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Analysis of a Kind of Stochastic Dynamics Model
with Nonlinear Function®

Zhimin Li' and Tailei Zhang"!

Abstract In this paper, we establish stochastic differential equations on the
basis of a nonlinear deterministic model and study the global dynamics. For
the deterministic model, we show that the basic reproduction number $¢ de-
termines whether there is an endemic outbreak or not: if ¥y < 1, the disease
dies out; while if ¥y > 1, the disease persists. For the stochastic model, we
provide analytic results regarding the stochastic boundedness, perturbation,
permanence and extinction. Finally, some numerical examples are carried out
to confirm the analytical results. One of the most interesting findings is that
stochastic fluctuations introduced in our stochastic model can suppress dis-
ease outbreak, which can provide us some useful control strategies to regulate
disease dynamics.
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1. Introduction

Bilinear and standard incidences have been frequently used in many epidemic model-
s [21]. Several different forms of incidences have been proposed by some researchers.
Let S(t) and I(t) be the numbers of susceptible and infective individuals at time ¢,
respectively. Capasso and Serio [4] introduced a saturated incidence S f(I) into epi-
demic models to study of the cholera epidemic spread in Bari in 1973. The nonlinear
incidences of the forms fI?S? and SIPS/(1 + al?) were proposed by Liu et al. [19].
Epidemic models with the incidence 51757 had also been studied in [14]. An SEIRS
epidemic model with the saturation incidence 8SI/(1 + aS) was examined in [8].
Epidemic models with the incidence SIPS/(1 + al?) had been investigated in [28].
The nonlinear incidences of the form S(I + vI?)S proposed by van den Driessche
and Watmough [7] was used in [29]. The more general forms of nonlinear incidence
were considered in [27,30]. In view of the fact that the transmission mechanism
of many infectious diseases is not fully known, increasing attention has been paid
to infectious disease models with nonlinear incidence in recent years. In [13], the
global stability of a class of nonlinear epidemic models is considered.
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Stochastic models could be a more appropriate way of modeling epidemics in
many circumstances [3,11,12,15-18,22,25,26,31,32]. For example, stochastic mod-
els are able to take care of randomness of infectious contacts occurring in the latent
and infectious periods [17,18,26,31]. Tt also has been showed that some stochastic
epidemic models can provide an additional degree of realism in comparison with
their deterministic counterparts [2,6,9]. Many realistic stochastic epidemic models
can be derived based on their deterministic formulations. Allen [1] provided a great
introduction to the methods of the methods of derivation for various types of s-
tochastic models including stochastic differential equation (SDE) epidemic models.
Liu et al. [16] established a deterministic model of nonlinear incidence rate, and
studied the global stability of the model by the basic reproduction number of the
model. Then, a stochastic model is formulated on the basis of the deterministic
model, and the perturbation, persistence and extinction of the stochastic model in
the deterministic model are studied. Britton [2] gave an excellent survey on SDE
epidemic models which presented the exact and asymptotic properties of a simple
stochastic epidemic model, and was illustrated by studying effects of vaccination
and inference procedures for important parameters such as the basic reproduction
number and the critical vaccination coverage. Gray [9] formulated a SDE SIS epi-
demic model, and proved that the model has a unique global positive solution and
established conditions for extinction and persistence of infectious individuals.

There are different possible approaches to including random effects in the model,
and both of which are from a biological and mathematical perspective [20]. The
general stochastic differential equation SIRS model introduced in this manuscript
adopts the approach by Mao et al. [23], which has been pursued in [3,11, 12,15~
18, 25, 26, 31, 32], and assume that the parameters involved in the model always
fluctuate around some average value due to continuous fluctuation in the environ-
ment. Following their approach, we will focus on a SDE SIR model with nonlinear
incidence rate.

The rest of this paper is organized as follows: In Section 2, we find deterministic
models from the literature and describe the results of their deterministic models.
Considering the methods mentioned above, a stochastic model is formulated on the
basis of deterministic model. In Section 3, we first prove the existence of global
positive solutions for stochastic models. Secondly, we prove the extinction of dis-
eases. Thirdly, we prove the perturbation of disease-free equilibrium points and the
existence of stationary distribution for stochastic models. Finally, we prove the per-
sistence in mean. In Section 4, the numerical examples are carried out to illustrate
the main theoretical results. In Sections 5, we provide a brief discussion and the
summary of the main results.

2. Model description

2.1. The deterministic SIR model

In [13], Li et al. formulated a nonlinear deterministic epidemiological model in
which the nonlinear incidence Sf(I). The authors assume that f(I) is a real locally
Lipschitz function at least on [0, +00) which satisfies the following conditions:

(i) f(0) =0, f(I) > 0for I > 0;

(i) f(I)/I is continuous and monotone nonincreasing for I > 0, and Ili%l+ (/I
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exists, denoted by S(0 < 8 < +00);

(iii) f01+ 1/f(u)du = +oo. Further, establish an SIR epidemic model with the
nonlinear incidence S f(I) as follows:

ds

2 A —uS— Sf(I

g = nA—puS=Sf),

drI

5 =) = (ut+y+a)l, (2.1)
dR

_— = I—

w7 kR,

where function f(I) satisfies above conditions. Moreover, S = S(t), I = I(¢) and
R = R(t) represent the numbers of individuals in the susceptible, infected and re-
moved compartments at time ¢, respectively. © denotes the per capita natural death
rate, uA denotes the recruitment of susceptible individuals, v denotes the recovery
rate of an infected individual and « denotes the per capita disease-induced mortality
rate. The basic reproduction number is Ry = m f ;}m. Its disease-free equilibrium
point is Ey = (A,0,0) and endemic equilibrium point is E, = (S, I, R.), where

_ (pty+a)l. 7
S, = W f’zl*)i’R* - W# , 1. € (0, A).

