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Abstract. We investigate the superconvergence properties of the constrained
quadratic elliptic optimal control problem which is solved by using rectangular
mixed finite element methods. We use the lowest order Raviart-Thomas mixed
finite element spaces to approximate the state and co-state variables and use piece-
wise constant functions to approximate the control variable. We obtain the super-
convergence of O(h!*%) (0<s<1) for the control variable. Finally, we present two
numerical examples to confirm our superconvergence results.
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1 Introduction

In this paper, we focus on the superconvergence properties of rectangular mixed fi-
nite element methods for linear elliptic optimal control problem. Optimal control
problems are playing increasingly important role in the design of modern life. They
have various applications in the operation of physical, social, and economic processes.
Among the available numerical methods, finite element methods for state equations
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enjoy wide application (though other methods are also used of course). Many experts
have made various contributions to the finite element methods for optimal control
problems. Let us first mention two early papers devoted to linear-quadratic optimal
control problems by Falk [11] and Geveci [12]. Moreover, Arada et al. [2] studied
the numerical approximation of distributed nonlinear optimal control problems with
pointwise constraints on the control. Meyer and Rosch [21] analyzed the discretization
of the dimensional (2-d) elliptic optimal control problem. It is proved that these ap-
proximations have convergence order h%. A posteriori error estimates for distributed
convex optimal control problems and nonlinear optimal control problems have been
obtained in [17,18]. Huang et al. [15] constructed an adaptive multi-mesh finite ele-
ment scheme for constrained distributed convex optimal control problem.

Compared with standard finite element methods, the mixed finite element meth-
ods have many advantages. In many control problems, the objective functional con-
tains the gradient of the state variables. Thus, the accuracy of the gradient is important
in numerical discretization of the coupled state equations. Mixed finite element meth-
ods are appropriate for the state equations in such cases since both the scalar variable
and its flux variable can be approximated to the same accuracy by using such meth-
ods. Some specialists have made many important works on some topic of mixed finite
element method for linear optimal control problems.

Recently, in [8,9], we obtained a posteriori error estimates and a priori error es-
timates of mixed finite element methods for quadratic optimal control problems. In
[6,7], we used the postprocessing projection operator to prove a quadratic supercon-
vergence of the control by mixed finite element methods. We investigated the optimal
control problem with the admissible control set, defined by

Uad:{uGLZ(Q):agugb, ae. inQ},

where a and b are two real numbers, and obtained the superconvergence of O(h**1)
(for some 0<s<1) for the control variable which is approximated by piecewise con-
stant functions. Compared with it, our work changes the admissible set and we also
get the same result.

For the constrained optimal control problem, the regularity of the optimal control
is generally quite low. The goal of this paper is to investigate the superconvergence
for the elliptic optimal control problem with a special admissible set which will be
specified later.

We are concerned with the two dimensional elliptic optimal control problem

L{ggb{;Hp—PdeﬂL;Hy—deergHuHZ}, (1.1)
subject to the state equation

divp +apy = u, p = —A(x)grady, x e, (1.2)
with the boundary condition

y=0, x € dQ), (1.3)
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where () is a rectangular domain, p; and y, are two known functions, p and y are the
state variables, u is the control variable, and v > 0 is a constant. We denote LZ(Q)
norm by || - || and the set of admissible controls by U,;, where

Uy = {u e L2(Q) : /Qu(x)dx > o}. (1.4)

This paper is organized as follows. In next section, we construct a discretized scheme
for the optimal control problem (1.1)-(1.3). In section 3, we consider the local L? su-
perconvergence of the mixed finite element approximations for the control problem.
In section 4, we carry out the global L? superconvergence of rectangular lowest order
Raviart-Thomas mixed finite element methods. In section 5, two numerical examples
are presented to demonstrate our theoretical results. Finally, we give the conclusions
and comment on possible future work in section 6.

2 Mixed methods for optimal control problem

We shall construct a discretized scheme for the optimal control problem (1.1)-(1.3) by
using mixed finite element methods and give its equivalent optimality conditions.
At first, we make the following assumption for the coefficient matrix A(x).

