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Abstract

In this paper, we consider the initial-boundary value problem (IBVP) for the microp-
olar Naviers-Stokes equations (MNSE) and analyze a first order fully discrete mixed finite
element scheme. We first establish some regularity results for the solution of MNSE, which
seem to be not available in the literature. Next, we study a semi-implicit time-discrete
scheme for the MNSE and prove L?>-H* error estimates for the time discrete solution. Fur-
thermore, certain regularity results for the time discrete solution are establishes rigorously.
Based on these regularity results, we prove the unconditional L?-H?' error estimates for
the finite element solution of MNSE. Finally, some numerical examples are carried out to
demonstrate both accuracy and efficiency of the fully discrete finite element scheme.

Mathematics subject classification: 76M10, 656M12, 65M15, 656M60.
Key words: Micropolar fluids, Regularity estimates, Euler semi-implicit scheme, Mixed
finite element methods, Unconditional convergence.

1. Introduction

Let 2 C R?® be a bounded convex polyhedron domain. We consider the homogeneous
incompressible viscous Newtonian Micropolar fluids. The microstructure systems consists of
the incompressible Navier-Stokes equations for velocity with pressure and angular momentum
equations for angular velocity, which are described by (see, e.g., [9,10])

du+ (u-Viu— (n+ p)Au+ Vp = f + 2u,curlw, (1.1)
divu =0, (1.2)
ow + (u - VIw — i Aw — oV divw + 4p,w = g + 2u,curl u (1.3)

for (x,t) € Q x (0,T), where u is the linear velocity; w is the angular velocity; p is the fluid
pressure, f is the density of external body forces per unit mass, g is the body source of moments.
c1, 2, i and p are material coefficients which are all constant coefficients greater than zero.
The system (1.1)-(1.3) is supplemented with initial conditions for the linear velocity and the
angular velocity

u(z,0) = ug, w(x,0) = wo, (1.4)
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together with the following the no-slip boundary condition for the linear velocity and the angular
velocity:

u=0, w=0 on 00Qx(0,7). (1.5)

The system (1.1)-(1.5) describes the fluid particles may translate and rotate independently
of the fluid (see, e.g., [4,9,10]). The Micropolar fluid models degenerates into the classical
Navier-Stokes equations when microrotation is neglected (w = 0) and p, = 0. In the literature,
many numerical methods have been developed for solving the nonstationary Navier-Stokes
equations, see, e.g., [14,16,18,22,24] and the references therein. The microstructure fluid models
is an important generalization of the incompressible Navier-Stokes equations. The derivation
and physical discussion of the MNSE are referred to [3,10,21]. It is well konwn that the
microstructure systems plays an important role in smart fluids and polarizable media [28,31]. In
recent years, the micromachining technology has been used to develop a number of microfluidic
systems, for example, silicon, glass, quartz and plastics [31]. Microchannels and chambers are
the essential part of micropolar fluid system. Microchannels are also used for reactant transport,
such as biochemical reaction chambers, physical particle separation, inkjet print heads, or as
heat exchangers to cool computer chips. For more information about microchannels, we refer
to [31] and the references therein.

The existence of solutions for the Micropolar fluid equations was established by Lukaszewicz
[21]. In recent years, some attention has been paid to the numerical methods for this microstruc-
ture system. The penalty finite element method for the Micropolar fluid equations was proposed
by Ortega et al. [30]. An important progress was made by Nochetto et al. [29], they proposed
and analyzed an unconditionally stable semi-implicit fully discrete finite element scheme for
MNSE with the nice features that the computation of the linear and angular velocities are
decoupled. More recently, the convergence analysis of fractional time-stepping techniques for
the Micropolar fluid equations had been obtained by Salgado [32]. The fractional time-stepping
schemes or projection methods are known as an efficient decoupled schemes for incompressible
flows, some extensions and applications of these methods to MNSE can be found in [20] with
semi-discrete schemes and [35,40] with fully discrete schemes. However, in our opinion, there
are still some important problems in these references that remain to be solved. Firstly, all
the convergence results for the finite element methods of the above works are obtained under
proper regularity assumptions on the exact solution of the Micropolar fluid equations, which
seems to be lacking in the literature. Secondly, due to the highly nonlinear structures of MNSE,
the analysis of fully discrete finite element methods often requires that the time step 7 satisfies

1/2 < (' are proposed for the error

an CFL like condition. For example, the condition 7h™
estimates in [29], where h is the spacial mesh width. Similar conditions are also imposed in the
analysis in [32,40]. Such smallness assumption on the time step will affect the applications of
the finite element methods for MNSE.

The aim of this work is threefold. Firstly, we show certain regularity results for the solution
of MNSE with the help of the energy method (see, e.g., [16,36]). These regularity results
are essential for the error estimates of numerical methods for the Micropolar fluid equations.
Secondly, we will give the L2-H' error estimates for the Euler semi-implicit time discrete
solution of MNSE. Furthermore, certain regularity results for the time discrete solution are
also proved rigorously, which play a key role in the unconditional convergence analysis of fully
discrete finite element method. However, for some of them, we have not seen a strict proof in
relevant literature. Lastly, we consider the Euler semi-implicit fully discrete scheme based on
mixed finite element method for the MNSE and prove the unconditional L2-H! error estimates.
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For this purpose, the error between the exact solution and the solution of the fully discrete
scheme are divided into three parts: the error between the exact solution and the time discrete
solution, the time discrete solution and certain Galerkin projection of the time discrete solution,
Galerkin projection of the time discrete solution and the fully discrete solution. Concerning
more unconditional convergence results of nonlinear partial differential equation, interested
readers are referred to [11,14,15,23,25,34] and the references cited therein. Note that although
the three-dimensional case is analyzed in this paper, all the results of this paper are certainly
valid for two-dimensional domains.

The rest of this work is organized as follows. In Section 2, we introduce some notations
and basic assumptions for this work. In Section 3, we establish some regularity results for the
solution of the MNSE. In Section 4, we propose an Euler semi-implicit time discrete schemes
to the MNSE and show the L2-H! error estimate for the time-discrete solution. We developed
some regularity results for the time-discrete solution in Section 5. In Section 6, we show L2-H'*
unconditional convergence of the fully discrete solution. Finally, we provide some numerical
experiments validation of this error estimates in Section 7.

2. Notation and Preliminaries

In this section, we present some notations and preliminary results for this work. For 1 <
p < 00, let LP(2) be the usual Lebesgue space on 2. For all non-negative integers k and r,
Wk (Q) stands for the standard Sobolev spaces on . Moreover, we write H*(Q2) = W*2(0Q).
We introduce the Hilbert spaces like H!(2), L*(Q) and their subspaces H}(£2), L2 (), which
is zero on 0N. Finally, we also introduce the following classical divergence-free spaces (see,

e.g., [36]):

L3,,(Q) = {v € L*(Q)|divv = 0, v|on =0},
H}, () = {ve H'(Q)|dive =0, v]sn = 0}.

The space LZ(Q2) stands for the average of the space L?() equal to zero on Q. The L?(f2) inner
product is denoted by (-, -). The vector-valued quantities will be denoted in boldface notations,
such as u = (uy,ug,u3) and L*(Q) = (L*(Q))3.

By applying the Green’s formula for the curl operator, we have the following the identity:

(curlu,v) = (curlv,u), Yu,vec H(Q). (2.1)

Under the assumptions that ) is bounded and simply connected, there exists the orthogonal
decomposition of H{ () (see, e.g., [13])

For convenience, we introduce some bilinear and trilinear forms as follows:

divogdz, b(u,v,w)= / (u-V)v-wdx
Q

a(u,v) = / Vu : Vudz, d(v,q) :/

Q Q

for any (u,v,w, q) € (H}(Q))3x L3(Q). If divu = 0, the trilinear forms have following relations
(see, e.g., [36]):

b(u,v,v) =0, blu,v,w)=—b(u,w,v). (2.3)
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Multiplying the system (1.1)-(1.5) by test functions (v,q,v) € H(Q) x LE(Q) x H}(Q)
and integrating by parts, respectively, then the weak formulation of the system (1.1)-(1.5) can
be written as: Find (u,p, w) € H(Q) x LE(Q) x H}(Q) such that

(ug,v) + b(u,u,v) + (1 + pr)a(u,v) — d(v, p) + d(u, q)

= (f,v) + 2u,(curlw, v), (2.4)
(U)t, ’IP) + b(“’? w, 17b) + Cla(wa /l»b) + CQ(diV’LU, le’l,b) + 4MT(wa /l»b)
= (9, 9) + 2, (curlu, ). (2.5)

The weak formulation (2.4)-(2.5) of pressure p can be eliminated in the usual way for the
test function v € HJ; (). Thus we can show the solution (u,w) of the system (2.4)-(2.5)
satisfies the following weak formulation: for any (v,v) € HJ, (Q) x H}(?), find (u,w) €
H} () x H}(Q) such that

(ue, v) + b(u, w,v) + (1 + pr)a(u, v) = (f,v) + 2pr(curlw, v), (2.6)
(wt7 "/J) + b(’U,, w, "/J) + cla(wa ¢) + CQ(diV’UJ, le’l/)) + 4MT(wa ¢)
= (9, %) + 2pr(curlu, 1). (2.7)

The existence of weak solution for the problem (2.4)-(2.5) is proved by Theorem 1.6.1 of [21]
(or see, e.g., [29]). However, these results are not enough to the subsequent convergence analysis
of numerical methods. In next section, we will prove some regularity results on the solution

of the problem (2.4)-(2.5). To this end, we make the following assumptions for the problem
(2.4)-(2.5).

Hypothesis 2.1. The initial datas wy € HE () N H*(Q), wo € H}(Q) N H*Q), po €
L3(Q) N HY(Q), the external force f and the body source g satisfies the following boundedness:

sup (| F(Ollz2) +19(D)lz2) + 110:F)llz2) + 10:9(t) [ L2 ())
0<t<T

+ luol| 2(0) + [[woll m2(0) < C.

Here and after, we denote by C > 0 a general constant which depends on the domain 2, the
fized time T, the material coefficients (., p, c1,c2), the initial data (ug,wo) and the external

forces (f,g).

Hypothesis 2.2. The system (2.4)-(2.5) has a weak solution uw € L*(0,T;H} (Q)), w €
L2(0,T; HA(Q)) satisfying

T
/0 IV a(t)[ Lt < C.

Hypothesis 2.3. We assume that the boundary of Q0 is smooth so that the unique solution
(v,q) € H} () x LE(Y) of the steady Stokes problem

—Av+Vp=f, divo|a=0, wv|on =0,
and the unique solution 1 € H{ () of the pure displacement problem
Ay —Vdivyp =g, 9Ploo =0,
for the functions f,g € L*()) satisfies the following regularity estimates:

vl E20) + llall @) < Cllfllzz@),
Y|l 2 ) + || div e 1) < Cllgllr(a)-
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Remark 2.1. It is well known that the Hypothesis 2.3 holds under the assumption that the
boundary 952 is convex polyhedron or of class C1'! (see, e.g., [2,16]).
Finally, we introduce the stokes operator 2, and the Lamé operator % such that
o : D(eh) = H?(Q) N Hg;,o(Q) = L3, (Q), o =-PiA,
ay : D(ahh) = H*(Q) N HY(Q) — L2(Q), oy = —Po(c1A + ¢V div),

where Py is an L2-projection from L?(Q) to L3 (2) and P, is an L2-projection from L?(Q)
to L2(Q). The strongly elliptic operator (or Lamé operator) % is indeed a positive operator.
Clearly, ||.«%v| L2y and ||v|| g2(q) are equivalent norms in D(@%). It is seen that the following
inequalities hold (see, e.g., [12,16]):
1 1
loll ooy + Iollwragoy < Clloll i o 50l 2oy, Yo € D) (23)
vl m2(0) < CllgivllL2(a), Vv € D(). (2.9)

3. Some a Priori Estimates of the Solution

In this section, we establish some a priori estimates for the solution of Micropolar fluids by
energy technique. These a priori estimates imply the regularity estimates of the exact solution,
which are necessary for the subsequent error estimates of the fully discrete scheme. Before
proceeding further, we need the following Gronwall Lemma (see, e.g., remark to Lemma 1
in [17]):

Lemma 3.1. Let ¢(t), ¢(t) and n(t) be nonnegative continuous functions in [0,T] such that
¢ ¢
(1) Jr/ p(s)ds < ¢(0) +/ n(s)¢p(s)ds + Co,
0 0

where the constant Cy is nonnegative, then

(1) + /Ot o(t)ds < (6(0) + Co) exp </Ot n(s)ds> . YO<t<T.

