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Abstract. We consider a time discretization of incompressible Navier-Stokes equa-
tions with spatial periodic boundary conditions and additive noise in the vorticity-
velocity formulation. The approximation is based on freezing the velocity on time
subintervals resulting in a linear stochastic parabolic equation for vorticity. At each
time step, the velocity is expressed via vorticity using a formula corresponding to
the Biot-Savart-type law. We prove the first mean-square convergence order of the
vorticity approximation.
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1. Introduction

Navier-Stokes equations (NSE), both deterministic and stochastic, are important for
a number of applications and, consequently, development and analysis of numerical
methods for simulation of NSE are of significant interest. The theory and applications
of stochastic NSE (SNSE) can be found, e.g. in [10,16,19]. The literature on numerics
for deterministic NSE is extensive [12,27,29] (see also references therein) while the
literature on numerics for SNSE is still rather sparse, let us mention [2-6, 8,9, 25].
In comparison with the previous works [2-6, 9, 25] where strong approximation of
SNSE in velocity formulation was considered, we here deal with the vorticity-velocity
formulation, and, as far as we know, this is the first work in this direction. In [8]
a similar setting to ours was used but in the context of weak approximation.

In this paper we consider two-dimensional incompressible NSE in the vorticity-
velocity formulation with periodic boundary conditions and additive noise (see, e.g.
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[13]). In majority of papers on numerical approximation of SNSE [2-6, 9] the case
of multiplicative noise is considered. The NSE with additive noise deserves a special
attention due to its interesting properties [13, 16, 18]. Also, we know [23] that mean-
square order of convergence of numerical methods for ordinary stochastic differential
equations (SDEs) with additive noise is typically higher than with multiplicative one,
which led to special consideration of SDEs with additive noise in stochastic numerics.
Here we follow this path in the case of SNSE.

We propose and study time discretization of SNSE in the vorticity-velocity formu-
lation, which is based on freezing the velocity at every time step. Consequently, at
every step we just need to solve a linear parabolic stochastic PDE, which is a much sim-
pler object than SNSE. To compute the velocity, we express it via the vorticity, i.e. via
a periodic version of Biot-Savart’s law (see, e.g., [15]). We prove properties, including
first-order mean-square convergence, of the suggested approximation. Since we work
in the vorticity-velocity formulation and aimed at reaching a higher order of mean-
square convergence for the method considered, we require higher spatial smoothness
of the velocity in our proofs than e.g. in [3] where mean-square convergence of fully
and semi-implicit Euler schemes from [6] for SNSE with multiplicative and additive
noise in the velocity formulation was considered. In the case of an additive noise, the
authors of [3] proved mean-square convergence with a polynomial rate (up to ) in
the time mesh. To obtain this result, they used some exponential moments bounds of
the SNSE solutions analogous to the ones from [13]. Here to prove first-order mean-
square convergence of our new method for SNSE in the vorticity-velocity formulation,
we exploit some exponential moments bounds for vorticity.

The benefit of working within the vorticity-velocity formulation is that we do not
need to deal with the divergence free condition imposed on the velocity. We remark
that, as it is usual in numerical analysis, the suggested approximation can be used in
practice even if the regularity conditions required for the proofs are not satisfied. In this
paper our main objective is to propose a new approximation for SNSE and to prove its
highest possible mean-square order of convergence under some regularity assumptions
on the solution. Alternatively, one can pose the question of establishing a convergence
of the proposed method under prescribed low regularity conditions, this is a topic for
a possible future work (see also Remark 5.1 at the end of the paper).

The paper is organised as follows. In Section 2, after introducing the SNSE in ve-
locity formulation, we recall function spaces required. Then we write the SNSE in
the vorticity-velocity formulation (Section 2.2) and prove two auxiliary lemmas (Sec-
tion 2.3) about its solution. These lemmas are of independent interest. The lemmas are
later used in proving properties of the proposed approximation. We consider a one-step
approximation of vorticity and its properties in Section 3. We introduce the numerical
method for vorticity and prove boundedness of its moments in Section 4. We note that
to turn the proposed method into a numerical algorithm one needs to approximate
a linear SPDE at every step. Various approaches can be used for this purpose as we
discuss in the end of the paper, and their detailed error analysis is a subject of a future
work. We prove first-order mean-square convergence of the method in Section 5. Ideas
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used in the proof of the convergence theorem are of potential interest for convergence
analysis of numerical methods for a wider class of semilinear SPDEs.

2. Preliminaries

Let (9, F, P) be a probability space and (w(t), 7)) = ((wi(t),...,wy(t))",F:) be
a ¢g-dimensional standard Wiener process, where {¥;,0 < t < T}, is an increasing
family of o-subalgebras of F induced by w(t). We consider the system of SNSE with
additive noise for velocity v and pressure p in a viscous incompressible flow:

o2
dv(t) = |:7A?} — (v.V)v = Vp+ f(t,z)| dt

q
+3 et 2)dw,(t), 0<t<T, zeR? (2.1)
r=1

divv =0 (2.2)
with spatial periodic conditions
v(t,x + Le;) = v(t,z), p(t,x+ Le;)) =p(t,z), 0<t<T, i=1,2, (2.3)

and the initial condition

v(0,2) = (). 2.4
In (2.1)-(2.3), v, f and 7, are two-dimensional functions; v.V = v1% + 028%2; the
pressure p is a scalar; {e;} is the canonical basis in R? and L > 0 is the period. For
simplicity in writing, the periods in both directions are taken to be equal. The functions
f = f(t,z) and ~,(t,x) are assumed to be spatial periodic as well. Further, we require
that -, (¢, z) are divergence free:

divy,(t,z) =0, r=1,...,q. (2.5)

For simplicity of proofs, we assume that the number of noises ¢ is finite but it can
be shown that the theoretical results of this paper are also valid when ¢ is infinite if
I (t, 2)||m for some m > 0 decay exponentially fast with increase of » (here m is as in
Assumption 2.1 below). Note that if we omit the condition (2.5) then (2.1) should be
modified to include additional gradient of pressure terms Vp, for each dw,.

2.1. Function spaces

We shall consider spatial periodic vector functions u(z) = (u'(z),u?(x))": u(x +
Le;) = u(z), i = 1,2, where L > 0 is the period in i-th direction. Denote by Q = (0, L]?
the square of the period. We denote by L?((Q) the Hilbert space of functions on @ with
the scalar product and the norm

(u,v) = /QZul(x)vz(x)dx, ||lul| = (u,u)%



4 G.N. Milstein and M.V. Tretyakov

We keep the notation || for the absolute value of numbers and for the length of vectors,
for example,

NI

ju)] = [} @))” + (w3 (@)°]

We denote by H*(Q),m = 0,1,. .., the Sobolev space of functions which are in L?(Q),
together with all their derivatives of order less than or equal to m, and which are
periodic functions with the period Q. The space H;'(Q) is a Hilbert space with the
scalar product and the norm

2

iy i g 1
(U,U)m :/ Z Z D¢ ul(;ﬂ)Da vl(;g)dx, ||uHm — [(u,u)m] 2, (2.6)
@ =1 [ai]<m
where o' = (aﬁ,ag),aé €{0,...,m}, [0'] = o} 4 ab, and
i ot ok (i)[ai}
D% :D11D22:ﬁ’ i=1,2.
a(x1)™ 9(x2) %

Note that H)(Q) = L*(Q).
Introduce the Hilbert subspaces of H}'(Q) :

Vi ={v:veH}(Q),divu =0}, m>0,

Vg = the closure of V', m>0 in L*Q).