(A1) The coefficient matrix function A(x):(a,-]-(x)) is symmetric with aij(x)ewl’”(()), which satisfies
the ellipticity condition

2
6P < Y a(0)6g, YV (Ex) ERXQ, e >0
ij=1

Next, we introduce the co-state elliptic equation
divg+aiz=y—vys, q=—A(x)(gradz+p—p,), x e, 2.1)
with the boundary condition
z=0, x € 0Q. (2.2)

Lemma 2.1. Assume that Q) is a convex polygonal domain. Let the state variable y and the
co-state variable z be the variational solutions of (1.2)-(1.3) and (2.1)-(2.2), respectively. Then,
there exists 0 < sop < 1 such that for 0 < s < sp,

1Yl r2es ) < Cllull () (2.3)
2] 245 () < Cllyllas - (2.4)

Remark 2.1. It is known (see e.g., [3]) that sp = min {1, 7/w — 1} when both the state
equation and co-state equation are Laplace equation, where w is the radian measure
of the largest corner of the domain ) (w < 7). If the state equation and the co-
state equation are variable coefficient equations, then sy is dependent on w and the
eigenvalue of the coefficient matrix A(x) at the corner points.
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Thus, we make the following realistic assumption (A2)
uec W(Q), vy, ze H**(Q), for 0<s<1. (2.5)

We shall obtain superconvergence results by using the operator interpolation tech-
nique. Let

V =H(div;Q) = {v € L*(Q)?, divo € L*(Q)}, W =L*(Q).

The Hilbert space V is equipped with the following norm:

lollaiw = [l = (lolP + lldivo|P)*.

Then, the weak formulation of the optimal control problem (1.1)-(1.3) is to find (p,y, u) €
V x W x U, such that

1 v
1 2 A 2 L Vi
min { 51— pall + 31y = v+ 3 lul? . 26)
(A~ p,v) — (y,dive) =0, VoeV, (2.7)
(divp, w) + (agy, w) = (u, w), YweW, (2.8)

where the inner product in L?(Q)) or (Lz(Q))2 is denoted by (-, ). It is well known
(see, e.g., [9]) that the convex control problem (2.6)-(2.8) has a unique solution (p, y, u),
and that a triplet (2.6)-(2.8) if and only if there exists a co-state (q,z) € V x W such
that (p,y, q,z, u) satisfies the following optimality conditions:

(A7p,v) — (y,divo) =0, VoeV, (2.9)
(d1vp, )+ (aoy, w) = (u,w), VweW, (2.10)
(A7'q,v) — (z,divo) = —(p — p,, v), VoeV, (2.11)
(d1vq, )+ (aoz, w) = (y — yq,w), YweW, (2.12)
(z4+vu,i—u) >0, Viie Uy. (2.13)

In [20], it has proved the expression of the control. In this paper, we use the similar
method to derive the results below.

Lemma 2.2. Let u be the solution of (2.9)-(2.13). Then we have

u(x) = max {0, 12/} — E,

1%

where

z
oz

Jol

denotes the integral average on Q) of the function z.
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Proof. For any function z € W, we show that

u(x) = max {O,Z} _Zz ,
v v
satisfies the variational inequality:
(z4+vu,i—u) >0, Vie Uy.

Ifz/v > 0, then

and
(z+vu,ii —u)

:/Q(z—i—vu)(ﬁ—u)

z

:/Z(ﬁ—anf):E/ﬁZO, Vie U,
O 1% O

v
Ifz/v <0, then
u=—-, and (z+vu,ii—u)=0.
Note that for the co-state solution z the solution of
(z+vu,ii—u) >0,
is unique. Then the lemma is proved.
Thus, from above optimality condition (2.13), we have that

u(x) = max {O,i} — E,

14

where

Joz
JaV’

zZ =

(2.14)

(2.15)

denotes the integral average on () of the function z. From the regularity assumption

(2.5) and (2.15), we know u € H?(Q).

Let 7), denote a regular rectangular partition of the domain O, V), x W, C V. x W
denotes the order k Raviart-Thomas mixed finite element space [23]. To approximation

the control, we use the following space of piecewise constant functions:

u, = {ﬁh €U, : dy=constant, T € ’271}

Then we introduce the following Raviart-Thomas projection (see [10]):

I, x P, : VXW — V, xW,,

(2.16)
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which has the following properties:

(i) P, is the local L?(Q)) projection.
(ii) I'Ty, and Py, satisfy

div o Hh = Ph ] diV, (217)
(diV(U — Hhv),wh) =0, wy, € Wy, (2.18)
(divvh,w — PhZU) =0, v, € V. (2.19)

(iii) The following approximation properties hold (see [19]):

1
lo = Tollop < CH'[[]l1,, S <r sk (220)
|div(v — IT;0)|| - < CH || divo|,, 0<rt<k+1, (2.21)
[ — Pywl|—tp < CH™ |l p, 0<rt<k+l, (2.22)

where ||.||;, denotes the norm of the usual Sobolev space W (Q2) for 1 < p < +o0
andr > 0.