We first present the following energy estimate for the solution of the problem (2.4)-(2.5)
which has been given in [29].
Theorem 3.1. Suppose that Hypothesis 2.1 holds. The solution (u,w,p) of the problem (2.4)-
(2.5) satisfies

su u(t) |32 + lw®)]7e
s (e + w3 )

T
+/0 (Va2 + P72 ) + IVwt)Z2(0))dt < C. (3.1)
This energy estimate implies that the solution of the problem (2.4)-(2.5) satisfies
w € L*(0,T; Hyi,(2)) N L (0, T; Lo (9)),
w e L*(0,T; Hy () N L>¥(0,T; L*(Q)).
In the next step, we will show that
u € L(0,T; Hy, () N L*(0,T; H*()),
w € L>=(0,T; Hy(Q)) N L*(0,T; H*(2)).
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Theorem 3.2. Suppose that Hypothesis 2.1-2.2 hold. Then the solution (u,w) of the problem
(2.4)-(2.5) satisfies

T
su w(t)||371 0y + llwt) |3 +/ w(t)|| 3200 + W) 1320 )dt < C. 3.2
s (@)l +1wOlnw) + | (@l +lwOlo) (3.2)

Proof. Let (v,q) = (#u,0) in (2.4) and ¢ = ghw in (2.5) and adding together, we can
show

d .
Z(IVullzz() + erll Veollzz () + call diven||Zzq))

|~

+ (n+ NT)H‘Q{luH%Z(Q) + H«%WHQLZ(Q) + 4Mr01|\vw”21;2(9)
| divw||2Lz(Q) + b(u, u, Au) + b(u, w, hw)
— (F, ) + (g, Fow) + 2 (curl w, u) + 2, (curl u, yw). (3.3)
By virtue of the Holder inequality, the Young inequality, (2.2) and (2.8), we have
b(w, u, Au)| < ||lul L)l Vel o | Zulr o
1
< 5”4271“”%2(9) + C|Vullf2 0,
b(u, w, Fw)| < ||lu| L) Vwl Lz @)l 2wl L o
1
< Z||4272w||2m(gz) + ||Vl g2 Vw72 ),
)| < B Al ellFilk
I(f, Fu)| < 1 l“ullz20) + Clfllz20),
1
(g, w)| < §||"Q{2w”%2(9) +Cllgllz2 (o)

fr
2, |(curlw, u)| < C| Vw72 () + IHJZ{WHQLz(Q),

1
2 |(curlw, dhw)| < C|[Vullzag) + g llobwllzz o).

Combining the above inequalities and (3.3), we can show

d .

= (IVulide@ + el Velfa + colldivel )
+ (n+ MT)H«Q{WH%Z(Q) + H«%WH%,?(Q)

< C (11320 + 93200 ) + € (14 1IVellaey ) (IVul3a + IVo0ldeg) - (3:4)

Integrating time from 0 to t for the inequality (3.4), we conclude that
t
IVt 32y + 1 Vet 3y + / (loAul3e(@) + 17wl g ) dt
T
< [ Vuolfao) + (e + e2)[Vwo 3y + € / (L1320 + gl )t

t
+C/O (1 n ||Vu||4L2(Q)) (HVuHQLZ(Q) + ||Vw||2L2(Q))dt. (3.5)
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By applying Hypothesis 2.2, we obtain

T
/ (1 + HVuH‘iZ(Q))dt <C. (3.6)
0
By applying Lemma 3.1, Hypothesis 2.1 and (3.6) for the inequality (3.6), we can get (3.2). O
We also need to give some a priori estimates on the time derivative of the solution.
Theorem 3.3. Suppose that Hypothesis 2.1-2.2 hold. Then the solution (u,w) of the problem

(2.4)-(2.5) satisfies the estimates

T
sup (||“t(t)”2L2(Q) + Hwt(t)H%Z(Q)) +/0 (HV“tHQLZ(Q) + ||th||2L2(Q))dt <C (3.7)

0<t<T

Proof. By differentiating both sides of (2.4) and (2.5) with respect to ¢, we conclude that

(utta U) + b(uh u, ’U) + b(u, U, U) + (‘U, + :u"l“)a’(utﬂ U) - d(vvpt) + d(utv Q)

= (-fta ’U) + 2/LT(CU.I‘1 Wy, 'U), (38)
(wtta "/}) + b(Ut, w, "/}) + b('U/, wy, ¢) + Cla(wta ¢) + Cg(diV Wy, div ¢) + 4:“’7'(wta ¢)
= (gta ¢) + 2/LT(CUI‘1 U, ’¢) (39)

for any (v,q,v) € HF () x L3(2) x HF(Q) and for all t € (0,7).
Taking (v, q) = (ut, pt) in (3.8) and ¥ = w; in (3.9) and adding together, by applying (2.1),
(2.3), we get

ld
2dt
+ Cl||th|\2L2(Q) + ca| dintHQLZ(Q)

(el ey + Nwel3 gy ) + 1l Vel 3o

+ prlleurluy — 2w|72 o)
+ b(uta u, ut) + b(Ut, w, wt)
= (fr,ut) + (ge, we). (3.10)

We apply the Holder inequality and the Young inequality to obtain
[b(ws, w, uy)| < %I\VUtHQLZ(Q) + CHU||2Hz(Q)||“tH2L2(Q)v
b, w0, w)] < B Vel + Clleolga ey e 30
|(fe,ue)| < %HVUtHQLZ(Q) + C||ft||%2(9)’
(gt wi)| < FIVwrllEa) + Cligill 3oy

Combining the above inequalities and (3.10), we can show

d
= (laellfaqey + Nwellaey ) + 1l Vaelaa) + eal Vel (3.11)

< C (IFll3a) + I9:l3ece ) + € (Iullreay + 0lraey) (el + lwoilife) -
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By applying the L?-orthogonal decomposition L?(2) = L2, () & VH(Q) (see, e.g., [13]) and

the divergence-free property of u:(0), we have

u:(0),v
[wi(0)[z2() =  sup M, |wi(0)|| L2y = sup
veL?, (Q) ]l L2(e)

Employing (2.2), (2.8) and the Holder inequality, we conclude that

[w(0)[ L2y < Cli(uo - V)uollz2(0) + Clluol 20
+ O £(0)llz2(0) + Cllcurl wo| L2 (o)
< Clluoll 2 (o)l Vuol L2 (o) + Clluoll g0
+ Cl[£(0)llL2(0) + C|[Vwol L2(a),

[w:(0)l|z2(0) < Cl(wo - V)wo|lL2(0) + Cllwo | a2 ()
+ Clg(0)[|z2(0) + Clleurlug| L2(q)
< Clluol| 12 (0) | Vwol| L2(0) + Cllwo|| m2(0)
+Cllg(0)|z2(0) + Cl[Vuoll2(a)-

Combining (3.12), (3.13) and Hypothesis 2.1, we have

T
e (0)[|Z 20 + 1w (0) |7 20 + C/O (HftHQy(Q) + ||9t||i2(9))dt <C.

Integrating time from 0 to ¢ for the inequality (3.11), we obtain

t
HutH%Z(Q) + HthQLZ(Q) +/0 (HV“tHQLZ(Q) + vatH%Z(Q))dt
T
< ||“t(0)”2L2(Q) + ||wt(0)||%2(9) JFC/O (||ft||%2(9) + ||9t||%2(9))dt
K 2 2 2 2
+C / (Meelrzcey + N0z ey ) (leaelfeqy + lwel3acqy ) .

By applying Theorem 3.2, we conclude that

T
| (s + el oy )t < €

(wi(0), %)
PpeL2() ||¢||L2(Q) -

(3.12)

(3.13)

(3.14)

(3.15)

(3.16)

By applying Lemma 3.1, (3.14) and (3.16) for the inequality (3.15), we show that the required

estimate (3.7).

By Theorem 3.3, we know that

ug, wy € L°(0,T; L*(Q)) N L*(0,T; HY(Q)).

O

In the next step, we will show a priori estimate on the second order spatial derivatives and time

derivatives of the solution, respectively, i.e.,

w,w e L>®(0,T; H*(Q)), wy, wy € L2(0,T; H-1(Q)).
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Theorem 3.4. Suppose that Hypothesis 2.1-2.3 hold. The solution (u,w,p) of the problem
(2.4)-(2.5) satisfies the estimates:

su w(t)|| %52 + |w ()| %52 + %4
s (sOlzs @y + 10Oz ) + 19O o))

T
Proof. According to (2.4)-(2.5), we have (u, p, w) satisfy the following system:

—(u+pr)Au+Vp=—u; — (u-V)u+ f + 2u,curlw,
divu =0,

—cAw — Vdivw = —w; — (u - V)w — 4p,w + g + 2p-curl u

in D'((0,T) x Q).
We apply the Holder inequality, the Young inequality, Hypothesis 2.3, (2.2) and (2.8) to
obtain

(1 + pe) [l z20) + [Pl 1 ()
< Cllullp2) + Cll fllL2@) + ClVwllL2 ) + ClIVullfzq)

B
1 lull 2 (), (3.18)

+

01Hw||Hz(Q) + CQHdiV’wHIp(Q)
< Cllwillzz) + Cllgllz2) + ClIVullL2) + Cllwl|L2(q)

B
1 |wll (@) (3.19)

+ C|IVul L2 [Vwl|z2 o) +
Then we have

lwll m20) + 1Pl Hr0) + [l m22(0)
< Clluellrz) + Cllf L2 + CllVw L2) + Cllwil L2y + CligllL2(o)
+ Ol VullLz) + ClVull L2 ||Vw||2Lz(Q) + C||VU||%2(Q)- (3.20)

By applying (3.8)-(3.9) and (2.2), Holder inequality and Poincaré inequality, we get

well (e )y < ClVullze) + CllVulze o) [Vl 2 o)

+ Ol fellzz@) + Cllwell L), (3.21)
lweell(zr-1(0)) < ClIVwil|L2) + CllgillLz) + CllutlL2(a)

+ Ol V]| 2oy [ V0| gy + ClIVawel| oy [V p2 e (3.22)

Combining the inequalities (3.21) and (3.22), we have

||utt||%H(1“V(Q))’ + HwttH%Hfl(sz))
< C (Il + lgel3aey ) + € (1 + IVl + Vw0

% (IVuel ) + IVewil3e ) - (3.23)
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Integrating time from 0 to ¢ for the inequality (3.23), we conclude that

T
| Qg oy + Tl
T
<C [ (1530 + lorl oo )
0 T
+C / (1+ 1Vl + VWl ) (IVuel3e@) + IVwil3a )t (3:24)

A combination of (3.20) and (3.24), together with Theorems 3.2-3.3 and Hypothesis 2.1, implies
the desired result. O

Next, we will continue to bound the second order time derivatives of the solution, which are
useful for the subsequent error analysis.

Theorem 3.5. Suppose that Hypothesis 2.1-2.3 hold and let v(t) = min(1,t). The solution
(u,w,p) of the problem (2.4)-(2.5) satisfies the estimates

T
sup v(t Vui||220y + c1]| Vw22 —|—/ v(t) (NJwee|| 220 + ||wee | %2 dt
sup v (0) (Ve +er Ve ) + [ o) (lualia + lwali:m)

T
+ / () (el @) + lweldrs o + Ipil 3 e ) dt < C. (3.25)

Proof.  Taking (v,q) = (uy,0) in (3.10) and ¥ = wy in (3.11) and adding these two
equations together, we can get

1d
57 (1) [Vudl3agq) + erll VeorlFag) ) + luella o) + lwil3a

1d .