Denote by P the orthogonal projection in Hj*(Q) onto V' (we omit m in the
notation P here). The operator P is often called the Leray projection. Due to the
Helmholtz-Hodge decomposition, any function v € H}'(Q) can be represented as

u=Pu+ Vg, divPu =0,

where g = g() is a scalar Q)-periodic function such that Vg € H}*(Q). It is natural to
introduce the notation Ptu := Vg and hence write

uw= Pu+ Ptu
with Pru € (VM) = {v: v € HI(Q),v = Vg}.
Let
u@) = Y une TN ga) = Y e TED g =0, 2.7)
neZ? neZ?
Pu(z) = Z (Pu)nei%(“’x), Plu(z) = Vg(z) = Z (Plu) L (1)
neZz? nezz2 n

be the Fourier expansions of u, g, Pu, and Ptu = Vg. Here uy, (Pu)y,, and (Pu), =
(Vg)n are two-dimensional vectors and g,, are scalars. We note that go can be any
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real number but for definiteness we set go = 0 without loss of generality [11]. The
coefficients (Pu)y, (Plu)n, and g, can be easily expressed in terms of uy,:

T T
U, N 2 U, N
L u/n
gn:_z_%7 n%oa 90:0
27 |n|

We have
vei%(n,x) _ nezf’r(nm .

hence une'Z ™) € V' if and only if (un,n) = 0. We obtain from here that the or-

thogonal basis of the subspace (V;”)L consists of nei%(n’x),n € Z%,n # 0; and the
orthogonal basis of V' consists of vectors (for n # 0):

[ 2 ] T p = (ng,ns) T, (2.9)

ny
which are orthogonal to n.

In the rest of the paper all functions v € H'(Q) will be assumed to have zero space
average (see e.g. [11]), i.e.

/ u(z) = 0. (2.10)
Q

In this case the Fourier series expansion for u(z) does not contain the constant term
and ), 72 in (2.7) can be replaced by >, 72 ,, ., which in what follows we will write
as simply > .

We recall Parseval’s identity

|l = /Q @)z = L2 S Jun®. @.11)

We also note the following two relationships. Since the vector field v = u(z) is real
valued, we have
Uop =1TUn, NEZE n#0,

where u,, denotes the complex conjugate of u,,. The divergence-free condition reads

T

uin = (ug,n) =Y ukn* =0.

E

k=1

We will need the following estimate for the tri-linear form (see [7, p. 50, Eq. (6.10)]
or [28, p. 12, Eq. (2.29)]):

|((v-V)u, )| < K[ollmy 1ullms+11lg]lms (2.12)
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where K > 0 is a constant, mq,ms and ms are such that m; + ms + mz > 1 and
(mqy,me,mg) # (0,0,1),(0,1,0),(1,0,0), and u,v, g are arbitrary functions from the
corresponding spaces. Further, we recall the standard interpolation inequality for
Sobolev spaces (see e.g. [28, p. 11]):

el < el el (2.13)

= mo?

max(mi,m2)

where m = (1 — l)mq + lmg, m1,m2 > 0,1 € (0,1), and v € H,, (Q). For any
¢ > 0, we get from (2.13) and Young’s inequality:
1
lully, < lullf? lulif, < (0= Dellullh, + 1T [l (2.14)

mi

Let us take m; = 1,ms = 0 and mg = % in (2.12), then we get (see also [13, p. 1028,
Eq. (A6)]) for any ¢; > 0 and ¢; > 0:

K2
(0.V)u, 9)| < Klfvlhllullillgll < 5=llgll3 + eallolF]lu]?
2 461 2
K2
< HHQHQ% +eifloffflul?

< oaflgllf + lgl* + exllol [[ull?, (2.15)

64cicy

where we used (2.14) with m = %, m;=1mge=0and! = % (fractional H;T(Q) spaces
are defined in the usual way via the Fourier series expansions, see e.g. [28, pp. 7-8]).
We also recall (see e.g. [11, p. 20 Eq. (4.14)]) Poincare’s inequality for functions
u € H}(Q) satisfying (2.10):
[ull < afVul| (2.16)

for some constant a > 0 which depends only on the period L. We note that here and
in what follows: when u(z) is a vector, Vu(z) means the matrix with elements % and
|Vu|| means L2-norm of the Frobenius norm of the matrix Vu(x).

We make the following assumption for the NSE problem (2.1)-(2.4).

Assumption 2.1. We assume that the coefficients f(¢,z) and ~.(s,z),r = 1,...,q,
belong to H'*1(Q) and the initial condition ¢(z) belongs to H}'*2(Q) for some m > 0.

Under this assumption the problem (2.1)-(2.4) has a unique solution v (¢, x), p(t, x),
(t,x) € [0,7] x R?, so that for [ > 2 [16,17]:

Elot, )|y < K, 2.17)

where K > 0 may depend on I,m, T, f(t,z),7(t,x), and ¢(z). The solution v(¢, z),
p(t,z), (t,z) € [0,T] x R?, to (2.1)-(2.4) is F;-adaptive, v(t,-) € V;”” and Vp(t,-) €
(V;;“LQ)l for every ¢t € [0,7] and w € Q. We note that if we were interested in varia-
tional solutions of (2.1)-(2.4) then it is more natural to put m > —1 in Assumption 2.1,
but here our focus is on the vorticity formulation and then it is natural to require more,
m > 0. Consequently, we are dealing with the setting in which the solution of (2.1)-
(2.4) is analytically (i.e., PDE-wise) strong.
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2.2. Equation for vorticity

Introduce the vorticity w:

ov? ovt
w(x) = curlv = —(x) — @(Cﬂ)

ozl

Note that w(z) is a scalar. Analogously to (2.7), we write the Fourier expansion for w:

Zw ezTnx-i-na:)

where )
L 4T
Wp = 1— (1)2n1 — v1n2)

L
It is known (see, e.g. [15, p. 50]) that v is expressed through w as

Li 2
v(x) = = n| =Uw. (2.18)
2w o Z 1 el QL’“ (n,:v)w nl
n? !