For the model, the authors obtain the following results (see [13]). The disease-
free equilibrium is globally stable in the feasible region as the basic reproduction
number is less than or equal to unity, and the endemic equilibrium is globally stable
in the feasible region as the basic reproduction number is greater than unity.

2.2. Stochastic differential equation SIR model

Now, we turn to a continuous time SIR model, which takes random effects into
account. In SIR models, the recovery rate of an infected individual « is one of the
key parameters to disease transmission. May [24] pointed out that all the param-
eters involved in the population model exhibit random fluctuation as the factors
controlling them are not constant. Further, in the real situation, the recovery rate
of an infected individual v always fluctuate around some average value due to con-
tinuous fluctuation in the environment. Consequently, many researchers introduced
stochastic perturbations into deterministic models to reveal the effects of environ-
mental noise on the epidemic models [12,17,18,26,32]. As an extension of system
(2.1), we introduce stochastic perturbations into system (2.1). Then, we obtain the
following SIR epidemic model with nonlinear incidence:

dS = (A — uS — Sf(I)) dt — 018d B, (¢),
dI = (Sf(I)— (u+~v+ @)I)dt — ooIdBs(t) — 04IdBy(t), (2.2)
dR = (7I — pR) dt — o3RABs(t) + o4IdBa(t),

where B;(t) represents a standard Brownian motion with B;(0) = 0 and o; > 0
denotes the intensity of the white noise, ¢ = 1,2, 3,4. Specifically, for the intro-
duction of stochastic terms from (2.1), there are two cases, x} = f(x;) — dz; =
f(z))dt — o2;dB;(t), (1 = 1,2,3) and v — v + 04 B (t).
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3. The stochastic model (2.2)

3.1. Preliminaries

First, we introduce some lemmas and notations, which will be used in the following
parts. For the d-dimensional stochastic differential equation can be expressed as
follows:

QX (1) = f( X (1)t + g(t, X (1)AB), (3.1)
where f(t, X(t)) is a function in R? defined in [tg, +oc] x R? and g(t, X (1)) is a
d x m matrix, f,g are locally Lipschitz functions in X (¢). B(t) is an m-dimensional

standard Brownian motion defined on the above probability space. The differential
operator L of system (3.1) is defined by [23].

P 0,1 ¢ 02
=5 +;f¢(t)a 3 Z:: t)]ijm- (3.2)

If L acts on a function V € C>!(R? x [t, +oc]; R, ), then

1
LV (z,t) = Vi(x, 1) + Va(a, 1) f(2, 1) + 5’5TGC€[9T($J)9(~’EJ)]7 (3.3)
where W(xvt) = %‘{7 V ( ) (%7 v 7%); sz = (%)dxd' In view of Ito’s

formula, if z(t) € RY, then dV (z,t) = LV (z,t)dt + V,(x,t)g(z, t)dB(t).

Lemma 3.1. /23] Let X(t) be a regular time-homogeneous Markov process in R’}
described by the following stochastic differential equation:

k
dX(t) = b(X)dt + Y on(X)dB,(t). (3.4)

The diffusion matriz is defined as follows:

k

A(X) = (aij(2)), (aij (@) = Y oy ()0l (). (3.5)

r=1

Lemma 3.2. [10] The Markov process X (t) has a unique ergodic stationary distri-
bution 7 (-), if there exists a bounded domain U C Eq with reqular boundary I' and
(i) there is a positive number M such that Z” 1 aij(x)&& =M €],z e U, & e RY
(ii) there exists a nonnegative C?-function V such that LV is negative for any Eq\U.

Then,
{g&/‘f ﬂ)()}l (3.6)

for all x € Eg, where f(-) is a function integrable with respect to the measure .

Lemma 3.3. [33] Let A(t) and U(t) be two continuous adapted increasing process
ont > 0 with A(0) = U(0) = 0 a.s. Let M(t) be a real-valued continuous local
martingale with M(0) = 0 a.s. Let X(0) be a nonnegative Fy-measurable random
variable such that E (X (0)) < co. Define X(t) = X(0) + A(t) — U(t) + M(t) for
all t > 0. If X(t) is nonnegative, then lim; o A(t) < oo implies limy_,oo U(t) <
00, limy 00 X (t) < 00 and —oo < limy—, oo M (t) < 0o hold with probability one.
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Lemma 3.4. [5,33] Let M (t), t > 0 be a local martingale vanishing at time 0 and

define
pz\/[(t) Z:/ W,t = 0, (37)

M(t)
t

where [M, M| (t) is Meyers angle bracket process. Then, tlim =0 a.s. provided
—00

that lim par(t) < oo a.s.
t—»00

Lemma 3.5. For the solution (S(t),I(t), R(t)) of system (2.2) with any initial
value (S(0),1(0), R(0)) € RY, we have

limsup (S(t) + I(t) + R(t)) < o0 a.s. (3.8)

t—o0

Moreover,

t t
1m11/"@swm&w)za hmA{/UJ@M&W)zQ

oo t oo t
o L o L (3.9)
t_lgnoo z/o 0, R(0)dB;(0) =0, 75_lgmOO z/o 0:dB;(0) =0, (i =1,2,3,4) a.s.