The mixed finite element approximation of (2.6)-(2.8) is to find (p,,, yn, un) € Vi, X
W, x U}, such that

.1 1 v
mind 3119~ palP + 3l vl + 3 s 2}, 2.29)
(A py, o) — (yn, divoy) =0, Yo, €V, (2.24)
(dinh, wh) + (aoyh, wh) = (uh,wh), Y wy, € Wi (2.25)

The control problem (2.23)-(2.25) again has a unique solution (p;, v, uy,), and a triplet
Py, Yn, up) € Vi x Wy, x Uy, is the solution of (2.23)-(2.25) if and only if there is a co-
state (q,,,zy) € Vi, x Wy, such that (p;,, yn, q;,, zn, uy) satisfies the following discretized
optimality conditions:

(A7 'p,,v1) — (yp, divey) =0, Vo, €Vy, (2.26)
(divp,, wy) + (aoyn, wy) = (up, wy), Y w, € Wy, (2.27)
(A7'q,, o) — (z1, divey) = —(p), — pg,on), Y ou €V, (2.28)
(divgy, wy) + (aozn, wn) = (Yn — Ya, wn), Y wy, € Wy, (2.29)
(z, + vuy, iy, — uy) >0, Y iy, € Uy. (2.30)

We shall use some intermediate variables. For any control function i € U,;, we define
the state solution (p(i1),y(i1), q(i), z(if)) associated with i which satisfies

(A7 p(@),0) — (y(a),dive) =0, Voev,  (231)
(divp(ir), w) + (aoy( ) w) = (i w) YweW, (232
(A7Yq(7),v) — (z(i1),divo) = —(p(d) — pgpv), VYoveEV,  (2.33)
(divg (), w) + (aoz(i ) w) = (y(7) — ygw), VweW. (2.34)
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Then, we define the discrete state solution (p,,(i1), yx (i), 4,,(i1), z;(i1)) corresponding
to 7 which satisfies

(A~ py (), 0) — (ya(i1), divoy) =0, Vo,€eVy, (235)
wh) + (aoyh(ﬁ),wh) = (i, wy), Yw, €W, (2.36)

W), 0) — (zp(@1),divoy) = — (p,(7) — pg,on), Vo, € Vy, (237)
(divqh(ﬁ),wh) + (agzh(ﬁ),wh) = (yh(ﬁ —Yd, wh), Yw, €W, (2.38)

With these definitions, the exact state solution and its corresponding approximations
can be written as:

(py,4,2) = (p(u),y(u),q(u),2(u)),
(P Y G zn) = (P (i), Y (), @y (uen), 20 ()
3 L? superconvergence on rectangular mixed finite elements

Let 7, = {T;} be a rectangular partition of (), V;, x W, C V x W denotes the lowest
order Raviart-Thomas mixed element space, namely,

Vh = {Z) cv:V Tl' c 7;,, v ‘TiE QLQ(Ti) X Qg,l(T,')},
W, = {w EW:V T e 771, w |Ti€ Qo/o(Ti)},

where Q»(T;) indicates the space of polynomials of degree no more than m and 7 in
x and y on T;, respectively. Thus, on each rectangle element T; € 7j, the Gauss point
is its center point S;. For example,

If T; = [a;b;] x [c;,d;], thenS; = (ﬂl +bi ¢+ l>'

2 72

As in [21], for any smooth function f(x) € C(Q), we define an interpolation function
fr in the following form:

fe(x) = f(Si),  ifx €T, (3.1)

where S; is the center point of the rectangle T;. Let f be a function belonging to H?(T;)
for all i. Then, by the Bramble-Hilbert Lemma [1], we have

[ (50— £(s0)ix] < ORI T | £ iy 62)
Z‘/T,(f(” — fs)ax| < (L1 f By ) (3.3)

Nl—

where |T;| = meas(T;).
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Let u be the optimal control solution of (1.1)-(1.3), we define a interpolation func-
tion u; € Uy:

ug(x) = max{O, Z(f)} . Z(fi), ifx € T. (3.4)

It is easy to verify that u; € Uj,.
Let z be a function belonging to H?(T;) for all i. Then, by (2.15) and the Bramble-
Hilbert Lemma [1], we have

‘/T (u(x) —ul)dx‘ < CIA/| T | | 2 [(ry, (3.5)

1

}:‘ /Tl(u(x) - ul)dx‘ < Ch2<2 | 2 [fpr )j. (3.6)

1

Before presenting the main theorem, we first give some useful lemmas that have been
proved in [6] and derive the main lemma of the section.

