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1 Introduction

Let {Xn, n ≥ 1} be a sequence of random variables. Hsu and Robbins[1] introduced the

concept of complete convergence of {Xn}. A sequence {Xn, n = 1, 2, · · · } of random

variables is said to converge completely to a constant C if
∞∑

n=1

P (|Xn − C| > ϵ) <∞, ϵ > 0.

In view of the Borel-Cantelli lemma, this implies that Xn → C almost surely. The

converse is true if {Xn, n ≥ 1} is a sequence of independent random variables.

Definition 1.1 A finite family of random variables {Xi, 1 ≤ i ≤ n} is said to be nega-

tively associated (NA, for short) if for every pair of disjoint subsets A and B of {1, 2, · · · , n}
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and any real nondecreasing coordinate-wise functions f1 on RA and f2 on RB

cov(f1(Xi, i ∈ A), f2(Xi, i ∈ B)) ≤ 0

whenever f1 and f2 are such that covariance exists.

An infinite family of random variables {Xi,−∞ < i <∞} is NA if every finite subfamily

is NA.

The definition of NA was introduced by Alam and Saxena[2] and was studied by Joag-Dev

et al. (see [3–4]). As pointed out and proved by Joag-Dev and Proschan[3], a number of well-

known multivariate distributions possess the NA property. Negative association has found

important and wide applications in multivariate statistical analysis and reliability. Many

investigators have discussed applications of negative association to probability, stochastic

processes and statistics.

Definition 1.2 Let m ≥ 1 be a fixed integer. A sequence of random variables {Xi, i ≥ 1}
is said to be m-negatively associated (m-NA, for short) if for any n ≥ 2 and i1, i2, · · · , in
such that |ik − ij | ≥ m for all 1 ≤ k ̸= j ≤ n, {Xi1 , Xi2 , · · · , Xin} is NA.

The m-NA random variables is a natural extension from NA random variables. Actually,

the NA sequence is just the 1-NA sequence. Moreover, Hu et al.[5] showed that there exists

a sequence which is not NA but 2-NA.

Hu et al.[6] proved a very general result for complete convergence of rowwise independent

arrays of random variables which is stated in Theorem 1.1.

Theorem 1.1 [6] Let {Xni, 1 ≤ i ≤ kn, n ≥ 1} be an array of rowwise independent arrays

of random variables. Suppose that for every ϵ > 0 and some δ > 0,

(i)
∞∑

n=1
cn

kn∑
i=1

P{|Xni| > ϵ} <∞;

(ii) there exists a j ≥ 2 such that
∞∑

n=1
cn

( kn∑
i=1

E|Xni|2I(|Xni| ≤ δ)
)j/2

<∞;

(iii)
kn∑
i=1

EXniI(|Xni| ≤ δ) → 0 as n→ ∞.

Then
∞∑

n=1

cnP

{∣∣∣∣ kn∑
i=1

Xni

∣∣∣∣ > ϵ

}
<∞, ϵ > 0.

Hu et al.[7] obtained the complete convergence of maximum partial sums for arrays of

rowwise NA random variables by using an exponential inequality obtained by Shao[8] and

their result is given in Theorem 1.2.

Theorem 1.2 [7] Let {Xni, 1 ≤ i ≤ kn, n ≥ 1} be an array of rowwise NA random

variables such that the conditions (i) and (ii) in Theorem 1.1 are satisfied. Then
∞∑

n=1

cnP

{
max

1≤k≤kn

∣∣∣∣ k∑
i=1

(Xni − EXniI(|Xni| ≤ δ))

∣∣∣∣ > ϵ

}
<∞, ϵ > 0.
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Kuczmaszewska[9] investigated complete convergence of weighted sums for arrays of row-

wise NA random variables, and proved the following result.