Taking the curl of (2.1) gives the evolution equation for the vorticity w = curlv:

) q
dw = [%Aw — (v.V)w + g(t, Sﬂ)} dt + Z (8, z)dw, (1), (2.19)
r=1

where g = curl f and u, = curl~,. The vorticity satisfies the initial and periodic bound-
ary conditions

w(0,z) = curl p(x) := ¢(z) (2.20)
and spatial periodic conditions

w(t,z + Le;) =w(t,z), i=1,2, 0<t<T. (2.21)

Using the linear operator U from (2.18), we can re-write (2.19) as (see e.g. [13]):

2 q
g
dw = ?Aw — (Uw.V)w + g(t, w)} dt + Z o (t, ) dw,(t). (2.22)
r=1

Similarly to the solution v(¢,z) of (2.1)-(2.4), the solution w(¢, z) to the vorticity
problem (2.19)-(2.21) under Assumption 2.1 is so that for p > 2:

Ellw(t, )1 < (2.23)

where K > 0 depends on p, m, g, i and ¢. Note that under Assumption 2.1 the coeffi-
cients g(t,z) and p,(s,z),r = 1,...,¢q, belong to H}'(Q) and the initial condition ¢(x)
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belongs to H"*1(Q). As it is clear from the context, we are dealing here with solutions
understood in the strong sense probabilistically.
In future we will need the following estimates. One can obtain from (2.18) that for
m>1
[0l = [Uw[lm < K|wllm-1 (2.24)

for some K > 0. Further, we note that
lwll} = llwl® + [IVe]® (2.25)

and then by (2.16)
lwllf < KI||[Vew|? (2.26)

for some K > 0. Using (2.15) and (2.24)-(2.26), we get for w, v, g from appropriate
spaces and arbitrary ¢; > 0 and ¢y > 0:

(Uw.V)v, 9)| < eallgllf + lgl? + exl|Uw]F]lv]1F

K
646%62
K4
640%02
= oo Vall* + Kllgl)* + eslw|*[ Vo, (2.27)

< eVl + ( N ) gl + Kerllw] 2 Vo]

where in the third line ¢3 > 0 is an arbitrary constant and K > 0 is some constant
dependent on ¢, and c3 (it differs from K > 0 in the first and second lines but this
should not cause any confusion).

2.3. Two technical lemmas

For proving convergence of the numerical method in Section 5, we need two further
properties of the solution w(t, z) to the SNSE (2.19)-(2.21) formulated in the next two
lemmas, which are of independent interest.

It is convenient to introduce the notation for the solution w(¢,z) of the problem
(2.19)-(2.21), which reflects its dependence on the initial condition ¢(x) prescribed at
time s < ¢:

w(t,z) = w(t,z;s, ).

Let us prove a technical lemma on exponential moments bounds for vorticity, which

is related to [13, Lemmas 4.10(1) and A.1].

Lemma 2.1. Let Assumption 2.1 hold with m = 0. There exist constants Sy > 0 and « > 0
such that for any € (0,5p) and 0 <t <t+h <T:

02 t+h
Eexp (5 [le(t + Ry -5 t,0) 17 — 16117 +B85 / \|Vw<s,-;t,¢>\|2ds>
t+h
Se><p<6 /t (azng H2+ZHW ||2) ) (2.28)
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Proof. By the Ito formula, integration by parts and using div v(¢,z) = 0, we obtain

1 o2
§dIIW(8,-)H2= —EHVw(S,-)IIQJr(g(s,- ZHM | d

2.29
—|—Z(,ur(s,-),w(s,-))dwr(s), t<s<t+h, ( )

lwo(t, )P = llgll*.
Using the elementary inequality, we get for any a > 0:
1
Sl (s, )|

| 2

2 o2
g 2 1 2 4 2 4
< |- FIVw(s, I + —5llgls. I + Trallw(s, I + §juur

q

+ Z (MT(Sv ')7 w(sv '))dwr(s)' (230)

r=1

By Poincare’s inequality (2.16), for some a > 0, we have
IVe(t,)I* > allwt, )| (2.31)
By (2.31), we obtain

0,2

2
g
dllw(s, )* < | =7 V(s )I* = alwls,)I* + —2”9 P+ Z i (5, )17 | ds

q
—1—22 (e (s, ), w(s, ) dw,(s), (2.32)
then for any ¢ > 0

5 5 0.2 t+h )
cllw(t +h, )" —clloll +C—/ [Vw(s,-)[I"ds

t+h ) ) )
e[ (et P+ Z I (s, I ) ds
t
t+h d g2 [tth
< 20/ Z (e (s, ), w(s, ) dw,(s) — azc/ |w(s, -)||*ds. (2.33)
t ¢

Let

:2C/t ;(MT(S")’W(S"))dwr(S)a
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which is a continuous L?-martingale with the quadratic variation

t 4

<M > (t,t):= 402/ Z (1r (s, ), w(s, -))2d5.
t r=1

There exists a constant 3y > 0 (independent of i and ¢) so that for all 5 € (0, 5y]:

o2 t ) 3
azc/t llw(s,)||*ds > 20 < M > (t,t).

Hence

t+h
ellolt + b, )P — el + e / [Ves(s, )12

t+h ) )
—c/t 2 llats, ||+Z||ur )l

gM(t,t+h)—2£c<M>(t,t+h). (2.34)

For ¢ = (3, the right-hand side of (2.34) is logarithm of a local exponential martingale
and therefore

) ) 0.2 t+hATh )
Boxp |Bllo(t + Al = plol + 6% [ IVwls. P ds
t

t+hATh 9 , q ;
_ﬁ/t <WH9(37')H +;HM(S’ I )ds] <1,

where 7, = inf{s >t :< M > (¢,s) > n} for a natural number n. Tending n to infinity,
we arrive at (2.28). Lemma 2.1 is proved. O

It follows from (2.28) that

0_2 t+h 5
powp (57 [ IVuts st 0)Pas)
t

<exp<ﬂH¢HQ+/3/ <a2Hg H”ZHMT \\2)d8>- (2.35)

We also pay attention that the proof of Lemma 2.1 is not relying on smallness of the
time step h, and after replacing ¢ with 0 and ¢ + h with T the result remains valid:

2 T
Boxp (5T [ 19l 10.0)1%s
<e><p<ﬁ||¢\l2+ﬁ [ (Zht u2+§j||ur ||2>ds>. (236)

We now prove the next lemma which gives us dependence of the solution w(s, z; ¢, ¢)
on the initial data.
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Lemma 2.2. Let Assumption 2.1 hold with m = 3 and ¢;(t,x), i = 1,2, be F;-measurable
processes satisfying (2.23) with m = 3. There exists a constant ¢y > 0 such that for every
¢ € (0,¢p) there is a sufficiently small h > 0 so that we have for t < s <t + h:

w(s,z;t,d1(t,-)) —w(s,z;t,d2(t,-) = ¢1(t,x) — da(t, ) + (s, z), (2.37)
for which
lwo(s, 5, ¢1) = w(s, -5 t, 6o)|”
< lér(t,-) = palt,-)|I” exp <K(8 — 1)+ C/: [Vw(s', st, ¢1(t, '))HQdS/) o (2.38)

where K > 0 is a constant.
The process 1(s) satisfies the following estimate

(s, )1* < (s = )l (t,-) = da(t, )| + Cls,w)(s — 1), (2.39)

where C(s,w) > 0 is an Fs-adapted process with bounded moments of a sufficiently high
order.

