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Abstract. This paper is devoted to the study of the asymptotic stability of the
shock wave of the outflow problem governed by the one-dimensional radiative
Euler equations, which are a fundamental system in the radiative hydrodynam-
ics with many practical applications in astrophysical and nuclear phenomena.
The outflow problem means that the flow velocity on the boundary is negative.
Comparing with our previous work on the asymptotic stability of the rarefac-
tion wave of the outflow problem for the radiative Euler equations in [6], two
points should be pointed out. On one hand, boundary condition on velocity
is considered instead of boundary condition on temperature, which induces
a perfect boundary condition on anti-derivative perturbations so that bound-
ary estimates on perturbed unknowns are trickily and smoothly established.
On the other hand, the rarefaction wave is an expansive wave, while the shock
wave is a compressive wave. So we need take good advantages of properties
of the shock wave instead. Our investigation on the outflow problem provides
a good understanding on the radiative effect and boundary effect in the setting
of shock wave.
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1 Introduction

In this paper, we will continue to study the outflow problem governed by the
one-dimensional radiative Euler equations, which is the second one of our series
of papers on such kind of outflow problem, actually, the first one on the asymp-
totic stability of the shock wave for the radiative Euler equations with a bound-
ary. The radiative Euler equations are a fundamental system to describe the mo-
tion of the compressible gas with the radiative heat transfer phenomena, which
has many applications in astrophysics and nuclear explosions. Mathematically,
the one-dimensional radiative Euler equations in the Eulerian coordinates can be
modelled as a hyperbolic-elliptic coupled system of the following form:





ρt+(ρu)x =0,

(ρu)t+
(
ρu2+p

)
x
=0,

{
ρ

(
e+

u2

2

)}

t

+

{
ρu

(
e+

u2

2

)
+pu

}

x

+qx =0,

−qxx+aq+b
(
θ4
)

x
=0,

(1.1)

where ρ, u, p, e and θ are respectively the density, velocity, pressure, internal en-
ergy and absolute temperature of the gas, and q is the radiative heat flux. Positive
constants a and b depend only on the gas itself. Like the classic compressible Eu-
ler equations, the first three equations in (1.1) stand for the conservation of the
mass, momentum and energy respectively. The fourth equation in (1.1) is related
to the radiative heat transfer phenomenon, and one can refer [1, 9, 23, 28, 39, 44]
for more details. System (1.1) can also be derived by the non-relativistic limit
(speed of light tending to +∞) from a hyperbolic-kinetic system, and rigorous
mathematical derivation can be found in [15].

Precisely speaking, we will investigate the initial-boundary value problem of
system (1.1) in the half space {(x,t)|0≤ x,t<∞} with the initial data

(ρ,u,θ)(x,0)=(ρ0 ,u0,θ0)(x) for x≥0, (1.2)

satisfying
inf

x∈[0,+∞)
(ρ0,θ0)(x)>0 (1.3)
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and the asymptotic boundary condition at the far field x=+∞

(ρ,u,θ,q)(+∞,t)=(ρ+ ,u+,θ+,0), t≥0. (1.4)

In what follows, we give a roughly classification of the time-asymptotic states
of the solution (ρ,u,θ,q)(x,t) based on the boundary data (ρ,u,θ,q)(0,t). It is ex-
pected that as time tends to the infinity, the solution is asymptotically described
by one of the following waves, such as viscous shock wave, stationary wave, rar-
efaction wave or the superposition of stationary wave and rarefaction wave. As
shown in the Fig. 1, we state some cases which have been solved already or will
possibly be solved in the future.

Figure 1:

Case I: inflow problems (u(0,t)>0).

If
(ρ+,u+,θ+)∈Ω+

supper :=
{
(ρ,u,θ); u>

√
γRθ

}
,

the boundary condition is given as

(ρ,u,θ,q)(0,t)=(ρ− ,u−,θ−,0). (1.5)

Then

(i) If (ρ+,u+,θ+) locates on the 3-rarefaction curve past through (ρ−,u−,θ−),
then there exists a 3-rarefaction wave to the corresponding Riemann prob-
lem which connects (ρ−,u−,θ−) and (ρ+,u+,θ+) and the 3-rarefaction wave
solution is asymptotic stable. It has been proved in [5].
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(ii) If (ρ+,u+,θ+) locates on the contact discontinuity curve past through
(ρ−,u−,θ−), then the asymptotic stability of the contact discontinuity wave,
under the restriction of the smallness of the wave strength, can be obtained.
It has been proved in [7].

Case II: outflow problems (u(0,t)<0).

(i) If

(ρ+,u+,θ+)∈ Ω̃−
supper

⋂
Ω−

sub :=
{
(ρ,u,θ); −

√
γRθ<u<−

√
Rθ

}
,

the boundary condition can be given as

(θ,q)(0,t)=(θ− ,0). (1.6)

Under this boundary condition, we can find proper numbers (ρ−,u−) =
(ρ,u)(0,t) to show the asymptotic stability of the rarefaction wave without
restrictions on the smallness of the wave strength, which has been proved
in [6].

(ii) If

(ρ+,u+,θ+)∈ Ω̃−
sub :=

{
(ρ,u,θ); −

√
Rθ<u<0

}
,

the boundary condition can be given as

u(0,t)=u− , q(0,t)=0. (1.7)

Moreover, the initial condition (1.2) and the boundary condition (1.7) satisfy the
compatibility condition that u0(0)=u− at the origin (0,0). Under this boundary
condition, we can find proper numbers (ρ−,θ−)= (ρ,θ)(0,t) to show the asymp-
totic stability of the 3-shock wave under some small assumptions, which is the
theme of this manuscript.

We need to emphasize that the classification of asymptotic states of the radia-
tive Euler equations is very complicated. For the other cases, especially on the

transonic region Γ̃−
sub := {(ρ,u,θ);|u|=

√
Rθ}, the situation is more complicated.

They will be investigated in the future.
In this paper, we are interested in studying the asymptotic stability of the vis-

cous shock wave of the outflow problem (1.1)-(1.4) and (1.7). Our main results
will be stated in Section 2. Comparing with our previous work on the asymptotic
stability of the rarefaction wave to the outflow problem for the radiative Euler
equations in [6], two points should be pointed out. On one hand, the rarefac-
tion wave is an expansive wave, while the shock wave is a compressive wave.
They are different such that we have to develop a different approach to take good
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advantage of properties of the shock wave instead. On the other hand, we im-
pose a different boundary condition, that concerns velocity instead of tempera-
ture, which is a perfect boundary condition on the anti-derivative perturbations
so that boundary estimates on perturbed unknowns are trickily and smoothly
established. In particular, the boundary condition on temperature θ(0,t)= θ− is
frequently considered for the outflow problem governed by the Navier-Stokes
equations such as [14, 26]. However, different from that boundary condition con-
cerns on temperature, boundary condition (1.7) is reasonable since system (1.1)
is of Euler-type. Finally, the determination of the shift is based on tedious and
tricky calculations.

Now let us review some related work. As far as we know, so far most of the
existing results concern the analysis of the global-in-time existence and stability
of the elementary waves for the one-dimensional case.

For the Cauchy problem, the global-in-time existence of solutions around a
constant state was shown in [16]. For the analysis of the rarefaction wave, if
the initial data is a small perturbation of a given rarefaction wave with small
strength, it was proved in [20] that the solutions converge to the rarefaction wave
as t→+∞. Then the authors in [11] showed that when the absorption coefficient α
tends to +∞, the solutions converge to the rarefaction wave with the convergence

rate α− 1
3 |lnα|2, where the absorption coefficient α is defined by the relationship

a=3α2 and b=4ασ for positive constants a,b and the Stefan-Boltzmann constant σ.
The asymptotic stability of a single viscous contact wave was proved in [41, 42].
The existence and stability for zero mass perturbation of the small amplitude
shock profile were respectively studied in [21, 22]. The authors in [29] showed
the nonlinear orbital asymptotic stability of small amplitude shock profiles for
general hyperbolic-elliptic coupled systems of the type modeling the radiative
gas. Analysis of large amplitude shock profiles was given in [2,24]. Finally, for the
case of composite waves, the stability of the composite wave of rarefaction waves
and a viscous contact wave was investigated in [33, 43]. Recently the authors
in [4] studied the unique global-in-time existence and the asymptotic stability of
the composite wave of two viscous shock waves by employing the anti-derivative
method.

For the initial-boundary value problem, the study of the inflow and outflow
problem is initiated by us recently and systematically to deal with the weak dis-
sipation of the radiative Euler system and the difficulties from boundary effect.
Our series of results on the inflow and outflow problem in [5–7] provide a good
understanding to radiative effect and boundary effect in the setting of elemen-
tary waves such as rarefaction wave and contact discontinuity wave. It is natural
that shock wave with boundary effect is considered in present paper, which will
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provide a good understanding to radiative effect and boundary effect in the set-
ting of shock wave. For the introduction of the inflow and outflow problems, one
can refer to the paper by Matsumura [25] for more details. There are also many
results on the study of the inflow or outflow problem governed by other systems
such as the Navier-Stokes system (see [12, 13, 18, 26, 30–32, 38, 40]).

We need to mention that we are also motivated by the related investigations
on the simplified model (Hamer model), which gives a good approximation to the
radiative Euler equations in a certain physical situation, c.f. [10,19]. The investiga-
tions on the simplified model provide a good understanding on the radiative ef-
fect. The exhaustive literature list is beyond the scope of the paper, and thus only
a few closely related results on wave patterns are mentioned, c.f. [3, 8, 17, 34–37].
Interested readers can refer to them and references therein.

The rest of the paper is organized as follows. In Section 2, the viscous shock
wave is constructed based on the Riemann problem of the full Euler equations.
Properties of viscous shock wave which will be frequently used in this paper and
the main theorem of this paper are given. Then series of a priori estimates are
established in Sections 3-5 so that our main theorem are proved by combing the
local wellposedness theorem.

2 Mathematical formulation and main results

In this section, we construct the viscous shock wave for (1.1) and then state our
main results.