Theorem 1.3 [9] Let {Xni, i ≥ 1, n ≥ 1} be an array of rowwise NA random variables,

{ani, i ≥ 1, n ≥ 1} be an array of real numbers, {bn, n ≥ 1} be an increasing sequence of

positive integers, and {cn, n ≥ 1} be a sequence of positive real numbers. If for some q > 2,

0 < t < 2 and any ϵ > 0 the following conditions are satisfied:

(a)
∞∑

n=1
cn

bn∑
i=1

P{|aniXni| ≥ ϵb
1/t
n } <∞;

(b)
∞∑

n=1
cnb

−q/t
n

bn∑
i=1

|ani|qE|Xni|qI(|aniXni| < ϵb
1/t
n ) <∞;

(c)
∞∑

n=1
cnb

−q/t
n

(
bn∑
i=1

|ani|2E|Xni|2I(|aniXni| < ϵb
1/t
n )

)q/2

<∞,

then
∞∑

n=1

cnP

{
max

1≤k≤bn

∣∣∣∣ k∑
i=1

(aniXni − aniEXniI(|aniXni| < ϵb1/tn ))

∣∣∣∣ > ϵb1/tn

}
<∞.

In this paper, we investigate the complete convergence for arrays of rowwise m-NA

random variables which includes many previous results as corollaries. For example, Sung et

al.[10] and Hu et al.[6] investigated independent arrays of random variables and Hu et al.[7]

investigated rowwise NA arrays of random variables. We point out that in Theorem 2.1 of

this paper we not only extends the result of Hu et al.[7], but also provide different methods

from those used by them.

2 Main Results and Some Lemmas

Now we state our main results. The proof will be given in Section 3. Throughout this paper,

C represents a positive constant whose value may different at each appearance. The symbol

I(A) denotes the indicator function of A, N denotes the positive integer set and [x] indicates

the maximum integer not larger than x. Let {bn, n ≥ 1} be an increasing sequence of positive

integers, {cn, n ≥ 1} be a sequence of positive real numbers, {Xni, 1 ≤ i ≤ bn, n ≥ 1} be

an array of rowwise m-NA random variables, and {ani, 1 ≤ i ≤ bn, n ≥ 1} be an array of

real numbers.

Theorem 2.1 If for some t > 0, δ > 0 and any ϵ > 0, the following conditions are

satisfied:

(i)
∞∑

n=1
cn

bn∑
i=1

P{|aniXni| ≥ ϵb
1/t
n } <∞;

(ii) there exists some q ≥ 2 such that
∞∑

n=1

cnb
−q/t
n

( bn∑
i=1

|ani|2E|Xni|2I(|aniXni| < δb1/tn )

)q/2

<∞,

then
∞∑

n=1

cnP

{
max

1≤k≤bn

∣∣∣∣ k∑
i=1

(aniXni − aniEXniI(|aniXni| < δb1/tn ))

∣∣∣∣ > ϵb1/tn

}
<∞. (2.1)
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Remark 2.1 Theorem 2.1 improves upon Theorem 1.3 of Kuczmaszewska[9]. Moreover,

from Theorem 2.1 we see that the condition (b) in Theorem 1.3 is unnecessary.

Corollary 2.1 extends the main result of Sung et al.[10] and can be obtained immediately

from Theorem 2.1.

Corollary 2.1 Under the conditions of Theorem 2.1, in addition, if the following condi-

tion is satisfied:

max
1≤k≤bn

b−1/t
n

k∑
i=1

aniEXniI(|aniXni| < δb1/tn ) → 0 as n→ ∞,

then
∞∑

n=1

cnP

{
max

1≤k≤bn

∣∣∣∣ k∑
i=1

aniXni

∣∣∣∣ > ϵb1/tn

}
<∞.

Corollary 2.2 Let EXni = 0 for any 1 ≤ i ≤ bn, n ≥ 1, and ψ(x) be a real function

defined on [0,∞) such that sup
x≥δ

x

ψ(x)
< ∞ and sup

0≤x<δ

x2

ψ(x)
< ∞ for some δ > 0. Assume

that for some t > 0 and any ϵ > 0 the following conditions are satisfied:

(a)
∞∑

n=1
cn

bn∑
i=1

P{|aniXni| ≥ ϵb
1/t
n } <∞;

(b) there exists q ≥ 2 such that
∞∑

n=1
cn

( bn∑
i=1

Eψ(b
−1/t
n |aniXni|)

)q/2

<∞;

(c) if the sequence {cn, n ≥ 1} is not bounded away from zero, that is, if lim inf
n→∞

cn = 0,

and that
bn∑
i=1

Eψ(b
−1/t
n |aniXni|) → 0 as n→ ∞.