Lemma 3.1. Suppose that Assumptions (A1)-(A2) are valid. Let zj,(u) and zj(uy,) be the
discrete solutions of (2.35)-(2.38) with il = u and il = uy, respectively. Then we have

(zn(up) — zn(ug), up —uy) < 0. (3.7)

Lemma 3.2. Suppose that Assumptions (A1)-(A2) are valid. For any function ii € Uy, let

(p(),y (i), q(7@),z(1)) and (p, (1), yn(it),q,(iX),z,(i1)) be the solutions of (2.31)-(2.34)
and (2.35)-(2.38), respectively, for the lowest order Raviart-Thomas mixed finite elements. If
the regularity conditions

y(@), z(1) € H(Q), p(a), q(1) € (H(Q))?,

hold, then we have
| Pry (i) — yn(2)[| + [[TLp (@) — p, ()] < Chz(HP(ﬁ)lle(o) + Hy(ﬁ)HHl(Q))/ (3.8)
| Phz(i) — zp ()| + [[TLpq (i) — g, ()] < Ch2(||q(ﬁ)”H2(Q) + HZ(ﬁ)HHl(Q))- (3.9)

Lemma 3.3. Suppose that Assumptions (A1)-(A2) are fulfilled. Let z(uy) and zj,(ur) be the
solutions of (2.31)-(2.34) and (2.35)-(2.38) with ii = uj, respectively. Then we have

(Zh(u[) — Z(Ll[),u[ — uh) < Ch1+5’|ZHH2+s(Q) : HMI — uhH, 0<s< 1. (3.10)

Lemma 3.4. Suppose that Assumptions (A1)-(A2) are fulfilled. Let uy, be the solution of
(2.26)-(2.30) and z. and up be the interpolation functions of z and u defined in (3.1) and (3.4),
respectively. Then we have

(z = ze,ur — wy) < CH2[|2]| () - s — wa- (3.11)
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Now, we prove the main lemma of the section.

Lemma 3.5. Suppose that Assumptions (A1)-(A2) are valid. Let up be the interpolation of
the exact control u defined in (3.1) and z(uy) and z(u) be the solutions of (2.31)-(2.34) with
il = ujand il = u, respectively. Then we have

Iz (ur) —z(u)|| < CH%. (3.12)

Proof. From the Assumption (A2), we use the strong forms of the Egs. (1.2) and
(2.1) to obtain the error equations:

—div (A(x)grad(y(u;) — y(u))) +ao(y(ur) —y(u)) =ur—u,  (3.13)
—div(A(x)grad(z(uI) —z(u)) 4+ p(u) — p(u))
g (2(ur) — 2(w) ) = y(ur) — y(w), (3.14)
which imply that
12(u1) = 2(u) 1) < C(Hy(ul) =yl + llp(ur) — p(u) H)- (3.15)

Then, we multiply (3.14) by y(u1) — y(u) to derive that

Iy ) - (HF

=(y(ur) - y(uf) y(u))
(dw x)grad (2(ur) — 2(u)) + p(ur) = p(u)), y(ur) = y(u) )

+ (a0 (2(ur) = 2(w)), y(ur) = y(w) )

(mwym<<> <>>gm@<>—ww0

+ (A ), grad (y(ur) = y(w)) ) + (a0 (=) = 2(w)), y(ur) = y(w))

=Qﬂmym< ur) = y(u )gM<<>—4wD
~ (ptun) p(w)) + (ao(y(uer) = y(w)), 2(ur) — z(u) )

—(uz—u,zwz) <>) ((un p(u), plur) <u>),

where we have used
p(ur) = p(u) = —A(x)grad (y(ur) —y()),

and (3.13). Thus, we have the following identity

lyGer) = y@) |12+ p(u) = p(o)|P = (s = ,2(ur) —2(w)).  (316)
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Now, we define a standard piecewise linear function space
Si={n(x) €C@): neQu(T), ¥ T}, (3.17)

and a standard H 1(Q)-orthogonal projection Q;, : C(QQ) — Sy, which satisfies: for any
p e CQ)
(grad(lp —Qup), gradrh> —0, V€S, (3.18)