2.1 Viscous shock wave

It is well-known that for any given (ρ+,u+,θ+)∈ Ω̃sub, there is a curved surface
in a small neighbourhood of (ρ+,u+,θ+) for the solution (ρ−,u−,θ−) of a shock
structure with the shock speed s3 > 0, which satisfies the following Rankine-
Hugoniot conditions:





−s3(ρ−−ρ+)+(ρ−u−−ρ+u+)=0,

−s3(ρ−u−−ρ+u+)+
(
ρ−u2

−+p−−ρ+u2
+−p+

)
=0,

−s3

[
ρ−

(
e−+

1

2
u2
−

)
−ρ+

(
e++

1

2
u2
+

)]

+

{
ρ−u−

[
e−+

(u−)2

2

]
+p−u−−ρ+u+

[
e++

(u+)
2

2

]
−p+u+

}
=0

(2.1)
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and the entropy condition

u++
√

Rγθ+< s3<u−+
√

Rγθ−. (2.2)

Let
Ω(z+) :=

{
(ρ,u,θ)

∣∣ |(ρ−ρ+,u−u+,θ−θ+)|≤ δ̄
}

, (2.3)

where δ̄ is a positive constant depending only on (ρ+,u+,θ+). The correspond-
ing viscous 3-shock wave of (1.1) is expressed by zs :=(ρs,us,θs,qs)(x−s3t), con-
necting the far field states (ρs,us,θs,qs)(±∞)=(ρ± ,u±,θ±,0). Substituting zs(ξ)=
(ρs,us,θs,qs)(ξ)(ξ= x−s3 t) into (1.1), one has





−s3(ρ
s)′+(ρsus)′=0,

−s3(ρ
sus)′+

(
ρs(us)2+ps

)′
=0,

−s3

{
ρs

(
es+

(us)2

2

)}′
+

{
ρsus

(
es+

(us)2

2

)
+psus

}′
+(qs)′=0,

aqs+b(θs4)′=0,

us(−∞)=u− , (ρs,us,θs)(+∞)=(ρ+ ,u+,θ+),

(2.4)

where ′= d
dξ , ps = p(ρs,θs), es = e(θs), p±= p(ρ± ,θ±) and e±= e(θ±). Integrating

(2.4) with respect to ξ over [ξ,+∞), we obtain





−s3(ρ
s−ρ+)+ρsus−ρ+u+=0,

−s3(ρ
sus−ρ+u+)+ρs(us)2+ps−ρ+u2

+−p+=0,

−s3

{
ρs

[
es+

(us)2

2

]
−ρ+

(
e++

u2
+

2

)}

+ρsus

[
es+

(us)2

2

]
−ρ+u+

(
e++

u2
+

2

)
+psus−p+u+=

b

a

[
(θs)4

]′
,

(2.5)

which implies





ρs−ρ+=− ρ+
us−s3

(us−u+),

R(θs−θ+)=−
(

us−s3−
Rθ+

u+−s3

)
(us−u+) ,

(2.6)




(θs)′=H1(θ

s),

θs(−∞)= θ− , θs(+∞)= θ+ ,
(2.7)
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where

H1(θ
s) :=

a

4b(θs)3

[
Cvρ+−

Rp+
(us−s3)(u+−s3)−Rθ+

]
(u+−s3)(θ

s−θ+)

− a

4b(θs)3

R2ρ+(u+−s3)
3

2[(us−s3)(u+−s3)−Rθ+]2
(θs−θ+)

2 (2.8)

and

(ρs)′=− ρs

us−s3
(us)′, (us)′=− R(us−s3)

(us−s3)2−Rθs
(θs)′. (2.9)

By a straightforward computation, we get the following information on H′
1(θ+)

from the entropy condition (2.2) and subsonic condition −√
Rθ±<u±<0:

H′
1(θ+)=

a

4bθ3
+

[
Cvρ+−

Rp+
(u+−s3)2−Rθ+

]
(u+−s3)

=
a

4bθ3
+

[
Rρ+
γ−1

− R2ρ+θ+
(u+−s3)2−Rθ+

]
(u+−s3)

<− aRρ+

4bθ3
+

√
Rγθ+

[
1

γ−1
− Rθ+
(u+−s3)2−Rθ+

]
<0. (2.10)

Therefore, by the theory of ordinary differential system, there exists a unique
solution to system (2.7). Therefore, we find the unique solution to system (2.4).
Now we introduce some properties of the solution to system (2.4) which will be
used later.

Lemma 2.1. For any fixed (ρ+,u+,θ+)∈Ω̃−
sub, suppose γ>1, θ+<θ− and (ρ−,u−,θ−)∈

Ω(z+)∩Ω̃−
sub satisfies Rankine-Hugoniot condition (2.1). Then system (2.4) admits

a smooth solution (ρs,us,θs,qs)(x−s3t), which is unique up to the spatial shift and sat-

isfies the following properties:

(1) (ρs)′<0, (us)′<0, (θs)′<0;

(2) There exists a positive constant c such that

∣∣(ρs−ρ±,us−u±,θs−θ±)(x−s3t)
∣∣.δe−cδ|x−s3t|, (2.11)

∣∣(qs,(ρs)′,(us)′,(θs)′,(ρs)′′,(us)′′,(θs)′′
)
(x−s3t)

∣∣.δ2e−cδ|x−s3t|,

where δ := |(u+−u−,θ+−θ−)|.
The proof of Lemma 2.1 is omitted since the argument is standard. Actually,

one can follow the argument for the proof of [27, Lemma 1, pp. 85].
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2.2 Anti-derivative perturbation

The solution of (1.1) is expected to converge to the 3-viscous shock wave as
t →+∞. Let us consider the case that the initial data (ρ0,u0,θ0)(x) is given in
a neighborhood of (ρs,us,θs)(x+α−β) for a large constant β>0, where the shift α
will be determined later. Actually, we require that the viscous shock wave is far
from the boundary when t= 0. Then we should determine the shift α such that
the solution (ρ,u,θ) is expected to tend to (ρs,us,θs)(x−s3t+α−β). To do this,
we denote the anti-derivative perturbations around the 3-viscous shock wave by
(Φ,Ψ̃,W̃,Γ) as

Φ(x,t)=
∫ ∞

x

[
ρs(y−s3t+α−β)−ρ(t,y)

]
dy,

Ψ̃(x,t)=
∫ ∞

x

[
(ρsus)(y−s3t+α−β)−(ρu)(t,y)

]
dy, (2.12)

W̃(x,t)=
∫ ∞

x

{
ρs

[
Cvθs+

(us)2

2

]
(y−s3t+α−β)−ρ

(
Cvθ+

u2

2

)
(t,y)

}
dy,

Γ(x,t)=
∫ ∞

x
[qs(y−s3t+α−β)−q(t,y)]dy

and denote the perturbation of (ρ,u,θ,q) around the 3-viscous shock wave by
(φ,ψ,ζ,ω), which satisfies

φ :=ρ−ρs=Φx, ψ :=u−us =
1

ρ

(
Ψ̃x−usΦx

)
,

ζ := θ−θs =
1

Cvρ

(
W̃x−

1

2
ρψ2−ρusψ−Esφ

)
,

ω :=q−qs =Γx ,

(2.13)

where Es =: Cvθs+ 1
2(u

s)2. It is easy to see that (φ,ψ,ζ,ω) satisfies





φt+uφx+ρψx=Q1,

ψt+uψx+Rζx+
Rθ

ρ
φx=Q2,

Cvζt+Cvuζx+Rθψx+ωx=Q3,

−wxx+aw+4bθ3ζx+4bθs
xζ
(
θ2+θθs+(θs)2

)
=qs

xx,

(2.14a)

(2.14b)

(2.14c)

(2.14d)

where

Q1 :=−
(
ρs

xψ+us
xφ

)
=O(1)|(ρs

x,us
x)||(φ,ψ)|, (2.15a)
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Q2 :=−us
xψ−ρs

x

(
Rζ

ρ
− Rθs

ρρs
φ

)
=O(1)|(ρs

x,us
x,θs

x)||(φ,ψ,ζ)|, (2.15b)

Q3 :=−Cvθs
xψ−Rus

xζ=O(1)|θs
xψ+us

xζ| (2.15c)

with
(φ,ψ,ζ)(x,0)=(φ0 ,ψ0,ζ0)(x)→ (0,0,0) as x→+∞,

ψ(0,t)=u−−us(−st+α−β),

ω(0,t)=−qs(−st+α−β).

(2.16)

Introducing the new good unknowns

Ψ= Ψ̃−usΦ, W=
γ−1

R

(
W̃−EsΦ−usΨ

)
, (2.17)

we get

ρψ=Ψx+us
xΦ,

Cvρζ=CvWx+Cvθs
xΦ+us

xΨ− 1

2
ρψ2,

CvWx =Cvρζ−Cvθs
xΦ−us

xΨ+
1

2
ρψ2.

(2.18)

By a straightforward computation, we have






Φt+(ρu−ρsus)=0,

Ψ̃t+
(
ρu2−ρsus2)+(p−ps)=0,

W̃t+

{
ρu

(
e+

u2

2

)
−ρsus

[
es+

(us)2

2

]}
+(pu−psus)=qs−q,

(2.19)

which particularly implies that on the boundary x=0

Φt(0,t)+u−φ(0,t)+(ρsψ)(0,t)=0, (2.20)

Ψ̃t(0,t)+u2
−φ(0,t)+ρs(us+u−)ψ(0,t)+(p−ps)(0,t)=0. (2.21)

Combining (2.20) and (2.21), we further get

(Ψ̃−u−Φ)t(0,t)+ρsusψ(0,t)+(p−ps)(0,t)=0. (2.22)

It follows from the third equation in (2.19) that

W̃t(0,t)+
1

2

[
ρu3−ρs(us)3

]
(0,t)+

γ

γ−1
(pu−psus)(0,t)=qs(0,t). (2.23)
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By the straightforward computation, it implies

W̃t(0,t)+
1

2
u3
−φ(0,t)+

[
1

2
ρs
(
u2
−+u−us+(us)2

)
+

γps

γ−1

]
ψ(0,t)

+
γ

γ−1
u− (p−ps)(0,t)=qs(0,t). (2.24)

Therefore,
(

W̃− u2
−
2

Φ

)

t

(0,t)+

[
1

2
ρsus(u−+us)+

γps

γ−1

]
ψ(0,t)

+
γu−
γ−1

(p−ps)(0,t)=qs(0,t). (2.25)

Thus, we get
[

W̃− γu−
γ−1

Ψ̃+

(
γ

γ−1
− 1

2

)
u2
−Φ

]

t

(0,t)=−(Jψ)(0,t)+qs(0,t), (2.26)

where

J :=
1

2
ρs(us)2+

γ

γ−1
ps+

(
1

2
− γ

γ−1

)
ρsusu−. (2.27)

Integrating (2.26) over [0,t], we immediately obtain
[

W̃− γu−
γ−1

Ψ̃+

(
γ

γ−1
− 1

2

)
u2
−Φ

]
(0,t)

=

[
W̃− γu−

γ−1
Ψ̃+

(
γ

γ−1
− 1

2

)
u2
−Φ

]
(0,0)−

∫ t

0
(Jψ−qs)(0,τ)dτ. (2.28)

We expect that as t→+∞,
[

W̃− γu−
γ−1

Ψ̃+

(
γ

γ−1
− 1

2

)
u2
−Φ

]
(0,t)→0.

That is, if let

I(α) :=W̃(0,0)− γu−
γ−1

Ψ̃(0,0)+

(
γ

γ−1
− 1

2

)
u2
−Φ(0,0)

−
∫ ∞

0
(Jψ−qs)(0,τ,α,β)dτ, (2.29)

then we require that
I(α)=0. (2.30)
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If (2.30) holds, then by (2.21)-(2.30), we can get the following boundary condition:

W̃(0,t)− γu−
γ−1

Ψ̃(0,t)+

(
γ

γ−1
− 1

2

)
u2
−Φ(0,t)=A(t), (2.31)

where

A(t) :=
∫ ∞

t
(Jψ−qs)(0,τ,α,β)dτ=O(1)e−cδβe−cδt.

