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Abstract. This article deals with the numerical solution to the magneto-thermo-
elasticity model, which is a system of the third order partial differential equations.
By introducing a new function, the model is transformed into a system of the second
order generalized hyperbolic equations. A priori estimate with the conservation for
the problem is established. Then a three-level finite difference scheme is derived. The
unique solvability, unconditional stability and second-order convergence in L∞-norm
of the difference scheme are proved. One numerical example is presented to demon-
strate the accuracy and efficiency of the proposed method.
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1 Introduction

In the past decades, magneto-thermo-elastic theory has been widely applied in acoustics,
geophysics, micro electromechanical systems (MEMS). There are some reviews about the
classical and generalized theories [1–3]. The generalized thermo-elasticity theories were
considered to be more realistic than the conventional theory in dealing with practical
problems. Some models have been proposed in order to study the property of the ana-
lytical solution by the energy functional and generalized variational principle [4–8]. As
is known to all, it is difficult to find the analytical solution for the generalized model.
Thus, the numerical solutions are usually obtained by the numerical methods such as
finite difference method [9–12], finite element method [13–16] and numerical integration
method [17–19]. It should be mentioned that there are few papers concentrating on the
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analysis of the established numerical methods. This paper deals with the Green-Naghdi
(G-N) model [20] derived by Green and Naghdi [21–23] who provided sufficient basic
modifications in the constitutive equations. The model is written as follows:

R2
M

∂2U

∂ξ2
−

∂θ

∂ξ
=

∂2U

∂η2
, (1.1a)

∂2θ

∂η2
+εT

∂3θ

∂ξ∂η2
= c2

T

∂2θ

∂ξ2
+κ0

∂3θ

∂ξ2∂η
, (1.1b)

where U=U(ξ,η) and θ = θ(ξ,η) are functions of displacement and temperature, ξ and
η are space variable and time variable respectively. The constants R2

M, εT, cT and κ0 are
dimensionless quantities, where R2

M describes the impact of the external magnetic field
in the process of thermo-elasticity, εT is the thermo-elasticity coupled coefficient, cT is the
wave velocity in G-N model, and κ0 is the thermal diffusion coefficient. When κ0 ≪ c2

T,
Eq. (1.1b) becomes

∂2θ

∂η2
+εT

∂3θ

∂ξ∂η2
= c2

T

∂2θ

∂ξ2
, (1.2)

which corresponds to the thermo-elasticity undamped heat-wave solution in G-N model.
For emphasizing the main idea, in this article, we consider the model with the simplified
notations in the bounded domain. Then (1.1a) and (1.2) turn into

utt= auxx−vx, 0< x<1, 0< t≤T, (1.3a)

vtt = cvxx−buxtt, 0< x<1, 0< t≤T. (1.3b)

Now taking the derivative with respect to t on both sides of the Eq. (1.3a), we have

uttt= auxxt−vxt, 0< x<1, 0< t≤T.

Let w=ut, then the above equation is equivalent to

wtt= awxx−vxt,

and (1.3b) can be rewritten as
vtt= cvxx−bwxt.

In the following we consider the numerical solution of initial boundary value problem
for the coupled system:

wtt= awxx−vxt+g1(x,t), 0< x<1, 0< t≤T, (1.4a)

vtt = cvxx−bwxt+g2(x,t), 0< x<1, 0< t≤T, (1.4b)

w(x,0)=φ1(x), wt(x,0)=φ2(x), 0≤ x≤1, (1.4c)

v(x,0)=ψ1(x), vt(x,0)=ψ2(x), 0≤ x≤1, (1.4d)

w(0,t)=α1(t), w(1,t)=α2(t), 0< t≤T, (1.4e)

v(0,t)=β1(t), v(1,t)=β2(t), 0< t≤T, (1.4f)
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where v=v(x,t) is the temperature, w(x,t) is the derivative of displacement with respect
to t, φ1(0)=α1(0), φ1(1)=α2(0), ψ1(0)=β1(0), ψ1(1)=β2(0), φ2(0)=α′

1(0), φ2(1)=α′
2(0),

ψ2(0)=β′
1(0), ψ2(1)=β′

2(0), the positive constants a=R2
M, b= εT, and c=c2

T . We suppose
that the problem (1.4a)-(1.4f) has a unique smooth solution.

This paper is organized as follows. The priori estimate of the solution of the problem
(1.4a)-(1.4f) is set up in Section 2. A three level difference scheme is constructed and the
unique solvability of the difference scheme is showed in Section 3. The unconditional
stability and convergence of the difference scheme are proved in Section 4. In Section 5,
the difference scheme is written into two kinds of matrix forms. One numerical example
is presented in Section 6 to show the effectiveness of the presented difference scheme.
The article ends with a short conclusion.

2 The priori estimate of the solutions of the differential

equations

In this section we will provide a priori estimate of the problem (1.4a)-(1.4f).