Proof. From (2.2), we get

d(S+I+R) = [LLA — ,[L(S + I + R) — OLI} dt*UlsdBl(t) — O’QIdBQ(t) — O'3RdB3(t).
(3.10)
This equation has the solution of the form

S(t) +1(t) + R(t)

=A+Kﬂm+ﬂm+R®D—Maw—a/lww®awu+M@ (3.11)
0

< A+[(S(0)+ I(0) + R(0)) — Al e " + M(t),

where
t t
AIU)::fol/ﬂe*““*”5($dB1@)4—02/"e*““*QI(QdBQ@)
0 0
t
—03 / e "= R(s)dBs(s)
0

is a continuous local martingale with M (0) = 0 a.s. Define
X(t)=X(0)+ A(t) - U(t) + M(t), (3.12)

with X (0) = (S(0) + I(0) + R(0)), A(t) = A(1 — e ') and U(¢t) = (S(0) + I(0) +
R(0))(1—e#*) for all t > 0. Since the stochastic comparison theorem, S(t)+ I(t)+
R(t) < X(t) a.s. It is easy to check that A(t) and U(t) are continuous adapted
increasing processes on t > 0 with A(0) = U(¢t) = 0. By Lemma 3.3, we have that
lim; 00 X (t) < 00 a.s. Thus, we complete the proof of (3.8).
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For the sake of convenience, we denote

M, (t / S(s)dBi(s), Ma(t / S(s)dBa(s), Ms(t / S(s)dBa(s
Ma(t) = o2 /OtI(s)ng(s),Ms(t) =04 /Otl(s)dB4(s),
Ms(t) = o2 /Ot dBa(s), M (t) = 04 /Ot dBu(s).

(3.13)
Compute that [M, M](t) = o7 fo 52%(s)ds and by (3.8), we obtain
t 202
. 015%(s)ds 9 9
= — < . .
e = iy Sarap STTRT Ok G

Then, by Lemma 3.4, lim;_, %fot 015(s)dB1(s) = 0. The left can be proved simi-
larly. The proof is complete. O

Lemma 3.6. For the solution (S(t),I(t), R(t)) of system (2.2) with any initial
value (S(0),1(0), R(0)) € R3, we have

liinsup (S@E)+I(t)+R(t)) < A as. (3.15)
Proof. We set
M,(t) = / t S(s)dB (s / —1(t=5) (s)dBy (s),
0 0
My(t) :/O I(s)dBs(s /0 e M=) [(s)dBsy(s), (3.16)
M) = [ BBy (s /Oe K(t=3) R(5)d By (s).

By Lemma 3.5, we have

1 T
lim M() 0, lgglogMa(t)—(),

t—oo t
1
im — M (t) = 1
Jim, (1) =0, lim 05 (0) =0, (317

1 o1
lim M .(t) =0, lggo gMc (t) =0 a.s.

t—oo t
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From (3.11), since
i) =% [ [ ereswanas
a /0 t /0 e () d By (u)ds
o /0 t /0 o) () d By (u)ds
- 7% ( /0 t S(u)dB (u) — /0 te#““)S(u)dBl(U))

_9%2 (/t[(u)d&(u) - /Ot e“(t“)l(u)ng(u))

t \Jo
—"t?’( OtR(u)ng(u) _ /0 te_“(t_")R(u)dB3(u)>.

(3.18)

By (3.17), we obtain lim;_, ., (M (t)) = 0. Since

t

Jim % 1S(0) + I(0) + R(0) — Ale—"*ds
y 0

° (3.19)
= lim — {[S(0) + I(0) + R(0) — A] (1 — e *")} =0,

from (3.11). By (3.11), (3.18) and (3.19), we obtain

limsup (S(¢) + I(¢) + R(t)) < A a.s.

t—o0

This completes the proof. O

3.2. Existence of the global and positive solution

In this section, by using Lyapunov method, we show the solution of system (2.2) is
positive and global.

Theorem 3.1. For any given initial value (S(0),1(0),R(0)) € R3, there exists a
unique positive solution (S(t),I(t), R(t)) to system (2.2) ont > 0 and the solution
will remain in R with probability one. That is to say, (S(t),I(t), R(t)) € R for
allt > 0 almost definite.

Proof. Since the coefficients of system (2.2) are locally Lipschitz continuous, for
any given initial value (S(0),1(0), R(0)) € R%, there exists a unique local solution
(S(t),1(t),R(t)) on t € [0,7.), where 7, denotes the explosion time [6]. To verify
that this solution is global, we only need to prove 7. = +00 a.s.

Let ko > 0 be enough large such that each component of (S(0), I(0), R(0)) is no
large than ky. For each integer k > ko, define the stopping time

7o = inf {t € [0,7.) : S(t) = Kk, I(t) > k, R(t) > k},

where throughout this paper we set inf () = +o0o. Obviously, 7, is increasing as
k — 00. Set Too = limg_, o Txthen we can get 7o, < 7 a.s.
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Define a C2-function V : R3 — R, by
V(X)=S+T1+R. (3.20)
By It6’s formula, we get

dV(X) = (/LA - ,uS - /JI —al — MR) dt — JlsdBl(t) - O'QIdBQ(t) - O'stBs(t)

& LVdt — 015d31 (t) - UQIdBQ(t) - O'3RdB3(t),
(3.21)
where
LV(t) = pA — uS — pul —al — uR < pA 2 K.

For any k > ko, there exists T' > 0 such that 7, € (0,7 A 7]. By the generalized
Itd’s formula, for any ¢t € (0,T A 73], we have

TNATE
EV(X(T Am,)) = EV(X(S(0),1(0), R(0)) +E/O LVIX(s)ds 5 59y

)
< EV(X(5(0),1(0), R(0))) + KT.