Proof. Let
6(87 1’) = (AJ(S7 xZ; ta ¢1) - (AJ(S7 Z; ta ¢2)
We have

df(s,x) = [?AH —(UO.V)w(s,t,01) — (Uw(s, ';t,¢2).V)9:| ds, t<s<t+h,

O(t,x) = p1(t,x) — da(t, x).
Then
1
Sdlos, )P
2
= [—%HV@(S, MNP = ((U6(s,-).V)w(s, £, é1),6(s, -))] ds, t<s<t+h, (240)
16, )1? = llga(t,-) = dalt, )1

Using the inequality (2.27) with ¢ = ‘21—2, we obtain that there exists K > 0 such that
foranyc >0

2|((UO(s, ). V)w(s, 5t ¢1),0(s,"))]|
< T80, ) + K[6Gs, > + el Veo(s, 51,60 160G, )P (24D
and hence

d0(s, )2 < [K + e[ Veols, st 002 [0(s, )IPds, ¢ <s<t+h,
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which implies
16(s.)II?
< o)t )P esp (Kls =) +e [ Ve (Sstante ) Pas') . 242

Thus we have proved the inequality (2.38).
Let us now prove (2.39). We have

n(s, ) (2.43)
S 2
= / [%AH —(UONV)w(s',z;t,¢1) — (Uw(s’,x;t, (bg).V) 9] ds', t<s<t+h,
t
which together with (2.17) and (2.23) implies that

In(s, 2)[| < C(s,w)(s — 1), (2.44)

where C(s,w) > 0 is an Fs-adapted process with bounded moments of a sufficiently
high order. Differentiate (2.43)

5, 1)

O
(%Jin

—/8 CAL g 00l at ) — L (DS, w51, 60).9) 0] ds', (2.45)
= 5% a7 (UONV)w(s' a3t 61) = o5 (Uw(s', 23, ). s, (2.

and observe that, again due to (2.17) and (2.23), the inequality (2.44) is also valid for

[Vn(s,z)|:
IVn(s,x)|| < C(s,w)(s —t). (2.46)

By further differentiating (2.45) and using (2.17) and (2.23), we can get
[An(s,z)[| < C(s,w)(s —t). (2.47)

Note that we need m = 3 in the conditions of the lemma to obtain (2.47).
We have

d|ln(s', )|
= [ (6280,1) = 2 (UB.V)w(s', 1, 61),m) — 2 (Uw(s, 51, 62). )0, 1) |as
< [— (0*V (01(t,) = ¢2(t.+)), Vi) = 2 ((UO.V)w(s', 38, 61), 1)
=2 ((Uw(s', 1, 62)-V)0,m) |ds'.
Using integration by parts, (2.38) and (2.47), we get

|(0?V (¢1(t,-) — pa(t,-)), V)|
= 0% |(¢1(t,-) — da(t,-), An) | < C(s",w)(s" = t)llpr(t,-) — Pa(t,)]l.
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By (2.12) with m; = 1,my = 0, and m3 = 1, and using (2.24), (2.23), (2.38), (2.44)
and (2.46), we obtain

2(U0.V)w(s, st ¢1),n) | < K[UO|1lwlillnlly < K[0]llwl1ln]
< C(s'w)(s" = )llpr(t, ) — da(t, ).

And by (2.12) with m; = 2,mo = 0, and m3 = 0, and using (2.24), (2.23), (2.38),
(2.44) and (2.46), we arrive at

2 (Vs 1,60).¥)0.m) | = 2| (Vs 11, 62). V). 6) | < Kl 1]
< C(s',w)(s" = )llpa(t,-) — @a(t, ).
Then we have
dlln(s’, 2)|I> < C(s',w)(s' = t)l|pr(t,-) — ¢alt,-)|ds’
< ||¢1 (t’ ) - ¢2(t’ ')sz‘sl + 302(8/’(‘})(5/ - t)QdSIa

from which (2.39) follows. Lemma 2.2 is proved. O

3. One-step approximation

Consider the uniform partition 0 =ty < --- < ty = T of the interval [0,7"] and the
time step h = % (we restrict ourselves to the uniform time discretization for simplicity
only). In this section we derive a one-step approximation for the vorticity and study its
properties.

We can approximate SNSE (2.19)-(2.21) by freezing the velocity:

v(t,z) = 0(t,x) == v(tk, x) == 0(z), txp <t <tpsr, (3.1)
and obtain an approximation (¢, z) of w(t,z) on t; <t < tx,1, as follows
o? 1
do = EAcI) — (0.V)w + g(t,m)} dt + Zur(t,x)dwr(t), te <t <tpi1, (3.2)

r=1
Otg, v) = w(ty,z), (g, x+ Lej) = o(ty, ), j=12. (3.3)

It is not difficult to see that the local error o, (¢, z) = @(t,x) —w(t, x), tx <t < tpiq,
for the approximation w(¢, x) of the solution w(¢, z) of SNSE (2.19)-(2.21) satisfies the
problem

2
ds,, = %A(Sw — (0.V)5, — (v —8).V)@| dt, (3.4)

0w (ty, ) = 0. (3.5)
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Moments of ||@||3 (and hence of ||d,]|3) up to a sufficiently high order are bounded
under Assumption 2.1 with m = 2: for ¢, <t <tp;; and p > 1:

Bllat, )3 < K, (3.6)

where K > 0 is a constant. This boundedness (3.6) can be proved by arguments similar
to boundedness of moments of the global approximation (see Theorems 4.1 and 4.2).
To obtain estimates for the one-step error ¢,,, we first prove the following lemma.

Lemma 3.1. Let Assumption 2.1 hold with m = 1. For v(t, z) from (2.1)-(2.4), 0(x) from
(3.1), and &(t, x) from (3.2)-(3.3), we have for t), < t <ty and sufficiently small h > 0:

(Ello— 0] < Kh¥, p>1, 3.8)

where C(ty,w) > 0 is an JF;, -measurable random variable with moments of a sufficiently
high order bounded by a constant independent of h and K > 0 is a constant independent
of h.

Proof. From (2.1) and (3.1), we have for ¢t <t < tx1:

v(t,z) — 0(x)
tr 2
= / [02 Av— (v.V)v —=Vp+ f(s,x } ds + nyr(s,x)dwr(s). (3.9
tE tk r=1
Then it is not difficult to obtain the estimate (3.8) using (2.17) and the assumptions on
f and ~,.
From (3.9) and (3.2), we have
(v =2).V)®
= ( { Av — (v.V)v = Vp+ f(s, x)] ds.V ) (t,x) ( nyr(s,x)dwr(s).v>
tk p=1
) g2
X w(tk,:v)%—/tk[QAw—( V)w%—gsx]ds—ktk;,ursxdwr ,

from which it is not difficult to see that the inequality (3.7) holds. Lemma 3.1 is
proved. O

Now we proceed to proving estimates for the one-step error of &(¢, x).

Theorem 3.1. Let Assumption 2.1 hold with m = 2. The one-step error of &(t,x), t; <
t < txy1, which solves (3.2)-(3.3), has the following bounds for t;, < t < t;,1 and suffi-
ciently small h > 0:

| B[ (t, )| Fo ]|l < C(tg,w)h?, (3.10)

]
(Ellow(t, )II?)® < Ki3, 3.11)
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where C(ty,w) > 0 is an F;, -measurable random variable with moments of a sufficiently
high order bounded by a constant independent of h and K > 0 is a constant independent
of h.