Then for all ϵ > 0,
∞∑

n=1

cnP

{
max

1≤k≤bn

∣∣∣∣ k∑
i=1

aniXni

∣∣∣∣ > ϵb1/tn

}
<∞.

Remark 2.2 It is obvious that if the sequence {cn, n ≥ 1} is bounded away from zero,

that is, if lim inf
n→∞

cn > 0, then the assumption (c) is unnecessary, which follows from the

assumption (b).

Theorem 2.2 If for some t > 0, δ > 0 and any ϵ > 0, the following conditions are

satisfied:

(i)
∞∑

n=1
cn

bn∑
i=1

P{|aniXni| ≥ ϵb
1/t
n } <∞;

(ii) there exists some 1 ≤ q ≤ 2 such that
∞∑

n=1

cnb
−q/t
n

bn∑
i=1

|ani|qE|Xni|qI(|aniXni| < δb1/tn ) <∞,

then
∞∑

n=1

cnP

{
max

1≤k≤bn

∣∣∣∣ k∑
i=1

(aniXni − aniEXniI(|aniXni| < δb1/tn ))

∣∣∣∣ > ϵb1/tn

}
<∞. (2.2)
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For the proof of the main results we need to restate a few lemmas for easy reference.

The following lemmas play an important role in our main results.

Lemma 2.1 [11] Let {Xi, 1 ≤ i ≤ n} be a finite family of NA mean zero random variables

with EX2
i <∞ for every 1 ≤ i ≤ n, and set Bn =

n∑
i=1

EX2
i . Then for all ϵ > 0, a > 0,

P

{
max

1≤k≤n

k∑
i=1

Xi ≥ ϵ

}
≤ P

{
max

1≤k≤n
Xk > a

}
+ e · exp

{ ϵ
a
− ϵ

a
ln
(
1 +

ϵa

Bn

)}
.

Lemma 2.2 [8] Let {Xi, 1 ≤ i ≤ n} be a sequence of NA random variables with mean zero

and E|Xi|p <∞ for every 1 ≤ i ≤ n, 1 ≤ p ≤ 2. Then

E max
1≤k≤n

∣∣∣∣ n∑
k=1

Xk

∣∣∣∣p ≤ 23−p
n∑

i=1

E|Xi|p.

Lemma 2.3 Let {Xi, i ≥ 1} be a sequence of m-NA random variables with mean zero

and EX2
i <∞ for every i ≥ 1, and

Sn =

n∑
i=1

Xi, Bn =

n∑
i=1

EX2
i , n ≥ 1.

Then for all n ≥ m, x > 0, a > 0,

P
{

max
1≤k≤n

Sk ≥ x
}
≤ m

[
P
{

max
1≤k≤n

Xk > a
}
+ e · exp

{ x

ma

(
1− ln

(
1 +

xa

mBn

))}]
, (2.3)

and

P
{

max
1≤k≤n

|Sk| ≥ x
}
≤ 2m

[
P
{

max
1≤k≤n

|Xk| > a
}
+ e · exp

{ x

ma

(
1− ln

(
1 +

xa

mBn

))}]
. (2.4)

Proof. From (2.3) we can immediately get (2.4). Hence, to complete the proof, it is enough

to show that (2.3) holds.

Given any 1 ≤ k ≤ n, let r =
[ n
m

]
. Define

Yi =

{
Xi, 1 ≤ i ≤ n;

0, i > n,

Tmk+j =

k∑
i=0

Ymi+j , 1 ≤ j ≤ m.

