξrel s�R3Z  ξreltrue H�9��H��,i�Bz2�Æ4[�,d3ZjZ$_
un,   �gUO[7H:<o`6�[vokH�T  �3, h6�*(�.0F,Zp�i�i, &l1FBU	ZZ$_
�jZ$_
��f�GE  �gUH_7Z[vokH�T  �3, �+J3�rbH�*(�. �YZ��Uy 2 wy�
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5.2. IbCT f(A) = cos(−hA)jUy 1 H��Æ(�`,, �X�i2��!, fo`GE  �g7HO[7:<o`6�rbokH�T  �3. d3�{��j
[wCG�i, �N[�F, ��K3r*�iTDi�RT,(�Hi�RTB+W ξrel 6��T3Z  �3HokF.�{℄8	ZZ$_
�jZ$_
TDRT.O 3. K�r} 1 HZ$_
, n ��:� u, v k�j MATLAB v*L%, �TD�>�"SG ‖u‖ = ‖v‖ = 1, k�3 h = 0.1, 0.5, 1, �H uT cos (−hA)v H�T3Z  �3 ξrel��R3Z  �3 ξreltrue, L
�� 3 wW.
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(b) !!22 (h=0.5)
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I!!l# 127Zpr*�iun, j� 3 `,, B_
�Z$_
P, RTL
s�i�iHwo, ~rbrgTH2�, ξrel o�&s�'�L��R3Z  ξreltrue, ���lQÆg6, d�3P�R3Z  HYWY� O(1) :<, �?HZ~rbgT℄�P, ξrel s ξreltrue H1Y2�[��, d3Zpr*�iun, ξrel ℄8o`6�_
�il1FBU uT f(A)v H ArnoldirbH[vokH�T  �3.O 4. pr}uwp�. [2] H Example 2, jZ$_
 A ln|��+&k�~n�"�, jp&|��k�|�, pr}Z"��h. j
+���~
u̇−∆u+ δ1ux1

+ δ2ux2
= 0 (x, t) ∈ (0, 1)3 × (0, T ),

u(x, t) = 0 x ∈ ∂(0, 1)3, t ∈ [0, T ],

u(x, 0) = u0(x), x ∈ (0, 1)3.q<�#� 1
11 , xD"�GE�(BUH ODEs:

u̇(t) = −Au(t), t ∈ (0, T ), u(0) = u0.Ji� n = 1000 jZ$_
 A oj Kronecker ,�W�
A = − 1

112
[I10 ⊗ (I10 ⊗ F1) + (E ⊗ I10 + I10 ⊗ F2)⊗ I10], (5.3)&�

E = tridiag(1,−2, 1), Fi = tridiag(1 + ωi,−2, 1− ωi), ω1 = 3.2, ω2 ≈ 4.27. (5.4)

n ��:� u, v k�j MATLAB v*L%, �TD�>�"SG ‖u‖ = ‖v‖ = 1, 3
h = 1/121,�H uT cos(−hA)v H�T3Z  �3 ξrel ��R3Z  �3 ξreltrue,   11�� 4.
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� 4: i�3rjZ$_
 uT cos(−hA)v H�R3Z  ��T3Z  �H6� 4 �o`i,, B_
�jZ$_
P, &L��Z$_
P3�, d3, ��_

A �Z$_
$ZjZ$_
, ξrel fo`6�r*�il1FBU uT f(A)v H Arnoldi rbH[vokH3Z�T  �3.
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5.3. IbCT f(A) = A−1B�i�l11 1/t P, ZeH_
�iHl1FBU� uTA−1v. p�~H3rl*Ok�eHeh
[, !�~�AEJ�, z
�[RHun, ~:��-%T�J3&��	Z>
A>
,&�H2Q�i^I.Epl1FBUH3r. �pp�~, u8����~y�F��  �gUH_7Z[vokH�T  �3, �Zi�RT��,   �gUH_7=��okN��  H:<. 
<KHi�RT�~n���GEH3r_
�il1FBU Arnoldi rbH�T  �3 ξ1 
lR7Heh)[.O 5. pr}3.�. [3] �H Example 5.1, &�_
 A Z MATLAB � gallery �H
parter _
, Ji n = 1000, n ��:� u, v k�j MATLAB v*L%, �TD�>�"SG ‖u‖ = ‖v‖ = 1, �H uTA−1v H Arnoldi VoH�T3Z  �3 ξrel ��R3Z  �3 ξreltrue,   11�� 5.
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� 5: i�3rjZ$_
 uTA−1v H�R3Z  ��T3Z  �H6� 5 �o``,,Zpl1FBU uTA−1v, ξ1 6�  �gUHO[7�okH��rbH℄�Bz, d3o`6�rb�*(�H[vokH3Z�T  �3.0F, Zp
2Uy 1 ��H2��!H�iuD, i�RT��, ��Z$_
$ZjZ$_
,   �gUHO[7H:<fo`6� Arnoldi VoH[vokH�T  �3,6^o`6�rbH�*(�.

6. h��G
��~Q\h Arnoldi fb_
�iHl1FBU�J3rb3eH�*(�. 
�un, ^ZB uT f(A)v i%Z�v:�5�,,&�[v:� f(A)v Z��3rH�?. ^�p_
�i&:�, ~ 2015 �, Jia � Lv _Zx,�& Krylov ,q<fbHokH�T  �3. 
�BpL
��E_
�iHl1FBU uT f(A)v H Krylov ,q<fbH3rF. ��x,�  H  �gU, ���&�gUHO[7o`6�okH�T  �3.
�N, 
�H{6�?#Xl`(�R:
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[11] Golub G H, Strakoš Z. Estimates in quadratic formulas. Numerical Algorithms, 1994, 8(2):

241–268.

[12] Guo H, Renaut R A. Estimation of uT f(A)v for large scale unsymmetric matrices. Numerical

Linear Algebra with Applications, 2004, 11(1): 75–89.

[13] ���. `��jm2GCVI4s/'fi [D]. o?;M, 1999.
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Abstract

The bilinear form uT f(A)v of matrix functions is of wide interest in many applications,

where u, v ∈ R
n, A ∈ R

n×n, f(z) is a given analytic function. In recent years, the efficient

and reliable numerical algorithms for the bilinear form has been a research focus. Although

there are numerous stopping criteria, they lack solid theoretical supports, and the reliabil-

ity is unknown. In this paper, we consider the posteriori error estimates for the errors of

approximate solutions of the matrix functions uT f(A)v. We derive an error expansion and

prove that the first term of the error expansion can used as a reliable stopping criterion.

Keywords: bilinear form; Krylov subspace method; relative error analysis; stopping

criterion
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