Proof. Taking scalar product of (3.4) and ¢, (¢, z), using integration by parts and the
property divu(t, z) = 0, we get

S8 = T (At ), 6t )t — (008, V)t ), Bt )
= (((0(t,) = 00))-9)(t, ), 8t ) de
= —02 Vo, (t,)||*dt — (((v(t, D) =0(-).V)&(t,-), 0w (L, -))dt. (3.12)
Then
S Bt
= T BIVaL P — B(((0(t.) — 60D V)E(E e ()

For the last term in (3.13), we get

B(((v(t) = 5())-9)@(t, ), 8t )|

< KE|o(t,) — 00| - |90 s - 18t )]

< K (Blo(t,) — ()| - (¢, )%(EHé HIP)?

< K (Eo(t, ) - ()H“)%(EHw( IHE (EHé( IHE

< Kn3 (B8, (t.)P)? (3.14)

where for the first line we used the inequality (2.12) with m; = 0,m9o = 2,mg = 0.
We applied the Cauchy-Bunyakovski inequality twice to arrive at the penultimate line
in the Eq. 3.14 and we used the error estimate (3.8) with p = 2 and boundedness of
the moment E||&(t,-)||4 (see (3.6)) to obtain the last line.

Thus

1 1 1
SB[t )2 < Khb (B8 (t,)?)* di

and since d,,(t;, x) = 0, we arrive at

"1 B :
S I (B, (1))
/M(Enaw(s,-)n%ﬁ ( Vs

M\Cﬂ

confirming (3.11).

Now we are to prove (3.10). Using (3.4), we write the equation for dE[d,, (¢, z)|F%, |
and, after taking scalar product of the components of this equation and E[é,, (¢, z)|F%, ]
and doing integration by parts, we arrive
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SAIBL () I
0.2
= TNV B () TPt — (B [(0(t, V)0t Fo ] Blou(t, )|
- (E [((U(t7 ) - @())V)(Z)(t, )’-Ftk] 7E[5w(t7 )‘ftk])dt (3-15)

By (3.7), we get for the third term in (3.15):

[(E[((v(t,") = 9())-V)@(t, )|F,], Elu(t, )| F,])|
< B [((u(t,) — 8(-)- V)@t )N Feo ] | | E[u(t, )| Fe ]|
< Clt, w)hl| B[, (¢, )| Fr ], (3.16)

where C(t;,w) > 0 is an F;, -measurable random variable which has moments up to
a sufficiently high order and does not depend on h.

By simple manipulations and using (2.12), m; = 2,ms = 0,m3 = 0 as well as
(2.26), the Cauchy-Bunyakovski inequality, (2.23), a conditional version of (3.11), and
(3.6), we obtain for the second term in (3.15):

(B (0(t,)- V)80t ) ] Bl (t, )| ])|
= |E [((v(t,).V)du(t, ), E 6t ) Fo] ) 172,
< B[ (0t ) V)bt ), Blbu(t, NF])| 17
= B[ (0t ) V) Blbu (b ) F ], ult, )| 17 ]
< KE(lot, )l - 1Bt ) Fo ]l - 106 15,

|
= K| B[, (t, )| F )| E [, )2 - 180t )] [Fe]
< K| VEB(t, )| F || B llwt, 1 - 180t ) 1F]
< K| VEBL(t, ) F || (B [lwt, M3F])? (B (10,0t )12 F]) 2

< C(ty,w)h? | VE[6u(t, )| F2 ]|, (3.17)

where C(t;,w) > 0 is an F;, -measurable random variable which has moments up to
a sufficiently high order and does not depend on h.
Combining (3.15)-(3.17), we arrive at

%dHE[éw(t7 )’-Ftk]Hz

2
S—ZWVEé twﬁJWﬁ+C@th%VEMAuNBJWt
+ C(tg, w)h||E[0u(t, )| Fr) || dt

2
G XA §c<tk,w>h3) it

1
+ 55 C2(tr w)hPdt + Oty w)h|| E[Bu (. )| 7y, ] |t
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1 2 3
< ﬁc (tk, w)h’dt + C(tg, w)h||Edu(t, )| Fe, ]| dt.

Then, for some F;, -measurable independent of 4 random variable C'(t;,w) > 0, we
have

1
d|| Bt )| F | < Ot w)h®dt + 5| B (8, )| F | dt.

from which (3.10) follows taking into account that || E[d,, (¢, -)|F,]|| = 0. Theorem 3.1
is proved. O

We define
o(t,z) :=Ua(t,x), tp <t <tpi1, (3.18)

where the operator U is from (2.18).
We prove the following corollary to Theorem 3.1.

Corollary 3.1. The one-step error ,(t,x) := v(t,x) — v(t,z) = Udy,(t,x) of v(t, x), ) <
t < try1 has the following bounds for tj, <t < tj.1:

126, (8, )|l < Kh?, (3.19)
1
(Blos(t,)II?)? < Khs, (3.20)
where K > 0 is independent of h.

Proof. Let the Fourier coefficients for d,,(¢, z) be (d,(¢,*))n, i-e.

St z) = Z (5.,(t, .))nei%(n@)_

Hence by (2.18) we get

iL 1 i2%(nz n2
0 (t,l’) = %Zwe L( ’ )(5w(t7))n |: _nl :| )

i.e., the Fourier coefficients for d,(¢, z) are

(3,00) 0 = 4 Gt | .

27 |n|?

Then, by Parseval’s identity (2.11), we have

1800t 2 = /Q 6ot 2)2dz = 123" | (80t )
- 4L—7T2 > \(Mt, ->> !2%
- 471'2 Z ‘ ]n\Q 471'2 Z|
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L2 9 L2
~ 4n? /Q 100 (t, 2)"dz = 5 1w (E, )l 2, (3.21)

which together with (3.11) implies (3.20).
Let us now prove (3.19). We have

iL 1 n?
Bt = 5 e POt D | |
and hence
1B (8, e = /Q |B6y(t,2)Pde = L2 S| B8t ),
L 2 ()" + (n?)”
- S Y Bt ), P
L2
< EHE%(E')HL%
which together with (3.10) implies (3.19). Corollary 3.1 is proved. O

4. The method

Based on the one-step approximation (3.1)-(3.3), we construct the global approxi-
mation w(t, z) for SNSE (2.19)-(2.21) as follows.
On the first step of the method we set

@(tg, z) = curlv(ty,x) = ¢(x) = curl p(x),
to() = v(to, ) = ().

Then we solve the linear SPDE (3.2)-(3.3) with o(z) = 0g(x) on [to, t1] to obtain w(t, x)
and to construct
@1 (CC) == U(:}(tl, SC)

On the second step we solve (3.2)-(3.3) on [t1, 2] having @(¢1,z) and setting v(x) =
01(x). As a result, we obtain w(¢,x) on [t1,te] and ve(x) = Uw(te,z), and so on.
Proceeding in this way, we obtain on the N-th step the approximation @(¢,z) on
[tN_l,tN] for w(t,w) having (:)(tN_l,.%') and @(1‘) = @N_l(.%') = U(ZJ(tN_l,I'). Finally,
on(x) = Ua(T, x) which approximates the velocity v(T', x).