Theorem 2.1. Assume w=w(x,t) and v=v(x,t) are solutions of the following problem:

wtt= awxx−vxt+g1(x,t), 0< x<1, 0< t≤T, (2.1a)

vtt = cvxx−bwxt+g2(x,t), 0< x<1, 0< t≤T, (2.1b)

w(x,0)=φ1(x), wt(x,0)=φ2(x), 0≤ x≤1, (2.1c)

v(x,0)=ψ1(x), vt(x,0)=ψ2(x), 0≤ x≤1, (2.1d)

w(0,t)=0, w(1,t)=0, 0< t≤T, (2.1e)

v(0,t)=0, v(1,t)=0, 0< t≤T, (2.1f)

where φ1(0)=φ1(1)=ψ1(0)=ψ1(1)=φ2(0)=φ2(1)=ψ2(0)=ψ2(1)=0 and a, b, c are positive
constants. Then we have

b
∫ 1

0
w2

t (x,t)dx+
∫ 1

0
v2

t (x,t)dx+ab
∫ 1

0
w2

x(x,t)dx+c
∫ 1

0
v2

x(x,t)dx

≤et
{

b
∫ 1

0
φ2

2(x)dx+
∫ 1

0
ψ2

2(x)dx+ab
∫ 1

0
[φ′

1(x)]2dx+c
∫ 1

0
[ψ′

1(x)]2dx

+
∫ t

0
e−s

[

b
∫ 1

0
g2

1(x,s)dx+
∫ 1

0
g2

2(x,s)dx
]

ds
}

, 0< t≤T. (2.2)

If g1(x,t)≡0, g2(x,t)≡0, then the following conservation law holds:

b
∫ 1

0
w2

t (x,t)dx+
∫ 1

0
v2

t (x,t)dx+ab
∫ 1

0
w2

x(x,t)dx+c
∫ 1

0
v2

x(x,t)dx

=b
∫ 1

0
φ2

2(x)dx+
∫ 1

0
ψ2

2(x)dx+ab
∫ 1

0
[φ′

1(x)]2dx+c
∫ 1

0
[ψ′

1(x)]2dx, 0< t≤T. (2.3)
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Proof. Multiplying (2.1a) by bwt, and integrating the result for x on [0,1], it follows that

b

2

d

dt

(

∫ 1

0
w2

t (x,t)dx+a
∫ 1

0
w2

x(x,t)dx
)

=−b
∫

wt(x,t)vxt(x,t)dx+b
∫ 1

0
wt(x,t)g1(x,t)dx, 0< t≤T. (2.4)

Similarly, multiplying (2.1b) by vt, and integrating the result for x from 0 to 1, one gets

1

2

d

dt

(

∫ 1

0
v2

t (x,t)dx+c
∫ 1

0
v2

x(x,t)dx
)

=−b
∫

vt(x,t)wxt(x,t)dx+
∫ 1

0
vt(x,t)g2(x,t)dx, 0< t≤T. (2.5)

Denote

E(t)=b
∫ 1

0
w2

t (x,t)dx+
∫ 1

0
v2

t (x,t)dx+ab
∫ 1

0
w2

x(x,t)dx+c
∫ 1

0
v2

x(x,t)dx

and

G(t)=b
∫ 1

0
g2

1(x,t)dx+
∫ 1

0
g2

2(x,t)dx.

Adding (2.4) to (2.5) and using (2.1e)-(2.1f), it yields

dE(t)

dt
=−2b

∫ 1

0

(

wt(x,t)vxt(x,t)dx+vt(x,t)wxt(x,t)
)

dx

+2b
∫ 1

0
wt(x,t)g1(x,t)dx+2

∫ 1

0
vt(x,t)g2(x,t)dx

=−2bwt(x,t)vt(x,t)|1x=0+2b
∫ 1

0
wt(x,t)g1(x,t)dx+2

∫ 1

0
vt(x,t)g2(x,t)dx

=2b
∫ 1

0
wt(x,t)g1(x,t)dx+2

∫ 1

0
vt(x,t)g2(x,t)dx, 0< t≤T. (2.6)

Applying the Cauchy-Schwarz inequality to the above equality, we have

dE(t)

dt
≤E(t)+G(t), 0< t≤T.

Utilizing the Gronwall inequality, we obtain

E(t)≤ et
[

E(0)+
∫ t

0
e−sG(s)ds

]

, 0< t≤T.

Recalling the definition of E(t), the estimate (2.2) holds.
When g1(x,t)≡0, g2(x,t)≡0, it follows from (2.6) that

dE(t)

dt
=0, 0≤ t≤T.
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Consequently,

E(t)=E(0), 0≤ t≤T.

This means that (2.3) is valid. The proof is completed.

3 The derivation of the difference scheme and the unique

solvability

For the finite difference approximation, we take two positive integers m and n, and let
h = 1/m and τ = T/n. The domain [0,1]×[0,T] is covered by the grid Ωh×Ωτ, where
Ωh = {xi|xi = ih, 0≤ i≤m} and Ωτ = {tk|tk = kτ, 0≤ k≤ n}. In addition, denote xi−1/2 =
(xi+xi−1)/2 and tk−1/2=(tk+tk−1)/2. Suppose that u={uk

i |0≤ i≤m, 0≤ k≤n} is a grid
function defined on Ωh×Ωτ. Introduce the following notations:

uk
i+ 1

2
=

1

2
(uk

i +uk
i+1), δxuk

i+ 1
2
=

1

h
(uk

i+1−uk
i ), δtu

k+ 1
2

i =
1

τ
(uk+1

i −uk
i ),

∆tu
k
i =

1

2τ
(uk+1

i −uk−1
i ), ∆xuk

i =
1

2h
(uk

i+1−uk
i−1),

δ2
xuk

i =
1

h

(

δxuk
i+ 1

2
−δxuk

i− 1
2

)

, δ2
t uk

i =
1

τ

(

δtu
k+ 1

2
i −δtu

k− 1
2

i

)

.