+ 57 (ol diveor 3 + 4 wil 3o )
+ b(ug, w, we) + b(w, we, wer) + b, w, wyr) + b(w, wi, wyy)

= (ft, un) + (ge, wir) + 2p-(curl wy, wyy) + 2u,-(curl ug, wy). (3.26)

By applying the Holder inequality and the Young inequality and noticing (2.2), we obtain

b(we, w, wee )| < [luel|oo) [Vl L) llwl 2@

< OVl 2wl o2 (o) [l L2 @)

< gllaleq@) + Cllules oyl Vel
b(w, we, wer)| < [l Lo ) Vel o) |wel 20

< Cllull 2@ [[Vudll 2@ llwll L2 @)

< Sllualaq) + Cllulgs oyl Vo0,
b(we, w, wie)| < |lwe| Loy IVwl Lo llwee | 220

< Ol V|2 ) l|wll m2 @) [wet || L2 (0

1
< g”wtt”%z(n) + Cllw|| 22 () IVl 720
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ot w1, w0 < el g0 V0 2yt 2

< Cllull gz Vw2 ) lwetl 2 (0

< Zlwala@) + Clluliss @) V@i,
|(fes wee) + (g0, wee)| < % (Huttﬂiz(g) + Hwtt||2L2(Q))

+ O (If:l3a@) + lgtll3a)

21 (eurlw, )| < sl + OV ey,
2y (el w0)| < <o) + OVl

Combining the above inequalities and (3.26), we conclude that

d
T ((M + ) [V || 720y + 01||th|\2L2(9)) + el 220) + lweel 22q)

d .
+2 (C2H div w720y + 4Mr|\wt|\2Lz(sz))
< C (Il + lgel3aey) + € (1 + luldre o) + 1wl

% (IVuellza + 1 Vwilfa ) - (3.27)

Multiplying (3.27) by v(t) and integrating time from 0 to ¢ for the inequality, we have
t
v(t) (0 Vudl3a) + et Verl3a) ) + / () (luell ey + il Fee )dt
T
<c / (12320 + g3 ey + I VuelFeqey + IVerllEaqey )t

t
+C / () (1+ lulfre o + 0l ) (#IVaela0) + el Vwilag )dt. (3.28)

By employing Theorem 3.2, we conclude that

T
/O (1+ ll3ra(@) + 0y )t < © (3.29)

By applying Lemma 3.1, the inequality (3.29), Hypothesis 2.1 and Theorem 3.3 for the inequality
(3.28), we obtain

sup_ v(t) (1l Vurl 3@y + eI Varllaq))
0<t<T

T
[ vt0) (sl oy + lwalaq )t < € (3.30)
0
According to (3.10)-(3.12), we get that (u¢, pt, w;) satisfy the following system:

— (4 pr)Aus + Vpr = —uge — (ur - V)u — (u - V)uy
+ ft + 2prcurlw,, divuy, =0,
—aqAw; — aVdivwy, = —wy — (ug - V)w — (u - V)wy

— 4prwy + ge + 2prcurl uy
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in D'((0,T) x ). By applying the Holder inequality, Hypothesis 2.3 and (2.2), we obtain
il ez ) + Pl @) < C (lwellLa) + 1 fillez) + C (1 + lullg2@)

X (Ve L2y + Vw2 ) » (3.31)
lwell 20y + | div et || 1 o) < C (lweellp2c) + 196l 20)) + C (1 + llwll ) + [[wll m2(0))
X ([IVuellL2 ) + IVwy | L2(q)) - (3.32)

Combining (3.31) and (3.32), we can show
||“t|@12(9) + ||Pt||§11(9) + Hth%—IZ(Q)
< C (IFill3z0) + 9el3ec) + lueell3aey + el ey
+ O+ [lullFr2 o) + 0] F2(0)) (Hvut||2L2(sz) + vatH%Z(Q)) : (3.33)
Multiplying (3.33) by v(t) and integrating time from 0 to T for the inequality, we have
T
0 (Pl + ol oy + )t

T T
<C [ (1o + oy )t +C [ 000) (Pl + ool )

T
+ C/ (1 + ||UHH2(Q) + ||wHH2(Q)) (||VUt||L2(Q) + vat||L2(Q))dt. (3.34)

0

By applying Hypothesis 2.1, (3.32), Theorems 3.3 and 3.4 for (3.34), we get
T

/0 () (llwel3zaqay + lpelrs gy + lwelre ) ) dt < C. (3.35)
Combining (3.31) and (3.35), we can show the inequality (3.25). This completes the proof of
Theorem 3.5. O

We will study numerical discretizations for the problem (2.4)-(2.5) in next sections. To this
end, we need to prove a uniqueness result of the system.

Theorem 3.6. Suppose that Hypothesis 2.1-2.2 hold and w € L*(0,T; H}(?)), then there
exists a unique solution

w € L*(0,T; Hg;, () N L>(0,T; L, (2)),

p € L*(0,T; L*(2)),

w e L*(0,T; Hg(2)) N L>(0,T; L*(2))
for the problem (2.4)-(2.5).

Proof. According to Theorem 3.1, we have the solution of the problem (2.4)-(2.5) satisfy
the energy estimate (3.1). Next, we establish the uniqueness of solution for the problem (2.4)-
(2.5). Let (w1, p1,w:r) and (ug, p2, w2) be two solutions of the system (2.4)-(2.5) with the same
initial data (ug, wp). Let (Ue, e, We) = (U2 — w1, p2 — p1, w2 — w1), we conclude that

(Orthe, v) + b(u2, e, v) + b(te, u1,v) + (1 + pir)a(ue, v)

— d(v,pe) + d(te, q) = 2ur(curl we, v), (3.36)
(8tw67 'l,b) + b(u27 We, 'l,b) + b(uea w1, 'l,b) + Cla(w67 'l,b)
+ co(div we, divep) + 4y (we, ) = 2, (curl ue, ) (3.37)

for any (v,q,v) € H} () x L3(Q) x H ().
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Taking (v, q) = (e, pe) in (3.36) and ¥ = w, in (3.37) and adding together, we can show
Ld
2dt

+ Cl||vwe||2L2(Q) + c2| div weHQLZ(Q)

el Z2 () + llwell L2y ) + 1l VetelZ2 o)
) ) (

+ pr||curlu, — 2we||%2(9) + b(te, U1, Ue) + b(Ue, w1, we) = 0. (3.38)

By applying the Holder inequality, the interpolation inequality and the Young inequality, we
have

1
[b(te, w1, ue)| < levueHQLzm) + OV |20y l[well 22 (0)

C1 1%
|b(te, w1, we)| < §||Vwe”2L2(sz) + ZHVUeHQLZ(Q) + C||Vw1|\i2(sz)||we||2L2(sz)-

Combining the above inequalities and (3.38), we get

d
= (lelFaga + el ) + #ll Vuelfea) + 1l Veoellzy
< C (Ve + Vil ) (el + el ) - (3.39)

Integrating time from 0 to t for the inequality (3.39), we can show

t
el + Ol + [ (uITuelr + enl el ) o

< ue(0) 320y + 106(0) 320
! 4 4 2 2
+C / (IVarligaay + IVrlia ) (lelfe@ + lwelfe )dt.  (3.40)

By employing Lemma 3.1 for the inequality (3.40) and using the initial data (ue(0), we(0)) =
(0,0) and uy,w; € L*(0,T; W12(Q)), we obtain

el Z2 () + lwell L2 () =0,

which implies that (u., we) = (0,0). Taking (ue, w.) = (0,0) in (3.36), we can derive d(v, p,) =
0. By applying the inf-sup condition, we have ||pc|/z2() = 0, which implies that p, = 0, we
completes the proof. O

4. A First-Order Euler Semi-Implicit Time-Discrete Scheme

In this section, we propose the Euler semi-implicit time-discrete scheme for the problem
(1.1)-(1.5). Based on the priori estimates proved in Section 3, we establish L? and H' error
estimates for the time discrete of the microstructure systems (1.1)-(1.5).

4.1. Time discretization

Let N be a fixed integer number and 0 =ty < t; < -+ <ty =T be a uniform partition of
[0,T] with time-step size 7 = T/N (in general, the time-step size 7 < 1). Moreover, t, = nr
denoted the discrete time points and v is the approximation value of the function value v at
time t, for 0 < n < N. For convenience, we write v" = v° for any n < 0. Finally, we define
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the notation dyv™ = (v —v" 1) /7 for n > 1, d?v" = (V" — 20" L + 0" 72) /7% for n > 2. Tt is
easy check that d;v™ = 0 for n < 0.

We initialize the scheme by (u’, w?, p") = (ug, wo, po), then the Euler semi-implicit scheme
of the problem (1.1)-(1.5) is given by: Find (u", p",w™) € H}(Q) x LE(Q) x HJ(2) such that

(drw”,v) + b(u" ™" u", ) + (1 + pr)a(u”, v) — d(v, p") + d(u”, q)

— (") + 20, (curlw™ !, v), @)
(dew™, %) + b(u" " w", ) 4+ cra(w™, ) + co(divw™, divap) + 4p,(w™, 1)
= (9", %) + 2ur(curlu”, ) (4.2)

for any (v,q,v) € H}(Q) x L3(Q) x HF(Q) with 1 <n < N, where

tn [2%
Fro 1/ FOdt, "= 1/ g(t)dt.

T Jtn_1 T Jtn_1

Similarly, we can eliminate the pressure p under the condition that w" € Hj; () and the test
function v € H}. (£). Obviously, we can show the solution (u",w™) satisfies the following
weak formulation: Find (u™, w™) € H}, (Q) x H(Q) such that

(deu™,v) + b(u™ 1 u",v) + (1 + pr)a(u™, v) = (f*,v) + 2u, (curlw™ !, v), (4.3)
(dew™, ) + b(u"™L w", 1) + cra(w”, ) + ca(divaw”, div ) + Apup (w”, )
= (9", %) + 2ur(curlu”, ) (4.4)

for any (v,4) € HL (Q) x H}(Q) with 1 <n < N.
In this paper, we need the variation counterpart of the discrete Gronwall lemma (see, e.g.,
remark to Lemma 5.1 in [18]).

Lemma 4.1. Let Cy, T, an, by, ¢, and d,, be non-negative numbers with n > 0 such that

m m—1 m
am+72bn <7 Z dnan+72cn+C’0, Vm >0,
n=0 n=0 n=0

then

m m—1 m
am+Tan§exp (TZdn> (Tch+Co>, vYm > 0.
n=0

n=0 n=0

The following theorem give the discrete energy estimate for the time discrete scheme.