Let k — oo, then t — oo, it follows that limg oo P(7x < T) = 0. Therefore,
P(7oo < T) =0. Since T > 0 is arbitrary, it results in

P(7se < 00) = 0, P(7o0 = 00) = 1. (3.23)

Consequently, the proof of Theorem 3.1 is completed. O

3.3. Extinction of the disease

In deterministic model (2.1), the value of the basic reproduction number Ry guaran-
tees persistence or extinction of the disease. If Ry < 1, then the disease will become
extinct; if Ry > 1, then the disease will be persistent. However, we will verify that
if the white noise is large enough. Then, the disease will die out, although it may
be persistent for deterministic case. The following theorem establishes a criterion
for the extinction of a disease.

Define a parameter as follows:

R 2BA(p+ 7 + @)  320)
{[(1+7+a)2pu+ 305+ + )] A 50572 + 503 (1 + @)?] }
Theorem 3.2. Let (S(t), I(t), R(t)) be the solution of system (2.2) with any ini-
tial value (S(0),1(0), R(0)) € R%. If R* < 1, then the solution (S(t),1(t), R(t)) of

system (2.2) has the following property

tlggo (S), = A as. (3.25)
and
1irnsup1 In[yI + (p+~+a)R] < BA— v Q<0a.s., (3.26)
tsoo 2(p+v+a)?
where

Q= { {(u +y+ )+ %Uﬁ(u +y+ a)z] A Baﬁy? + %Ui(u + Oé)z} } :
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Proof. Let Q@ =~I+ (u+ v+ a)R. An application of the It6’s formula, we have

dln@Q
_ {VSf(I)—u(quwra)R _ 3031272+0§R2(u+v+a)2+0512(u+a)2} at
T+ (n+v+a)R 2 (YT + (p+7+a)R)?
ooyl osR(p+v+a)
- dBa(t) —

Y+ (p+v+a)R 2(t) Y+ (p+y+a)R

< SID 44 — 1
I (YT + (p+7+ a)R)

1 1
[t St of]

oal (1 + o)
I+ (p+y+ )R

dBs(t) + dBy(t)

1
5 H(u+v+a)2u+ §0§(M+7+a)2} R?
0'2’)/[
M+ (p+y+a)R
oal(p+ @)
Y+ (p+v+a)R

dBa(t)

: dBa(t)

osR(p+v+a)
— dBs(t
I+ (p+v+a)R 3(t) +

ooyl
< pSdt —
p Y+ (p+v+a)R

dBa(t)

osR(p+v+ a)
- dBs(t
I+ (u+v+a)R 3(t) +

1 2 1 2 2 1 2_2 1 2 2
Wity Ta) H(u+7+a) ptzos(pty+a) ] A [2027 +501(p+a) Hdt,
(3.27)

oal(p+ @)
I+ (p+v+a)R

dBa(t)

on account of

Q—I)Q{cx2+dy2}<Q—

(ax + (a+b)y (end) (@ +v)

(a+b)?(x +y)?

ng C/\d)a

2(a +b)? (
with
2z +y)* > (¥ +y7).

By system (2.2), one can see that

d(S+I+R) = [MA — M(S + 1+ R) - Oéﬂ dt—alSdBl(t) — O'QIng(t) — UngBg(t).
(3.28)
Integrating the both sides of (3.28) from 0 to ¢, by Lemma 3.6, we have

limsup (S(t) + I(t) + R(t)) < A a.s. (3.29)

t—o0

Integrating the both sides of (3.27) from 0 to ¢, together with (3.29), and noting
that ®* < 1, one can get that

In Q(¥) 1 1

lim su <PA— ————— +y+a)u+ o3 (u+vy+a)?
msup — B 2(#+7+Q)2{[(u v+a)yptgos(uty+a)
1 1
A 50372 + ioi(u + a)2] } <0as.,
(3.30)
which implies that
t_1}+moo I(t) =0, t_1}+moo R(t) =0 a.s. (3.31)
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On the other hand, according to (3.28), we have

P R
= pA = p(S), = p(l), — p(R), — a(I), (3.32)
! fot S(s)dBi(s) o2 fot I(s)dBsy(s) o3 fot R(s)dBs(s)
t t t :

By Lemma 3.5, Lemma 3.6 and (3.31), it implies that

lim (S)=Aas.

t——+o00

Thus, the proof of Theorem 3.2 is completed. O]

3.4. Asymptotic behavior around the disease-free equilibrium
Ep.

As mentioned in model (2.1), if Ry < 1, then the disease-free equilibrium Ey of
system (2.1) is always globally asymptotically stable, which indicates that the dis-
ease will go to extinction with the advancement of time. Noticing that Ey is not
an equilibrium of system (2.2), it is of great interest to study whether the disease
will die out in the population. Now, we are in the position to investigate how the
solution of system (2.2) spirals closely around Ej.

Theorem 3.3. Suppose that o < 1. Then, for any solution (S(t),I(t), R(t))
of model (2.2) with initial value (S(0),1(0), R(0)) € RY, if 0% < p,303 + 0f <

n+y+a— % and 03 < p. Then, we obtain

limsuplE/t [(S(u) — A)? + I*(u) + R*(u)]du < ,
0

t—o00

. 2
where m = min { (1 = o3), (u+ 7+ a— 3§ — o — 1), (45 — o) }.