In addition, if uk
0=uk

m=0, we define

‖uk‖∞ = max
1≤i≤m−1

|uk
i |, ‖uk‖=

√

√

√

√h
m−1

∑
i=1

(uk
i )

2, |uk|1=

√

√

√

√h
m−1

∑
i=0

(δxuk
i+ 1

2

)2.

Define the grid functions

Uk
i =u(xi,tk), Wk

i =w(xi,tk), Vk
i =v(xi,tk), 0≤ i≤m, 0≤ k≤n.

Utilizing the formula of Taylor expansion with integral remainder

g(µ0+µ)=
k

∑
l=0

g(l)(µ0)

l!
µl+

µk+1

k!

∫ 1

0
(1−λ)kg(k+1)(µ0+λµ)dλ, g∈Ck+1,

we have

∂u

∂x
(xi,tk)=∆xUk

i −
h2

4

∫ 1

0
(1−λ)2

[∂3u

∂x3
(xi+λh,tk)

+
∂3u

∂x3
(xi−λh,tk)

]

dλ, 1≤ i≤m−1, 0≤ k≤n,
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∂u

∂t
(xi,tk)=∆tU

k
i −

τ2

4

∫ 1

0
(1−s)2

[∂3u

∂t3
(xi,tk+sτ)

+
∂3u

∂t3
(xi,tk−sτ)

]

ds, 0≤ i≤m, 1≤ k≤n−1,

∂u

∂t
(xi,t 1

2
)=δtU

1
2
i −

τ2

16

∫ 1

0
(1−s)2

[∂3u

∂t3

(

xi,t 1
2

+
sτ

2

)

+
∂3u

∂t3

(

xi,t 1
2
−

sτ

2

)]

ds, 0≤ i≤m.

Consequently, there exist ξ1 and ξ2 in [xi−1,xi+1] such that

uxt(xi,tk)=∆x∆tU
k
i −

τ2

4

∫ 1

0
(1−s)2

[

uxttt(ξ1,tk+sτ)ds+uxttt(ξ1,tk−sτ)
]

ds

−
h2

4

∫ 1

0
(1−λ)2

[

uxxxt(xi+λh,tk)+uxxxt(xi−λh,tk)
]

dλ

=∆x∆tU
k
i +O(τ2+h2), 1≤ i≤m−1, 1≤ k≤n−1,

uxt(xi,t 1
2
)=∆xδtU

1
2

i −
τ2

16

∫ 1

0
(1−s)2

[

uxttt

(

ξ2,t 1
2
+

sτ

2

)

ds+uxttt

(

ξ2,t 1
2
+

sτ

2

)]

ds

−
h2

4

∫ 1

0
(1−λ)2

[

uxxxt(xi+λh,t 1
2
)+uxxxt(xi−λh,t 1

2
)
]

dλ

=∆xδtU
1
2
i +O(τ2+h2), 1≤ i≤m−1,

and

∂2u

∂x2
(xi,tk)=δ2

xUk
i +O(h2), 1≤ i≤m−1, 0≤ k≤n,

∂2u

∂t2
(xi,tk)=δ2

t Uk
i +O(τ2), 0≤ i≤m, 1≤ k≤n−1.

Using the equalities above in (1.4a)-(1.4b) at the points (xi,tk) and (xi,t1/2), we obtain

δ2
t Wk

i −
a

2
(δ2

xWk+1
i +δ2

xWk−1
i )+∆x∆tV

k
i = g1(xi,tk)+(R1)

k
i , 1≤ i≤m−1, 1≤k≤n−1, (3.1a)

δ2
t Vk

i −
c

2
(δ2

xVk+1
i +δ2

xVk−1
i )+b∆x∆tW

k
i = g2(xi,tk)+(R2)

k
i , 1≤ i≤m−1, 1≤k≤n−1, (3.1b)

2

τ

[

δtW
1
2

i −φ2(xi)
]

−aδ2
xW

1
2

i +∆xδtV
1
2

i = g1(xi,t0)+(R1)
0
i , 1≤ i≤m−1, (3.1c)

2

τ

[

δtV
1
2

i −ψ2(xi)
]

−cδ2
xV

1
2

i +b∆xδtW
1
2

i = g2(xi,t0)+(R2)
0
i , 1≤ i≤m−1. (3.1d)

By the assumptions on the existence of smooth solutions, there exists a constant c0 such
that

|(Rl)
k
i |≤ c0(τ

2+h2), 1≤ l≤2, 1≤ i≤m−1, 1≤ k≤n−1, (3.2a)

|(Rl)
0
i |≤ c0(τ+h2), 1≤ l≤2, 1≤ i≤m−1. (3.2b)
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Noticing the initial and boundary conditions

