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Abstract. This paper presents a specific network architecture for approximation of the
first Piola-Kirchhoff stress. The neural network enables us to construct the constitutive
relation based on both macroscopic observations and atomistic simulation data. In
contrast to traditional deep learning models, this architecture is intrinsic symmetric,
guarantees the frame-indifference and material-symmetry of stress. Specifically, we
build the approximation network inspired by the Cauchy-Born rule and virial stress
formula. Several numerical results and theory analyses are presented to illustrate the
learnability and effectiveness of our network.
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1 Introduction

Atomistic-based constitutive relation has played a critical role in multiscale modeling.
With a proper description of macroscopic stress in the form of atomistic information, we
can couple models based on continuum mechanics with models at microscopic scale [1],
such as molecular dynamics (MD) and molecular statics (MS). In the last few decades,
many research on the formulation [2-6], application [7-10] and simplification [11,12] of
various kinds of atomistic stress has been done. Among these, a well known and widely
used atomistic-based stress for equilibrium and homogeneous system is the virial stress,
which is firstly studied by Clausius in 1870 [13]. Formally, the virial stress is a sum of
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the multiplications of atoms positions and force, which can be easily computed in the
molecular simulations. In practical multiscale modeling, however, we need to repeat
this interatomic calculation in each coarse-grained patch [9,10]. As a consequence, an
easier-to-compute deformation-stress relation with atomic-level accuracy would make
the multiscale modeling even more efficient.

On the other hand, with recent development of deep learning (DL) in traditional arti-
ficial intelligence (AI) domains, such as face recognition in computational visual (CV) and
text classification in natural language processing (NLP), a lot of successes has also been
achieved in the application of DL to scientific computation [14], e.g., using deep learn-
ing in speeding up the MD simulations [15, 16], solving differential equations [17-21],
sampling equilibrium states in statistic mechanics [22], predicting multiphase flow [23],
and identifying the constitutive law [24]. A significant difference in the utilization of
DL in scientific computation from traditional Al problems is that, various constraints
informed by different physical laws or boundary conditions must be considered. As a
result, a physics-informed network is often wanted for the satisfaction of physical con-
straint. Furthermore, with a neural network enhanced by some physical knowledge, we
can use less data in the training procedure.

In this article, we would build a special physics-informed network architecture for
representation of the Piola-Kirchhoff stress (PK stress) in Lagrangian coordinates. Dif-
ferent from several existing works on the learning of constitutive relations with direct
or indirect observed data by continuum model [25-28], we learn the PK stress directly
from atomistic data driven by virial formulation, which supply the learning stress with
an atomic-level accuracy. Furthermore, by constructing the network with symmetric op-
erations in the crystallographic point symmetry group, this stress network is intrinsic
symmetric, in the sense that the frame-indifference and material-symmetry of stress is
exactly satisfied. In summary, our main contributions are as follows:

e We propose a novel deep neural network (DPK), for the representation of PK stress.

e The DPK stress is intrinsic symmetric and can be trained by virial stress.

e Several numerical results and theory analysis are given to illustrate the learnability,
transferability and effectiveness of DPK.

The rest of this paper is organized as follows. In Section 2 we first review the PK stress
and virial formulation, then propose the DPK stress and its simplification version. Sev-
eral theorems on the symmetry, approximation and learnability will also be presented.
After that, some numerical results will be shown in Section 3 to demonstrate the effec-
tiveness and transferability of the simplified DPK stress. Finally in Section 4 we will give
our main conclusions.
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2 Symmetric neural networks for PK stress

In continuum thermodynamics, for simple elastic material the first PK stress is defined
as the derivative of the Helmholtz free energy density ¥ (F,T) with respect to the defor-

mation tensor F: 3 (F T)
=77 2.1
P(F,T) °F (2.1)

At zero temperature, the free energy density in above definition should be replaced as
the strain energy density [29]:

_ IW(F)
P(F)= F (2.2)
Two important constraints should be satisfied by these relations [30]:
P(QF)=QP(F), YQeSO(3), (2.3a)
P(F)=P(FH)H/, VHEG, (2.3b)

where SO(3) stands for the proper orthogonal group and G refers to the material symme-
try group. The first constraint (2.3a) is due to the principle of material frame-indifference,
meaning that the constitutive relations should be invariant when the frame is changed.
The second constraint (2.3b) results from the material symmetry, which requires that the
response of the material should be unaltered if symmetric transformation was applied to
reference configuration before the deformation. The Group consists of such symmetric
transformations is defined as the material symmetry group G.