Proof. Define V : R} — Ry by

2u+7+a

V() =V(t) + 5 Va(t) + V3(¢), (3.33)
where ) )
Vilt) = (S~ A+ () Valt) = 1. Valt) = L (RO (330
Along the trajectories of model (2.2), one can obtain that
AV (t) = avi (1) + 220G () + dva(e). (3.35)

In details,

dVy = LVidt — (S — A+ I)(01SABy(t) + 02Id By (t) + o4IdBy(t)),

(3.36)
d‘/g = LVth — Ug]ng(t) — 0'4IdB4(t),
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and
dVs = LVadt — o3 R*dB3(t) + 04T RAB4(t), (3.37)

where
LVi = (S— A+ I)(pA—puS — (p+~+a)) + ( 282 4 02I% 4 031%),
LVo = Sf(I) = (p+~+a)l, (3.38)
LVg,:fyIR—uRQ—I-;( SR® +0i1%).
By (3.38), one can see that
Vi = (S=A+1)(—pu(S—A) = (p+v+a))
+%(U%(S — A+ A)? + 0317 +0i17)
—u(S = A = 2u 4y +a) (S — AT — (p+v+ a)I?
+%(Jf(5 — A+ A)? + 031 + 011?)
= (S = A)? = 2u+v+a)(S = A = (u+vy+a)l®
+02(S — A)? +02A? + %@g + oHI?
<—(n=0))(S—A)° = u+y+a)(S—AI
1 2

1
—(p+y+a— 505 - 504)I2 + o2 A?

where in the last step we have used the elementary inequalities (a+b)? < 2a? + 2b%.
Analogously, by (3.38) and 2ab < a® + b%, Ry = < 1, we get

(3.39)

BA
ptyta
Vo= (S - A+ A)f(I) = (p+y+a)l =(S=A)f(I) + Af(I) = (p+ v+ )l
(S—A)BI+ABI— (p+v+a)l=(S—A)BI+ (AB— (p+v+a)I

(3.40)
and
LVs =~IR — uR? + 2( o3 R? + 0i1%)

2 1 1 21
< oI+ SR — R 4+ S(03R? + 031%) = —(§ — SoD)R? + (- + SoD) I

21 2 2u
(3.41)
By (3.39), (3.40) and (3.41), one can derive that

LV < —(p—01)(S— A = 2u+~+a)(S— AT

(vt ;a; - %oi)ﬂ +J§A2

trta Bl (L g
+ 3 (S —A)BI — ( o3)R* + (Q,U + 204)1 (3.42)
2
= —(n=0D(S = AP~ (u+y+a—503 -0l — )
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Integrating (3.35) from 0 to ¢ on both sides, then taking expectation and combining
with (3.42) leads to

EV(#) - V(0) < — (i — af)E/o (S(u) — A)2du

2 t
g 2
u+’y+a—702702—— /I u)du (3.43)
~ 57—t = LF [ P
poo 1o, ‘ 2 2 42
—(5 - 503)E R*(u)du + o] A%t.
0
Therefore,
hin sup tE Qdu 0?A?, (3.44)
—00
where

Q= [(1—})(Sw) = AP + (u+7+a— o8 — 0% = 2)(w) + (4 - SoB)R2(w)] .
Letmzmin{(u—a%),(u+’y+a—§az—UE—%—H (5 — %0’%} then by (3.44),

we can obtain

. 1 ! 2 2 2 o A?
limsup—F [ [(S(u) — 4)* + I*(u) + R*(u)] du < .
t—oo 0 m
Thus, the proof of Theorem 3.3 is completed. O

Noting that when o1 = 0, Ej is also the disease-free equilibrium of system (2.2)
and (3.42) reduces to the following from

1 1
LV < (S = 4)° = (u+y+a—S03 o} - Ay L 5ag)RQ, (3.45)

which shows that LV is negative definite as long as 702 +ol<pt+yta—L and
03 < p. Consequently, we have the following corollary.

Corollary 3.1. Suppose that Ry < 1 and o1 = 0. Then, the disease-free equilibrium
Ey of system (2.2) is stochastically asymptotically stable in the large provided %0’%4—

2
o <pt+vy+a—3 andof < p.

3.5. Existence of the stationary distribution

In this subsection, we consider the existence of a unique stationary distribution of
system (2.2).

Theorem 3.4. Assume that Rg > 1, and the following conditions hold

0 < F <min {77153’772[37773R3} ) (346)
where
m =u—037772:u+7+a—0§—203—%,n3=g—0§7
(2u+~y+ a)l? (3.47)
=0sR? 4 ol12 + M(ag +03).

i 2f (L)
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Then, for any solution (S(t),I(t), R(t)) of model (2.2) with initial value (S(0), I(0), R(0)) €
Ri, there is a stationary distribution w for system (2.2). Especially, we obtain

limsup © 5 / [ (S(u) = S.)% 4+ na(I(u) — 1) + ng(R(u) — R.)?)du < F, (3.48)

t—o00

where (Si, L., Ry) is the unique endemic equilibrium of system (2.1).

Proof. Since Ry > 1, then there is an equilibrium E, = (S, I, Ry) of system
(2.2) and

pA = pSi + S f (L), Suf(L) = (n+ v + @)L, vI = pR.. (3.49)

Now, we define ® : R} — R by

B(S(1), 1(1), R(1)) = d1(R(1)) + W%(I(t» + @a(S(2), I(1)), (3.50)
where
1 ) I
1(R() = 5(R— R, @o(I(t) =~ I = LIn —,

. (3.51)
®3(S(1), I() = 5(S+1— 8. — L)%

By It6’s formula, one can obtain

(2u+v+a)l,
Td%(f(t)) +d®;(S(t),1(t)),

(3.52)

do(S(t),I(t), R(t)) = d®,(R(t)) +
In details,
d(I)1<R<t)) = L@ldt — (R — R*>(O'3RdB3(t) — 0'4IdB4(t)>,