W0
i =φ1(xi), V0

i =ψ1(xi), 1≤ i≤m−1, (3.3a)

Wk
0 =α1(tk), Wk

m =α2(tk), 0≤ k≤n, (3.3b)

Vk
0 =β1(tk), Vk

m=β2(tk), 0≤ k≤n, (3.3c)

and omitting the small terms in (3.1a)-(3.1d), the difference scheme is constructed for the
system (1.4a)-(1.4f) as follows:

δ2
t wk

i −
a

2
(δ2

xwk+1
i +δ2

xwk−1
i )+∆x∆tv

k
i = g1(xi,tk), 1≤ i≤m−1, 1≤ k≤n−1, (3.4a)

δ2
t vk

i −
c

2
(δ2

xvk+1
i +δ2

xvk−1
i )+b∆x∆tw

k
i = g2(xi,tk), 1≤ i≤m−1, 1≤ k≤n−1, (3.4b)

2

τ

[

δtw
1
2
i −φ2(xi)

]

−aδ2
xw

1
2
i +∆xδtv

1
2
i = g1(xi,t0), 1≤ i≤m−1, (3.4c)

2

τ

[

δtv
1
2
i −ψ2(xi)

]

−cδ2
xv

1
2
i +b∆xδtw

1
2
i = g2(xi,t0), 1≤ i≤m−1, (3.4d)

w0
i =φ1(xi), v0

i =ψ1(xi), 1≤ i≤m−1, (3.4e)

wk
0=α1(tk), wk

m=α2(tk), 0≤ k≤n, (3.4f)

vk
0 =β1(tk), vk

m =β2(tk), 0≤ k≤n. (3.4g)

Remark 3.1. Since

u(xi,tk)=u(xi,t0)+
∫ tk

t0

w(xi,s)ds

=u(xi,t0)+τ
[1

2
w(xi,t0)+

k−1

∑
l=1

w(xi,tl)+
1

2
w(xi,tk)

]

+O(τ2), (3.5)

we let

uk
i =u0

i +τ
(1

2
w0

i +
k−1

∑
l=1

wl
i+

1

2
wk

i

)

, 1≤ i≤m−1, 1≤ k≤n, (3.6)

when {wk
i |0≤ i≤m, 0≤ k≤n} has been determined.

Theorem 3.1. The difference scheme (3.4a)-(3.4g) is uniquely solvable.

Proof. The mathematical induction will be used to prove this theorem. The initial val-
ues {w0

i , v0
i |0≤ i ≤m} are determined according to (3.4e)-(3.4g). Now, we consider the

homogeneous system of (3.4c)-(3.4d) with (3.4f) and (3.4g)

2

τ2
w1

i −
1

2
aδ2

xw1
i +

1

τ
∆xv1

i =0, 1≤ i≤m−1, (3.7a)

2

τ2
v1

i −
1

2
cδ2

xv1
i +

b

τ
∆xw1

i =0, 1≤ i≤m−1, (3.7b)

w1
0=0, w1

m=0, (3.7c)

v1
0=0, v1

m =0. (3.7d)
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Multiplying (3.7a) by hbw1
i and (3.7b) by hv1

i , summing up for i from 1 to m−1, then
adding the results, we obtain

2

τ2
(b‖w1‖2+‖v1‖2)+

1

2
ab|w1|21+

1

2
c|v1|21=0,

which leads to

w1
i =0, v1

i =0, 0≤ i≤m.

This implies that the difference scheme (3.4c)-(3.4d) with (3.4f)-(3.4g) uniquely deter-
mines {w1

i ,v1
i |0≤ i≤m}.

Then if {wk
i ,vk

i |0≤ i≤m} and {wk−1
i ,vk−1

i |0≤ i≤m} have been obtained, the difference

scheme (3.4a)-(3.4b) with (3.4f)-(3.4g) is a linear system of {wk+1
i ,vk+1

i |0≤i≤m}. Similarly,
considering its homogeneous system, we have

1

τ2
(b‖wk+1‖+‖vk+1‖2)+

1

2
ab|wk+1|21+

1

2
c|vk+1|21=0.

Hence,

wk+1
i =0, vk+1

i =0, 0≤ i≤m.

So the difference scheme (3.4a)-(3.4g) has a unique solution. This completes the proof.

4 The stability and convergence of difference scheme

In this section, we will prove the stability and convergence of the finite difference scheme
(3.4a)-(3.4g). Firstly, as a counterpart of Theorem 2.1, we give a priori estimate of the
difference scheme.