It is obvious from Definition 1.2 that {Ymk+j , k = 0, 1, · · · , r} is a sequence of NA random

variables for every 1 ≤ j ≤ m, m ≤ n. Since{
max

1≤k≤n
Sk ≥ x

}
⊂

{
max
0≤k≤r

Tmk+1 ≥ x

m

}
∪ · · · ∪

{
max
0≤k≤r

Tmk+m ≥ x

m

}
,

it follows from Lemma 2.1 that

P
{

max
1≤k≤n

Sk ≥ x
}

≤
m∑
j=1

P
{

max
0≤k≤r

Tmk+j ≥
x

m

}

≤
m∑
j=1

P
{
max
0≤i≤r

Ymi+j > a
}
+

m∑
j=1

e · exp

{ x

m
a

−

x

m
a

ln

(
1 +

ax

mBn

)}
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≤ mP
{

max
1≤k≤n

Xk > a
}
+

m∑
j=1

e · exp
{ x

ma
− x

ma
ln

(
1 +

xa

mBn

)}
≤ m

[
P
{

max
1≤k≤n

Xk > a
}
+ e · exp

{ x

ma
− x

ma
ln
(
1 +

xa

mBn

)}]
.

So, (2.3) holds.

Lemma 2.4 Let {Xi, 1 ≤ i ≤ n} be a sequence of m-NA random variables with mean

zero and E|Xi|p <∞ for every 1 ≤ i ≤ n, 1 ≤ p ≤ 2. Then

E max
1≤k≤n

∣∣∣∣ k∑
i=1

Xi

∣∣∣∣p ≤ mp−123−p
n∑

i=1

E|Xi|p, 1 ≤ p ≤ 2. (2.5)

Proof. Let Yi, Tmk+j and r be as in Lemma 2.3. By using the Cr inequality, it follows from

Lemma 2.2 that

E max
1≤k≤n

∣∣∣∣ k∑
i=1

Xi

∣∣∣∣p ≤ E

( m∑
j=1

max
0≤i≤r

|Tmi+j |
)p

≤ mp−1
m∑
j=1

E max
0≤i≤r

|Tmi+j |p

≤ mp−123−p
m∑
j=1

r∑
i=0

E|Ymi+j |p

= mp−123−p
n∑

i=1

E|Xi|p.

3 Proofs of the Main Results

Proof of Theorem 2.1 Let

Yni = aniXniI(|aniXni| < δb1/tn )) + δb1/tn I(aniXni ≥ δb1/tn )− δb1/tn I(aniXni ≤ −δb1/tn ),

where δ > 0 and 1 ≤ i ≤ bn, n ≥ 1. By Property 6 in [3], we can conclude that

{Yni − EYni, 1 ≤ i ≤ bn, n ≥ 1}
is an array of rowwise m-NA random variables. For n ≥ 1 and 1 ≤ k ≤ bn, let

S′
k =

k∑
i=1

Yni, Sk =
k∑

i=1

aniXni

Tk =
k∑

i=1

aniXniI(|aniXni| < δb1/tn ),

Zk =
k∑

i=1

[δb1/tn I(aniXni ≥ δb1/tn )− δb1/tn I(aniXni ≤ −δb1/tn )].

Noting that for any n ≥ 1,

P

{
max

1≤i≤bn

∣∣∣∣ i∑
j=1

(anjXnj − anjEXnjI(|anjXnj | < δb1/tn ))

∣∣∣∣ > ϵb1/tn

}
= P

{
max

1≤i≤bn
|Si − ETi| > ϵb1/tn

}
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≤
bn∑
i=1

P
{
|aniXni| ≥ δb1/tn

}
+ P

{
max

1≤i≤bn
|Ti − ETi| ≥ ϵb1/tn

}
, (3.1)

and that Ti = S′
i − Zi, we find{

max
1≤i≤bn

|Ti −ETi| ≥ ϵb1/tn

}
⊂

{
max

1≤i≤bn
|S′

i −ES′
i| ≥

ϵ

2
b1/tn

}
∪
{

max
1≤i≤bn

|Zi −EZi| ≥
ϵ

2
b1/tn

}
.