Now we will determine α such that (2.30) holds. In fact, we will compute the
derivative I ′(α) of I(α) such that the shift α can be determined. Up to now, we
have gotten that

I(α)=
∫ ∞

0

{
ρs

[
Cvθs+

(us)2

2

]
(y+α−β)−ρ0

(
Cvθ0+

u2
0

2

)
(y)

}
dy

− γu−
γ−1

∫ ∞

0

[
(ρsus)(y+α−β)−(ρ0u0)(y)

]
dy

+

(
γ

γ−1
− 1

2

)
u2
−

∫ ∞

0

[
ρs(y+α−β)−ρ0(y)

]
dy

−
∫ ∞

0
(Jψ−qs)(−s3τ+α−β)dτ. (2.32)

Then it follows from direct calculations that,

I ′(α)=

[
ρ+

(
Cvθ++

u2
+

2

)
−ρs

(
Cvθs+

(us)2

2

)
(α−β)

]

− γu−
γ−1

[
ρ+u+−(ρsus)(α−β)

]
+

(
γ

γ−1
− 1

2

)
u2
−
[
ρ+−ρs(α−β)

]

− 1

s3

[
J(u−−us)−qs

]
(α−β). (2.33)

In order to simplify and obtain a good and useful expression on I ′(α), let us
integrate (2.4) over [0,ξ] to get






ρsus−ρ−u−= s3(ρ
s−ρ−),

ps−p−= s3(ρ
sus−ρ−u−)−

[
ρs(us)2−ρ−u2

−
]
,

{
ρ±

(
e−+

u2
−
2

)
−ρs

[
es+

(us)2

2

]}
+

1

s3
qs

=
1

s3

{
ρ−u−

(
e−+

u2
−
2

)
−ρsus

[
es+

(us)2

2

]
+p−u−−psus

}
.

(2.34)
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Substituting (2.34) into (2.33), we further obtain

I ′(α)=

[
ρ+

(
Cvθ++

u2
+

2

)
−ρ−

(
Cvθ−+

u2
−
2

)]

− γu−
γ−1

(ρ+u+−ρ−u−)+
(

γ

γ−1
− 1

2

)
u2
− (ρ+−ρ−)

+

{
ρ−

(
Cvθ−+

u2
−
2

)
−ρs

[
Cvθs+

(us)2

2

]
(α−β)

}
+

1

s3
qs(α−β)

− γu−
γ−1

[
ρ−u−−(ρsus)(α−β)

]
+

(
γ

γ−1
− 1

2

)
u2
−
[
ρ−−ρs(α−β)

]

− 1

s3

{[
1

2
ρs(us)2+

γps

γ−1
+

(
1

2
− γ

γ−1

)
ρsusu−

]
(u−−us)

}
(α−β), (2.35)

which is reduced to the following perfect equality by tedious and tricky calcula-
tions:

I ′(α)=

[
ρ+

(
Cvθ++

u2
+

2

)
−ρ−

(
Cvθ−+

u2
−
2

)]

− γu−
γ−1

(ρ+u+−ρ−u−)+
(

γ

γ−1
− 1

2

)
u2
− (ρ+−ρ−) :=m. (2.36)

Therefore, we get
I(α)− I(0)=mα.

Hence, (2.30) holds if and only if

α=− I(0)

m
. (2.37)

2.3 Main theorem

Now, we are ready to introduce the main results of this paper. Define

Φ0(x)=−
∫ ∞

x

[
ρ0(y)−ρs(y,0,0,β)

]
dy,

Ψ0(x)=−
∫ ∞

x

[
(ρ0u0)(y)−(ρsus)(y,0,0,β)

]
dy,

W0(x)=−
∫ ∞

x

[
ρ0

(
Cvθ0+

u2
0

2

)
(y)−ρs

(
Cvθs+

us2

2

)
(y,0,0,β)

]
dy.

(2.38)

We derive the system satisfied by the anti-derivative unknowns (Φ,Ψ,W,Γ)
from the definitions in (2.12) and (2.17) that
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Φt+usΦx+Ψx+us
xΦ=0,

Ψt+usΨx+RθsΦx+RWx+(γ−1)us
xΨ− Rθs

ρs
ρs

xΦ=G1,

CvWt+CvusWx+RθsΨx−
qs

x

ρs
Φ− ps

x

ρs
Ψ+Γx =G2,

−Γxx+aΓ+
4b(θs)3

ρ
Wx+

4b(θs)3

ρ
θs

xΦ+
4b(θs)3

Cvρ
us

xΨ=G3

(2.39a)

(2.39b)

(2.39c)

(2.39d)

with initial data
(Φ,Ψ,W)(x,0)=(Φ0 ,Ψ0,W0)(x), (2.40)

and the boundary condition obtained from (2.31) that

W(0,t)− u−
R

Ψ(0,t)+θ−Φ(0,t)=A(t)=O(1)e−cδβe−cδt. (2.41)

Hereinafter, Gi (i=1,2,3) are expressed by

G1 :=
γ−1

2
ρψ2−us

xΦψ−ψΨx =O(1)
(
|ψ|2+|us

xΦ|2+|Ψx|2
)

,

G2 :=−EsΦxψ−us
xψΨ−usus

xψΦ−CvψWx−RζΨx

=O(1)
(
|us

x||(Φ,Ψ)||ψ|+|(Φx ,Ψx,Wx)||ψ|+|ζΨx |
)
,

G3 :=qs
x−bζ2

(
ζ2+4θsζ+6(θs)2

)
+

4b(θs)3

Cv
ψ2=qs

x+O(1)
(
|ψ|2+|ζ|2

)
.

(2.42)

Define the solution space Xm1,m2,M(0,t) as

Xm1,m2,M(0,t) :=

{
(Φ,Ψ,W,Γ)|(Φ,Ψ,W)∈

3

∑
k=0

Ck
(
[0,t];H3−k(R+)

)
,

Γ∈
4

∑
k=0

Ck
(
[0,t];H4−k(R+)

)
∂i

t(φ,ψ,ζ)∈L2
(
0,t;H2−i(R+)

)
,

∂i
tω∈L2

(
0,t;H3−i(R+)

)
(i=0,1,2),

inf
[0,t]×R+

ρ(x,t)≥m1, inf
[0,t]×R+

θ(x,t)≥m2,

sup
[0,t]×R+

( 3

∑
k=0

∥∥(∂k
t Φ,∂k

t Ψ
)∥∥

3−k
+

2

∑
k=0

∥∥∂k
t W

∥∥
3−k

)
≤M

}
, (2.43)

where m1,m2,M are positive constants and ‖·‖k :=‖·‖Hk(R+)
. Hereafter, we denote

‖·‖ :=‖·‖0.
Then the main theorem of this paper is stated as follows.



126 L. Fan, L. Ruan and W. Xiang / Commun. Math. Anal. Appl., 1 (2022), pp. 112-151

Theorem 2.1. Assume the adiabatic exponent γ∈ (1,2) and the states (ρ+,u+,θ+) and

(ρ−,u−,θ−) are in Ω̃−
sub with u+<u−< 0 and (ρ−,u−,θ−) being at the 3-shock curve

passing through (ρ+,u+,θ+) with shock speed s3, i.e., (2.1)-(2.3) hold. If the initial data

satisfies

(Φ0,Ψ0,W0)(x)∈H3(R+), (2.44)

(ρ0,u0,θ0)(x)−(ρs ,us,θs)(x,0,α,β)∈ (H2∩L1)(R+)

and if there exist suitably small constants δ0>0,ǫ0>0 such that

δ.δ0, ‖(Φ0,Ψ0,W0)‖3+‖(φt,ψt,ζt)(0)‖1+e−δβ.ǫ0, (2.45)

then there exist positive constants m1, m2 and M such that, the outflow problem (2.39)-

(2.41) admits a unique solution (Φ,Ψ,W,Γ), so that problem (1.1), (1.2) and (1.7) admits

a unique solution (ρ,u,θ,q)(x,t), such that

(Φ,Ψ,W,Γ)∈Xm1 ,m2,M(0,+∞).

Here (ρs,us,θs,qs)(t,x) is the shock wave defined in (2.4). Furthermore, it holds

sup
x≥0

|(ρ,u,θ,q)(t,x)−(ρs ,us,θs,qs)(x,t,α,β)|→0 as t→+∞, (2.46)

where α=α(β) is defined in (2.34).

We will employ the anti-derivative unknowns (Φ,Ψ,W,Γ) to show the main
theorem by presenting two propositions concerned with local existence and a pri-
ori estimates respectively. First, the local existence of the solution to system (2.39)-
(2.41) is stated as follows.

Proposition 2.1 (Local existence). Under the conditions of Theorem 2.1, there exist

positive constants δ2, ǭ2 and C (Cǭ2 ≤ ǫ2) such that the following statements hold: For

any τ>0, let

(Φτ ,Ψτ,Wτ)(x) :=(Φ,Ψ,W)(x,τ)∈H3(R+) (2.47)

for any M∈ (0, ǭ2), δ≤δ2(<δ) and β>1. Assume that

‖(Φτ ,Ψτ,Wτ)‖3.M, sup
t≥0

{
|A(t)|+|A′(t)|

}
.e−δβ,

then there exists a positive constant t0 = t0(M,β) independent on τ such that, problem

(2.39), (2.41) and (2.47) admits a unique solution (Φ,Ψ,W,Γ)(x,t)∈Xm1 ,m2,M(τ,τ+t0).
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The proof of Proposition 2.1 is standard. Actually, one can follow the argu-
ment in the proof of [5, Proposition 3.1, pp.601-603] to show Proposition 2.1 sim-
ilarly. Therefore, we omit the proof for the shortness. Based on Proposition 2.1,
we can show Theorem 2.1 if the following proposition is proved.

Proposition 2.2 (A priori estimate). Under the conditions of Proposition 2.1, there

are constants δ3(≤δ2) and ǫ3(≤ǫ2) such that, if (Φ,Ψ,W,Γ)(x,t)∈Xm1 ,m2,M(0,T) for

some T>0 is a solution to the initial-boundary value problem (2.39)-(2.41). If δ≤δ3 and

for t∈ [0,T]

sup
τ∈[0,t]

{
‖(Φ,Ψ,W,Γ)(τ)‖3+‖(φt,ψt,ζt,ωt)(τ)‖1

}
≤ǫ3,

then it holds that for t∈ [0,T],

‖(Φ,Ψ,W,Γ)(t)‖2+‖(φ,ψ,ζ)(t)‖2
2+‖(φt,ψt,ζt)(t)‖2

1 (2.48)

+‖(φtt,ψtt,ζtt)(t)‖2+‖ω(t)‖2
3+‖ωt(t)‖2

2

+
∫ t

0
|(Φ,Ψ,W)|2(0,τ)dτ+

∫ t

0

∫

R+

(
|us

x ||(Ψ,W)|2+Γ2
)

dxdτ

+
∫ t

0

(
‖(φ,ψ,ζ)(τ)‖2

2+‖w(τ)‖2
3+‖wt(τ)‖2

2

)
dτ

+
∫ t

0
|(φ,φx,ψx,ζx,wx,φxx,ψxx,ζxx ,wxx,wxxx,φtx,ψtx,ζtx,wtx)|2(0,τ)dτ

.‖(Φ0,Ψ0,W0)‖2+‖(φ0,ψ0,ζ0)‖2
1+‖(φt,ψt,ζt)(0)‖2

1+‖(φtt,ψtt,ζtt)(0)‖2+e−δβ.