Lemma 4.1. Assume that {wk
i ,vk

i |0≤ i≤m, 0≤ k≤n} is the solution of the following problem:

δ2
t wk

i −
a

2
(δ2

xwk+1
i +δ2

xwk−1
i )+∆x∆tv

k
i =(g1)

k
i , 1≤ i≤m−1, 1≤ k≤n−1, (4.1a)

δ2
t vk

i −
c

2
(δ2

xvk+1
i +δ2

xvk−1
i )+b∆x∆tw

k
i =(g2)

k
i , 1≤ i≤m−1, 1≤ k≤n−1, (4.1b)

2

τ
δtw

1
2
i −aδ2

xw
1
2
i +∆xδtv

1
2
i =(g1)

0
i , 1≤ i≤m−1, (4.1c)

2

τ
δtv

1
2
i −cδ2

xv
1
2
i +b∆xδtw

1
2
i =(g2)

0
i , 1≤ i≤m−1, (4.1d)

w0
i =φ1(xi), v0

i =ψ1(xi), 1≤ i≤m−1, (4.1e)

wk
0=0, wk

m=0, 0≤ k≤n, (4.1f)

vk
0=0, vk

m =0, 0≤ k≤n, (4.1g)
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where φ1(x0)=φ1(xm)=ψ1(x0)=ψ1(xm)=0. Then we have

bh
m−1

∑
i=1

(δtw
k+ 1

2
i )2+h

m−1

∑
i=1

(δtv
k+ 1

2
i )2+

ab

2
(|wk+1|21+|wk|21)+

c

2
(|vk+1|21+|vk|21)

≤e
3
2 kτ

[

ab|φ1|
2
1+c|ψ1|

2
1+

bτ2

4
‖(g1)

0‖2+
τ2

4
‖(g2)

0‖2

+
3

2
τ

k

∑
l=1

(

b‖(g1)
l‖2+‖(g2)

l‖2
)]

, 0≤ k≤n−1. (4.2)

If (g1)
k
i ≡0, (g2)k

i ≡0, we have

bh
m−1

∑
i=1

(δtw
k+ 1

2
i )2+h

m−1

∑
i=1

(δtv
k+ 1

2
i )2+

ab

2
(|wk+1|21+|wk|21)+

c

2
(|vk+1|21+|vk|21)

=bh
m−1

∑
i=1

(δtw
1
2
i )

2+h
m−1

∑
i=1

(δtv
1
2
i )

2+
ab

2
(|w1|21+|φ1|

2
1)+

c

2
(|v1|21+|ψ1|

2
1), 0≤ k≤n−1. (4.3)

Proof. Multiplying (4.1a) by 2bh∆tw
k
i and summing up for i from 1 to m−1, it follows

2bh
m−1

∑
i=1

(δ2
t wk

i )(∆tw
k
i )−abh

m−1

∑
i=1

(δ2
xwk−1

i +δ2
xwk+1

i )∆tw
k
i

+2bh
m−1

∑
i=1

(∆x∆tv
k
i )∆tw

k
i =2bh

m−1

∑
i=1

(g1)
k
i ∆tw

k
i , 1≤ k≤n−1,

which is equivalent to

b

τ

[

h
m−1

∑
i=1

(δtw
k+ 1

2
i )2−h

m−1

∑
i=1

(δtw
k− 1

2
i )2

]

+
ab

2τ
(|wk+1|21−|wk−1|21)

+2bh
m−1

∑
i=1

(∆x∆tv
k
i )∆tw

k
i =2bh

m−1

∑
i=1

(g1)
k
i ∆tw

k
i , 1≤ k≤n−1. (4.4)

Similarly, multiplying (4.1b) by 2h∆tv
k
i and summing up for i from 1 to m−1, we can

obtain

1

τ

[

h
m−1

∑
i=1

(δtv
k+ 1

2
i )2−h

m−1

∑
i=1

(δtv
k− 1

2
i )2

]

+
c

2τ
(|vk+1|21−|vk−1|21)

+2bh
m−1

∑
i=1

(∆x∆tw
k
i )∆tv

k
i =h

m−1

∑
i=1

(g2)
k
i ∆tv

k
i , 1≤ k≤n−1. (4.5)

Denote

Ek =bh
m−1

∑
i=1

(δtw
k+ 1

2
i )2+h

m−1

∑
i=1

(δtv
k+ 1

2
i )2+

ab

2
(|wk+1|21+|wk|21)+

c

2
(|vk+1|21+|vk|21).
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Adding (4.4) and (4.5), we have

1

τ
(Ek−Ek−1)+2bh

m−1

∑
i=1

[

(∆x∆tv
k
i )∆tw

k
i +(∆x∆tw

k
i )∆tv

k
i

]

=2bh
m−1

∑
i=1

(g1)
k
i ∆tw

k
i +h

m−1

∑
i=1

(g2)
k
i ∆tv

k
i , 1≤ k≤n−1. (4.6)

For the second term on the left hand side of (4.6), using (4.1f) and (4.1g), we have

2bh
m−1

∑
i=1

[

(∆x∆tv
k
i )∆tw

k
i +(∆x∆tw

k
i )∆tv

k
i

]

=b
m−1

∑
i=1

[

(∆tv
k
i+1−∆tv

k
i−1)∆tw

k
i +(∆tw

k
i+1−∆tw

k
i−1)∆tv

k
i

]

=b
m−1

∑
i=1

[

(∆tv
k
i+1∆tw

k
i +∆tw

k
i+1∆tv

k
i )−(∆tv

k
i ∆tw

k
i−1+∆tw

k
i ∆tv

k
i−1)

]

=b
[

(∆tv
k
m∆tw

k
m−1+∆tw

k
m∆tv

k
m−1)−(∆tv

k
1∆tw

k
0+∆tw

k
1∆tv

k
0)
]

=0.