By standard finite element analysis, the projection Q) has the following approximate
property and stable property:

I = Qupll < Chllllm (3.19)
1Qu¥ [ (0) < CllYllan(a (3.20)

Set r = z(ur) —z(u) and r, = Qy(z(ur) — z(u)). We can write the right-hand side of
Eq. (3.16) as follows

(ul —u,z(uy) — z(u)> = (up—u,r—rp) + (uy —u,ry). (3.21)
It follows from (3.19) that

(ur —u,r —rp) <|jur —ull - [[r =
< Cl?lullwres - l12(ur) = 2(u) |1 ) (322)

Since 1, € Q1,1(T;) for any rectangle T;, then we have

/ulrhdx:/ uI(Si)rhdx:/ u;(Si)rh(Si)dx. (323)

i i i

By using (3.23) and (3.2), we obtain that

‘/Q(”I —u)ry

<y /; (u(S7) = u(x)) - ry(x)dx

T;,eQ 174
—T;Q/ [urh S;) — (urh)(x)}dx
SChz(Tgﬂ|urh| ) <Ch2<T;Q|u| 2(T) |7’h|H1 ))2.

From (2.15), we obtain that
|u‘H2 < C|Z|H2 (324:)
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Applying the estimate in H ! norm for L2 projections (see [5,14]), we have
Irulinry = 1Qu (2 (1) = 2(0)) |y < Cla(ur) = 2() -

Therefore,

1

5 2
< Chz( 2, [zliam - [2(ur) = Z(”)‘Hl(To)

T,e
< CI? |zl ) - |2(u1) — 2(u) | )- (3.25)

‘/Q(ul —u)ry

Finally, we can combine the estimates (3.16) and (3.21)-(3.25) to derive

ly(ur) =y @lI* + I p (ur) — p(w)]|?
<Ch? - ||z(ur) — z(u) || ()

<Ch? - (lly(ur) — y )l + lp(ur) — p(u)l)),

where we have used the stability property (3.15) in the last step. The above inequality
implies the desired result (3.12). 0

Now, we are able to obtain our first main result.

Theorem 3.1. Suppose that Assumptions (A1)-(A2) are satisfied. Let u be the interpolation
of the exact control u defined in (3.4) and uy, be the solution of (2.26)-(2.30). Then we have the
estimate

up —uy|| < CH™S,  0<s<1. (3.26)

Proof. From the inequality (2.13), we have
(z(x) +1/u(x)> . (ﬁ - u(x)) >0, Vii € Uy, YVxeQ. (3.27)

We apply this formula for x=S;, and ii=uy,(S;). This is correct because of the continuity
of u, z, and uy, in these points {S;}, namely,

(z(si) + vu(Si)) : (uh(SZ-) - u(SZ-)> >0, VS, (3.28)
Due to (3.1), the above inequality is equivalent to
(z(si) —i—vul(Si)) : (uh(Si) —u;(Si)) >0, V6. (3.29)
Integrating this inequality over T; and adding up over all i, we get that
(z¢ +vug,up —uy) > 0. (3.30)

We choose the test function ii;, = u; in (2.30) to obtain that

(zh(uh) + vuy, up — uh) > 0. (3.31)
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By adding these two inequalities (3.30) and (3.31), we have

(zh(uh) —zr+v(up —up),uy — uh) > 0.
Hence,
vlup — |
< (Zh(”h) —Zg, U] — Mh)
= (Zh(uh) — zy(ug),ug — uh) + (Zh(“l) — z(ug),up — u)
+ (z(u;) —z(u),ul—uh> + (z—zf,ul—uh) (3.32)
Then we combine Lemma 3.1 and Lemmas 3.3-3.5 to deduce the superconvergence
result (3.26). O
Next, we can establish the following superconvergence result for state and co-state.
Theorem 3.2. Suppose that Assumptions (A1)-(A2) are satisfied. Let (p,y,q,z,u) € (V x
W)?2 x Uy be the solutions defined in (2.9)-(2.13) and (p,,, Yn, 4, 21, tn) € (Vi x Wy)? x Uj,
be the solutions of (2.26)-(2.30). Then we have
: 1
1T = pyllaiy + [[Pry — yall < ChrtHminte2), (3.33)
11109 = gy laiv + | Pz — 24 < CHIFminG), (3.34)
for0<s <1.
Proof. 1t follows from (2.9)-(2.12) and (2.26)-(2.30) that we have the error equations:

(A7 (p = pu).on) — (y — yn divey) =0,

(div(p —py),wn) + (a0(y — yn), wn) = (u— uy,wy),
(AN g —qy),on) — (z—zp,divey) = —(p — pj, op),
(div(q — g5,), wn) + (a0(z — z1), W) = (Y — Yn, wn),

for all v, € Vj, and w, € Wj,. By using the definitions of projections I1, and P, the
above equations can be rewrittrn as

(Ail(HhP - ph)rvh)
(div(ITp — py), wn) +
(A7 (TTug — q3,), o) —
(div(TTng — q5), wy) +
for all v, € V;, and w;, € W, where
¢1(vp) = — (A" (p —Typ), o),
(wp) = (u—up,wy) — (a0(y — Pry), wp),
$2(on) = —(p — p,on) — (A7 (q — TIq), 01),
¥a(wy) = (v — yn,wp) — (a0(z — Puz), wy).

—~

Pyy — yp, divoy,) = ¢1(vn),
ao(Puy — yn), wn) = 1 (wy),
Pyz — zy, divoy,) = ¢a(vy),
ao(Pyz — zp,), wy) = 2(wy),

A/‘\/\
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Since the terms ¢1(vy,), P1(wp), p2(vy), P2(wy,) can be regarded as linear functionals
of v, and wy, defined on V;, and Wj, respectively, we know from the stability result
of [4,22] that

||nhp—ph||div+|Phy—yh||sc{ sup 1@, 'l”l(“’h)'}, (3.35)
vhevh thHdiV w, W), ||wh‘

|
|2 (wp)

110 — @yl + I1Pyz — 2] < c{ sup 122l g, | } (3.36)
’Ohevh ||vh||dlv ZUhGWh ||wh||
It is easy to see that
(p—ppon) = (p—1p, o) + (Iup — pj, on), (3.37)
Y—Ynwp) =Y — LY, Wy Y — Y, W) = LY — Yn, W) .
( )=W-—P )+ (P )= (P ) (3.38)

By the standard superconvergence of mixed finite element methods, we have

(a0(y — Puy), wn) < CE*||yllsn oy 1w, (3.39)
(a0(z — Pyz), W) < CH*|[zll g1 lleon |- (3.40)

Under the condition y, z € H3(Q)), applying the integral identity technique [16] gives

(A (p —TLup), o) < CE* ||yl gy lonll, (3.41)
(A7 (q —T1hg), o) < CH?||z| gy lonll, (3.42)
(p —up,on) < CH ||yl yllonll- (3.43)

On the other hand, applying the standard error estimates of mixed finite element
methods and the approximation properties of projection operators P, and I, we have
that

(A7 (p — ), v1) < Chllyll (o) llonl, (3.44)
(A7 (q —T1hq),01) < Chllz| 12y llonll, (3.45)
(p —Ihup, o) < Chllyll 2 llonll- (3.46)

Then, by the interpolation theory, under the assumption (A2) we obtain that

(A (p —yp), o) < CH|lylp2esyllonll, (3.47)
(A7 (g —TLuq),on) < CH'™*®|z]| gass o lon I, (3.48)
(p —Tup, o) < CH [yl g2es (o) lonll- (3.49)

Here, we only give the proof of (3.47). We define a linear functional

Ty = (A (p—ILp), o) = (A*1 (—A grady — Hh(—Agrady)),vh).
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Then, it follows from (3.41) and (3.44) that
HT||L(H2+S(Q)—>R) < ||T||i(H3(Q)HR)||TH1(_;12(Q)_>R)
< C(Elonl))? - (hllonl)' = = CH**[|oyl,
which implies (3.47). We can similarly prove (3.48) and (3.49). Note that
(u —up,wp) = (u—ur, wy) + (ur — up, wp).

It follows from (3.1)-(3.3) that

(u—up,wy) < Y |wyl

T;,eQ)

<CH* Y Nullpzery - A/ IT - [wn| = CH?[|ul| 2y - llwnl]-

T.€eQ

] () = u(s)ax

i

By using Theorem 3.1, we clearly see that
(ur =y wn) < [Jur = up ] - Joon ]| < Ch™**[faoy .