Theorem 4.1. Suppose that Hypothesis 2.1 holds. For any1 < m < N, the solution ™, w™, p")
of the problem (4.1)-(4.2) satisfies the discrete energy estimate

HumH%Z(Q) + meH%Z(sz) + TZ (T||dtun”2L2(sz) + T||dtwn”2L2(Q))
n=1

n=1
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Proof. Taking (v,q) = 27(u™,p") in (4.1), ¥ = 27w" in (4.2) and adding the two equations,
by applying (2.1) and (2.3), the equality 2a(a — b) = |a|* — |b|* + |a — b|*, we obtain
(|72 () + (1 + 87pp) [w" | Zaq) + T2l dets” |72 () + 72 dew” |12
+ 27‘(,LL + ,LLT)HV’UJ”H%Z(Q) + 201THVU)HH%2(Q) + 2627’” d1vw”||%2(9)
= u" M IZe () + Wiz + 27 (F7,u") + 27(g", w")
+ 41p, (w1t curl w™) + 47p, (curl w”, w™). (4.6)

Employing the Holder inequality, the Young inequality, the Poincaré inequality and (2.2), we
have

20" ) < Ve + 5 [ 1Rt
tn—1

n n n C tn
2(ig" )| < | Vo lFe + 5 [ ol
tn—1
Apr [(w" = curlu™)| < || Va |32 ) + 4 |lw" 720
A | (0, curlu™)] < g [V 2y + Ap |0 By
Combining the above inequalities and (4.6), we can show
w320y + (14 47pe) [w™ (|72 ) + 72w 20

+ 72||dtwn||%2(9) + THHVunHQLZ(Q) + ClTvanH%Z(Q)
tn
n—12 n—12 2 2
< " g2 + (L4 47 [0 [z20) + C/ (HfHLZ(Q) + ”g”L?(Q))dt (4.7)
tn—1

for all 1 <n < N. Summing (4.7) with respect to n from n = 1 to n = m gives

lw™ 200 + (O + drn) ™ [Fegey + 7 D (7ldeu” [3a(gy + Tlldew” 3ee )

n=1

73 (WIVu" e + el V" e )
n=1

< uol oy + (1 + 47u) [wollbacay + C (1A 0mz2@) + 19130 mz2@y)  (48)

forall 1 <m < N.
By applying Hypothesis 2.1 for the inequality (4.8), we can show the energy estimate (4.5).
The proof is complete. O

4.2. Error estimates: time semi-discrete

The main aim of this section is to give the L? — H'! error estimates for the time-discrete
solution (u™,w™,p™). To this end, we first derive an error equation for the discrete scheme
developed in last section. Taking ¢ = ¢, in both (2.4) and (2.5) and by applying Taylor
formula, we have

(diu(tn), v) + b(u(tn), u(tn),v) + (n + pr)a(u(tn), v) — d(v, p(tn)) + d(u(tn), q)
= (f(tn),v) 4+ 2ur(curlw(t,),v) — (Opu”™,v), (4.9)
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(dew(tn), ) +b(u(tn), w(tn), ¥) + cra(w(tn), ¥) + co(divw(tn), divyp) + 4p, (w(tn), ¥)
= (g(tn)v’l:b) + QMT(CUI'I’U,(tn), ¢) - (attwna ¢) (410)

for all (v, q,) € H}(Q) x L3(Q) x H}(Q) with 1 <n < N, where dyu™ and 9y w™ are defined
by
1 tn 1 tn
6ttu" = —/ (t — tn_l)uttdt, 6ttw” = —/ (t — tn_l)wttdt.
T th—1 T tn—1
Subtracting (4.1) and (4.2) from (4.9) and (4.10), respectively, and setting R = u(t,)—u",

Ry = w(t,) —w™ and Ry = p(t,) — p", we can show

(AR, 0) + (R ultn), ) + blu" ' Rbv) + (1 + 1, )a(RE, v)

— d(v,RZ) +d(Ry,q) — QMT(curlefl, v) = (&7, v), (4.11)
(AR, ) + DR w(tn), ) + b(u" ™ Ry, ) + cra(Ry,, )
+ c2(div Ry, div ap) + 4 (Riy, ¥) — 2pr(curl Ry, p) = (€5, 9) (4.12)

for all (v,q,%) € HE(Q) x L3(2) x H}(2), where £ and EF are given by
(&5, v) = (0", v) — (Onu™,v) — b(Oru", u(ty),v) + 2u,(curl Grw™, v), (4.13)

(€3, %) = (Oug™ %) — (Onw™,9p) — b(Du™, w(tn), ), (4.14)

and Oyu™, yw™, O;f and O,g are given by

tn 1 tn
8tu" = / utdt, 8tf" = ;/ (t — tn,1>ftdt,

tn—1 tn—1
tn 1 tn
8tw” ::/ wtdt, 8tg" = —/ (t — tnfl)gtdt.
tn—1 T th—1
To derive an error estimates for the time discrete solution (u™,w™,p"), we need to give an

estimates for the residual errors £1' and £3'.

Lemma 4.2. Suppose that Hypothesis 2.1-2.3 hold. Then £ and &3 satisfy the following
estimates:

NE

3 (1€ iy, oy + IER 2@y ) S CT2 ¥1<m <N, (4.15)

Il
-

n

NE

T

v(tn) (€8 1320) + €5 132y ) S CT% ¥1<m <N, (4.16)

Il
N

n

Proof. By applying (4.13)-(4.14), Hj, (Q) C H(Q), the Holder inequality and (2.2), we
obtain

€M E e,y < CTENFell 2 sz + CTZ el 2, tnscrz,, 2)))

+ O || Vau(ta)l L2 9) | Vel 2ty 0:22()
+CT%vat||L2(tn,1,tn;L2(Q))a (417)

n 1 1
1€ | (-1 (0)) < CT2gell 2t 1 t0iz2(0)) + OTZ lweellp2r, 02 ()

+ O3 |V (t) | 2o IV L2t nsz2(@)- (4.18)
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Combining (4.17)-(4.18) and using Theorem 3.2, we conclude that
™ (1€ 1260y, @y + €8 122 )

<cr [ (Il + ol Ea )t

b

tn
+ CT?/ (Hutt”?H;iv(Q))/ + HwttH%H*l(Q)))dt
1

n—

tn
1

tn
+CT2/t (||Vut||2LZ(Q)+||th||2Lz(Q))dt (4.19)
—1

for all 1 < n < N. Summing (4.19) with respect to n from n = 1 to n = m and by applying
Hypothesis 2.1 and Theorems 3.2-3.4, we have the estimate (4.15). Similarly, by applying
(4.13)-(4.14) and the Hélder inequality, we get
1€ I2(2) < T2 Fell 2t 1 mim2) + C72 et r2(0 s t0s220)
1
+ C72 [lultn) | 2 @) Vel L2t tiL2(0))
+ CT||Vwel| L2,y tin2(0)s (4.20)

€8 L2 < CTEGell L2t v tner2()) + CTE[wetll L2y L2
+ O7% w(tn) | a2 ) Ve 20yt 22(52))- (4.21)
Combining (4.20) and (4.21), we obtain

ru(tn) (15 1320 + 165 1320 )

tn
<07 (14 utt) ey + lw)Bar) [ (IFulnioy + V03 )t
th—1

n

tn
+0r [ (1Al + 19t e + o) s e + o) ol it (422)
1

n—

for all 1 < n < N. Summing (4.22) with respect to n from n = 1 to n = m and by apply-
ing Hypothesis 2.1 and Theorems 3.3-3.5, we get the required estimate (4.16). The proof is
complete. 0

In the remainder of this section, we will prove the error estimates for the time-discrete
scheme.

Theorem 4.2. Suppose that Hypothesis 2.1-2.3 hold. For all 1 < m < N, the solution (u”,
w”,p") of the problem (4.1)-(4.2) satisfies the error estimate

sup (llw(tn) = w32y + 0(tn) = w320 (4.23)

1<n<m
73 (I9tn) = w3z + [V (w(t) = ™) 320 ) < CT%
n=1

Proof. Taking (v,q) = 27(Ry,, R}) in (4.11) and 9 = 27R}, in (4.12) and adding together,
by applying (2.3) and the equality

2a(a —b) = |af* — b]* + |a — b]?,
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we have
HRZHQI}(Q) +(1+ 8HTT)HRZH2L2(Q) + 72||dtRZ||2L2(Q) + 72||dtR$|\2L2(Q)
+27(p + ) IVRG 720 + 2617 VR, 122 () + 2¢27 (| div Ry |72 (0
+2rb(Ry ™ u(ta), Re) + 27b(Ry ™ w(t,), RY,)
— A1, (curlREH RY) — drp, (curl R, RY)
= IRu 220y + IR Iz +27(E7 RY) +27(E3, Ry )- (4.24)
By applying the Holder and Young inequalities, R? € H}, (Q2) and (2.1)-(2.2), we obtain
2[b(Ry u(tn), RY)| < %llVRZHQLz(Q) + Clluta)ll 2@ IRY 22 (@)
2 bRy w(ta), Ryy)| < C-;HVRleQm(Q) + Cllw(ta)ll 7 @ IR Iz (@)
Apy |(curlRy, ™ RE)| < dpe | Ry ) + 1 IVRE 200
g [(curIRy, RE)| < 4| R T2 () + 10 IVRE T2 ()
2167, R < SIVRLIE 0 + CIENPay, oy
21(65, i)l < FUVRG @) + ClIES a1 a)-
Combining the above inequalities and (4.24), we can show
IRulZ2() + (1 + 4 T)IRY I22 () + HTIVREIZ @) + T VR |12 o)
<Re M IZ2) + U+ 4pem) Ry T2 + CT (||5?||%H(1“V(Q))/ + HSQLH%HA(Q)))
+ 07 (Julta) g2y + w0 lta) 2@y ) (IRE Mooy + IR Reey)  (4:25)
for all 1 < n < N. Summing (4.25) with respect to n from n = 1 to n = m and by applying

Lemma 4.2 and noticing (R%, R2) = (0,0), we have

IR 20y + (1 + 40 7) [ RipllZ2q) + TZ (MHVRZHQB(Q) + clHVRzHiz(Q))

n=1
m—1
<Y (Ilultns) g + (i) ) (IR 20 + IR 3o )
n=0
+ CTZ (”‘E‘?H?Héiv(ﬂ))’ + H‘SSH?H*I(Q)))
n=1
m—1
<73 da (RGN e + (1 + 4D lIR 3y ) + O, (4.26)
n=0

where dy, = C([[u(tns1) 320y + 1w (tns1) 1 32(q))-
By applying Lemma 4.1 and Theorem 3.4 for the inequality (4.26), we obtain

||R$H%2(Q)+”R$H%2(Q) +7 Z (NHVRZH%Z(Q) + Cl||VRZ||2Lz(Q))
n=1

m—1
< CO7? exp (T Z dn> < O7?
n=0

for all 1 < m < N. The proof is complete. O
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Theorem 4.3. Suppose that Hypothesis 2.1-2.3 hold. For all 1 < m < N, the solution
(u™, w™, p™) of the problem (4.1)-(4.2) satisfies the error estimate

sup v(tn) (9 (wltn) = u") [z + [V (w(tn) = w")|[Fe(ey )

1<n<m

Hryov o) (l1de (w(tn) = ") [Fe(o) + ldew(tn) = w")[Fe ) S C72 (4:27)
Proof.  Taking (v,q) = 27(d;R%,0) in (4.11) and ¥ = 27d;R? in (4.12) and adding
together, by applying the equality
2a(a = b) = laf* = b + |a — b,
we have
(1 + o) (IVRE I 20y — I VRE 3200y + IV (RE = R o))
+ a1 (IVRG 320 — IR 320y + V(RS — R 3a(ay )
e (11 div RS 3200 — | divRE ey + | div(RY = Ri) (o)
+ 8p (IR 132y — IR 3oy + (R — R [3a(ey )
+ 270 (R u(ty), diRYE) + 270 (w(tn—1), R, diRY)
+27b (R w(ty), iRy +27b (u(tn—1), Ry ', diRy,)
—271b (R Ry, diRL) — 27b (R, RL,, diRY)
+ 27(|di Ry 122 () + 27 1 RY [ 220

— Ap,7 (curlRY ™ dRY) — 4p,7 (curlRy, diRY,)
=27(E7, diRy,) + 27(EF , diRy). (4.28)

By applying the Holder inequality, the Young inequality and (2.2), we can show

| (eurIRy ™ dRY)| < IR a0 + CIVRY 2.
Ay eur IR, diRY)| < LIRS By + CIVREagey,
2/(6f, diR)| < 1R 2oy + ClE Inca,
2/(63,diRL) < IR Ia(e) + CIEE (0,
2 bRy ultn), diRy)| < 2| Ru ™ Hlzs o I Vultn)ll Le @) lde R | 20