Consequently,

1

τ
(Ek−Ek−1)=2bh

m−1

∑
i=1

(g1)
k
i ∆tw

k
i +h

m−1

∑
i=1

(g2)
k
i ∆tv

k
i , 1≤ k≤n−1. (4.7)

Applying the Cauchy-Schwarz inequality, we get

1

τ
(Ek−Ek−1)≤

b

2
h

m−1

∑
i=1

[

(δtw
k+ 1

2
i )2+(δtw

k− 1
2

i )2
]

+
1

2
h

m−1

∑
i=1

[

(δtv
k+ 1

2
i )2

+(δtv
k− 1

2
i )2

]

+b‖(g1)
k‖2+‖(g2)

k‖2

≤
1

2

(

Ek+Ek−1
)

+b‖(g1)
k‖2+‖(g2)

k‖2, 1≤ k≤n−1,

or,
(

1−
τ

2

)

Ek ≤
(

1+
τ

2

)

Ek−1+τ
(

b‖(g1)
k‖2+‖(g2)

k‖2
)

, 1≤ k≤n−1.

When τ≤2/3, it follows

Ek ≤
(

1+
3τ

2

)

Ek−1+
3

2
τ
(

b‖(g1)
k‖2+‖(g2)

k‖2
)

, 1≤ k≤n−1.

Using the Gronwall inequality yields

Ek ≤ e
3
2 kτ

[

E0+
3

2
τ

k

∑
l=1

(

b‖(g1)
l‖2+‖(g2)

l‖2
)]

, 1≤ k≤n−1. (4.8)
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Multiplying (4.1c) by bhδtw
1/2
i and (4.1d) by hδtv

1/2
i , respectively, then adding the results

and summing up for i from 1 to m−1, we obtain

b‖δtw
1
2 ‖2+‖δtv

1
2 ‖2+

ab

2
(|w1|21+|w0|21)+

c

2
(|v1|21+|v0|21)

≤ab|w0|21+c|v0|21+
bτ2

4
‖(g1)

0‖2+
τ2

4
‖(g2)

0‖2.

Noticing the definition of Ek and inserting the inequality above into (4.8), we can obtain
(4.2). When (g1)

k
i ≡0, (g2)k

i ≡0, (4.7) implies (4.3). This completes the proof.

Using Lemma 4.1, we can obtain the following result on the stability.

Theorem 4.1. The difference scheme (3.4a)-(3.4g) is stable with respect to the initial values and
right-hand side functions.

Now we present the convergence result.

Theorem 4.2. Assume that the solution of (1.4a)-(1.4f) is sufficiently smooth. The difference
scheme (3.4a)-(3.4g) is convergent with the convergence order of two both in time and space in
the maximum norm. More precisely, denote

ek
i =Wk

i −wk
i , f k

i =Vk
i −vk

i , 0≤ i≤m, 0≤ k≤n.

Then the following estimates hold

‖ek‖∞ ≤
c0

2
e

3
4 T

√

(1+6T)(b+1)

2ab
(τ2+h2), 1≤ k≤n, (4.9a)

‖ f k‖∞ ≤
c0

2
e

3
4 T

√

(1+6T)(b+1)

2c
(τ2+h2), 1≤ k≤n. (4.9b)

Proof. Subtracting (3.4a)-(3.4g) from (3.1a)-(3.1d) and (3.3a)-(3.3c), we have the error sys-
tem:

δ2
t ek

i −
a

2
(δ2

xek+1
i +δ2

xek−1
i )+∆x∆t f k

i =(R1)
k
i , 1≤ i≤m−1, 1≤ k≤n−1, (4.10a)

δ2
t f k

i −
c

2
(δ2

x f k+1
i +δ2

x f k−1
i )+b∆x∆te

k
i =(R2)

k
i , 1≤ i≤m−1, 1≤ k≤n−1, (4.10b)

2

τ
δte

1
2
i −aδ2

xe
1
2
i +∆xδt f

1
2

i =(R1)
0
i , 1≤ i≤m−1, (4.10c)

2

τ
δt f

1
2

i −cδ2
x f

1
2

i +b∆xδtw
1
2
i =(R2)

0
i , 1≤ i≤m−1, (4.10d)

e0
i =0, f 0

i =0, 1≤ i≤m−1, (4.10e)

ek
0=0, ek

m =0, 0≤ k≤n, (4.10f)

f k
0 =0, f k

m =0, 0≤ k≤n. (4.10g)
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Utilizing Lemma 4.1, we have

bh
m−1

∑
i=1

(δte
k+ 1

2
i )2+h

m−1

∑
i=1

(δt f
k+ 1

2
i )2+

ab

2
(|ek+1|21+|ek|21)+

c

2
(| f k+1|21+| f k|21)

≤e
3
2 kτ

[

ab|e0|21+c| f 0|21+
bτ2

4
‖(R1)

0‖2+
τ2

4
‖(R2)

0‖2

+
3

2
τ

k

∑
l=1

(b‖(R1)
l‖2+‖(R2)

l‖2)
]

, 0≤ k≤n−1.