In order to realise the approximation process described above, it is sufficient that
on every time interval [tg,tx4+1],k = 0,..., N — 1, there exists a solution of the linear
SPDE (3.2)-(3.3). We denote this solution as @y (¢, z). It satisfies the condition

{Curlgo(:v), k=0,

4.1
(Z}k_l(tk,:v), k‘Zl,...,N, ( )

a}k(tk’ $) =
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and the time-independent coefficient v(z) in (3.2)-(3.3) is defined within each interval
(tk, tk—f—l] das
0(x) =0 (z) == Udg(t, ©), tr <t <trq1. (4.2)

Clearly, o(x) used in (3.2) are different on the time intervals (¢, t511].
Before considering the global error of the approximation in Section 5, we now prove
boundedness of the approximation’s moments.

Theorem 4.1. Let Assumption 2.1 hold with m = 0. The moments of the global approxi-
mation @ (t, x) and vy (x) are uniformly bounded in h and k:

tht1
Bl (tees, )P < [6()12 + K /0 (ng I+ Z 2o (s ||2p> s (43)
Elox ()1 < KE||ok(te, ), 4.4)
where K > 0 is independent of h and t;, but depends on p > 1.
Proof. For every sufficiently large integer n, define the stopping time
T =inf {0 <t <T@, )|° > n}.

Using the Ito formula, doing integration by parts and taking into account that 0 (x)
is divergence free, we obtain

dlsn(t, |2

— oplanlt, >H?<p1[——uwk< MNP+ (glts ), But, ) W]dt
q

+ 2pl@n(t, PPN (e (t,-))dw,(t), th ATy <t <tpy1ATn,  (45)
r=1

It )1 = w1 (e, I
We have
dE||g (¢ A 7, )77
=29 [~Z B (1@u(t A 7, NP0 VD42 A7)
+ B ([[@(t A 7, PP (g8 A Ty ) k(A ) )

20 —
L

1 ~ B q
E@r(t A 1, )PP e (t A s -)!!2] dt, tn<t<tp,
r=1

Bllx(tk Ao, )IP = Ellop—1(tk A 7o, ).
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By Poincare’s inequality (2.16) and doing simple re-arrangements, we arrive at

AE||&p(t A T, ) IPP
o 2p o’ 2p 1 2
< 2| — aZ Elan(t A, )| +azEuwk<tw,->u +—2Hg<tm->u

2
7 Bl ype 4 212 — 1) 2
+aT Bt A I+ = = }juurmrm I

We note that the constant « > 0 in the above expression is due to Poincare’s inequality
(2.16) and it is, of course, independent of ~ and k. Hence

AE|| 24t A 7, >H2P<K{ug<mn, 2 + [ZHMTMM rPH

where the constant K > 0 depends on p but independent of h and k. The previous
inequality implies

B\ @x(tre1 ATa, )17

tk+1/\Tn
< Elonn (e A, )2 + KE (ng P+ [Zum u?DS

tk/\Tn

< Bt + £ | ’“””<K||g< WS e >\|2)ds

r=1
and letting n — oo we arrive at (4.3). The estimate (4.4) is an evident consequence of

(4.3) (cf. e.g. (2.18)). Theorem 4.1 is proved. O

Remark 4.1. It is not difficult to see that repeating the proof of Lemma 2.1 word by
word, we can get that the exponential moment for ||0y(ts41,-)||? is bounded, more
precisely, the estimate of the form (2.28) holds for ||@(tx1, ) ||> under Assumption 2.1
with m = 0.

Now we consider uniform bounds for moments of higher Sobolev norms of @y.

Theorem 4.2. Let Assumption 2.1 hold with m > 0. Then for p > 1
El@r(trr, M < NoC)IE + Ktpra, (4.6)
where K > 0 is independent of h and ty.

Proof. The proof is by induction. To this end, we assume that for all [ < m — 1 the
moments E||@(t, )| lp are bounded (uniformly in k£ and %) and for sufficiently large
p > 1 (note that Theorem 4.1 guarantees their boundedness for m = 0).
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We will be adapting recipes from [28, Section 4.1] and [16, Section 3.4]. Let the
operator A be such that A2 = —A. We can obtain for an integer m > 1:

2 2
| (t, )HmZ[——Hwk( M + 5 5 Ik + (@(t,), 9(,),,,

_ Z (0 (). V)@n(t, ), A¥ g (t, ) | dt
j=1

q

+ 3 (et ), @p(t, ), dwp(t), b AT << bt AT,
r=1

ok (s )l = ll@r—1 (ks )7

Here 7, is
T =inf {0 <t <T:|l&(t, N2, >n}.

Then for m > 1 and p > 1, we have

@ (t, )12
2 2

= 2plJn(t, )20 ”[——Hwk( s + G It )P + (wk@,-),g(t,-))m
(G ). A, ()1
7=1
q

+ 2p||@x(t, ) 2P~ ”Z (t.), dwp(t), ta ATy <t <tppi ATa, (4.7)

(AR e (txm ][k

Let us analyze terms in the right-hand side of (4.7). We obtain for some K > 0
dependent on p:

2
T @t )12 + K@, )12, (4.8)

2
—Hwk( MNP l@n(t )P < 1

We have (e.g. see [28, Eq. (4.4)]):

‘(a}k(t’ -),g(t, ))m|

IN

1gCE, ) lm—1 lor (2, ) llm1
2

8
—llatt. )% 1+_||Wk( M1

IN

and

Kr [ 16p "' o?
Kl (t, )5 g ()17 < s (WZ)) Hg(tw)Hif_lJr slloow (t, )
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hence

w2, )P~ (@ (t7-)79(t7-))m
2
< Kl|g(t,)llm- +—Hwk( )||2p+_HWk( P~ w8, )i

Also, for some K > 0 dependent on p:

2p
o, Hmpleur ol[18

p 2
o°
<K (an H2> + 2 llane, I

Let us now estimate the trilinear-form:

[oj—1]=7—1
m J
<K > Y | D2t (Y| D=t ()3 | D52,
i=1lag)=j I=1  [og)=I
[aj—i]=5—1
m j
<K 1ok Olil@r s 1ot

< Kllan (s lm—1ll0k () g 1 lon @l
5
< K[| (t, )l -y lléon (2, )||m+1

7
20 onttns M+ G el M

)l

(4.9)

(4.10)

(4.11)

where for the second line we used integration by parts (see this recipe in [28, pp. 29-
301); for the third - the inequality (2.12) with m; = 0,m; = 3, m3 = 1; for the fourth
line - (2.6); for the fifth line — (2.24) and that ||u(-)||m, < [|u(:)||m, for ma > my; the
sixth line is obtained using (2.13); and the final line follows from Young’s inequality.