< IR ) + Clluttn) gz ) IVRE ™ 0
2|b(w(tn-1), Ry~ diRy)| < 2fw(tn-1)ll L~ VR 2@ ldiRyl L2

< IR (0 + Cllattn )y IVRE (0

2[b(Ry ™ R, diRYy)| < 20 VR 2o IVRE L2 @) IV (R — Rl
/LJF Hor

V(R = Ry L2 + CT VR L2 VRGN L2 )
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2[Ry w(tn), diRy, )| < 2R Lo IVw(tn)ll Lo o) ld:RY, [ 22 (@)
< IR a0+ Cllwtn) gz o VRS ey
2 [b(w(tn-1), Ry " diRip)| < 2] w(tn-1)l| L) VRE 2o lldeRil 2 o)
< i”dtRzH%Z(Q) + Olluta-1)llE o) IVRY @)
2|b(Re ™, Ry, deRiy,)| < 27 VR L2 IVR G 2@ IV (R, — Ry YLz«
< %HV(RZ ~ R L2 + CTHIVRE 2o IVRE T2 ) -
Combining the above inequalities and (4.28) and by applying Theorem 3.4, we get
Tl d Ry T2 ) + TIdeRG 20y + (1 + 1) (HVRZH%Q(Q) - ||VRZ_1H?;2(Q))
+ e (IVRG 2y — IR ey + 8t (IR% 200y — IR 32(ey )
+ 265 (1 div R 320y — | divRE 3200 )
< Cr (€813 a@ + 165 3a)) + € (IVRE ey + IVRE 3oy )
x (IR 20 + I VRE I 20
+ 07 (IVRE ey + VRS Ra(qy + IVREI 2@y + IVRG G 2y)  (4:29)

for all 1 < n < N. Multiplying the inequality (4.29) by v(t,) and by applying v(t,) <
v(tn—1) + 7, we obtain

v(tn) (4R Fe oy + 1R [z ) 7+ v(tn) (8 + 1) VR ey + 1 [ TR ey )
— vlta-) (0 + ) IVRE ey + 1 VRS 32y
+ v(tn) (22l divRY 3oy + 810 IR )
—v(tn-1) (202” diVRﬁ”@ﬂ(Q) + 8HTHR$1HQLZ(Q))
< Cvltnr) (IVRE ey + VRS ey ) (IVREN 200 + IVR S [F2(ey )
+C1 (IVRL 2@y + IR 2y + IVREIE ) + I VRGN (o))
+ Cultn) (1€ 1200 + 15 32y ) 7 (4.30)
forall 1 <n<N.
Summing (4.30) with respect to n from n = 1 to n = m and by applying Lemma 4.2,
Theorem 4.2 and (R, R2) = (0,0), we have
3w (IR ey + 1R )
 vltm) (4 i) I VRE [ 20y + 1l VRS 0

m—1
<77 duvtn) (4 i) VR 20y + 1 VR a0y ) + O, (4.31)
n=0

where dy, = C7 (| VREM 250y + [IVRE 22 q)-
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By applying Lemma 4.1 for the inequality (4.31), we obtain
TZ o) (4R 20y + IR ()

o vltm) (14 1) IVRE [0y + 1 I VR 32

m—1
< C7?%exp (T Z dn> . (4.32)
n=0
By applying Theorem 4.2 for the inequality (4.32), we have (4.27). The proof is complete. [

Theorem 4.4. Suppose that Hypothesis 2.1-2.3 hold. For all 1 < m < N, the solution (u”,
w”,p") of the problem (4.1)-(4.2) satisfies the error estimate

Z p(tn) = " l[320) < O (4.33)

Proof. By applying the inf-sup condition, the Hélder inequality and (2.2), the Eq. (4.11),
we have

n d(v,R}y)
BlIRy L2 < sup = —
vert (@) [IVVllL2(a)
< C (1Rl 2y HIVRE L2 [ Vultn) 22 @)
+ CIVu™ 2 VRE | L2 (o)
+C ([IVRE L2 + VR M2 ) + 1€ 22 () - (4.34)

Squaring this identities (4.34) and multiplying by v(¢,)7, we can show
vt IR I 0)™ < C (V) I RE 3y + VR 1) [0l 320 7)
+C (IVe ™ Za () IVRE 320 + IV RN 207 )
+C (VR (@7 + () 1€2 12007 ) - (4.35)

Summing (4.35) with respect to n from n = 1 to n = m and by applying Theorems 3.2, 4.3 and
(RY,RY) = (0,0), we obtain

TZ ‘R HL2 Q) <C< Z v(tn)lldi Ry, ||L2(Q +TZ n)|IET HL2 Q)) (4.36)

n=1 n=1
m—1
+C ( ’ Z [Vu™ ||L2(Q +TZ ( |VR"HL2(Q + VRS HLZ(Q ))
n=0

By applying Theorems 4.1-4.3, Lemma 4.2 and Hypothesis 2.1 for the inequality (4.36), we have
(4.33). The proof is complete. O

5. Regularity Results for the Time-Discrete Solutions

In this section, we establish some regularity results for the time-discrete solution (u™, w™, p™).
In addition to their own theoretical significance, these regularity results are necessary for the
error estimate results of the fully discrete Euler semi-implicit scheme.



92 S.P. MAO, J.A. SUN AND W.D. XUE

We first give a priori estimates for the maximal H' norm of (u™, w") and the maximal L?
norm of (dyu™, dyw™).

Theorem 5.1. Suppose that Hypothesis 2.1-2.3 hold. The solution (u™,w™,p™) of the problem
(4.1)-(4.2) satisfies the following estimate:

sup  (IVa" 320y + IV [Fay) + sup (e [agq + lldw" [Foe) <€ (5.1)
1<n<N 1<n<N

Proof. By applying the triangle inequality and (a+b)? < 2(a? +b?), Theorem 4.3, we have

IV 220y < 20Vu(tn) 12 () + 201V (w(tn) — w™)|[ L2

< 2| Vau(tn) 220y + Cr(ta) ™', (5.2)
IVw" (|22 () < 2[Vw(tn)lZa) + 2V (w(ta) — w")l|Z2(q)
< 2||Vw(tn)|Z2 () + Cr(tn) "' (5.3)

forall 1 <n<N.
Adding (5.2) and (5.3), and by applying Theorem 3.2 and the inequality v(t,) 172 < C, we
obtain
IVu"|[2200) + V" || Z2(q) < C (5.4)

for any 1 < n < N. Similarly, by applying the triangle inequality and (a + b)? < 2(a® + b?),
Theorem 4.3, we can show

Idew” (|72 () < 2l diw(tn)l| 22 + 2lde(u(ts) — w™)|72q)

< 2||dtu(tn)||2Lz(Q) + Cu(t,) ', (5.5)
dew"||Z2(q) < 2lldew(tn)llz2(q) + 2]l de(w(tn) — w")l|72(q)

< 2||dtw(tn)||2Lz(Q) +Cu(t,) 7 (5.6)

for all 1 <n < N. Adding (5.5) and (5.6) and by applying Theorem 3.3 and v(t,)~'7 < C, we
conclude that

[deu |20 + lldiw™ || 220

2 [tn B
S ;/ (HaﬁuH%Z(Q) + Hathiz(Q))dS 4+ Cl/(tn) 17'
tn—1
< NOsul|7 o 0, 7,22 (52y) + 1050 ] T (0, 7120 + C < C (5.7)

for all 1 < n < N. Combining the inequality (5.4) and (5.7), we have (5.1). The proof is
complete. O

In next step, we give a priori estimates for the maximal H? norm of (u",w") and the
maximal H! norm of p”.

Theorem 5.2. Suppose that Hypothesis 2.1-2.3 hold. The solution (u",w™,p™) of the problem
(4.1)-(4.2) satisfies the following estimate:

sup ([lw" oy + 0" Bz + 19" ey ) < C. (5.8)
1<n<N
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Proof. According to (4.1) and (4.2), we can show (u™, p, w™) satisfy the following system:
deu” + (u" - V)u" — (u 4 pp)Au™ + Vp™ = F7 4 2u,curl w™ !,
divu”™ =0,
diw" + (u"1 - V)w" — i Aw™ — ¢V divw” + 4p,w™ = g™ + 2u,curl u”
in D'((0,T) x Q).
By applying the Holder inequality and the Young inequality, (2.2) and (2.8), Hypothesis 2.3,
we conclude that
™| rz2(0) + 12" | 21 ()
< Clldu™ |z + CIIVE" 2oy V6™ 22 g 107 o
+ Ol L2 + ClIIVW™ | L2
< Clldu™||L2 ) + Clf L) + ClIVW" L2 (o)

n— n 1 n
+ CIVu" ) IVU" | L2@) + 5”“ | 22 (5.9)
lw™ |20 + || divw" || 1 ()
< CHdtwn”LQ(Q) + C||Vu”71|\Lz(Q)||Vw”|\%2(m||w"||§12(m

+Cllg" L2y + ClIVu" || L2 @) + Cllw" || L2
< Clldyw" || g2() + Cllg" l2o) + ClIVU" || L2(0) + Cllw™ || L2

n— n 1 n
+ O Vu" 72 IV || L20) + §||w | £2 () (5.10)
for all 1 <n < N. By applying Hypothesis 2.1, we obtain

[F™ L2 + 19" 2@) < [ Fllze=0.1:22()) + 19l (0,7:L2(0)) < C (5.11)
forany 1 <n < N.

Combining (5.9)-(5.10) and applying Theorem 5.1 and the inequality (5.11), we have (5.8).

The proof is complete. O

In the following theorem, we will give a priori estimate for the discrete L2(H') norm of
(dtu", dtw”)

Theorem 5.3. Suppose that Hypothesis 2.1-2.3 hold. For all 2 < m < N, the solution (u",
w™, p™) of the problem (4.1)-(4.2) satisfies the following estimate:

> (||thu"|\2y(m + Hthw"HQLZ(Q)) <C. (5.12)
n=2

Proof. Taking increments on (4.1)-(4.2) for n > 2, we can show
(u™, v) + b(deu™ ™ u™, v) + b(u" "2, dyu™, v)
+ (1 + pr)a(diu™, v) — d(v, dip") + d(dru”, q)
= (de f",v) + 2p, (curldyw™ ™, v), (5.13)
(Zw™, ) + b(diu™ 1 w™, 1) + b(u" "2, dyw™, 1)
+ cra(diw”, ) + co(divdiw”, div ep) + 4p, (drw™, )
= (dig", %) + 2u,(curld,u™, ) (5.14)
for any (v,q,v%) € H} () x L3(Q) x H(Q).
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Let (v,q) = 2(d¢u™, dip™)7 in (5.13) and ¥ = 2d,w™7 in (5.14) and adding together, we get

[deu™ |22 ) + [[diw™ 7200y + [diu” — deu” |72 () + [diw™ — dyw™ ™| 320
+ QT(M + /Lr)||thun||%2(Q) + 27 ||thwn||%z(9) + 27‘02” div dtw"||%2(9)
+ 8uTT||dtw"||2LQ(Q) + 27b(dyu™ "t ™, dyu™) + 27b(dyu™ "t w™, dyw™)
= [[deu” |20 + [ldew" [Ty + 27(de £, dru™) + 27(dig", drw™)
+ 4pp7(curldiw™ ™t dyu™) + 4,7 (curldyu™, dpw™). (5.15)

By applying the Holder inequality, the Young inequality and (2.1)-(2.2), we have
2[b(dyu" "t ", dyu™)| < %”thunHQLZ(Q) + Ol oyl de™ [T 20
2[b(dyu™ " w", dyw™)| < %Hthwn”%?(Q) + Cllw™ || 320 ldew” 1220
2|(d:f", dew™)| < SIVdeu" 3o + Cllde " 32,

2 |(dig”, dew™)| < Vw320 + Clldig" 320y,

Ay |(curldyw™ ™t diu™)| < Appl|diw™ T2y + 1 I VA" 720,
4,LLT |(curldtu”, dtw")| S 4,LLT||dt’LUn||%2(Q) + ur||thu"||2Lz(Q)