Substituting (3.2a)-(3.2b) into the above inequality, it yields

bh
m−1

∑
i=1

(δte
k+ 1

2
i )2+h

m−1

∑
i=1

(δt f
k+ 1

2
i )2+

ab

2

(

|ek+1|21+|ek|21

)

+
c

2
(| f k+1|21+| f k|21)

≤e
3
2 T
[(1

4
+

3

2
T
)

(1+b)
]

c2
0(τ

2+h2)2, 0≤ k≤n−1. (4.11)

It completes the proof by applying the discrete Sobolev inequalities ‖ek‖∞ ≤ |ek|1/2 and
‖ f k‖∞ ≤| f k|1/2 to (4.11).

Remark 4.1. It follows from (3.5) and (3.6) that

u(xi,tk)−uk
i =τ

[1

2

(

w(xi,t0)−w0
i

)

+
k−1

∑
l=1

(

w(xi,tl)−wl
i

)

+
1

2

(

w(xi,tk)−wk
i

)]

+O(τ2), 1≤ i≤m−1, 1≤ k≤n.

Using Theorem 4.2, we obtain

max
1≤i≤m−1

1≤k≤n

|u(xi,tk)−uk
i |=O(τ2+h2).

5 The computation of the difference scheme

Denote Wk =(wk
1,wk

2,··· ,wk
m−1)

T and Vk =(vk
1,vk

2,··· ,vk
m−1)

T. {W0,V0} are given by (3.4f).
The difference scheme (3.4c)-(3.4d) with (3.4f)-(3.4g) is a linear system of algebraic equa-
tions about unknowns {W1,V1}. Suppose {Wk−1,Vk−1} and {Wk,Vk} have been deter-
mined. The difference scheme (3.4a)-(3.4b) with (3.4f)-(3.4g) is a linear system of algebraic
equations about unknowns {Wk+1,Vk+1}.

We write (3.4a)-(3.4b) in matrix form as follows.

Denote s=τ/h, and let Sk
i =

( wk
i

vk
i

)

. We can write (3.4a)-(3.4b) in the form

ASk+1
i−1 +BSk+1

i +CSk+1
i+1 = Jk

i , 1≤ i≤m−1, (5.1)
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where

A=







−
a

2
s2 −

1

4
s

−
b

4
s −

c

2
s2






, B=

[

1+as2 0

0 1+cs2

]

, C=







−
a

2
s2 1

4
s

b

4
s −

c

2
s2






,

and Jk
i ∈R2 is known. Noticing (3.4f)-(3.4g), (5.1) may be rewritten as the following matrix

form:


















B C 0 ··· 0 0
A B C ··· C 0
0 A B ··· 0 0
...

...
...

. . .
...

...
0 0 0 ··· B C
0 0 0 ··· A B



















(2m−2)×(2m−2)

















Sk+1
1

Sk+1
2
...

Sk+1
m−2

Sk+1
m−1

















(2m−2)×1

=















Jk
1−ASk+1

0
Jk
2
...

Jk
m−2

Jk
m−1−CSk+1

m















(2m−2)×1

.

This is a tri-diagonal block system of linear algebraic equations, which can be solved by
double-sweep method.

Moreover, let

A1= tridiag
(

−
a

2
s2,1+as2,−

a

2
s2
)

m−1
, B1= tridiag

(

−
1

4
s,0,

1

4
s
)

m−1
,

A2= tridiag
(

−
c

2
s2,1+cs2,−

c

2
s2
)

m−1
, B2= tridiag

(

−
b

4
s,0,

b

4
s
)

m−1
,

and noticing (3.4f)-(3.4g), the difference scheme (3.4a)-(3.4b) can be written in the follow-
ing form:

[

A1 B1

B2 A2

][

Wk+1

Vk+1

]

=

[

f1

f2

]

, (5.2)

where f1 ∈ Rm−1, f2 ∈ Rm−1, which depend on {Wk−1,Vk−1} and {Wk,Vk}. Thus at the
(k+1)-th time level, the system of linear algebraic equations about the wanted solution
{Wk+1,Vk+1} can be obtained by the iterative method.

Similarly, we can also write (3.4c)-(3.4d) in the matrix form.

6 Numerical experiment

In this section, we give the following example to verify the theoretical results obtained in
the previous section.
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Consider the following problem:

wtt−wxx+vxt= g1(x,t), 0< x<1, 0< t≤1, (6.1a)

vtt−4vxx+wxt= g2(x,t), 0< x<1, 0< t≤1, (6.1b)

w(x,0)=1, wt(x,0)= x, 0≤ x≤1, (6.1c)

v(x,0)= e, vt(x,0)=0, 0≤ x≤1, (6.1d)

w(0,t)=1, w(1,t)= esin t, 0< t≤1, (6.1e)

v(0,t)= e, v(1,t)= ecos t, 0< t≤1, (6.1f)

where

g1(x,t)= esin(xt)
[

sin(xt)−cos2(xt)
]

(t2−x2)

+ecos(xt)
[

xtsin2(xt)−sin(xt)−xtcos(xt)
]

,

g2(x,t)= ecos(xt)
[

cos(xt)−sin2(xt)
]

(4t2−x2)

+esin(xt)
[

cos(xt)−xtsin(xt)+xtcos2(xt)
]

.