The a priori estimate (2.48) will be shown in the rest sections. Actually, once
Proposition 2.2 is obtained, the local solution (φ,ψ,ζ,ω)(x,t) obtained in Proposi-
tion 2.1 can be extended to t=∞. Moreover, estimate (2.48) implies that

∫ ∞

0

(
‖(φ,ψ,ζ,ω)(τ)‖2+

d

dt
‖(φ,ψ,ζ,ω)(τ)‖2

)
dτ<+∞, (2.49)

which together with the Sobolev inequality implies the asymptotic behavior (2.46).
This concludes the proof of Theorem 2.1.

3 Basic energy estimate on fluid dynamic

perturbations

In this and next two sections, we focus on proving Proposition 2.2. Firstly, we
prove basic energy estimates. Set
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N(t) := sup
τ∈[0,t]

{
‖(Φ,Ψ,W,Γ)(τ)‖3+‖(φt,ψt,ζt,ωt)(τ)‖1

}
. (3.1)

For system (2.14) with (2.15) and (2.16), we get

Lemma 3.1. Under the assumption of Proposition 2.2, if N(t) and δ are suitably small,

it holds that

‖(φ,ψ,ζ)(t)‖2+
∫ t

0

(
φ2+ζ2

)
(0,τ)dτ+‖(ω,ωx)(τ)‖2dτ (3.2)

.‖(φ0,ψ0,ζ0)‖2+e−δβ+
(
δ+N(t)

)∫ t

0
‖(φ,ψ,ζ,φx,ψx,ζx,ζxx,ωxx)(τ)‖2dτ.

Proof. Multiplying the equations in (2.14) by Rθ
ρ φ, ρψ,

ρζ
θ , Rω

4bθ4 respectively, we

have
(

Rθ

2ρ
φ2

)

t

+

(
Rθu

2ρ
φ2

)

x

+Rθφψx =

{(
Rθ

2ρ

)

t

+

(
Rθu

2ρ

)

x

}
φ2+

Rθ

ρ
φQ1, (3.3)

(
ρψ2

2

)

t

+

(
ρuψ2

2

)

x

+Rρψζx+Rθφxψ=
{(ρ

2

)

t
+
(ρu

2

)

x

}
ψ2+ρψQ2, (3.4)

(
Cvρ

2θ
ζ2

)

t

+

(
Cvρu

2θ
ζ2

)

x

+Rρζψx+
ρζ

θ
ωx

=

{(
Cvρ

2θ

)

t

+

(
Cvρu

2θ

)

x

}
ζ2+

ρζ

θ
Q3, (3.5)

−
(

Rωωx

4bθ4

)

x

+

(
R

4bθ4

)

x

ωωx+
Rω2

x

4bθ4
+

aRω2

4bθ4
+

ρζx

θ
ω

=−Rθs
xζω

θ4

{
θ2+θθs+(θs)2

}
+

Rωqs
xx

4bθ4
. (3.6)

Summing them up, we have

(
Rθ

2ρ
φ2+

ρψ2

2
+

Cvρ

2θ
ζ2

)

t

+

(
R

4bθ4

)

x

ωωx+
Rω2

x

4bθ4
+

aRω2

4bθ4
+ I1x= I2, (3.7)

where

I1 :=
Rθu

2ρ
φ2+

ρuψ2

2
+

Cvρuζ2

2θ
+Rρψζ+Rθφψ− Rωωx

4bθ4
+

ρζ

θ
ω,

I2 :=

{(
Rθ

2ρ

)

t

+

(
Rθu

2ρ

)

x

}
φ2+

{(
Cvρ

2θ

)

t

+

(
Cvρu

2θ

)

x

}
ζ2+Rρxψζ
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+Rθxφψ+
(ρ

θ

)

x
ζω+

Rθ

ρ
φQ1+ρψQ2+

ρζ

θ
Q3

− Rθs
xζω

θ4

{
θ2+θθs+(θs)2

}
+

Rωqs
xx

4bθ4
. (3.8)

It is easy to see that

|I2|. (δ+N(t))|(φ,ψ,ζ,φx ,ψx,ζx,ζxx)|2+|ωqs
xx |. (3.9)

Moreover, it follows from the boundary condition u(0,t)=u−<0 that

−I1(0,t)=−
(

Rθu

2ρ
φ2+

ρuψ2

2
+

Cvρuζ2

2θ
+Rρψζ+Rθφψ− Rωωx

4bθ4
+

ρζ

θ
ω

)
(0,t)

≥ c
(
φ2+ζ2

)
(0,t)−C

(
ψ2+ω2+ωωx

)
(0,t)

≥ c
(
φ2+ζ2

)
(0,t)−Cδe−cδβe−cδt, (3.10)

where positive constants c and C do not depend on (φ,ψ,ζ,ω). Integrating (3.7)

over R+×[0,t] and using (3.9)-(3.10), we get (3.2). This completes the proof of

Lemma 3.1.

Next, in order to estimate
∫ t

0 ‖(φ,ψ,ζ)(τ)‖2dτ, we will derive the following
estimate on the anti-derivative functions (Φ,Ψ,W,Γ).

Lemma 3.2. Under the assumptions listed in Proposition 2.2, if N(t) and δ are suitably

small, and if γ∈ (1,2), it holds that

‖(Φ,Ψ,W)(t)‖2+
∫ t

0
|(Ψ,Ψ,W)|2(0,τ)dτ

+
∫ t

0

∫

R+

(
|us

x||(Ψ,W)|2+Γ2+Γ2
x

)
(x,τ)dxdτ

.‖(Φ0,Ψ0,W0)‖2+‖(φ0,ψ0,ζ0)‖2+e−δβ

+(δ+N(t))
∫ t

0
‖(φ,ψ,ζ,φx,ψx,ζx,ζxx,ωxx)(τ)‖2dτ. (3.11)

Proof. Multiplying the first three equations in (2.39) by 1
ρs Φ, Ψ

ps and W
θs ps respec-

tively, we obtain the identities

(
Φ2

2ρs

)

t

+

(
us

2ρs
Φ2

)

x

+
1

ρs
ΦΨx =0, (3.12)
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(
Ψ2

2ps

)

t

+

(
us

2ps
Ψ2

)

x

+

(
1

ρs
Φ

)

x

Ψ+
RΨ

ps
Wx

+

(
(γ−2)us

x

2ps
− (γ−1)qs

x

2(ps)2

)
Ψ2=

ΨG1

ps
, (3.13)

(
CvW2

2psθs

)

t

+

(
CvusW2

2psθs

)

x

+

(
R

ps
Ψ

)

x

W+
WΓx

θs ps

+
Cvγ(−us

x)

θs ps
W2− Rqs

x

θs(ps)2
W2− Rqs

x

(ps)2
ΨW=

WG2

θs ps
. (3.14)

Summing (3.12)-(3.14) together, one has

(
Φ2

2ρs
+

Ψ2

2ps
+

CvW2

2psθs

)

t

+ I3x+
(γ−2)us

x

2ps
Ψ2+

Cvγ(−us
x)

θs ps
W2+

WΓx

θs ps

=
ΨG1

ρs
+

WG2

θs ps
+
(γ−1)qs

x

2(ps)2
Ψ2+

Rqs
x

θs(ps)2
W2+

Rqs
x

(ps)2
ΨW, (3.15)

where

I3 :=
usΦ2

2ρs
+

usΨ2

2ps
+

CvusW2

2θs ps
+

ΦΨ

ρs
+

R

ps
ΨW. (3.16)

Finally, multiplying (2.39d) by
ρ

4b(θs)2
Γ

θs ps yields

−
[

ρ

4b(θs)3

ΓΓx

ps

]

x

+

[
ρ

4b(θs)3 ps

]

x

ΓΓx+
ρ(Γ2

x+aΓ2)

4b(θs)3 ps

+
ΓWx

θs ps
+

θs
xΦΓ

θs ps
+

us
xΨΓ

Cvθs ps
=

ρΓG3

4b(θs)3 ps
. (3.17)

Then it follows from (3.15) and (3.17) that

(
Φ2

2ρs
+

Ψ2

2ps
+

CvW2

2psθs

)

t

+
ρ(Γ2

x+aΓ2)

4b(θs)3 ps

+

[
I3−

ρΓΓx

4b(θs)3 ps
+

WΓ

θs ps

]

x

+

[
ρ

4b(θs)3 ps

]

x

ΓΓx−
[

1

θs ps

]

x

WΓ

+
(γ−2)us

x

2ps
Ψ2+

Cvγ(−us
x)

θs ps
W2+

θs
xΦΓ

θs ps
+

us
xΨΓ

Cvθs ps

=O(1)|ΨG1+WG2+ΓG3|+O(1)|qs
x ||Ψ2+W2+ΨW|. (3.18)
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Note that by boundary condition (2.41), we have

Ψ(0,t)=
R

u−
(W+θ−Φ)(0,t)+O(1)e−cδβe−cδt.

So

−I3(0,t)=

(−u−Φ2

2ρ−
+
(−u−)Ψ2

2p−
+

Cv(−u−)W2

2p−θ−

)
(0,t)

− Ψ

ρ−θ−
(θ−Φ+W)(0,t)+O(1)e−cδβe−cδt

=
−u−
p−

(
Φ2

2
+

Ψ2

2
+

CvW2

2θ−

)
(0,t)− Ψ

θ−p−

u−
R

Ψ(0,t)+O(1)e−cδβe−cδt

=
(−u−)

p−

(
Rθ−Φ2

2
+

3Ψ2

2
+

CvW2

2θ−

)
(0,t)+O(1)e−cδβe−cδt. (3.19)

So (3.19) implies that the boundary term −I3(0,t) can be controlled.

Suppose 1 < γ < 2, then γ−2 < 0. Then integrating (3.18) over R+×(0,t),
integrating by part, and using (3.19) and the Sobolev inequality, we obtain that

‖(Φ,Ψ,W)(t)‖2+
∫ t

0

(
|(Φ,Ψ,W)|2(0,τ)+‖Γ(τ)‖2

1

)
dτ

+
∫ t

0

∫

R+

|us
x |(Ψ2+W2)dxdτ

.‖(Φ0,Ψ0,W0)‖2+
∫ t

0
|(ΓΓx+WΓ)|(0,τ)dτ

+
∫ t

0

∫

R+

|(us
x ,θs

x)||Γ(Γx+Φ+Ψ+W)|dxdτ+δ
∫ t

0
e−cδβe−cδτdτ

+
∫ t

0

∫

R+

(
|qs

x ||Ψ2+W2+ΨW|+|ΨG1+WG2+ΓG3|
)

dxdτ. (3.20)

Note that

qs =−4b

a
(θs)3θs

x, Γx(0,t)=−qs(0,t)=O(1)|θs
x(0,t)|, Γx =ω.