Note that the constants K > 0 are changing from line to line. Further,

K[|g (8, ) g1 |5 (2, ) IP

KP 8p Pl 10
< — | — t (s —
~p <a0-2(p _ 1)) ”wk( ky- )H + Hwk( )H

(4.12)
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Combining (4.7) with (4.8)-(4.12), we can write for some K > 0:

2
dll@w(t, )17 <2p[——Hwk( o=l )Hm+1+—Hwk( I

+ K on(t, )P+ K lg(t, ) -

q
(ZHM Hm> + KE|Gok (tr, )l 1 | dt

q
+ 2p )|k (6, VP (it ), Bt ) mdwy(8)  te AT <t < tpy AT,
r=1

Ity M = -1t ) 172
Thus (note that —||@y (¢, -)||2,41 < —||l@k(t,-)||2,), for some K > 0
dE |0k (t A 7o, ) I

=K [Eu%(t AT PP 4 N9t A T, M-y + Ellow b A7)l

m—1
q P
n (Z o (E A 7o ->||%L) ]dt, b <1< by,
r=1

Bllox(tk Ao, IR = Ellw—1 (te A 7o, )17
By Assumption 2.1 and the induction assumption at the start of the proof, we get

AdE||@R(t A 1, )| < Kdt,  ty <t <ty
EHwk(tk N Ty - )H2p = EH(Zkal(tk N Tn, ) 2p

[

E||@k (ter A T, )22 < Ell@g—1 (e AT, )22 + Kh,

from which (4.6) follows by the standard arguments. Theorem 4.2 is proved. O

5. Mean-square convergence theorem

To prove the global convergence of @y (t,-), we use the idea of the proof of the
fundamental theorem of mean-square convergence for SDEs [21] (see also [23, Sec-
tion 1.1]).

Theorem 5.1. Let Assumption 2.1 hold with m = 3. The global approximation @, (tx11,x)
for the problem (2.19)-(2.21) has the first mean-square order accuracy, i.e., for a suffi-
ciently small h > 0

N[
NA
I
e
=
!
\.H

(Bllw(trsr, ) = @nltrer, )I?)* <

where K > 0 is a constant independent of k and h.
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Proof. We note that in the proof we shall again use letters K and C(-,w) to denote
various deterministic constants and random variables, respectively, which are indepen-
dent of h and k; their values may change from line to line.

We have

R(try1,7) = w(tpr, 7) — Op(tesr, o)
=w(tgs1,7;0,0) — Ok (tgs1,2;0,P)
=w(tp1, Tt w(te, ) — @k (trg1, 5 e, Ok (s, -))
= (W(thy1, T3 th, W(tk, ) — Wty 5 te, Ok (tr, )
+ (wW(tht1, T3t Dk (s ) — Or(trgr, @5ty D (ths ) (5.1)

where - reflects function dependence of solutions on the initial conditions. The first
difference in the right-hand side of (5.1) is the error of the solution arising due to the
error in the initial data at time ¢, accumulated at the k-th step. The second difference
is the one-step error at the (k + 1)-step:

0w (thg1, ) 1= w (g1, T3 b, Dk (s -)) — @k (Ergr, @3 b, Dk (g, +)) (5.2)

for which estimates are given in Theorem 3.1 taking into account that Theorems 4.1
and 4.2 guarantees boundedness of moments of ||@(tx,)||s under the conditions of
this theorem. Taking the L?-norm of both sides of (5.1), we obtain

IRt I = (| (Bt -5 s (i ) = @ (Eets -5 iy Dty ) |2+ 10 (trers )12
+2(W(tk+1,,tk,W(tk;,)) _w(tk‘-i-l,'atkawk(tk‘, ))a(sw(tk—l—la ))a (53)

where the first - in each w or @y, reflects that we took L?-norm.
Using (3.11) from Theorem 3.1 together with Theorems 4.1 and 4.2, we obtain for
the second term in (5.3 ):

10w (te41, ) |* < Cltgr,w)h?, (5.4)

where C(ty41,w) > 0is an F;, ,, -measurable with bounded second moment.
By (2.38) from Lemma 2.2 together with Theorems 4.1 and 4.2, we get for the first
term in (5.3):

Nl (b1, @3ty w(te, ) — (tk+17$ thy Ok (th, *) )H

toy
< ||R(tg, -)||* exp <Kh—|—c/ HVW(S/,-;tk, w(tg, ) H d5> . (5.5)
tr

The difference w(txi1,x;tg, w(tg, ) — w(tkr1, x; tg, Wk (t, -)) in the last summand in
(5.3) can be treated using (2.37) from Lemma 2.2:

W (tht1, T3ty w(te, -)) — w(tpgr, @it Or(te, -)) = Rty ) 4+ nlte, ).
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Using a conditional version of (3.11) from Theorem 3.1 and (2.39) from Lemma 2.2
together with Theorems 4.1 and 4.2, we get

|(77(tk7 ')7 5w(tk‘+17 )) ‘ < Hn(tlm )H H‘Sw(thrh )H
1
< (s )N + 710 (e, ok
< h||R(tg, )|I* + C(tgs1, w)h?, (5.6)

where C(tx41,w) > 0is an F,, -measurable with bounded second moment.
Combining the above, we arrive at

tet1
IRtk P < 1RGP exw (Khe [ [Tl st wton.) [ )
i

+ R Rty )? 4 (R(tg, ), 0w (tert, ) + Ctrgr, w)h®. (5.7)
Since || R(0,)|| = 0, summing (5.7) from k = 0 to n, we get
IR (tn+1, )1
n tht1

< Z | R(tg, )| [exp <Kh + c/ HVw(s/, stk w(te, ) H ds) -1+ h]

k=1 tk

—|—h320(t1§+15 +Z tka' a tk-i—l’ ))

k=0

< Z | R(tg, )| {exp <Kh+c/ |V (s, 5 te, w(ts, -) )H ds) - 1}

k=1 b

+ h3 Z C(tk'-i—la + Z tk;a a tk‘-i—l, )) .

k=0
From which, by a version of Gronwall’s lemma (see, e.g. [1,14]), we obtain

[R(tnt1, )
n tet1
SFn—FZFk,l exp <Kh+c/ HVw(s’,-;tk, w(tk, ) H ds) —1]
k=1 122

n ts
X H exp (KFH—C/J+1 HVw(s',-;tk, w(tg, ) H ds), (5.8)
t

j=h+1 j
where
k k
Fy, = h3ZC(tj+1, +Z ’ JJrl’ ))
§=0 J=1
We have

n t
IR(tass, )2 < B+ Y iy [exp (Kh—i—c/ V(s st wlt )| ds> _ 1]
tg

k=1
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tn+1
X exp (K(tn+1 —tga1) + c/ va(sl, tpat, w(tgs, )) H2 ds’)

tkt1

n tn+1
:Fn+ZFk1|:eXp <K(tn+1_tk)+c/ va(sla';tlm tka )H d8>

k=1 tk

tn+1
— exp <K(tn+1 —tpy1) + C/ [V (s, s thrr, w(thers ) H2 dS/)]

tet1

tnt1
Z F, — Fy_1) exp <K(tn+1 —tpy1) + C/ VW (s, s tegr, w(tig, ) H2 dS/)

tht1

tn+1
+ h*C(t1,w) exp (K(thrl_tl)"’C/ : V(s st w(ts,-) H dS) (5.9

t1

For the last term in the right-hand side of (5.9), we obtain using the Cauchy-
Bunyakovski inequality and Lemma 2.1:

tn+1
E{th(tl,w)exp <K(tn+1—t1)+c/ " va( .+ 0,0(: )H ds)}
tet1
< Kh3. (5.10)

Consider now the first term in the right-hand side of (5.9). We have

tnt1
(F — Fx_1)exp (K(tn+1 —trt1) + c/ HVw(s', Stpat, w(tgs, )) H2 ds')

tr41

tnt1
= exp <K(tn+1 —try1) C/ [V (s, s thrr, w(thsrs ) HQ ds,)

trt1

X [h3C(tk+1,w) + (R(tk, -), 5w(tk+17 ))] . (5.11)

Expectation of the first term from the right-hand side of (5.11) is estimated by K &3 as
in (5.10).