Combining the above inequalities and (5.15), we conclude that
dew™ Ty + (L + dpr7) | dew" L2 (q) + p7(| Vdeuw™ | T2y + 17| Vdiw™ |22
<l deu T2y + (1 + 4pem) || dew"™ 72y + CT (||dtfn||2L2(Q) + ||dt9n||2LZ(Q))
+ O (" 2y + 10" g2y ) (ldew a0y + w32 (5.16)

for any 2 <n < N. Summing (5.16) with respect to n from n = 2 to n = m, we obtain

ldew™ 30y + lldw™ [Faqy + 7 3 (1l Vdeu" [Feqg) + 1| V" [Fee )

n=2
m—1
<O > (I ez + ™ e ) (w0 + ™ o))
n=1
+ 01" (Idef ey + ldeg" ey ) + (e oy + ' [3aie)  (5:17)
n=1

for any 2 < m < N. By using of Hypothesis 2.1, we can show
3 (ldef™ (@) + ldeg" ooy )
n=1

< C(10F 1 o 1,220 + 100813 = 07,220 ) < € (5.18)

By applying Lemma 4.1, Theorem 5.1 and (5.18) for the inequality (5.17), we have (5.12). The
proof is complete. O

In next theorem, we will give a priori estimate for the maximal H! norm of (d;u™,d;w™)
and the discrete L?(L?) norm of (d?u™, d?w™).
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Theorem 5.4. Suppose that Hypothesis 2.1-2.3 hold. For all 2 < m < N, the solution (u",
w™, p™) of the problem (4.1)-(4.2) satisfies the following estimate:

sup_ v(tn) (V" [32(0) + | Vdiw" [32())

2<n<m

+73 " vita) (||d§u"||2L2(Q) + ||d§w"|\2LZ(Q)) <c. (5.19)
n=2

Proof. Taking (v,q) = 27(d?u",0) in (5.13) and ¥ = 27d?w" in (5.14) and adding together
the two equations, we obtain

27‘||dfu"||2Lg(Q) + 27‘||dfw"||2Lg(Q) + 20(dpu™ " u™, d2u™) T + 2b(u" 2 dyu”, d2u™) T (5.20)
(1 ) [V By + 1 [V )7 + 2b(deu, ", w7
+ difes | div i [2aqgy + Sp " By )7 + 26(u2, diw”, 2w
< 27(de ", diu™) 4 27(dig", d2w™) + 4, (curldyw™ ™t d2u™) + 4,7 (curld,u™, d2w™)

for any n > 2.
By applying the Holder inequality, the Young inequality and (2.2), we derive

2[b(dyu" " u, diu™)| < 2|\ diu” | Loy | Ve | Loy |diu" || 2 o)
< I 3 + Cllu s o V" 2
2 [b(u" 2, dyu”, diu™)| < 2[|u" || oo o) I V" || L2 )| d7 u™ | L2 (o)
< i”dfun”%?(m + CHun72H%—I2(Q)||thun|‘%2(ﬂ)v
2[b(dpu" " w", dfw™)| < 2||deu” | Lo (o) I V™ || Loy dFw™ || L2 ()
< LI 3y + Ol o o [V 3
2 |b(u" ", dyw”, diw")| < 2[|u" || o) Vdiw™ || 2o |d7w"™ | L2 )
< 1w (g + Cllu" s 0y V0™ [y,
2|(def", )| < I By + Cldef 3ogey,
2|(deg", dw")| < 17" ey + Cldig" [0
Ay (curld o™ @Fu)| < P o) + ClVdaw" ™ 3.
4pty |(curldiu™, diw™)| < ldewnHQLZ(Q) + C|IVdiu®||Z2(q)-
Combining the above inequalities and (5.20), we conclude that
THd?unH%Z(Q) +T||dt2wn||%2(ﬂ)
i (1 + ) [V e[ 0) + 1| Vw0 ) 7
+ d (eall div dew" 20 + Steldiw" 3oy ) 7

< C (IVdi g0 + IVdw" 3oy 7



96 S.P. MAO, J.A. SUN AND W.D. XUE

o+ Ol 3gaa) (IVdew gy + V™ [ gq) ) 7

+C (IVdiu" 3 q) + I Vdw"™ 3oy ) 7

+ Cllw gy (IVdu"™ 3z + IVdw" ™ [Fa(q ) 7

+ Ol 2y (IVdiw g0 + IV 3oy ) 7

+ O (et ey + deg™ Ioy) 7 (5.21)

for any 2 < n < N. Multiplying the inequality (5.21) by v(t,), and by applying v(t,) <
v(tp—1) + 7, we can show

v(tn) (1w 1320 + 70" 320y ) 7
tultn) (0 + o)V [0y + 1| Vyw" [3(q) )
= v(tn-1) (a4 )| Vdsu" Gy + e[ Vediw™™ )
+ v(tn) (c2ll div dw" 3 gy + Sur ldiw” [3e(qy )
— vltn-1) (call div dw" 32 gy + Sur " Fa(ey )
< C (Idef™ gy + e ey ) 7+ C (1 + "2 ra(ay + I Wz + " Iz )
% (IVdu™ a0 + I Vdiw™ [ + I Vdsw ey + [ Vdiw™ M lae)) 7 (5:22)

for any 2 <n < N. Summing (5.22) with respect to n from n = 2 to n = m, and by applying
Theorem 5.2 and v(t1) = 7, we can show

Vltm) (8 + ) [Vdiw™ |3 ) + 1| Vdio™ |3(q )
+7 3 wltn) (2w gy + ld3w" [3e())
n=2

m

<r Y (IVdu" 3e0) + [ Vdiw" 320 )

n=2

+v(t) (5 + ) IV 3oy + 1| Vw32

+01 Y (It 130y + i o))

n=2

+ w(ty) (el divdpw! 320y + Sparlldiw' 32

<oy (IVa e + Vi 3o

n=1
+07 Y (ldef™ 1300y + Idig™ 2oy
n=1
for any 2 < m < N. Using the triangle inequality and Theorems 4.2 and 3.3, we get that

7 (IVdu 1320y + Vw30 )
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<O (IV(u! = ut) 220 + IV(w' —w(t)]
< Dz20) D29
T
+0/ (190 0y + Ve )t < O (5.23)
0

By applying Theorem 5.3 and (5.18), (5.23), we have (5.19). The proof is complete. O

The following theorem gives a priori estimate for the discrete L?(H?) norm of (d,u™, d;w™)
and the discrete L2(H') norm of d;p".

Theorem 5.5. Suppose that Hypothesis 2.1-2.3 hold. For all 1 < m < N, the solution (u",
w™, p™) of the problem (4.1)-(4.2) satisfies the following estimate:

7> vltn) {di gz oy + i gz ey + w130y } < C: (5.24)
n=1

Proof.  According to (5.13) and (5.14), we can show (u”,w",p") satisfy the following

system:
Cu™ 4 (deu™ ' V)u" + (w2 V)du™ — (4 ) Adpu™

+ Vdip" = di f" + 2urcurldw™ ™, divdiu™ =0,
w™ + (du" " V)w" + (u" 2 V)daw" — c1 Adyw™
— oV divdiw" + 4p,-diw™ = diyg" + 2u,-curld;u”™

in D'((0,T) x Q). By applying the Holder inequality and the Young inequality, (2.2), Hypoth-
esis 2.3, we conclude that

ldew" || g2 ) + |dep" | 1 ()
< Clldiu™| L2 (0 + Cllu" || a2 @) IVdiu™ | 2
+ Cllu 2| 2 IVdiu™ || L2y + Cllde ™ |22 ) + ClVdiw™ | p2(q), (5.25)
ldiw"™ || 2 () + || div dyw™ || g1 ()
< Ol diw"|| 20y + Cllw"™ | 2o [Vdiw™ | L2 (0
+ Cllu" 2| m2 () IVdew™ | L2 (o) + Clldig" || 2 (o) + C||Vdiw" || 2 (5.26)
for any 2 <n < N.

Squaring this identities (5.25) and (5.26), and multiplying by v(¢,), together with Theo-
rem 5.2, we get,

V(tn)l|de™ |22 0y + v(tn)[|dep™ (|7
< Cu(ty)|ldiu"|2q) + Cl VA |12y + Ol Vdu™|72 ()
+Olldef™ 220y + ClVdw" 20, (5.27)
V(tn)l|dew™ |32y + v(ta)|| div dyw™ [ 31 )
< Ov(tn)||djw" |12 (q) + ClIVdeu" |22 (g + C|Vdiw™ |22
+ C”dtgn”%?(ﬁ) + CHthun”%?(Q) (5.28)

for any 2 < n < N. Summing (5.27)-(5.28) with respect to n from n = 2 to n = m, we have

m

73 wlta) (e gy ™ o)+ lde™ 31 o

n=2
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< Cr Y (e f™ Iy + Idig" )
n=1

+ C1

NE

v(tn) (a2 320y + ld7w" [3e(e )

n=2

+01 Y (IVdu" |30y + Vw320

n=1

3

for any 2 < m < N. By applying Theorems 5.3-5.4 and (5.18), (5.23), we have

™3 vlta) (ldeu™ a2 ey + Idew" ey + dp" s e ) < C-
n=2
When n = 1, using v(t1) = 7 and Theorem 5.2, the estimate (3.17), we obtain

Tv(t1) (Hdtulﬂiﬂ(sz) + [|diw* || 320y + ||dtpl|\§{1(sz))
<2 (1w ey + 10 =y + 12" 301 )

+2 (10 32 + 10(O0) By + 1) ey ) < C.

Combining the above two inequalities, we can show the estimate (5.24). The proof is thus
complete. O

6. The Fully Discrete Euler Semi-Implicit Scheme

In this section, we study the fully discrete Euler semi-implicit mixed finite element scheme
for the MNSE, which has been proposed and studied in [29]. We establish the L>-H' error
estimates for the finite element solutions of the MNSE unconditionally.

6.1. Spatial discretization

Now we introduce some notations for the fully discrete scheme. Let T, be a quasi-uniform
tetrahedral partition of Q with Q = Uge7, K. The mesh size is denoted by h = maxgeT, hr,
where hg is the mesh size of the tetrahedron K. Moreover, each tetrahedron K is supposed to
be the image of a reference tetrahedron K under an affine map Fx. We also defined P, (K) is
the space of polynomials of degree n on K, while P3(K) = [P,(K)]>. We introduce the fnite
element spaces (Up, Q) C (HE(Q) x L3(Q2)) with for the linear velocity with pressure, which
satisfies the discrete inf-sup condition: there exists a constant § such that

di
inf sup ( 1V Up, Qh)

> B, 6.1
0#an €Qn 0w, €Uy |1l L2() IV ORI L2(0) (6.1)

where 3 is positive constants depending only on 2. The space W), C H{(2) will be used to
approximate the angular velocity. There are many finite element pairs satisfy the discrete inf-
sup condition, such as P,-P, element, Mini-element and Taylor-Hood element (see, e.g., [13]).
In this paper, we choose the following finite element space:

Uy = {v € C'@Q) : v o Filx € [P1(K) @ span(B)?, VK € Th} nHYQ),
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@ = {g€ C°@): go Ficlx € Pi(R), VK € Ti} N L3(%),
W, = {v e C°(Q) :v|x € P}K), VK € T} N Hy (),

where B € H}(K) is standard bubble function and 0 < B < 1 and B(\) = 1, which X is the
barycenter of K. The subspace Ug j, of Uy, which given by

Uon ={v €Uy :d(v,qn) =0, qn € Qu}.
We assume that the initial data is smooth and initialize the scheme
0 _ 0 _ 0 _
uy, = Py, , w0, wj = Pw,wo, p; = Pg,Po-

Denote Py, as L2-orthogonal projection operator from L?(2) into Ap, where Ay, is either Ug p,
Wp,. Pg, as L?-orthogonal projection operator from L?(£2) into Qp. Then, for every 1 <n < N
we compute (up, wy,py) € Uy, x Wj, x Qp that solves

(dt’uz; 'Uh) + bh(’U,Z_l, ’U’Za ’Uh) + (/j/ + MT)a(uZa ’Uh) - d(”hapﬁ) + d(’U’Za Qh)

= (f",vn) + 2p, (curl w) ", vp), (6.2)
(dywjt, abp) + bp(w) ™ wi, n) + cra(wyl, ) + co(div wy, div ) + 4pe(w], )
= (9", %n) + 2p,(curluy, ¥p) (6.3)

for all (vp, ¥n,qn) € Up x Wy, X Qp, where by, : [H&(Q)}B — R denote that

1 1
bp(u, v, w) = b(u,v,w) + E(div u,v-w) = 3 [b(u, v, w) — b(u, w,v)]
for any u,v,w € H}(9).