A®y(I(t)) = LPydt — (I — 1,)02dBa(t) — (I — 1,)o4dBy(2),
d(I)g(S(t), [(t)) = L(pgdt - (S +1I— S* - I*)(O'lsdBl(t) + JQIdBQ(t) + O'4IdB4(t),

(3.53)
where
L8, = (R~ R)(oT — uR) + (3R + 0317),
I, L, , 2
Loy =(1- 7)(51’(1) —(p+y+a)l)+ 5(02 +03),
1
Los=(S+1—8.—L)(uA —pS — (u+v+a))+ 5(0352 + 031 + 031?).
(3.54)

Making use of (3.49) and the elementary inequalities (a + b)? < 2a? + 2b%,2ab <
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a? + b2 and by (3.54), one can obtain that

L, = (R—R.)(v(I - L) — (R—R*))+%o—§(R—R*+R*)2+%a§(l—l*+l*)2
<Y(R—R)(I—-L)—pu(R—R.)?+0%(R— R.)? +03R? + 03(I — I.)* + o212
= %(R RVl - L) — p(R — R.)?

R
R,

+02(R— R.)? 4+ 03R? + 03(I — 1) + 0312
2
< - (I= 1) = (5 —o})(R - R)?+0}(I - L) + 032 + o312

2u
(;;+04)(I L)* 7(%703)(}3 R.)? + 03R2 + o1}
(3.55)
Next, one can get that
Ly = (1 - I)(S'];(I)—(u+7+a)>+12*(05+03)
=(I-1,) <Sf[( ) _ 5 ‘i( )> + 2( +03) (3.56)
=(I-1) (S(f(fl) - fgl**)) + f(I*)(i_ S*)) + %(o% +03).

By condition (ii), we know that f(I)/I is continuous and monotone nonincreasing
for I > 0. Therefore, we obtain (I — I)S (@ - @) < 0. Then, we have

Loy < (I-1., )f(*ji”wr

LS = 8.) %(02 +0i) =

* I*
(I-L)(S—S.)+ 5(05 +03).
(3.57)
Now, we compute

L&y = (S = 8.) + (T = L)) (—p(S = 5.) = (u -+ +a) (I — L))

1 1
o1(S — S, +8.)? —I—503(1—1*—1—]*)2—&—503([—[*+I*)2

= —pu(S—8:)* = (p+y+a)l — L) = (2u+7y+a)l - L)(S~S.)
+03(S — S.)2 + 0282 + o3(I — L)* + 0212 + 03(I — L)? + 0312

= —(n—0)(S—8.)? = (u+v+a—oa; —af)(I - L)
~Q2u+y+a)(I = L)(S = S.) + 018+ o312 + oi 12,

l\.’)\»—l

(3.58)
From (3.52), we can derive

) L®,(1(t)) + LP3(S(2), I(1)).

(3.59)

LO(S(t),I(t),R(t)) = L& (R(t)) +
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Substituting (3.55)-(3.58) into (3.59) leads to
Lq’(S( ), 1(t), R(t))
<ﬂ+a4><f LY — (5 — )R~ R.)? + 03 R2 + 031
Cu+v+a)l (1) L,
A (L) 15— 50+ F o3+ o)
—(p=0D)(S = 8.)? = (p+y+a—o; —of)(I - L)

—@2u+y+a)(I = L)(S = S.) + 0157 + 0312 + 0} I}
2
=—(u—07)(5—8.)% - (M+’Y+a_02_2‘74_ﬂ)(1 L)?

+

(3.60)

H 2 12 270, Cut+y+a)l?
—(= — R — R, R I -_ =

2 —m(S =50 = - L)> —ns(R—R.)*+F

(03 + 03)

where 71,12, 73 and F are defined respectively in Theorem 3.4.
Consequently, we have

dD(S(1), 1(8), (1) < —m(S — 8.)> = (I — L)> = n3(R— R.)* + F
—(R — R*)(O'ngBg(t) — O'4IdB4(t))

W (I = I)o2dBs(t) + (I — I)oadBa(t))
—(S +I-5,— I*)(O'lsdBl(t) + UgIdBQ(t) + 0'4IdB4(f,).
(3.61)

Integrating (3.61) from 0 to ¢ on both sides results in
(S(t),1(t), R(t)) — 2(5(0),1(0), R(0))

< /0 [=m(S(u) — 8.)* = na(I(u) — I.)> — n3(R(u) — R.)?]du+ Ft + M(t),

(3.62)
where M (t) is a local martingale defined by

M)
_ /0 (S() + I(w) — 8o — L) (015 (w)d By (u) + 02T (u)dBa(u) + 04T (w)dBa(w)

- @Cptyt o)l
f(L)

- /O (R(u) — R.) (03R(u)dBs(u) — oal (u)dBa(u)).

/0 (I(w) — L) (02dBa(u) + 04d Ba(u))

(3.63)
Taking expectation on both sides of (3.62) leads to

E®(S(t), I(t), R(t)) — E®(S5(0), 1(0), k(0))

3.64
E/ —m(S(u) — S,)? —ng(l(u)—I*)Q—ng(R(u)—R*)2]du+Ft. (3.64)
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Therefore, we have

t

lim sup }E [m1(S(u) — S +no(I(u) — L) + n3(R(u) — R*)2]du < F. (3.65)

t—o00 0

Noting that if 0 < F' < min {7715’3, 212, me}, then the ellipsoid
—m(S(t) = 8.)? = m2(1(t) = L)* = n3(R(t) = R)* + F =0 (3.66)

lies entirely in Ri. We can take U to be any neighborhood of the ellipsoid such
Uc Ri, where U denotes the closure of U. Thereby, we can get L®(S,I,R) < 0
for (S,1,R) € R3\U, which shows that condition in Lemma 3.2 holds.