From the above analysis, we can obtain the desired results (3.33)-(3.34).

4 Global L? superconvergence by postprocessing

69

(3.50)

(3.51)

O

In this section, we shall apply a higher order interpolation postprocessing method pre-
sented by Lin and Yan [16] to obtain global superconvergence for the approximation.
We construct a larger rectangular elements partition 7, which is the coarse meshes of
75, Then each element T of 7y, is composed of four neighboring rectangular elements
of 7;,. Based on this coarse meshes, we denote V,;, x Wy, to express the order k = 1

Raviart-Thomas mixed finite element spaces:

Vo = {v eV:VteTy, vc Q) X Qllz(r)},
Wy, = {w EW:VTeTy wl|eE QM(T)},
and the related Raviart-Thomas projection (see [10]):
Iy X Py, : VX W — Vo X Wy,
which satisfies the following properties [23]:
(i) Py Py = Py, and || Pywy|| < C|lwy]|, for all wy, € Wy,

(ii) TIp,IT), = oy, and [|TIy,vy||aiv < Cllopl|giv, for all v, € V.
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By using the interpolation operators Il,; and P, and their properties, we can obtain
the following global superconvergence result.

Lemma 4.1. ([6]) For any function it € Uy, let

(p(2),y(@),q(@),z(@)), and (p,, (@), y(7), (), 2(7)),

be the solutions of (2.31)-(2.34) and (2.35)-(2.38), respectively, with the lowest order Raviart-
Thomas mixed finite elements. If the reqularity conditions

y(@), (@) € H'(Q), p(@), q(@) e (H(Q),
hold, then we have

lp(i) = Panpr(@)]| + || p () — Ty, (@)|| < CH2,
12(2) — Poyzy () || + [|q () — Ty, ()] < CH2.

In order to improve the accuracy of the control approximation on a global scale,

we construct
z Ps,z
i(x) = max{O, } —
v v

. (4.1)

Now, we can prove the following global L? superconvergence result.

Theorem 4.1. Suppose that Assumptions (A1)-(A2) are satisfied. Let (p,y,q,z,u) € (V x
W)?2 x U, be the solutions defined in (2.9)-(2.13) and (p,, Yn, Gy, zn, un) € (Vi X Wy)? x Uy,
be the solutions of (2.26)-(2.30). Then we have

|lu—a| <Ch'™, 0<s<l1. (4.2)
Proof. From (2.15) and (4.1), we obtain by the triangle inequality
lu = all < Cllz = Pz
SC(HZ(H) —z(up)l| + [z (ur) = Pozi () | + [ Panzn (141) = Ponzi () H)- (4.3)
We first apply lemma 3.5 to obtain that
Iz(u) — z(ur)|| < CH%. (4.4)

Then, from the approximation property of the operator P,;, the property (i) of the
operator P, we have
12(ur) = Ponzn(ur) |
<|lz(ur) — Pz (ur) || + [|P2nz(u1) — Ponzp (1) |
<CH?||z(up) || g2 (o) + || PonPaz (1) — Poyzpy(u) ||
<CH||z(un) |l (ory + | Puz(ur) — zi (1) |
<Ch'™* |zl v ) (4.5)
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Next, it remains to bound the third term of above inequality (4.3). By the property (i)
of the operator P, we have

| Panzi (ur) — Panzn(up)|| < Cllzp(ur) — zn(up) |-

Similar to the proof of Lemma 3.1, we use (2.35)-(2.38) to obtain the error equations

(A (paur) = paun)), o) = (yn(aar) = yu(an) divey) =0,

(le(Ph(“I = Py ),wh) + (ﬂO(yh(ul) _yh(uh))/wh) = (ur — up, wp),

(A7 (g (u1) = @ () 21) = (2 w1) = za(awy), diven) = = (py () = py (), o1),
(civ (g 10r) — a4 (), ) + (a0 (2 1) = 2 (n)), 0 ) = (g (1) = ), n),

forallv, € V), and w;, € W),. We use the stability property of the saddle-point problem
to obtain that

lzn (ur — zu (up) | + |l (u1) — g, (un)
<C(llyn(ur) = yu(w) || + llpy(ur) — py(un)ll)
<Clluy — up|| < Ch'**, (4.6)

where the last step was derived by using Theorem 3.1. Then by (4.3)-(4.6), we can
prove the result (4.2). O

5 Numerical tests

In this section, we present below two examples to test the superconvergence theoret-
ical results of the control. The first example is based on Example 1 of [6] with some
modification. In the second example, we consider the control problem with a nonlin-
ear state equation.