So we have
∫ t

0
Γ2(0,τ)dτ.

∫ t

0
‖Γ(τ)‖2

∞dτ.
∫ t

0
‖Γ(τ)‖‖Γx(τ)‖dτ

.
1

4

∫ t

0
‖Γ(τ)‖2dτ+

∫ t

0
‖ω(τ)‖2dτ, (3.21)
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and then
∫ t

0

∫ t

0
|(ΓΓx+WΓ)|(0,τ)dτ

.
1

4

∫ t

0
W2(0,τ)dτ+

∫ t

0
Γ2

x(0,τ)dτ+
∫ t

0
Γ2(0,τ)dτ

.
1

4

∫ t

0
W2(0,τ)dτ+

∫ t

0
(θs

x)
2(0,t)(0,τ)dτ+

∫ t

0
Γ2(0,τ)dτ

.
1

4

∫ t

0

(
W2(0,τ)+‖Γ(τ)‖2

)
dτ+

∫ t

0
‖ω(τ)‖2dτ+e−δβ. (3.22)

Therefore, it follows from (3.20) that

‖(Φ,Ψ,W)(t)‖2+
∫ t

0

(
|(Φ,Ψ,W)|2(0,τ)+‖Γ(τ)‖2

1

)
dτ

+
∫ t

0

∫

R+

|us
x|
(
Ψ2+W2

)
dxdτ

.‖(Φ0,Ψ0,W0)‖2+e−δβ+
∫ t

0
‖ω(τ)‖2dτ

+
∫ t

0

∫

R+

|ΨG1+WG2+ΓG3|dxdτ+
∫ t

0

∫

R+

|θs
x |2dxdτ. (3.23)

Finally, the last two terms on the right-hand side of (3.24) can be estimated as

follows:
∫ t

0

∫

R+

|ΨG1+WG2+ΓG3|dxdτ

.
(
δ+N(t)

)∫ t

0

∫

R+

|us
x ||(Ψ,W)|2dxdτ

+N(t)
∫ t

0

∫

R+

|(ψ,ψ,ζ)(τ)|2dxdτ+
∫ t

0

∫

R+

|θs
x|2dxdτ (3.24)

and ∫ t

0

∫

R+

|θs
x|2dxdτ.δ2e−δβ

∫ t

0

∫

R+

e−cδξe−cδτdξdτ.e−δβ. (3.25)

Therefore, substituting (3.24), (3.25) into (3.23) and using (3.2), we can get (3.11).

This completes the proof of Lemma 3.2.

Remark 3.1. We see that from the last equation of (2.39)

wx =−qs+aΓ+bζ(θ+θs)
(
θ2+θθs+(θs)2

)
. (3.26)
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By applying Lemmas 3.1 and 3.2, we can obtain the following estimate of wx on

the boundary

∫ t

0
w2

x(0,τ)dτ.
∫ t

0
(qs

x)
2(0,τ)dτ+

∫ t

0

(
Γ2+ζ2

)
(0,τ)dτ

.‖(Φ0,Ψ0,W0)‖2+‖(φ0,ψ0,ζ0)‖2+e−δβ

+
(
δ+N(t)

)∫ t

0
‖(φ,ψ,ζ,φx ,ψx,ζx,ζxx)(τ)‖2dτ. (3.27)

4 High-order energy estimates on fluid dynamic

perturbations

In this section, we will focus on establishing the high-order energy estimates
in two steps. Firstly, the first-order energy estimates are established in Subsec-
tion 4.1. Then the second-order energy estimates are established in Subsection 4.2.

4.1 First-order energy estimates

To establish the first-order energy estimate, we will first establish the following
estimate on the time derivatives.

Lemma 4.1. Under the assumption of Proposition 2.2, if N(t) and δ are suitably small,

it holds that

‖(φt,ψt,ζt)(t)‖2+
∫ t

0

(
φ2

t +ζ2
t

)
(0,τ)+‖(ωt,ωtx)(τ)‖2dτ

.‖(φ0,ψ0,ζ0)‖2+‖(φt,ψt,ζt)(0)‖2+e−δβ

+
(
δ+N(t)

)∫ t

0

(
‖(φ,ψ,ζ)(τ)‖2

2+‖ωtxx(τ)‖2
)

dτ. (4.1)

Proof. Differentiating each equation in (2.14) with respect to t, then multiplying

them by Rθ
ρ φt, ρψt,

ρ
θ ζt and

ρ

4bθ4 wt respectively, and then adding all the resulting

equations together, we have
(

Rθ

2ρ
φ2

t +
ρ

2
ψ2

t +
Cvρ

2θ
ζ2

t

)

t

+
ρw2

xt

4bθ4
+
( ρ

4bθ4

)

x
wtwxt+

aρw2
t

4bθ4
+ I4x= I5, (4.2)

where

I4 :=
Rθu

2ρ
φ2

t +
ρu

2
ψ2

t +
Cvρu

2θ
ζ2

t +Rθφtψt+Rρζtψt+
ρ

θ
ζtωt−

ρwt

4bθ4
wxt (4.3)
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I5 :=

{(
Rθ

2ρ

)

t

+

(
Rθu

2ρ

)

x

}
φ2

t +

{(
Cvρ

2θ

)

t

+

(
Cvρu

2θ

)

x

}
ζ2

t +Rθxφtψt

+Rρxζtψt+(Q1t−ρtψx−utφx)
Rθ

ρ
φt+

[
Q2t−utψx−

(
Rθ

ρ

)

t

φx

]
ρψt

+(Q3t−Cvutζx−Rθtψx)
ρ

θ
ζt+

(ρ

θ

)

x
ζtωt

+
{

qs
txx−12bθ2θtζx−

[
4bθs

xζ
(

θ2+θθs+(θs)2
)]

t

} wt

4bθ4
. (4.4)

For the boundary term I4, we note that

−I4(0,t)=−
(

Rθu

2ρ
φ2

t +
ρu

2
ψ2

t +
Cvρu

2θ
ζ2

t +Rθφtψt+Rρζtψt+
ρ

θ
ζtωt−

ρwt

4bθ4
wxt

)
(0,t)

≥ c
(
φ2

t +ζ2
t

)
(0,t)−C

(
ψ2

t +ω2
t +ωtωtx

)
(0,t)

≥ c
(
φ2

t +ζ2
t

)
(0,t)−Cδe−cδβe−cδt. (4.5)

Then integrating (4.2) over R+×[0,t] and using (4.5), we obtain

‖(φt,ψt,ζt)(t)‖2+
∫ t

0

((
φ2

t +ζ2
t

)
(0,τ)+‖(ωt,ωtx)(τ)‖2

)
dτ (4.6)

.‖(φt,ψt,ζt)(0)‖2+e−cδβ+
∫ t

0

(
ψ2

t +ω2
t +|ωtxωt|

)
(0,τ)dτ

+
(
δ+N(t)

)∫ t

0

∫

R+
|(φ,ψ,ζ,φx ,ψx,ζx,ζxx)|2(x,τ)dxdτ

.‖(φt,ψt,ζt)(0)‖2+e−cδβ+
(
δ+N(t)

)∫ t

0

(
‖(φ,ψ,ζ)(τ)‖2

2+‖ωtxx(τ)‖2
)

dτ,

where for the last inequality, we employed the following boundary estimate:

∫ t

0

(
ψ2

t +ω2
t +|ωtxωt|

)
(0,τ)dτ

.
∫ t

0
δe−cδβe−cδτ

(
1+|ωtx|(0,τ)

)
dτ

.

∫ t

0
δe−cδβe−cδτ

(
1+‖ωtx‖

1
2‖ωtxx‖

1
2

)
dτ

.e−cδβ+δ
∫ t

0
‖(ωtx,ωtxx)(τ)‖2dτ. (4.7)

By Lemmas 2.1, 3.1 and 3.2, we can get (4.1) from (4.6).
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Based on the estimates on the time derivative, in order to derive the first order
energy estimates, we need to control boundary integral terms with respect to the
spatial derivatives first. Let us rewrite system (2.14) as follows:





uφx+ρψx =Q1−φt,

uψx+Rζx+
Rθ

ρ
φx=Q2−ψt,

Cvuζx+Rθψx =Q3−Cvζt−wx.

(4.8)

So

ψx=
u(Q2−ψt)

u2−Rγθ
− Rθ(Q1−φt)

ρ(u2−Rγθ)
− γ−1

u2−Rγθ
(Q3−Cvζt−wx)

=O(1)|(Q1,Q2,Q3,φt,ψt,ζt,wx)|. (4.9)

Therefore, based on the expressions in (2.15), estimate (3.27), Lemmas 2.1, 3.1, 3.2
and 4.1, we obtain

∫ t

0
ψ2

x(0,τ)dτ.
∫ t

0
|(Q1,Q2,Q3,φt,ψt,ζt,wx)|2(0,τ)dτ

.‖(Φ0,Ψ0,W0)‖2+‖(φ0,ψ0,ζ0)‖2+‖(φt,ψt,ζt)(0)‖2+e−δβ

+
(
δ+N(t)

)∫ t

0

(
‖(φ,ψ,ζ)(τ)‖2

2+‖ωtxx(τ)‖2
)

dτ, (4.10)

∫ t

0
|(φx,ζx)|2(0,τ)dτ

.