Remark 6.1. We use a semi-implicit treatment to the nonlinear convection term and implicit
to the pressure in the above fully discrete scheme, which in turn leads to a Stokes solver. In fact,
there have been quite a few existing works for the standard Navier-Stokes equations, in which
the nonlinear convection term is treated fully explicitly, and the Stokes solver is decoupled
into two Poisson solvers, see, e.g., [6,8,33,38]. Some ideas in these interesting works may be
applicable to the MNSE system, see [32, 35].

The trilinear form by, (-, -, -) satisfies
bp(u,v,v) =0, by(u,v,w)=—b(u,w,v) (6.4)
for all u,v,w € H(Q) and for all u € H}, (Q),
bp(u, v, w) = b(u, v, w).
In addition, the trilinear form by(, -, -) satisfies the following estimates:

br(w, v, w)| < C||Vul L20) | VYl L2 (0) | VW L2(0), (6.5)
br (u, v, w)| < Cllul|z@)l|vl m2) [Vl L2(0),

br(u, v, w)| < Cl|Vul|L2 ) l|v]| m22@)llwl L2 o)

for all w,v,w € H}(Q).
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The projection Py, satisfies the following approximate properties (see, e.g., [1,13,16,19]):

v — Py, , vllL2(0) + BIV(© = Py, v) | L2(0) < CR*||v]| 520, (6.8)
[t — Pw, bl L2() + 2V (w — Pw, w)|| L2(0) < CR* 1Y 20, (6.9)
le = PondllLz) < Chllal @), (6.10)

where v, ¢ € HY, (Q) N H?*(Q) and ¢ € LE(Q) N H' (Q).
We define the Stokes projection (u,p) as the pair (Rp(u,p), Qn(u,p)) € Uy x Qp, that solves
ﬁa(Rh (uap)v ’Uh) - d(vhv Qh(u7p>> = ﬁa(ua vh) - d(vhap)v (611>
d(Rh(’U/,p), qh) = d(ua Qh) (612)

for any (vp,qn) € Up X Qp and @ = p + p,, which has the following well-known approximation
properties (see, e.g., [13,18]):

w —Rn(w,p)llL2) + 2IV(w = Ru(w,p))llz2 ) + Ip — Qulu, p)llL2 ()
< Ch M (|lul| ey + 1Pl i), 1=0,1 (6.13)

for (u,p) € [H'TH(Q) N H (Q)] x H(Q) with C independent of h, u and p.
The Ritz projection Zp, : W — W, defined by

cra(Zpw — w, Py) + co(div(Zrw — w),divepy) =0, Vb, € Wy, (6.14)
which has the following well-known approximation properties (see, e.g., [13,37]):
Hw — %thLZ(Q) + h||V(w — %’hw)HI;(Q) S ChQHw”HZ(Q) (615)

for w € H*(2) N H}(Q).
It can be shown easily that the above fully discrete finite element solution satisfies a discrete
energy estimate.

Theorem 6.1. Suppose that Hypothesis 2.1 holds. For any1l < m < N, the solution @}, w},py)
of the problem (6.2)-(6.3) satisfies the discrete energy estimate

”uTH%Z(Q) + Hw;mnH%Z(Q) +TZ (T”dtuZHQLZ(Q) +T||dthH2L2(Q))
n=1

+7y (u||wz||i2(m + cl||ng|\2Lzm)) <c. (6.16)

n=1
Proof. Taking (vn,qn) = 27(uf,pp) in (6.2) and ¥ = 27w}, in (6.3), respectively. Then
the proof is almost the same as Theorem 4.1. O

6.2. Error estimates

In this subsection, we will prove the L?-H?! error estimates of (u},w?) and the L2-error
estimates of py. For convenience, setting &, = u" —uy, &, = w" —wy and &) = p" — pj.
Our analysis relies on the error splitting argument which can be described as

. n _ n n -n __.n n
=u" — Py, ,u", €y =w" —Pw,w", e, =p" —Pq,p",

n n n n n ' n
= Py, ,u" — uj, e, = Pw,w" —wy, ep:Pth — Dhs

w=u" = Ry(u"p"), Ey =w" - Zyw", Ep =p" - Qu(u”,p"),
Ey = Ru(u",p") —uj, By =Zhw" —wp,  E = Qn(u",p") - pj.
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Subtracting (6.2) and (6.3) from (4.1) and (4.2), respectively, we can get the error equations

(dtguavh)+bh(5n ! ’LL Uh)+bh( ! gu’vh)+(M+MT)a(53avh)

—d(vn, &) +d(Ey, qn) — 2, (curlEn 1 vy,) =0, (6.17)
(dtggn ’¢h) + bh(g;l_la wn, ’¢h) + bh(u 1; 53“ wh) + Cla(ggn wh)
+ co(div EL, divapp) + 4 (EL ) — 24, (curlElX  4py) = 0 (6.18)

for all (’Uh,’l,bh,qh) € Uy x Wy, x Qp.
We are now in a position to state and prove the error estimates for the fully discrete finite
element method.

Theorem 6.2. Suppose that Hypothesis 2.1-2.3 hold. For all 1 < m < N, the solution (u},
wy, py) of the problem (6.2)-(6.3) satisfies the error estimates

sup ([l — whl3(0) + 1" — wi 3o ) (6.19)
1<n<m

73 (19" — ) a0y + (" —wh) 30y < Ch.

Proof. Taking (vp, qn) = 27(e?
noticing that

€y ¢py) in (6.17) and v, = 27ey, in (6.18) and adding together,

—d(ey, &) +d(Ey ep)

u’p u?p

7d( 27_2)761(62’62)4»(1( w? p)+d( w? p)

7d( €us p)+d( ) p)zid( Za_g)

applying the identities
2a(a —b) = [a]* = [b]* + |a — b|”

and (6.4), we have

lerllzzo) + lewlza @) — (lew™ 1Z2 () + e 1 Ze@) +27bn (€371 u", el

+27bh( "16” )+27bh(5”1w e )+27‘bh( "1éZ,e$)
+ i (V€L ey + I VemlGaey ) 7+ 1 (IVERIRe() + Vel Fae ) 7

+ o2 (IldivEpla) + Il divel [Famy ) 7+ 4 (€012 + leblli) ) 7
< alVeylliao)T + il Veylze o + coll divey |22y + 4urlleg |72
+ 4p, (curl€l™t e )7 + 4y, (curlEl, el )T + 2d(ell, é €p)- (6.20)

By virtue of the Holder inequality and the Young inequality, (2.2) and (6.5)-(6.6), we can show
n— n n H n n n—
2 ’bh(gu 1,’LL ﬂeu)’ < g”veuHiz(Q) + C”u H%—I%Q)”E"u 1”%,2(9)7
n— —~n n l’[’ n n— o
2’bh(uh 1aeuveu)’ S g”veuH%Q(Q) +CHvuh 1|‘%2(Q)Hveu|‘%2(9)5
2 ’bh(é"u 1,’11) aew)’ < gHvew”%?(Q) + CH’LU ||§'—I2(Q)H5u 1”3}2(9)7

n—1 sn _n a1 n n— ~n
2 |bn(up ™" € €| < S lIVeullia) + ClIVUL Lz o) IVes [720),
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Apr [(curler™ en)| < prlVeyllza (o) + 4urll€~ 122y
Apr (curley, er)| < dpellen, Iz ) + el VL L2 ()
2|d(ey, &) < gIIVeuHLz(Q) +Clleglz2()-

Combining the above inequalities and (6.20), we derive
e 3o + et lEem — (lea I + lew 1)
JFHTHVSZH%Z(Q) +017|W5w”L2(Q)
< C (14w gy + 0" ey ) (1687 ey + 1E57 ey 7
+C (14 IVup ey ) (IVeslZo) + IVebIFa@ + N i) T (6:21)

forall1<n<N.
Summing (6.21) with respect to n from n = 1 to n = m, by applying (6.8)-(6.10), Theo-
rems 6.1, 5.2 and (e, e ) = (0,0), we have

||5$||%2(Q) + ||5$||2L2(Q) + TZ (N||V53H%2(Q) + ClHV&ZH%%Q))

n=1

<73 dn (1€ 130 + €132 ) +CP%, (6.22)

where d,, = C(1 + Hu""'lHHg @ t ||w™ +1||H2 Q)) and 1 < m < N. By applying Lemma 4.1 to
(6.22), we obtain

||6’,L,Ln||%2(ﬂ) + ||5$||%2(Q) + TZ (IUHVEEH%Z(Q) + ClHVSZ:”%?(Q))

n=1
m—1
< Ch? exp <T Z dn>. (6.23)
n=0
Combining (6.23) and Theorem 5.2, we have (6.19). The proof is complete. O

Remark 6.2. Here we only give a proof of a first order convergence in space in the L? norm.
We have not got the optimal error estimate of the L? norm in space because of our technical
reasons, where we establish the error estimate of L? norm and H' norm in a unified way. It
is possible to get a second order convergence in the L? norm in space to use other techniques,
which is not the scope of this paper and we will address in a future work.

Theorem 6.3. Suppose that Hypothesis 2.1-2.3 hold. For all 1 < m < N, the solution (u},
w), py) of the problem (6.2)-(6.3) satisfies the error estimates

sup (vt 19" = ) 3y + 2(t) [V (0" — ) B (6.24)

1<n<m

+72 o) (s (" = w2y + s (w" = wi) 3y ) < C2.
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Proof. By applying (6.11)-(6.12) and (6.14), we can rewrite the system (6.17)-(6.18) that

(de&3, o) + bu (€t u™, vp) + b (uy " €, vp) + fia( By, vp)

— d(vn, E}) + d(E}, qn) — 2pr(curlEly ™ vy) = 0, (6.25)
(dtggn ¢h) + bh(g;l_la ,wn, ¢h) + bh(uz_la EZ), ¢h) + Cla(EZn ¢h)
+ CQ(diV E’Z)’ div ¢h) + 4:[1/7"(53)) ¢h) - QNT(Curng¢h) =0 (626)

for any (vn, %n,qn) € Up x Wi, X Q.
Taking (vp,qn) = (2d,E}l7,0) in (6.25) and v, = 2d;El 7 in (6.26) and adding together,
noticing d(diEy;, E}') = 0, and applying the identity

2a(a —b) = |al” — [b]” +|a — b]*,
we can show

27| di Byl g2 0y + 27| de By |72 () + de (Rl VEG | 220
+ Cl||VEZ,H2L2(Q) + ez div EZHQLZ(Q))T
+ 20, (ER Y u™ dy BT + 20y (u) T ER dyER)T
— 4y, (curl ™ d;EM)T
+2bp(En~ Y w", i E)T + 2bp (u)  ER A ER)T

— 4pr(curlé,,, diEy)T + 8 (Eqyy di By )T
S *2(thZ, thZ)T - 2(th,Z’, thZ,)T (627)