Therefore, we have

P
{

max
1≤i≤bn

|Ti − ETi| ≥ ϵb1/tn

}
≤ P

{
max

1≤i≤bn
|S′

i − ES′
i| ≥

ϵ

2
b1/tn

}
+ P

{
max

1≤i≤bn
|Zi − EZi| ≥

ϵ

2
b1/tn

}
. (3.2)

Using Markov’s inequality, we get

P
{

max
1≤i≤bn

|Zi − EZi| ≥
ϵ

2
b1/tn

}
≤ C

bn∑
i=1

P
{
|aniXni| ≥ δb1/tn

}
. (3.3)

Combining condition (i) with (3.1)–(3.3) we see that, to complete the proof, it is enough to

show that
∞∑

n=1

cnP
{

max
1≤i≤bn

|S′
i − ES′

i| ≥ ϵb1/tn

}
<∞.

Set

Bn =

bn∑
i=1

var(Yni), n ≥ 1.

For any ϵ > 0 and a > 0, set

A =

{
n

∣∣∣∣ bn∑
i=1

P
{
|aniXni| ≥ min

{
δ,

a

3

}
b1/tn

}
< min

{
1,

a

3δ

}
and b−2/t

n

bn∑
i=1

|ani|2E|Xni|2I(|aniXni| < δb1/tn ) <
(a
3

)2
}
,

B = N −A,

where N = {1, 2, 3, · · · }. Note∑
n∈B

cnP
{

max
1≤i≤bn

|S′
i − ES′

i| ≥ ϵb1/tn

}
≤

∑
n∈B

cn

≤ 1

min
{
1,

a

3δ

} ∞∑
n=1

cn

bn∑
i=1

P
{
|aniXni| ≥ min

{
δ,

a

3

}
b1/tn

}

+
(3
a

)q ∞∑
n=1

cnb
−q/t
n

( bn∑
i=1

|ani|2E|Xni|2I(|aniXni| < δb1/tn )

)q/2

< ∞.

Hence it suffices to prove that∑
n∈A

cnP
{

max
1≤i≤bn

|S′
i − ES′

i| ≥ ϵb1/tn

}
<∞.
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By Lemma 2.3, we have∑
n∈A

cnP
{

max
1≤i≤bn

|S′
i − ES′

i| ≥ ϵb1/tn

}
≤

∑
n∈A

cn

[
2mP

{
max

1≤i≤bn
|Yni − EYni| ≥ ab1/tn

}
+ 2me · exp

(
1 +

ϵ

ma

)(
1 +

ϵab
2/t
n

mBn

)− ϵ
ma

]

≤ 2m
∑
n∈A

cnP
{

max
1≤i≤bn

|Yni − EYni| ≥ ab1/tn

}
+ 2me · exp

(
1 +

ϵ

ma

) ∑
n∈A

cn

(
mBn

ϵab
2/t
n

) ϵ
ma

.

(3.4)

Note that for any n ∈ A,

max
1≤i≤bn

|EYni| ≤ max
1≤i≤bn

E|Yni|

≤ max
1≤i≤bn

E|aniXni|I(|aniXni| < δb1/tn ) + δb1/tn

bn∑
i=1

P{|aniXni| ≥ δb1/tn }

≤ b1/tn

[(
b−2/t
n

bn∑
i=1

Ea2niX
2
niI(|aniXni| < δb1/tn )

)1/2

+ δ

bn∑
i=1

P{|aniXni| ≥ δb1/tn }
]

≤ 2a

3
b1/tn .

Thus, for any n ∈ A, we have∑
n∈A

cnP
{

max
1≤i≤bn

|Yni − EYni| ≥ ab1/tn

}
≤

∑
n∈A

cnP
{

max
1≤i≤bn

|Yni| ≥
a

3
b1/tn

}

≤
∞∑

n=1

cn

bn∑
i=1

P
{
|aniXni| ≥ min

{
δ,

a

3

}
b1/tn

}
< ∞. (3.5)

Therefore, by (3.4) and (3.5), the proof will be completed if we show that∑
n∈A

cn

( mBn

ϵab
2/t
n

) ϵ
ma

<∞.