∫ t

0
|(Q1,Q3)|2(0,τ)dτ+

∫ t

0
|(φt,ζt,wx,ψx)|2(0,τ)dτ

.‖(Φ0,Ψ0,W0)‖2+‖(φ0,ψ0,ζ0)‖2+‖(φt,ψt,ζt)(0)‖2+e−δβ

+
(
δ+N(t)

)∫ t

0

(
‖(φ,ψ,ζ)(τ)‖2

2+‖ωtxx(τ)‖2
)

dτ, (4.11)

∫ t

0
ω2

xx(0,τ)dτ.
∫ t

0

[
ω2+ζ2

x+|θs
xζ|2+(qs

xx)
2](0,τ)dτ

.‖(Φ0,Ψ0,W0)‖2+‖(φ0,ψ0,ζ0)‖2+‖(φt,ψt,ζt)(0)‖2

+e−δβ+
(
δ+N(t)

)∫ t

0

(
‖(φ,ψ,ζ)(τ)‖2

2+‖ωtxx(τ)‖2
)

dτ. (4.12)

Now we are ready to establish the first-order energy estimate.
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Lemma 4.2. Under the assumption of Proposition 2.2, if N(t) and δ are suitably small,

it holds that

‖(φx,ψx,ζx)(t)‖2+
∫ t

0

(
|(φx,,ψx,ζx,ωxx)|2(0,τ)+‖wx(τ)‖2

1

)
dτ

.‖(Φ0,Ψ0,W0)‖2+‖(φ0,ψ0,ζ0)‖2
1+‖(φt,ψt,ζt)(0)‖2+e−δβ

+(δ+N(t))
∫ t

0

(
‖(φ,ψ,ζ)(τ)‖2

2+‖ωtxx(τ)‖2
)

dτ. (4.13)

Proof. Multiplying the equations in (2.14) by −Rθ
ρ φxx, −ρψxx, − ρζxx

θ and − ρωxx

4bθ4

one by one, respectively, we have

(
Rθ

ρ

φ2
x

2

)

t

−
(

Rθ

ρ
φxφt+

Rθu

ρ

φ2
x

2

)

x

=

{(
Rθ

2ρ

)

t

−
(

Rθu

2ρ

)

x

}
φ2

x−
Rθ

ρ
φxxQ1−

(
Rθ

ρ

)

x

φtφx, (4.14)

(
ρψ2

x

2

)

t

−
(

ρu
ψ2

x

2
+ρψtψx

)

x

−Rθφxψxx−Rρζxψxx

=−ρψxxQ2−(ρu)xψ2
x, (4.15)

(
Cvρ

θ

ζ2
x

2

)

t

−
(

Cvρu

θ

ζ2
x

2
+

Cvρ

θ
ζtζx

)

x

−Rρζxxψx−
ρζxx

θ
ωx

=

{(
Cvρ

θ

)

t

−
(

Cvρu

θ

)

x

}
ζ2

x

2
− ρζxx

θ
Q3−

(
Cvρ

θ

)

x

ζtζx , (4.16)

ρω2
xx

4bθ4
−
( aρωωx

4bθ4

)

x
+

aρω2
x

4bθ4
+
( aρ

4bθ4

)

x
ωωx−

ρζx

θ
ωxx

=
{

4bθs
xζ
[
θ2+θθs+(θs)2]−qs

xx

} ρωxx

4bθ4
. (4.17)

Adding them together, we get

(
Rθ

ρ

φ2
x

2
+

ρψ2
x

2
+

Cvρ

θ

ζ2
x

2

)

t

+
ρω2

xx

4bθ4
+

aρω2
x

4bθ4
+
( aρ

4bθ4

)

x
ωωx− I6x = I7, (4.18)

where

I6 :=
Rθ

ρ
φtφx+

Rθu

2ρ
φ2

x+ρu
ψ2

x

2
+ρψtψx+Rθφxψx
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+Rρζxψx+
Cvρ

θ
ζtζx+

Cvρu

θ

ζ2
x

2
− aρωωx

4bθ4
− ρζx

θ
ωx

.O(1)|(φx ,ψ,ζx,φt,ψt,ζt,ω,ωx)|2,

I7 :=

{(
Rθ

2ρ

)

t

−
(

Rθu

2ρ

)

x

}
φ2

x−Rθxψxφx−Rρxζxψx−(ρu)xψ2
x

+

{(
Cvρ

θ

)

t

−
(

Cvρu

θ

)

x

}
ζ2

x

2
− Rθ

ρ
φxxQ1−

(
Rθ

ρ

)

x

φtφx

−ρψxxQ2−ρxψtψx−
ρζxx

θ
Q3−

(
Cvρ

θ

)

x

ζtζx−
(ρ

θ

)

x
ζxωx

+
{

4bθs
xζ
[
θ2+θθs+(θs)2]−qs

xx

} ρωxx

4bθ4

.
(
δ+N(t)

)
|(φxx ,ψxx,ζxx ,ωxx,φx,ψx,ζx,ωx,φ,ψ,ζ,ω)|2.

Therefore, integrating (4.18) over R+×[0,t] and using (4.10)-(4.12), we can get

(4.13).

4.2 Second-order energy estimates

Now, we are going to derive the second-order energy estimates. First for the time
derivatives, differentiating (2.14) with respect to t, we get the system that






φtt+uφtx+ρψtx= Q̃1,

ψtt+uψtx+Rζtx+
Rθ

ρ
φtx= Q̃2,

Cvζtt+Cvuζtx+Rθψtx+ωtx= Q̃3,

−ωtxx+aωt+4bθ3ζtx+4bθs
xζt

(
θ2+θθs+

(
θs
)2)

= Q̃4,

(4.19a)

(4.19b)

(4.19c)

(4.19d)

where
Q̃1=Q1t−(utφx+ρtψx),

Q̃2=Q2t−utψx−
(

Rθ

ρ

)

t

φx,

Q̃3=Q3t−Cvutζx−Rθtψx,

Q̃4=qs
xx−4b

(
θ3
)

t
ζx−4b

{
θs

x

[
θ2+θθs+(θs)2]}

t
ζ.

(4.20)

Then we have the following lemma on the estimates of the time derivatives.
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Lemma 4.3. Under the assumptions of Proposition 2.2, if N(t) and δ are suitably small,

it holds that

‖(φtt,ψtt,ζtt)(t)‖2+
∫ t

0

[(
φ2

tt+ζ2
tt

)
(0,τ)+‖(ωtt,ωttx)(τ)‖2

]
dτ

.‖(Φ0,Ψ0,W0)‖2+‖(φ0,ψ0,ζ0)‖2
2+‖(φt,ψt,ζt)(0)‖2

1

+‖(φtt,ψtt,ζtt)(0)‖2+e−δβ+δ‖(ωtx,ωtxx)(t)‖2

+
(
δ+N(t)

)∫ t

0

(
‖(φ,ψ,ζ)(τ)‖2

2+‖ωtx(τ)‖2
1

)
dτ. (4.21)

Proof. Differentiating the equations in (4.19) with respect to t, then multiplying

the resulted equations one by one by Rθ
ρ φtt, ρψtt,

ρ
θ ζtt and

ρ
4bθ4 wtt respectively,

and adding them together, we get
(

Rθ

2ρ
φ2

tt+
ρ

2
ψ2

tt+
Cvρ

2θ
ζ2

tt

)

t

+
ρw2

xtt

4bθ4
+
( ρ

4bθ4

)

x
wttwxtt+

aρw2
tt

4bθ4
+ J1x= J2, (4.22)

where

J1 :=
Rθu

2ρ
φ2

tt+
ρu

2
ψ2

tt+
Cvρu

2θ
ζ2

tt+Rθφttψtt+Rρψttζtt

+
ρ

θ
ζttwtt−

ρ

4bθ4
wttwxtt, (4.23)

J2 :=

{(
Rθ

2ρ

)

t

+

(
Rθu

2ρ

)

x

}
φ2

tt+
(
Q̃1t−ρtψtx−utφtx

)Rθ

ρ
φtt

+

[
Q̃2t−utψtx−

(
Rθ

ρ

)

t

φtx

]
ρψtt+Rθxφttψtt−Rρxψttζtt

+

{(
Cvρ

2θ

)

t

+

(
Cvρu

2θ

)

x

}
ζ2

tt+(Q3t−Cvutζtx−Rθtψtx)
ρ

θ
ζtt

+
{

Q̃4−12bθ2θtζtx−
[
4bθs

xζt

(
θ2+θθs+(θs)2)]

t

} wtt

4bθ4
. (4.24)

In particular, one has

J1(0,τ)≥ c
(
φ2

tt+ζ2
tt

)
(0,τ)−C

(
ψ2

tt+w2
tt

)
(0,τ)− ρ−

4bθ4
−

∫ t

0
wttwxtt(0,τ)dτ, (4.25)

|J2|.O(1)
(
δ+N(t)

)
|(φtt,ψtt,ζtt,φtx,ψtx,ζtx,φx,ψx,ζx ,φ,ψ,ζ)|2. (4.26)

Integrating (4.22) over R+, we obtain

d

dt
‖(φtt,ψtt,ζtt)(t)‖2+

(
φ2

tt+ζ2
tt

)
(0,t)+‖(wtt,wttx)(t)‖2
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.
(
ψ2

tt+w2
tt

)
(0,t)+

ρ−
4bθ4

−
wttwxtt(0,t)

+O(1)
(
δ+N(t)

)
‖(φtt,ψtt,ζtt,φtx,ψtx,ζtx,φx,ψx,ζx,φ,ψ,ζ)(t)‖2 . (4.27)

Note that
∫ t

0

ρ

4bθ4
wttwxtt(0,τ)dτ=

ρ−
4bθ4

−

∫ t

0
wttwxtt(0,τ)dτ

=
ρ−

4bθ4
−

∫ t

0
{(wttwxt)t−wtttwxt}(0,τ)dτ

. |wttwxt|(0,t)+|wttwxt|(0,0)− ρ−
4bθ4

−

∫ t

0
wtttwxt(0,τ)dτ

.δ‖(wtx,wtxx)(t)‖2+δ
∫ t

0
w2

tx(0,τ)dτ+δ

.δ‖(wtx,wtxx)(t)‖2+δ
∫ t

0
‖(wtx ,wtxx)(τ)‖2dτ+δ. (4.28)

Integrating (4.27) on [0,t] and using (4.28), we can get (4.21).

To control the derivatives with respect to ∂tx on the boundary, we rewrite
system (4.19) as follows:






uφtx+ρψtx= Q̃1−φtt,

uψtx+Rζtx+
Rθ

ρ
φtx= Q̃2−ψtt,

Cvuζtx+Rθψtx = Q̃3−Cvζtt−wtx.

(4.29)

Then
∫ t

0
w2

tx(0,τ)dτ.
∫ t

0
‖wtx(τ)‖‖wtxx(τ)‖dτ

.ν
∫ t

0
‖wtxx(τ)‖2dτ+Cν

∫ t

0
‖wtx(τ)‖2dτ, (4.30)

∫ t

0
|(φtx,ψtx,ζtx)|2(0,τ)dτ

.

∫ t

0
|(φtt,ψtt,ζtt,wtx)|2(0,τ)dτ+

∫ t

0

∣∣(Q̃1,Q̃2,Q̃3)
∣∣2(0,τ)dτ

.‖(Φ0,Ψ0,W0)‖2+‖(φ0,ψ0,ζ0)‖2
2+‖(φt,ψt,ζt)(0)‖2

1+e−δβ

+
(
ν+δ+N(t)

)∫ t

0

(
‖(φ,ψ,ζ)(τ)‖2

2+‖ωtxx(τ)‖2
)

dτ, (4.31)
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where ν>0 is a constant small enough. Therefore, one also has

∫ t

0
|wtxx|2(0,τ)dτ.

∫ t

0

∣∣(ωt,ζtx,θs
xζt,ζ,ζt,Q̃4)

∣∣2(0,τ)dτ

.‖(Φ0,Ψ0,W0)‖2+‖(φ0,ψ0,ζ0)‖2
2+‖(φt,ψt,ζt)(0)‖2

1

+e−δβ+‖(φtt,ψtt,ζtt)(0)‖2

+
(
ν+δ+N(t)

)∫ t

0

(
‖(φ,ψ,ζ)(τ)‖2

2+‖ωtxx(τ)‖2
)

dτ. (4.32)

Now we are ready to introduce the following lemma.