By applying the inverse inequality, the Young inequality and (6.5), (6.7), we obtain
2|bp(EL " u deEY) + b (up €, diEY)|
1 n n n—
< g”thuHQLZ(Q) + Cllu 132y IVEL T2 (0
+ Cllu M o) IVEL T2 ) + CRTHIVEL 20y IVEL 20
2 |bh(63_17 wn, thZ)) + bh(’u’zilv 517}17 thZ))|
1 n n n—
< ZHthwHQL?(Q) + Cllw™ 1320 IVEL 220
+ Ol M o) IVEGF2(0) + ChHIVEL T2 IVER T2 ()
Similarly, by applying the Young ineuqality and (2.2), we have
n— n 1 n n—
Ay (curley ™, di Ey)| < g”thuHQLz(sz) +CIVEL T2
1
Apr |(curley, diEy,)| < ZHthZHim) +CIVELIL ()
n n 1 n n
8ur (£, di By )| < Z B 20y + ClIVEL L0
L n 1 n ni)
2 ‘(thu’ thu)‘ < g”thuH%Z(Q) + C”thu”iQ(Q)’

N n 1 n n
2 |(diEy,, diEyy)| < ZHthwH%Z(Q) + ClldeEy |72 (0 -
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Combining the above inequalities and (6.27), multiplying the result by v(t¢,), by applying
v(tn) < v(tp—1) + 7 and Theorem 5.2, we have

v(tn) (105320 + 10 B0y ) 7
+ du(v(tn) (AIVEal 0 + iV B ey + call div Billfa)) ) 7
<C(IVEL e + IVEL  3ey) 7+ C (IVELIZ 20y + IV €I 2y ) 7
+ O (IVEL 2@ + V€L a0y ) 7+ Cvitn) (Id:BilIFa oy + | Bl y) 7
+ Ch ™ u(tn-1) (IVELIE 0 + IV €ISy ) (AIVER e + il VE ey ) 7
+ O (IVELIRa) + IVEIRece ) (BIVEL 3o + 1 VES 3oy 7 (6:28)
By applying (6.13) and (6.15), we can show
IVE; 2200 + IVEG 220
< Ch? (I\u”’lllipm) + w32 o) + |\p"71|@11(9)) ; (6.29)
d Bl gy + e Bl ey
< Cht (||dtun||%12(9) + [[dew™ || Fr2 0 + ||dtp"||%11(g)) (6.30)

forany 1 <n < N.
Summing (6.28) with respect to n from n = 1 to n = m, and by applying (6.29)-(6.30),
Theorems 5.2, 5.5, 6.2 and v(tg) = 0, we have

vitm) (AIVEL 20 + 1| VR 320

7 3 vt (I Bl + 10 By 320y )
n=1

m—1
<73 duv(ta) (AIVEL 32y + 1| VEG 320y ) + OB, (6.31)
n=0

where dn, = Ch™H([[VEL 112 () + IVELT T2(q)) and 1 < m < N.
By applying Lemma 4.1 and Theorem 6.2 to (6.31), we conclude that

v(tm) (A VB 3200 + LIV B 3a(e )

+7 Z V(tn)(HthZHQLz(Q) + HthZ:H%Z(Q))
n=0

m—1
< Ch2exp <T > dn> < Ch?. (6.32)
n=0
Combining (6.29)-(6.30) and (6.32), we can show (6.24). The proof is complete. O

Theorem 6.4. Suppose that Hypothesis 2.1-2.3 hold. For all 1 < m < N, the solution (u},
w), py) of the problem (6.2)-(6.3) satisfies the error estimates

Y vlta)lp" = pill3ei) < Ch. (6.33)
n=1
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Proof. By applying the discrete inf-sup condition (6.1), the Holder inequality and (2.2),
Eq. (6.17), we have

BHEgHLQ(Q) < C”dtgg”Lz(Q) + C||V5’3_1|\L2(Q)||Vu”||L2(Q)
+CIVELIIL2 ) + ClIVERl L2 (o)
+C (IVu" o) + IVEL HlLa) IVEL L2y + ClIE, L2y (6.34)

Squaring this identities (6.34) and multiplying the result by v(¢,)7, by applying Theorem 5.1,
we obtain

v(tn) | EplI72y7 < Cv(tn)lldiEall Tz (0T
+C (IVEL ) + IV 32 + IVEL Wy ) 7
+ CV(%HW&IH%?(Q) |‘V53_1||%2(Q)T + C||E£||%2(Q)T- (6.35)

Summing (6.35) with respect to n from n = 1 to n = m and by applying Theorems 6.2-6.3 and
(6.13), we can show

m m m—1
Z n) || By ||L2(Q) <Cr Z ||dt5n||L2(Q) +Chr Z ||V5n||L2(Q) +Ch% (6.36)
n=1 n=1 n=0

A repeated application of Theorems 6.2-6.3 to (6.36), which implies that

Z Iy 720y < Ch? + Ch?||VEN|IF2(0- (6.37)
Combining (6.8), (6.13) and (6.37), Hypothesis 2.1, we have (6.32). The proof is complete. O

Finally, combining the Theorems 4.2-4.4 and Theorems 6.2-6.4, we can get the final uncon-
ditional error estimates.

Theorem 6.5. Suppose that Hypothesis 2.1-2.3 hold. For all 1 < m < N, the solution (u},
wj, py) of the problem (6.2)-(6.3) satisfies the error estimates

/N

sup  (l[ultn) = wh|3e) + [w(tn) = will320) )

1<n<m

+
Ms

(I Cultn) — w0 + 19 (tn) ~ wilEa) ) < C + 1),

3
Il
-

v(tn) [V (u(t )*UZ)IIQLz(Q)+V(tn)||V(w(tn)*wZ)IIQLm))

)
jor}
T

_|_
B
MS /\

1<n<m

v(tn) (lde(wltn) = u)3aia) + e (w(tn) = w)l3a(e) ) < 72+ 1),

3
Il
—

T Z v(tn)|lp(tn) _pZH%Z(Q) <O+ h?).

7. Numerical Experiments

In this section, we present a series of numerical experiments to verify the convergence results

of the scheme. Our test is based on the adaptive finite element package

parallel hierarchical
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grid” (PHG) ([41,42]), and the computations are carried out on the cluster LSSC-IV of the
State Key Laboratory on Scientific and Engineering Computing, Chinese Academic of Sciences.
In all examples, the domain under consideration is Q = [0, 1]3 and the mesh is obtained by
a uniform tetrahedral partition. The first two examples are used to verify the optimal error
estimates of the fully discrete scheme. The last one is to simulate the three dimensional lid-
driven cavity flow. Due to the lack of Mini element in PHG package, we employ the lowest
Taylor-Hood element, i.e., the continuous P; finite element for discretizing the linear velocity
w and the continuous P; finite element for discretizing the pressure p, and the continuous P»
finite element for discretizing the angular velocity w.

Example 7.1. This example is to test the time discretization error for the Euler semi-implicit
scheme. We set = u, = 1.0, ¢ = 2.0, co = 1.0, f and g are chosen so that the exact solution
is

u(z,y, z,t) = (zcos(t), x exp(—t), yt),
p($, Y, th) =0,
w(z,y,z,t) = (t,cos(t), exp(—1)).

It can be seen that the exact solution w is linear in space and p,w are constant in space, so
the time discretization error plays a dominant role. In this example, we compute the errors at
each time step and write down the errors at the last moment. The terminal time is T" = 1.0
and the mesh size is h = @ Table 7.1 shows that the results for the linear velocity, pressure,
and angular velocity, we can see that all the errors are first-order.

Table 7.1: Errors and convergence rates for Example 7.1.

At ||uw(T) — uflVHH1 order | |lw(T) - 'w,JlVHH1 order
1/40 1.01e-04 - 4.75e-04 -
1/80 5.05e-05 0.99 2.36e-04 1.01
1/160 2.59e-05 0.96 1.18e-04 1.00
At Hp(T) — p,]lVHL2 order

1/40 1.98¢-03 -

1/80 9.80e-04 1.01

1/160 4.86e-04 1.01

Example 7.2. This example is to test the spatial discretization error for the scheme. The
parameters are the same to Example 7.1, f and g are chosen so that the exact solution is

u(z,y, z,t) = (sin(2mz + t) sin(2my + t), cos(2mz + t) cos(2my + ¢),0) ,

p(x,y, z,t) = sin(wz) — sin(my),

w(z,y,z,t) = (0,0, —4drwsin(27z + ) cos(2my + t)) .
The initial time step is Aty = ﬁ and the initial mesh size is hy = @, the terminal time is
also T = 1.0. Here we set At = Ch? to obtain the convergence rate. Table 7.2 shows that the
numerical results, we can see that all the errors are second-order.
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Table 7.2: Errors and convergence rates for Example 7.2.

(At, h) ||u(T) — u,]lVHHl order | |[Jw(T)— 'w,]l\’HH1 order
(Ato, ho) 2.75 - 21.04 -
(Ato/4, ho/2) 0.74 1.89 6.51 1.69
(Ato/16, ho /4) 0.19 1.96 1.68 1.96
(At, h) ||lp(T) — thHL2 order

(Ato, ho) 1.09 -

(Ato/4, ho/2) 0.17 2.65

(Ato/16, ho/4) 0.04 2.04

Tables 7.1 and 7.2 show that the fully discretization solution converges with the optimal
rates, i.e.,

Ju(T) = [ 1 ~ O(AL + 1),
Hw(T) — w,JLVHHl ~ O(At + h?),
[p(T) = pi || 1= = O(At + h?).
Example 7.3. This example computes the benchmark problem of lid-driven cavity flow. We
set the physics parameters ¢; = 2.0, co = 1.0 and the source terms f = (0,0,0) and g =

(50 cos(mz), 50 sin(my), 100 exp(z)). In order to show the effect of the kinematic viscosity, we
take & as ﬁ, ﬁ, Tloo in the computation, and we set & = 2u.,.. The initial values are given by

(0,0,0), if0<z<1,
ug =
(1,0,0), if z=1,

wo = (0,0,0).

Together with the boundary conditions are set by: u|sq = ug and w|sq = wp. In this example,
we fix a tetrahedral mesh with 196608 elements, and the time step is At = 0.01, the terminal
time T is chosen such that the discretization solution satisfies

leahs = ™ ] o+ ook — w2 < 207

that is, the variables reach almost steady state. We find that the kinematic viscosity @ greatly

affects the terminal time 7. When 1 = Wlo’ T = 7.65. When 11 = Wlo’ T = 18.34. When

Fig. 7.1. Streamlines of w; at = 0.5 when @ = 1/100,1/400,1/1000 (from left to right).
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Fig. 7.3. Streamlines of uj, at z = 0.5 when & = 1/100,1/400, 1/1000 (from left to right).

= ﬁ, T = 31.34. Figs. 7.1-7.3 show the streamlines of up, projected onto the cross section
for case 1 = 155, ﬁ, Tloo at time T'. We can clearly see that as @ decreases, the number and

distribution of vortexes have changed at three cross sections.

8. Conclusions

We introduced and analyzed a first order fully discrete mixed finite element scheme for
the micropolar Navier-Stokes equations. The regularity results of the solution of MNSE were
established by applying the energy method. We have shown the L2-H' error estimates for
the Euler semi-implicit time discrete solution of MNSE in this paper. In addition, the regu-
larity estimates of time discrete solution were shown rigorously. Finally, we have shown the
unconditional L2-H' error estimates for the finite element solution of MNSE.

In this paper, we only consider a first order fully discrete scheme for MNSE, a second order
accurate numerical scheme could be analyzed for the MNSE system by a similar technique
developed in [5,33] and the references therein. To improve the convergence order and accuracy
in the spatial discretization, a possible way is to employ uniform mesh to derive some super-
convergence results as what have been done for standard Navier-Stokes equation in [26]. For
the 2D case, another possible way is to use the vorticity-stream function formulation, which
have been proven to be a very efficient and accurate calculation method, see [7,27,39].
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