On the other hand, we can rewrite system (2.2) as the form of (3.1):

S(t) pA —pS —Sf(I) —01S 0
dIt) | =|SfI)—(p+~v+a)|dt+ |0 dBy(t) + | —o2l | dBa(t)
R(t) ~I — uR 0 0
0 0
+10 dB3(t) + | —o4l | dBa(t).
—o3R +o4l
(3.67)
By Lemma 3.1, we obtain the diffusion matrix is
0282 0 0
A=1 0 o31?2+0312 —oiI? . (3.68)
0 —03I?  02R2 + o112
There exists a positive number M = min {08% 0631 03R?} such that for all
(z1,22,23) € U and £ € R3., we have
3
Z ai&i&; = (015%) & + (0317 + 031%) §5 — 20517683 + (03 R + 05 R?) €5
i,j=1
= 01S%€ + o3I + SRR + 0i P (& — &)
> 078%6] + 031765 + 03 R?E3
> min {075%, 0317, 05 R*} &
= Mg,
(3.69)

which implies that condition in Lemma 3.2 also holds. Consequently, we can
conclude that system (2.2) has a stationary distribution 7(-). Thus, the proof of
Theorem 3.4 is completed. O

3.6. Persistence in mean

Considering that the first two equations of the system (2.2) do not contain variable
R, we obtain the equivalent system as follows:
{ dS = (A — pS — Sf(I)) At — 015dBy (t),

Al = (Sf(I) = (u+ v+ a)I) At — 09IdBs(t) — o4 I1dBy(t), (3.70)
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The conditions of the extinction for system (3.70) have been obtained. In this
subsection, we investigate the conditions which lead to the persistence by mean-
s of epidemic system (3.70) under the stochastic disturbances, which implies the
infectious disease is prevalent.

Theorem 3.5. Let (S(t),1(t), R(t)) be the solution of system (3.70) with any initial
value (S(0),1(0), R(0)) € R3. When both the conditions % > poand

2(f(A) = (p+v+a))

%:
0%+Ji

>1 (3.71)
hold, then the epidemic disease 1(t) is persistent in mean. In other words,

0

< liminf (7(¢)) < limsup (I(¢)) < A. (3.72)

t—oo t—s00

A 2 2 5
__Au(oi+ai) ( _1)
2f(A)(p+ 7+ )
Proof. For system (3.70), computing the sum of two equations yields
d(S() + I(1)) = [0A — pS(E) — (u+7 + a)I(8)] dt -
—Jls(t)dBl(t) - O'QI(t)dBQ(t) - J4I(t)dB4(t). '

Integrating both sides of inequality (3.73) from 0 to ¢ and dividing both sides by ¢,
we obtain

S1S(0) ~ S(0) + () ~ 1(0)] i

= A= (S(0) ~ (a4 7+ ) (1)) - 00 AW

where
Mi(t) = /0 015(0)dB1(0), My(t) = /0 o2l (0)dB2(0), M5(t) = /0 U4](9)dB4?()97)5
Taking the limit of both sides of inequality (3.74) and by Lemma 3.5, we can( get :
0=pAd—p lim (S@t))—(u+y+a) lim (), (3.76)
Jim_(s(0) =4~ LD 1o, (3.77)
Next, we define C2-function V : R2 — R, by

V(S(t), I(t)) = In I(t) + I() + S(2). (3.78)

Applying 1t6’s formula results in

dV(S(t), I(t)) = Lth*UgdBQ(t) 70’4dB4(t) 70’15dB1 (t) 7(72]dB2(t) 7O'4IdB4(t),

(3.79)
where
LV = {W—(u—k’y—i—a)—é(o%—i—af)} +pA —pS — (u+vy+a)l
> [fEf)S—(u+7+a)—;(a§+ai)] +pA—puS —(u+vy+a)l  (3.80)

= [1a= s+ 0 - g+ od] + (L =) s - s
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Integrating both sides of inequality (3.79) from 0 to ¢ and dividing both sides by ¢,
we get

% (InI(t)+1I(t)+ S(t))
> |ua= Gt - gad b + (252 ) st

M) ML) M) Mo M) D
ety a) ey - M0 MO M) Mel®) M

42 (n1(0) + 1(0) + 5(0))

(n 4 +a) {I(1))

> [ua = vt o) - god )|+ (L ) 500y - 220 - 20

Ms(t)  Mg(t) Mi(t) II(t)—InI(0) I(t)—I(0) S(t)—S(0)

- - - ’

t t t
(3.82)
where

Ml(t):/o Uls<9)d31(9);M4(t):A UQI(Q)dBQ(G),M5(t):A U4I(9)dB4(9),

M(t) = /0 ' s Ba(6), Ma(t) = /0 ' adBa6).

(3.83)
Taking the limit of both sides of inequality (3.82), by Lemma 3.5, we have
(p+7y+a) lim (1))
L 5 2 f(4) ; (3.84)
> [ua = Gt = gt ad)| + (L2 ) i ision.