Its exact solutions are w(x,t)= esin(xt) and v(x,t)= ecos(xt). Let h=1/m and τ=h. We uti-
lize the difference scheme (3.4a)-(3.4g) to compute the numerical solution of the problem
(6.1a)-(6.1f) with the help of the Gauss-Seidel iterative method.

Some numerical values at the selected points computed with different step sizes are
listed in Table 1 and Table 2. Correspondingly, the absolute errors at these points are
shown in Table 3 and Table 4. In addition, the error curves are shown in Fig. 1 and Fig. 2.

Table 1: Some numerical results of w at t=1.

M\x 0.125 0.375 0.625 0.875
8 1.1274383 1.4360708 1.7923393 2.1540602

16 1.1313092 1.4401695 1.7949539 2.1545294
32 1.1324077 1.4417774 1.7951267 2.1544920
64 1.1326869 1.4422037 1.7951571 2.1544737

128 1.1327567 1.4423123 1.7951633 2.1544690
256 1.1327741 1.4423393 1.7951650 2.1544677

w(x,1) 1.1327799 1.4423483 1.7951656 2.1544673

Table 2: Some numerical results of v at t=1.

M\x 0.125 0.375 0.625 0.875
8 2.7005306 2.5439329 2.2594409 1.9031193

16 2.6979712 2.5379248 2.2524871 1.8995434
32 2.6973573 2.5363178 2.2506602 1.8986576
64 2.6972030 2.5359267 2.2502203 1.8984399

128 2.6971671 2.5358286 2.2501104 1.8983890
256 2.6971583 2.5358042 2.2500831 1.8983765

v(x,1) 2.6971554 2.5357961 2.2500740 1.8983723
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Table 3: The absolute errors of numerical solutions of w at t=1.

M\x 0.125 0.375 0.625 0.875
8 5.342e-03 6.277e-03 2.826e-03 4.071e-04

16 1.471e-03 2.179e-03 2.117e-04 6.212e-05
32 3.722e-04 5.709e-04 3.890e-05 2.471e-05
64 9.300e-05 1.445e-04 8.481e-06 6.394e-06
128 2.329e-05 3.598e-05 2.264e-06 1.675e-06
256 5.817e-06 9.004e-06 5.583e-07 4.182e-07

Table 4: The absolute errors of numerical solutions of v at t=1.

M\x 0.125 0.375 0.625 0.875
8 3.375e-03 8.137e-03 9.367e-03 4.747e-03

16 8.158e-04 2.129e-03 2.413e-03 1.171e-03
32 2.019e-04 5.217e-04 5.861e-04 2.852e-04
64 4.762e-05 1.306e-04 1.463e-04 6.760e-05
128 1.168e-05 3.251e-05 3.641e-05 1.661e-05
256 2.905e-06 8.128e-06 9.100e-06 4.133e-06

Table 5: The max errors of the numerical solutions of w and v.

M E∞(h) E∞(2h)/E∞(h) F∞(h) F∞(2h)/F∞(h)
8 7.184e-03 * 9.367e-03 *

16 2.378e-03 3.0214 2.470e-03 3.7925
32 6.252e-04 3.8032 5.964e-04 4.1415
64 1.546e-04 4.0436 1.501e-04 3.9740

128 3.875e-05 3.9903 3.760e-05 3.9907
256 9.693e-06 3.9977 9.409e-06 3.9967

We define the maximum errors as follows:

E∞(h)= max
1≤i≤m−1,1≤k≤n

|w(xi,tk)−wk
i |, F∞(h)= max

1≤i≤m−1,1≤k≤n
|v(xi,tk)−vk

i |.

The maximum errors and the convergence orders are listed in Table 5.

Suppose

E∞(h)≈ c1hr1 , F∞(h)≈ c2hr2 ,

then

logE∞(h)≈ logc1+r1(logh), logF∞(h)≈ logc2+r2(logh).

Using the data in Table 5, we obtain

logE∞(h)≈−0.3414+1.9286(log h), logF∞(h)≈−0.2160+1.9971(log h).

From these tables and figures, we conclude that the errors of the difference solution in
maximal norm decreases by a factor of 4 as the mesh sizes are reduced by a factor of 2,
which are in great accordance with our theoretical results.
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Figure 1: Error curves of numerical solutions of w at t=1.
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Figure 2: Error curves of numerical solutions of v at t=1.

7 Conclusions

In this article, the numerical solution to a magneto-thermo-elasticity model was consid-
ered. At first, the model was reformulated into an alternate form by introducing a new
function. Then the priori estimate of the solution was presented. A difference scheme
was established and the unique solvability, unconditional stability and convergence were
analyzed. The convergence order in maximum norm are two in both time and in space.
Next, two matrix forms of the difference scheme were given. The double sweep method
and the iterative method were used to solve the difference scheme. Finally, one numerical
example was presented to support the theoretical results.
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