Let us now consider the second term in (5.11). By the martingale representation
theorem and Lemma 2.1, we can obtain

tnt1
E | exp (K(tn+1 —trt1) + c/ HVw(s', tpat, w(tga, )) H2 ds') ftk+1]
Tt
tni1 / 2 59
= E|exp <K(tn+1 —tey1) + C/ [Vw(s', 5 terr, wtres, ) || ds >
thy1
q tet1
+ Z/ Ar(8)dwy(s), (5.12)
r=1"0

where ), (s) are Fs-adapted square-integrable stochastic processes.
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Using (3.10) and a conditional version of (3.11) from Theorem 3.1 together with
Theorems 4.1 and 4.2 and also using Lemma 2.1 and (5.12), we arrive at

tn+1
E{ exp <K(tn+1 — tp41) + C/ [V (s, s ter, withsn, ) H2 d5/>

tet1

tn+1
<R(tk, s E{ exp (K(tn+1 —tga1) + c/ HVW(S/, tkar,w(trsr, )) H2 d5/>

Q)

(R(tk’ ')’ 0w (tk-f—l’ ))

O (tht1,-)

tn+1
< HR(tk, ) E{ exp <K(tn+1 — tk+1) + C/ va(8/7 Stk w(tk+17 )) H2 ds/>
tet1
0w (kg1 ) Ek} ‘
tnt1 / 2 5
= |R(tg, ||| ES | E| exp <K(tn+1 — tk+1)+c/ HVC«J(S s b1, w(tkrt, )) H ds )
tet1
tk+1
|
tni1 ’ 2 5
< HR(tk, )HE exXp <K(tn+1 - tk+1) + C/ HVC«J(S I tk+1,w(tk+1, )) H ds >
tet1

XAE {00 (e, )l Fo H + B, -]

tk+1
E{ (ths1,- Z / s)dw,

g
(s)dw, E{b.(trt1,-)| Fe, }

{ /t:“ )\r(s)dwr}z }"tk]>

< IR (t, )IC (b, w)h* + || Rty )|

NI

IR (B 8t )P ﬂk])é (z (E
r=1

h3
< || R(tx, )| C(tr, w)h? < B R(tx, ) [|* + ZCQ(tk,W)-

|

tnt1
E {(Fk — kal) exXp <K(tn+1 - tk+1) + C/ HVw(s’, -; tk+1,w(tk+1, )) H2 d8/> }

tet1

Therefore,

< hE||R(tg,)||* + Kh3. (5.13)
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From (5.9), (5.10), and (5.13), we obtain

EHR(tTH-l? )H2 <h Z EHR(tK‘? )H2 + Kh27
k=1

from which it follows by a version of Gronwall’s lemma that
El|R(tnsa, )" < B2,

as required. Theorem 5.1 is proved. O

The following corollary to Theorem 5.1 can be proved using the same approach as
used in the proof of Corollary 3.1.

Corollary 5.1. Under the conditions of Theorem 5.1, the global approximation vy (z) :=
Uy (tx, ) of the velocity v(ty, x) has the first mean-square order accuracy, i.e., for a suf-
ficiently small h > 0:

1
(E|v(tg, ) — 9x()|*)* < Kh, k=1,...,N,

where K > 0 is a constant independent of k and h.

Remark 5.1. As we mentioned in the introduction, in this paper we aimed to prove the
highest possible mean-square order of convergence (i.e., the first order in time step)
for the proposed method from Section 4 under strong regularity assumptions on the
solution: Theorem 5.1 is proved for the case when the SNSE solution v(t, -) of (2.1)-
(2.4) belongs to Vf, (i.e., m = 3 in Assumption 2.1), and consequently the vorticity
w(t,-) € H;f. In other papers (see, e.g., [3, 6]), one typically establishes the conver-
gence of methods under some prescribed, lower regularity conditions. Convergence of
the method proposed in this paper under a lower regularity assumption is of interest
and it can be a topic of future work. At the same time, let us observe the following.
The higher regularity (m = 3) was needed to prove (2.39) of Lemma 2.2 and (m = 2)
to prove Theorem 3.1 on the one-step error. It is possible to derive weaker versions
of (2.39) and of Theorem 3.1 under m = 1 (i.e., w(t,-) € H]%), based on which an
analogue of Theorem 5.1 giving just mean-square order % can be proved. We also
recall that existence of variational solutions of (2.1)-(2.4) requires m = —1 in As-
sumption 2.1 (i.e., v(t,-) € V})), while the vorticity formulation (2.19)-(2.21) requires
m =0 (i.e., w(t,-) € H}). The benefit of the vorticity-velocity formulation is in avoid-
ance of dealing with the divergence free condition imposed on the velocity v, with the
price for that being the requirement for higher smoothness of the coefficients and the
initial condition.

Remark 5.2. Various approaches can be used to turn the method, introduced at the
start of Section 4 for the problem (2.19)-(2.21), into a numerical algorithm. To obtain
a constructive numerical algorithm, we need to approximate the linear SPDE (3.2)-
(3.3) at every step in the mean-square sense, which is a much simpler problem than
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solving the SNSE (2.19)-(2.21). To this end, for instance, we can discretize this SPDE
in space using the spectral method based on the Fourier expansion and use a finite
difference for time discretization (see such an algorithm in the deterministic setting in
e.g. [27]). Alternatively, we can apply the method based on averaging characteristics
to (3.2)-(3.3) [24]. It is not difficult to construct such fully discrete algorithms, and we
leave their analysis and testing for a future work.

Remark 5.3. In the preprint [26] we also considered deterministic (both two-dimen-
sional and three-dimensional) incompressible NSE in the vorticity-velocity formulation
with periodic boundary conditions, for which we proposed an approximation of vor-
ticity similarly to the one constructed in this paper for SNSE. To compute the velocity,
we derived a periodic version of Biot-Savart’s law in the three dimensional case, which
is analogous to the result for two-dimensional flows as e.g. in [15, pp. 50,71] and
also (2.18) here. Further, in the deterministic case we suggested to use probabilistic
representations together with ideas of weak-sense numerical integration of SDEs for
solving the system of linear parabolic PDEs arising at every step of the vorticity approx-
imation. We derived probabilistic representations appropriate for this task, which are
based on [20] (see also [22,23]), and in the three-dimensional case these NSE-related
representations are new.
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