From inequality (3.77) and inequality (3.84), and assuming that the condition
@ > p holds, then we can obtain

(@) i (10) > (1A =t +0) = (03 + )]

+(f(A) )(A_uﬂw lim <z<t>>)

A H 1 t—~+o00

:_(M+7+a)—%(a§+03)+f(f4)

_[MW_<MH+Q>] lim (I(1)),

A t—+oo
(3.85)

i.e.
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: pA L 5 2
> B _ _ -
i (0> Foc i ) — (et o) 5o+ o)
— s :
2f(A)(n+7y+a) (03 +01)
s HA(03 + 04) ¥
= §R - 1 .
2f(A)(u+7+a)( )
When the condition R = % > 1 holds, taking the inferior limit of
both sides of (3.86) yields
o pA(03 + 03)
> — . .
i inf (1)) > 57on BT (ER 1)>o (3.87)

From Lemma 3.6, we know limsup (I(t)) < A. Therefore, we get
t—o0

AM(02+04) - o .
0 < S+ a () <lminf () <lmswp (T0) <A (389

This completes the proof of Theorem 3.5. O

4. Numerical examples

In this section, we further analyze the stochastic model (2.2) by means of the
numerical examples.

0 500 1000 1500
Time t

Figure 1. When R* < 1, the infective I(t) will be extinct.

Example 4.1. In model (2.2), we define function f = ﬁ/ (1 + al®®), which
obviously satisfies condition (i-iii). Then, we take the parameters a =001, p=
0.15, A =05, =102 =01, a =015 and o1 = 0.82, 05 = 0.82, 03 =
0.82, 04 = 0.82, we obtain R* = 0.9518 < 1. Here, we choose initial value S(0) =
6, I(0) = 4, R(0) = 3. From the numerical simulation given in Figure 1, we can
see that the infective I(¢) will be extinct (see Theorem 3.2).
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1t

o 500 1000 1500
Time t

Figure 2. When ® > 1 and fTA) > p, the infective I(¢) will be persistent in mean.

[— Deterministic
— stochastic_| |

1
|

0 500 1000 1500 2000 2500 3000
Time t

Figure 3. The infected I(t) of deterministic differential equation model (2.1) and stochastic differential
equation model (2.2) are extinct, and the solution of (2.2) fluctuates near the solution of (2.1).

I I
0 500 1000 1500 2000 2500 3000
Time t

Figure 4. The infected I(t) of deterministic differential equation model (2.1) and stochastic differential
equation model (2.2) are persistent in mean, and the solution of (2.2) fluctuates near the solution of
(2.1).
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Example 4.2. In model (2.2), we take the parameters a = 0.01, x = 0.15, A =
2, 8=0.5, y=0.05, «a =0.1 and 07 = 0.1, 05 = 0.1, 03 =0.1, 04 = 0.1, we have
R > 1 and % > p. Here, we choose initial value S(0) = 6, I(0) =4, R(0) = 3.
From the numerical simulation given in Figure 2, we can see that the infective I(t)
will be persistent in mean (see Theorem 3.5).

Example 4.3. In model (2.2), we take the parameters a = 0.01, x = 0.18, A =
0.3, =04, y=0.1, « =0.1 and oy = 0.4, 72 = 0.4, 03 = 0.4, 04 = 0.4. Then,
Ro = 0.3158 < 1 and the parameters satisfy the condition of Theorem 3.3. Here, we
choose initial value S(0) = 6, I(0) = 4, R(0) = 3. From the numerical simulation
given in Figure 3, we can see that the infected I(¢) of deterministic differential
equation model (2.1) and stochastic differential equation model (2.2) will be extinct,
and the solution of stochastic differential equation model (2.2) will fluctuate near
the solution of deterministic model (2.1) (see Theorem 3.3). On the other hand, we
take the parameters ¢ = 0.01, =02, A=2, §=0.8, v=0.1, a=0.1 and 07 =
0.1, 02 = 0.1, 03 =0.08, 04 = 0.1, then £y = 4 > 1. Here, we choose initial value
S(0) = 6, I(0) = 4, R(0) = 3, we have S, = 0.5043, I, = 0.7478, R, = 0.3739
and 1152 = 0.0483, noI? = 0.1929, n3R? = 0.0131, F = 0.0101, which satisfies the
condition Ry > 1 and 0 < F' < min {nle,nQIf,nng} of Theorem 3.4. Thus, we
can conclude that model (2.2) has a unique endemic stationary distribution. From
the numerical simulation given in Figure 4, we can see that the infected I(t) of
deterministic differential equation model (2.1) and stochastic differential equation
model (2.2) will be persistent in mean, and the solution of stochastic differential
equation model (2.2) will fluctuate near the solution of deterministic model (2.1)
(see Theorem 3.4).

5. Discussions

In terms of human diseases, the nature of epidemic spread and growth is inherently
random due to the unpredictability of person-to-person contacts [22]. Hence, the
variability and randomness of the environment is fed through to the state of the
epidemic. In this paper, we establish stochastic differential equations (2.2) on the
basis of a nonlinear deterministic model (2.1) and study the global dynamics. In our
model (2.2), we suppose that stochastic environmental factor acts simultaneously
on each individual in the population, and assume that the stochastic perturbation
is a white noise type that is influenced on the recovery rate . The value of our
study is to provide the analytic results on the existence of global positive solution,
stochastic boundedness, permanence, extinction, asymptotic stability and ergodic
property of the solution of the SDE model (2.2). We summarize our main findings
as follows:

(1) Noise can restrain the disease outbreak, as Theorem 3.2 indicates that the
extinction of disease in the stochastic model (2.2) occurs if $* < 1 holds. It is
easy to see that R* is decreasing in 0,07 and o7. Hence, the disease will die out
exponentially as long as 03,03 and o7 are sufficiently large such that R* < 1. This
implies that large environment fluctuations in I-class and R-class can suppress the
outbreak of disease.

(2) The epidemic disease is persistent in mean, as Theorem 3.5 indicates that
the epidemic disease I(t) is persistent in mean in the stochastic model (2.2) occurs,
if%}uand@:w>lhold.

o5+0;
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