Lemma 4.4. Under the assumption of Proposition 2.2, if N(t) and δ are suitably small,

it holds that

‖(φtx,ψtx,ζtx)(t)‖2+
∫ t

0

(
|(φtx,ψtx,ζtx,wtx,wtxx)|2(0,τ)+‖wtx(τ)‖2

1

)
dτ

.‖(Φ0,Ψ0,W0)‖2+‖(φ0,ψ0,ζ0)‖2
2+‖(φt,ψt,ζt)(0)‖2

1+e−δβ

+‖(φtt,ψtt,ζtt)(0)‖2+
(
δ+N(t)

)∫ t

0
‖(φ,ψ,ζ)(τ)‖2

2dτ. (4.33)

Proof. Differentiating the equations in (4.19) with respect to x, then multiplying

each of the resulting equations by Rθ
ρ φtx, ρψtx,

ρ
θ ζtx and

ρ
4bθ4 wtx respectively, and

adding all resulting equations together, we get

(
Rθ

2ρ
φ2

tx+
ρ

2
ψ2

tx+
Cvρ

2θ
ζ2

tx

)

t

+
ρw2

txx

4bθ4
+
( ρ

4bθ4

)

x
wtxwtxx+

aρw2
tx

4bθ4
+ J3x= J4, (4.34)

where

J3 :=
Rθu

2ρ
φ2

tx+
ρu

2
ψ2

tx+
Cvρu

2θ
ζ2

tx+Rθφtxψtx+Rρψtxζtx (4.35)

+
ρ

θ
ζtxwtx−

ρ

4bθ4
wtxwtxx

=O(1)|(φtx ,ψtx,ζtx,wtx,wtxx)(x,t)|2,

J4 :=

{(
Rθ

2ρ

)

t

+

(
Rθu

2ρ

)

x

}
φ2

tx+
(
Q̃1x−ρxψtx−uxφtx

)Rθ

ρ
φtx (4.36)

+

[
Q̃2x−uxψtx−

(
Rθ

ρ

)

x

φtx

]
ρψtx+Rθxφtxψtx−Rρxψtxζtx

+

{(
Cvρ

2θ

)

t

+

(
Cvρu

2θ

)

x

}
ζ2

tx+
(
Q̃3x−Cvuxζtx−Rθxψtx

)ρ

θ
ζtx
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+
{

Q̃4x−12bθ2θxζtx−
[
4bθs

xζt

(
θ2+θθs+(θs)2)]

x

} wtx

4bθ4

=O(1)|(φtx ,ψtx,ζtx,wtx,φxx,ψxx,ζxx,wxx,φx,ψx,ζx,wx,φ,ψ,ζ,w)(x,t)|2 .

Integrating (4.34) over R+×[0,t] and using the boundary estimates (4.30)-(4.32),

we can get (4.33).

To control the other derivatives of second order, differentiating (3.11) with
respect to x, we get the system that






φtx+uφxx+ρψxx =Q5,

ψtx+uψxx+Rζxx+
Rθ

ρ
φxx=Q6,

Cvζtx+Cvuζxx+Rθψxx+ωxx=Q7,

−ωxxx+aωx+4bθ3ζxx+4bθs
xζx

(
θ2+θθs+

(
θs
)2)

=Q8,

(4.37a)

(4.37b)

(4.37c)

(4.37d)

where
Q5=Q1x−(uxφx+ρxψx),

Q6=Q2x−uxψx−
(

Rθ

ρ

)

x

φx,

Q7=Q3t−Cvutζx−Rθtψx,

Q8=qs
xxx−4b

(
θ3
)

x
ζx−4b

{
θs

x

[
θ2+θθs+(θs)2

]}
x

ζ.

(4.38)

It can be rewritten as




uφxx+ρψxx =Q5−φtx,

uψxx+Rζxx+
Rθ

ρ
φxx=Q6−ψtx,

Cvuζxx+Rθψxx =Q7−Cvζtx−wxx.

(4.39)

Therefore,
∫ t

0
|(φxx ,ψxx,ζxx)|2(0,τ)dτ

.

∫ t

0
|(φtx,ψtx,ζtx,wxx)|2(0,τ)dτ+

∫ t

0
|(Q5,Q6,Q7)|2(0,τ)dτ

.‖(Φ0,Ψ0,W0)‖2+‖(φ0,ψ0,ζ0)‖2
2+‖(φt,ψt,ζt)(0)‖2

1

+e−δβ+
(
δ+N(t)

)∫ t

0
‖(φ,ψ,ζ)(τ)‖2

2dτ, (4.40)
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∫ t

0
|ωxxx|2(0,τ)dτ

.
∫ t

0
|(ωx,ζxx ,θs

xζx ,ζ,ζx ,Q8)|2(0,τ)dτ

.‖(Φ0,Ψ0,W0)‖2+‖(φ0,ψ0,ζ0)‖2
2+‖(φt,ψt,ζt)(0)‖2

1

+e−δβ+
(
δ+N(t)

)∫ t

0
‖(φ,ψ,ζ)(τ)‖2

2dτ. (4.41)

Then we have the following estimates.

Lemma 4.5. Under the assumption of Proposition 2.2, if N(t) and δ are suitably small,

it holds that

‖(φxx,ψxx,ζxx)(t)‖2+
∫ t

0

(
|(φxx,ψxx,ζxx,wxxx)|2(0,τ)+‖wxx(τ)‖2

1

)
dτ

.‖(Φ0,Ψ0,W0)‖2+‖(φ0,ψ0,ζ0)‖2
2+‖(φt,ψt,ζt)(0)‖2

1+e−δβ

+‖(φtt,ψtt,ζtt)(0)‖2+
(
δ+N(t)

)∫ t

0
‖(φ,ψ,ζ)(τ)‖2

2dτ. (4.42)

Proof. Differentiating the equations in (2.14) with respect to x twice, then mul-

tiplying each of them by Rθ
ρ φxx, ρψxx, − ρ

θ ζxxx and − ρ
4bθ4 wxxx respectively, and

adding the resulting equations together, we get

(
Rθ

ρ

φ2
xx

2
+ρ

ψ2
xx

2
+

Cvρ

2θ
ζ2

xx

)

t

+
aρω2

xx

4bθ4
+ρ

ω2
xxx

4bθ4
+
( aρ

4bθ4

)

x
ωxxωxxx+ J9x

=O(1)
(

δ+N(t)
)
|(φxx,ψxx,ζxx,ωxxx)||(φxx ,ψxx,ζxx,ζtx,φx,ψx,ζx,φ,ψ,ζ)|, (4.43)

where

J9 :=
Rθu

ρ

φ2
xx

2
+ρu

ψ2
xx

2
+Rθψxxφxx−

Cvρu

2θ
ζ2

xx

−Cvρ

θ
ζtxζxx−

ρ

θ
ωxxζxx−

aρwxwxx

4bθ4

=O(1)|(φxx ,ψxx,ζxx ,ζtx,ωx,ωxx)|2. (4.44)

Integrating (4.43) over R+×[0,t] and using (4.40) with (4.41), we can get (4.42).

This completes the proof.

Combining Lemmas 3.1-3.2 and 4.1-4.5 together, we can get

‖(Φ,Ψ,W)(t)‖2+‖(φ,ψ,ζ)(t)‖2
2+‖(φt,ψt,ζt)(t)‖2

1+‖(φtt,ψtt,ζtt)(t)‖2
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+
∫ t

0
|(Φ,Ψ,W)|2(0,τ)dτ+

∫ t

0

∫

R+

(
|us

x ||(Ψ,W)|2+Γ2+Γ2
x

)
dxdτ

+
∫ t

0
|(φ,φx,ψx,ζx,wx,φxx,ψxx,ζxx,wxx,wxxx,φtx,ψtx,ζtx,wtx,wtxx)|2(0,τ)dτ

+
∫ t

0

(
‖w(τ)‖2

3+‖wt(τ)‖2
2

)
dτ

.‖(Φ0,Ψ0,W0)‖2+‖(φ0,ψ0,ζ0)‖2
1+‖(φt,ψt,ζt)(0)‖2

1+‖(φtt,ψtt,ζtt)(0)‖2

+e−δβ+
(
δ+N(t)

)∫ t

0
‖(φ,ψ,ζ)(τ)‖2

2dτ. (4.45)

Finally in this section, we will deal with the term
∫ t

0 ‖(φ,ψ,ζ)(τ)‖2
2dτ, which

appears in the right hand side of estimate (4.45).

Lemma 4.6. Under the assumptions of Proposition 2.2, if N(t) and δ are suitably small,

it holds that
∫ t

0
‖(φ,ψ,ζ)(τ)‖2

2dτ.‖(Φ0,Ψ0,W0)‖2+‖(φ0,ψ0,ζ0)‖2
2 (4.46)

+‖(φt,ψt,ζt)(0)‖2
1+‖(φtt,ψtt,ζtt)(0)‖2+e−δβ.

Proof. Multiplying the second and the third equations in (2.39) by RθsΦx and 2Ψx,

respectively, we get

(RθsΨΦx)t−Rθs
t ΨΦx−(RθsΨΦt)x+Rθs

xΨΦt

−RθsΨ2
x−Rθsus

xΦΨx+(RθsΦx)
2

=

(
G1−RWx−(γ−1)us

xΨ+
Rθs

ρs
ρs

xΦ

)
RθsΦx, (4.47)

2Cv

[
(WΨx)t−(WΨt)x

]
+2CvWx (Ψt+usΨx)+2RθsΨ2

x

−2Ψx

(
qs

x

ρs
Φ+

ps
x

ρs
Ψ−Γx

)
=2G2Ψx. (4.48)

Then

(RθsΨΦx+2CvWΨx)t−(RθsΨΦt+2CvWΨt)x

+RθsΨ2
x+(RθsΦx)

2−Rθs
t ΨΦx+Rθs

xΨΦt

−Rθsus
xΦΨx+2CvWx (Ψt+usΨx)

=

[
G1−RWx−(γ−1)us

xΨ+
Rθs

ρs
ρs

xΦ

]
RθsΦx

+2Ψx

(
qs

x

ρs
Φ+

ps
x

ρs
Ψ−Γx

)
+2G2Ψx. (4.49)



144 L. Fan, L. Ruan and W. Xiang / Commun. Math. Anal. Appl., 1 (2022), pp. 112-151

Multiplying the fourth equation in (2.39) by Wx, we get

4b(θs)3

ρ
W2

x .Γ2
xx+Γ2+(θs

xΦ)2+(us
xΨ)2+G2

3. (4.50)

Hence, integrating (4.49) over R+×[0,t] and by Lemma 2.1 and estimate (4.50),

we obtain that
∫ t

0

∫

R+

(
RθsΨ2

x+(RθsΦx)
2+W2

x

)
dxdτ

.‖(Ψ,Φx ,W,Ψx)(t)‖2+‖(Ψ,Φx ,W,Ψx)(0)‖2+e−cδβ

+
∫ t

0
|(Φ,Ψ,W)|2(0,τ)dτ+

∫ t

0

∫

R+

(
|us

x ||(Ψ,W)|2+Γ2
xx+Γ2+(us

x)
2
)

dxdτ

+
∫ t

0
|(Φx ,Ψx,Wx)|2(0,τ)dτ+

(
δ+N(t)

)∫ t

0
‖(φx ,ψx,ζx)(τ)‖2dτ. (4.51)

Recalling the relation between (φ,ψ,ζ) and (Φ,Ψ,W) in (2.18), we know

φ2=Φ2
x , ψ2.Ψ2

x+(us
xΦ)2, ζ2.W2

x +(θs
xΦ)2+(us

xΨ)2+ρ2ψ4.