The optimization problems were solved numerical by projected gradient methods,
with codes developed based on AFEPACK [13]. The control function u is discretized
by piecewise constant functions, where the state (y, p) and the co-state (z,q) were
approximated by the lowest order Raviart-Thomas mixed finite element functions. In
the two examples, we choose the domain Q) = [0, 1] x [0, 1].

Example 1. We consider the following two-dimensional elliptic optimal control prob-
lem

Z 2 2
L{gﬁnz{llp pall> + lly = yall> + lul*}, (5.1)

subject to the state equation

divp +agy =u+f, p= —grady, xe), (5.2)
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with the boundary condition
y=0, x € 0Q), (5.3)

and the admissible set
U, — {u € 12(Q) : / u(x)dx > o}. (5.4)
Q

Let ap = 0. Then the state equation may be restated as
divp =u+f, p= —grady, xeQ, (5.5)
Next, we introduce the co-state elliptic equation
divg=y—vys, q=—(gradz+p—p,), x €, (5.6)
with the boundary condition
z=0, x € 0. (5.7)
We choose

y = sin(7txy) sin(7txz), = —272sin(7tx;) sin(71xy),

z
u = max(0,2) — z, f= 27rzy —u,
P, = (—71(1 + 71%) cos(rxy) sin(7rxz),— (1 + 7%) sin(7rxy ) cos(an)),
vy = (14 27*) sin(7rx; ) sin(7rx,).

In the numerical implementation, the profile of the numerical solution is plotted in
Fig. 1 and the errors ||u; — uy|| and ||u; — 7| obtained on a sequence of uniformly
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Figure 1: The profile of the numerical solution of Example 1 on an 64 x64 mesh grid.
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Table 1: The errors of Example 1 on a sequential uniform refined meshes.

resolution | [[u; —uyl|| | [|u — 1]
16x16 4.506e-02 | 4.324e-01
32x32 1.129e-02 | 1.477e-01

64x 64 2.831e-03 | 5.907e-02
128x128 7.149e-04 | 1.776e-02

73

refined meshes are presented in Table 1. The superconvergence phenomenon can be

observed clearly from the data.

Example 2. In this example, we consider the following nonlinear optimal control prob-

lem

L{Q&HE{HP pall® + lly = yall® + llul*},

—div(grady) +y° =u+f, x€Q,

y=0, x € 0Q),
and we introduce co-state elliptic equation

divg+5y*z =y —vys, q=—(gradz+p—p,), x €Q,
with the boundary condition
z =0, x € 00

We choose that
y = sin(7txy) sin(7xy), z = —m?sin(mx; ) sin(7xo),

u =max(0,z) — z, f=2my+y°
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Figure 2: The profile of the numerical solution of Example 2 on 64 x64 mesh grids.
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Table 2: The errors of Example 2 on a sequential uniform refined meshes.

resolution | [[u; —uyl| | [|u — 1]

16X 16 1.049e-02 | 2.118e-01
32x 32 2.617e-03 | 7.296e-02
64x 64 6.530e-04 | 2.531e-02
128x 128 | 1.623e-04 | 8.850e-03

p; =p+gradz = (—n(l + 71%) cos(7x1 ) sin(7rxz),
—7t(1 4+ 7?) sin(7rxy) cos(ﬂxz)),
ya=y-5y'z

The profile of the numerical solution is presented in Fig. 2. The superconvergence
behavior of the L2-errors is illustrated in Table 2.

6 Conclusions and future work

In this paper, we have discussed the lowest order Raviart-Thomas mixed finite ele-
ment methods for constrained quadratic optimal control problem, and the admissible
set:

Uy = {u e 12(Q) : /Qu(x)dx > 0}.

We have obtained the superconvergence of O (h'**) (0 < s < 1) for the control vari-
able which is approximated by piecewise constant functions.

In our future work, we shall use the mixed finite element method to deal with
the optimal control problems governed by nonlinear parabolic equations and convex
boundary control problems. Furthermore, we shall consider a priori error estimates
and superconvergence of optimal control problems governed by nonlinear parabolic
equations and convex boundary control problems.
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