In the following sections, we will focus on the construction of deep symmetric net-
work Py(F) to represent the first PK stress (DPK). By symmetric we mean the network
can exactly satisfy the two constraints (2.3a) and (2.3b).

2.1 Cauchy-Born rule and virial stress

In order to design an intrinsic symmetric deep network to learn the stress, we first review
the definition of PK stress in atomic level and verify the constraints above. Consider a
material consists of N atoms, of which we denote the i-th atom’s reference position, de-
formed position and force as X;, x; and f; respectively. For both pair-wise interatomic po-
tential and multi-body potential system (e.g., embedded atom method, EAM), the force
f; can be decomposed as the sum of pair force form:

fi=) fi, (2.4)
j#i

where the pair force £;; is defined as the minus derivative of total potential V with respect
to I'Z']' =X —X]':
aV(T"lQ,"',T’Z‘]',"') aV(ﬁL“'ﬂ’ijf“)ﬁ

. 2.5
al'i]' ai’i]' }’Z']' ( )
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Here we write the norm of r;j as 7;;. According to the Cauchy-Born rule, when a small de-
formation F is applied to this system at zero temperature, the atoms will move uniformly
to the deformed states x=FX. Denote X;; =X;—X; and let () be the system volume in
reference configuration, the atomistic PK stress of current system can be calculated from
definition (2.2):

1 8V(|FX12|, |FX1]|

P(F)=5 SF Zqu ®Xij. (2.6)
i j#i
It is worth mentioning that in (2.5), the potential V depends only on C2 = M pair

distance 7;j;; with r;; =r;;. An alternative expression of the potential is:

~ (r12+721) (rij+75i)
V(7’12,721,"',Vij,rji,-")=V< T ,) (2.7)
In this way the stress (2.6) can be formulated as
oV (|FX12],- | FXiil,-++)
== ;[ s ]FX1]®X1]} 2.8)
Eall

where 7;; = [FX;;|. An advantage of (2.7) is that we can explicitly express the symmetry
of the potential function: for any permutation 7 of I =[1,2,---,N], we can define ¢ (i,j) =
(7(i),7(j)) as an one-to-one map of I x I. With this notation, the symmetry of the potential
can be expressed as

V(Irlli(l])/):V(/rl]/)

We would use V (rather than V) to stands for the alternative expression in (2.7) here-
inafter unless otherwise stated.

The formula (2.6) is also known as the virial stress, which is commonly used in the
modeling of homogeneous system in equilibrium. With this expression we can model
the macro constitutive relations by using atomistic information. In addition to the ability
of computing stress with atomic-level accuracy, formula (2.6) (or equivalently formula
(2.8)) is exactly in conformity with the two constraints (2.3a) and (2.3b). More explicitly,
we have the following result:

Theorem 2.1 (Symmetry of virial stress). For a given crystal system with periodic boundary
condition, suppose the potential V is a symmetric function, let P(F) be the stress defined by
(2.8), then the constraint (2.3a) holds for any Q in SO(3), and (2.3b) holds for any H in the
crystallographic symmetry group (point symmetry group Gy, [30]).
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Proof. According to formula (2.8), for any Q in SO(3),

P(QF)=— — QFX;;®X;j
Q];[ ai’l’]' 1"1‘]' / ]}
1 OV (IFXqal, -+, |FX;:|,---) 1
L A RS E P,
j#i Tij Tij
—QP(F). (2.9)

Which validate the constraint (2.3a).