Therefore
∫ t

0
‖(φ,ψ,ζ)(τ)‖2dτ

.‖(Φ0,Ψ0,W0)‖2+‖(φ0,ψ0,ζ0)‖2
2+‖(φt,ψt,ζt)(0)‖2

1

+‖(φtt,ψtt,ζtt)(0)‖2+e−δβ+
(
δ+N(t)

)∫ t

0
‖(φx ,ψx,ζx)(τ)‖2

1dτ. (4.52)

Furthermore, it follows from (3.11)4 that

|ζx(x,t)|2. |(ωx,ω,θs
xζ,qxx)(x,t)|2. (4.53)

In addition, multiplying (3.11)2 and (3.11)3 by Rθ
ρ φx and 2ψx, respectively, we

obtain

(
Rθ

ρ
ψφx+2Cvζψx

)

t

−
(

Rθ

ρ
ψφt+2Cvζψt

)

x

+

(
Rθ

ρ
φx

)2

+Rθψ2
x

=

(
Rθ

ρ

)

t

ψφx+

(
Rθ

ρ

)

x

ψ(uφx+ρψx−Q1)+CvRζ2
x

+O(1)
(
|ζxφx|+|ψxωx|+|(φx,ζx)Q2|+|ψx(Q1,Q3)|

)
. (4.54)
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Integrating (4.54) over R+×[0,t] and using (4.45) and (4.52) with (4.53), we have

∫ t

0

∫

R+

(
ψ2

x+ψ2
x+ζ2

x

)
dxdτ

.‖(Φ0,Ψ0,W0)‖2+‖(φ0,ψ0,ζ0)‖2
2+‖(φt,ψt,ζt)(0)‖2

1

+‖(φtt,ψtt,ζtt)(0)‖2+e−δβ+
(
δ+N(t)

)∫ t

0
‖(φ,ψ,ζ)(τ)‖2

2dτ. (4.55)

Next, from (4.37d), it holds that

|ζxx(x,t)|2. |(ωxxx ,ωx,θs
xζx ,Q8)(x,t)|2. (4.56)

Finally, multiplying (4.37b) and (4.37c) by Rθ
ρ φxx and 2ψxx, respectively, we obtain

∫ t

0

∫

R+

(
ψ2

xx+ψ2
xx+ζ2

xx

)
dxdτ

.‖(Φ0,Ψ0,W0)‖2+‖(φ0,ψ0,ζ0)‖2
2+‖(φt,ψt,ζt)(0)‖2

1

+‖(φtt,ψtt,ζtt)(0)‖2+e−δβ+
(
δ+N(t)

)∫ t

0
‖(φ,ψ,ζ)(τ)‖2

2dτ. (4.57)

Combining the estimates (4.52), (4.55) and (4.57) together, we can get (4.46).

5 Estimates on radiative perturbation

In this section, we focus on the proof of the estimates related to the rediative heat
flux.

Lemma 5.1. Under the assumptions in Proposition 2.2, if N(t) and δ are suitably small,

it holds that

‖Γ(t)‖2+‖w(t)‖2
3

.‖(Φ0,Ψ0,W0)‖2+‖(φ0,ψ0,ζ0)‖2
2

+‖(φt,ψt,ζt)(0)‖2
1+‖(φtt,ψtt,ζtt)(0)‖2+e−δβ. (5.1)

Proof. By the last equation of (2.39), we see that

−Γxx+aΓ+bζ(θ+θs)
[
θ2+θθs+(θs)2]=qs. (5.2)

Multiplying Eq. (5.2) by Γ, we have

−(ΓxΓ)x+Γ2
x+aΓ2+bΓζ(θ+θs)

[
θ2+θθs+(θs)2]=qs

xΓ. (5.3)
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Integrating (5.2) over [0,+∞), and choosing δ and N(t) suitably small, we have

‖(Γ,Γx)(t)‖2 .

∫ ∞

0

[
ζ2+(qs

x)
2]dx+|ΓxΓ(0,t)|. (5.4)

Multiplying (2.14)4 by −wxx, we have

−(awwx)x+w2
xx+aw2

x

=
{

4bθ3ζx+4bθs
xζ−

[
θ2+θθs+(θs)2]−qs

xx

}
wxx. (5.5)

Integrating (5.5) over [0,+∞), and choosing δ and N(t) suitably small, we have

‖(wx ,wxx)(t)‖2 .

∫ ∞

0

[
ζ2

x+ζ2+(qs
xx)

2]dx+|awxw(0,t)|. (5.6)

Multiplying (2.14d) by −wxxx, we have

−(awxwxx)x+w2
xxx+aw2

xx

=
{

4bθ3ζx+4bθs
xζ
[
θ2+θθs+(θs)2]−qs

xx

}
x

wxxx. (5.7)

Integrating (5.7) over [0,+∞), and choosing δ and N(t) suitably small, we have

‖(wxx ,wxxx)(t)‖2 .
∫ ∞

0

[
ζ2

xx+ζ2
x+ζ2+(qs

xxx)
2
]

dx+|wxxwx(0,t)|. (5.8)

Combining the estimates (5.4), (5.6) and (5.8) together, one has

‖Γ(t)‖2+‖w(t)‖2
3

.‖ζ(t)‖2
2+

∫ ∞

0

[
(qs

x)
2+(qs

xx)
2+(qs

xxx)
2
]

dx

+|ΓxΓ(0,t)|+|awxw(0,t)|+|awxxwx(0,t)|. (5.9)

The last three terms on the right-hand side of (5.9) are estimated as follows one

by one:

|ΓxΓ(0,t)|= |w(0,t)||Γ(0,t)|. |qs(0,t)|‖Γ(t)‖∞

.δ‖Γ(t)‖ 1
2‖Γx(t)‖

1
2 .δ‖Γ(t)‖2+δ‖Γx(t)‖

2
3

.δ‖(Γ,Γx)(t)‖2+δ, (5.10)

|wxw|(0,t). |qs(0,t)|‖wx(t)‖∞

.δ‖wx(t)‖
1
2 ‖wxx(t)‖

1
2 .δ‖wx(t)‖2+δ‖wxx(t)‖

2
3

.δ‖(wx ,wxx)(t)‖2+δ, (5.11)
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|wxxwx(0,t)|=
∣∣∣wx

{
aw+4bθ3ζx+4bθs

xζ
[
θ2+θθs+(θs)2]−qs

xx

}∣∣∣(0,t)

. |wx(q
s
x ,qs

xx)|(0,t)+|wx(ζx ,ζ)|(0,t)

.δ‖(wx,wxx)(t)‖2+δ+‖wx(t)‖∞‖(ζx ,ζ)(t)‖∞

.δ‖(wx,wxx)(t)‖2+δ+‖wx(t)‖
1
2‖wxx(t)‖

1
2

×
(
‖(ζx ,ζ)(t)‖ 1

2 +‖(ζx ,ζxx)(t)‖
1
2

)

.

(
δ+

1

4

)
‖(wx,wxx)(t)‖2+δ+‖ζ(t)‖2

2 . (5.12)

Inserting (5.10)-(5.12) into (5.9), we can get (5.1). This completes the proof of

Lemma 5.1.

Lemma 5.2. Under the assumptions of Proposition 2.2, if N(t) and δ are suitably small,

it holds that

‖wt(t)‖2
2+‖wtt(t)‖2

1

.‖(Φ0,Ψ0,W0)‖2+‖(φ0,ψ0,ζ0)‖2
2

+‖(φt,ψt,ζt)(0)‖2
1+‖(φtt,ψtt,ζtt)(0)‖2+e−δβ. (5.13)

Proof. Multiplying (4.19d) by wt, we get

−(wtxwt)x+w2
tx+aw2

t

=−
{

4bθ3ζtx+4bθs
xζt

[
θ2+θθs+(θs)2]−Q̃4

}
wt. (5.14)

Multiplying (4.19d) by −wtxx, we get

−(awtxwt)x+w2
txx+aw2

tx

=
{

4bθ3ζtx+4bθs
xζt

[
θ2+θθs+(θs)2]−Q̃4

}
wtxx. (5.15)

Integrating (5.14) and (5.15) over [0,+∞), and choosing δ and N(t) suitably small,

it holds

‖wt(t)‖2
2.

∫ ∞

0

(
ζ2

tx+ζ2
t +ζ2+Q̃2

4

)
dx+|wtxwt(0,t)|, (5.16)

where the last terms on the right-hand side of (5.16) are estimated as follows:

|wtxwt(0,t)|. |qs
t (0,t)|‖wtx‖∞

. |qs
t(0,t)|‖wtx‖

1
2‖wtxx‖

1
2 .δ

(
‖wtxx‖2+‖wtx‖2

)
+δ. (5.17)
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Plugging (5.17) into (5.16), we get

‖wt(t)‖2
2.‖(Φ0,Ψ0,W0)‖2+‖(φ0,ψ0,ζ0)‖2

2+‖(φt,ψt,ζt)(0)‖2
1

+‖(φtt,ψtt,ζtt)(0)‖2+e−δβ. (5.18)

On the other hand, multiplying (4.19d) by −wtt, we get

−(awttxwtt)x+w2
ttx+aw2

tt

=12bθ2θtζtxwtt+
(
4bθ3ζttwtt

)
x
−12bθ2θxζttwtt−4bθ3ζttwttx

+
{

4bθs
xζt

[
θ2+θθs+(θs)2]−Q̃4

}
t
wtt. (5.19)

Integrating (5.19) over [0,+∞), and choosing δ and N(t) suitably small, it holds

‖wtt(t)‖2
1.‖(ζ,φ,ψ)(t)‖2

2+|wttζtt(0,t)|
.‖(ζ,φ,ψ)(t)‖2

2+δ. (5.20)

Combining (5.16) and (5.18) together, we can get (5.13). This completes the proof

of Lemma 5.2.

Now we can prove Proposition 2.2 to conclude the proof of Theorem 2.1 by
Propositions 2.1 and 2.2.

Proof of Proposition 2.2. Using the results (4.45), (4.46), (5.1), and (5.13), we can

obtain (2.48). This completes the proof of Proposition 2.2.
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