Choose a =
2ϵ

mq
. Noting that

bn∑
i=1

P{|aniXni| ≥ δb1/tn } ≤ 1 for n ∈ A,
q

2
≥ 1,

we have ∑
n∈A

cn

( mBn

ϵab
2/t
n

) ϵ
ma

≤ C
∑
n∈A

cnb
−q/t
n Bq/2

n

≤ C
∑
n∈A

cnb
−q/t
n

[ bn∑
i=1

a2niEX
2
niI(|aniXni| < δb1/tn )
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+ δ2b−2/t
n

bn∑
i=1

P{|aniXni| ≥ δb1/tn }
]q/2

≤ C

[ ∑
n∈A

cnb
−q/t
n

( bn∑
i=1

a2niEX
2
niI(|aniXni| < δb1/tn )

)q/2

+
∑
n∈A

cn

( bn∑
i=1

P{|aniXni| ≥ δb1/tn }
)q/2]

≤ C

[ ∞∑
n=1

cnb
−q/t
n

( bn∑
i=1

a2niEX
2
niI(|aniXni| < δb1/tn )

)q/2

+

∞∑
n=1

cn

bn∑
i=1

P{|aniXni| ≥ δb1/tn }
]

< ∞.

Therefore (2.1) holds.

Proof of Corollary 2.2 Note that
bn∑
i=1

Ea2niX
2
niI(|aniXni| < δb1/tn )

≤
bn∑
i=1

E
a2niX

2
ni

ψ(b
−1/t
n |aniXni|)

I(|aniXni| < δb1/tn )ψ(b−1/t
n |aniXni|)

≤
(

sup
0≤x<δ

x2

ψ(x)

)
b2/tn

bn∑
i=1

Eψ(b−1/t
n |aniXni|). (3.6)

Since EXni = 0, it follows that

b−1/t
n

bn∑
i=1

|EaniXniI(|aniXni| < δb1/tn )|

= b−1/t
n

bn∑
i=1

|EaniXniI(|aniXni| ≥ δb1/tn )|

≤
bn∑
i=1

E
b
−1/t
n |aniXni|

ψ(b
−1/t
n |aniXni|)

I(|aniXni| ≥ δb1/tn )ψ(b−1/t
n |aniXni|)

≤
(
sup
x≥δ

x

ψ(x)

) bn∑
i=1

Eψ(b−1/t
n |aniXni|) → 0. (3.7)

Thus, by (3.6), (3.7), (a), (b) and (c), we see that the conditions of Corollary 2.1 are satisfied.

So, by Corollary 2.1 we complete the proof of Corollary 2.2.

Proof of Theorem 2.2 Let Yni, S
′
i be as in the proof of Theorem 2.1. From the proof of

Theorem 2.1, we need only to prove that
∞∑

n=1

cnP
{

max
1≤i≤bn

|S′
i − ES′

i| ≥ ϵb1/tn

}
<∞ (3.8)

holds.
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In fact, using the Cr inequality, for any r > 0, we can estimate

E|Yni − EYni|r ≤ C(E|aniXni|rI(|aniXni| < δb1/tn ) + br/tn P{|aniXni| ≥ δb1/tn }).
Thus, using Markov’s inequality, by the above estimation and (2.5) we obtain

P
{

max
1≤i≤bn

|S′
i − ES′

i| ≥ ϵb1/tn

}
= P

{
max

1≤k≤bn

∣∣∣∣ k∑
i=1

(Yni − EYni)

∣∣∣∣ ≥ ϵb1/tn

}

≤ ϵ−qb−q/t
n E max

1≤k≤bn

∣∣∣∣ k∑
i=1

(Yni − EYni)

∣∣∣∣q

≤ Cϵ−qb−q/t
n

bn∑
i=1

E|Yni − EYni|q

≤ C

[ bn∑
i=1

P{|aniXni| ≥ δb1/tn }+ b−q/t
n

bn∑
i=1

|ani|qE|Xni|qI(|aniXni| < δb1/tn )

]
. (3.9)

Therefore, from the conditions (i), (ii) and (3.9), we know that (3.8) holds.
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