Now consider any transformation H in the point symmetry group G,. By defini-
tion the transformed configuration is invariant with the original one, namely we have
a one-to-one map ¢y such that HX; = X¢H(,-) holds for any i <N, indicating that ¢y is a
permutation of the index set I=[1,2,---,N]. Furthermore we can define the permutation
map of I x I by Py ((i,j)) = (¢u(i),¢$u(j)), which satisfies that

HX;; =Xy, (i)- (2.10)

Applying this to right hand side of (2.3b) together with (2.8), we can obtain that

1« oV(- [FHX;|, ) 1
T—— g X 1T
P(FH)H" =) | 5 X FHX X H }
J#i ] ]
1 _aV(.../|FXwH(Z.].)|’...) 1
=5 FX i ®X i
Qj#_ arjj [FX,,i7)] ¥u(if) l/’H(])}
1 V(- [EXgl-) 1
OZL oryy ey O )
=P(F). (2.11)

The last two equalities are due to the facts that V is symmetric and ¢y is a permutation
map of I xI respectively. Thus we have proved the second constraint (2.3b) holds for
(2.6). O

Notice that different from the material symmetry group G mentioned in (2.3b), we
restrict the symmetry group in Theorem 2.1 to the point symmetry group Gy, according
to the hypothesis on crystalline solids given by BD Coleman [30]. This restriction is also
known as the Neumann'’s Principle, which states that the symmetry of physical property
for crystal must include the point group of the crystal [31].

In the proof of Theorem 2.1, we can see that the symmetry of virial stress results
from the intrinsic symmetry of potential function and crystal structure, which leads to
the following heuristic network architecture.
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2.2 DPK: deep neural networks for PK stress

Inspired by the virial stress, we design the deep symmetry network as follows. For a
given crystal material, we denote the crystallographic point symmetry group as G,. For
any finite 3-dimensional trainable weight vectors W = {wy,---,wy}, the symmetrized
weights W is defined as the image set of G, on W:

W:{HZ‘W]'|H1'EGP, W]'GW}. (2.12)

By construction W= {Wy,---, Wy} is an invariant subset of G,: forany He G,, HW =W.
Namely H defines a permutation ¢y of [1,2,---,M] by

W (i) = HW;. (2.13)
With this we can define the deep symmetry network as follows:

Definition 2.1 (DPK). Let W={wy,---,wyx } be N trainable 3-dimensional weight vectors and
W the symmetrized weights defined above, denote g(x;0)=hy0a, _10---oajohy(x) as the classical
dense neural network (DNN) with linear functions h;(x;0;) and activation function a;(x), the
deep symmetric network for PK stress is defined as

Pow (F FZ ’le |, [Fwml;0) W; QW;, (2.14)

1
|Fw;|

where

*Zg

‘TESM

with Sy stands for all the permutations of [1,2,---,M].

The architecture of this network is illustrated in Fig. 1. At first glance, formula (2.14)
is quite similar with the virial stress (2.8) in form. Indeed, we can view the symmetrized
trainable weights W as configuration coordinates of some virtual atoms, and f as virtual
force between such atoms. Nevertheless, with the trainable parameters W and trainable
network g, there are at least three advantages to learning with such architecture:

e The DPK satisfies the symmetry constraints (2.3a) and (2.3b) exactly.

e The virial stress can be well approximated by DPK stress. Meanwhile, we can learn
the DPK stress by using data from both macroscopic observation and atomistic
modeling.

e By training DPK with enough data, we may expect to get a virtual system W which
is much smaller than the atoms system in virial stress, resulting in a faster compu-
tation of stress compared with (2.6).
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Figure 1: The network architecture of DPK.
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The first two statements is proved by following theorems, while the third statement will

be illustrated by the subsequent numerical results.

Theorem 2.2 (Symmetry of DPK). For a given crystal system with crystallographic symmetry
group Gy, let Pgw (F) be the DPK stress defined by (2.14), then the constraint (2.3a) holds for

any Q in SO(3), and (2.3b) holds for any H in G,.

Proof The proof is a reprise of the argument in Theorem 2.1. Actually, with the fact that

Ay s 1 8(7(x);0) is a symmetric function of x and formula (2.13), we have

M 9 1
Pe,w(QF>:QFZBJ{(|QFW1!,'”,!QFWM\;9)’QFMW@WI‘
ﬁ (|FwW1|,-,|FwWp|;0) e ! W;QW;
18 ; 7 7 7 |F | 1 1
=QP,w(F)
and
M of Hw; o w;H"
T_p\V 9 ol o 1.0y Wi OWill
Py w(FH)H _anx‘(\FHwﬂ, ,|FHW 1];0) FHw,|
M9 3 QW (;
—F 83{ (W)l [FR gy |9)W
1 H (!
of _ ou () © Wy (i)
=F (|FW1 ], |Fwpml; 9)~—
; Xy (i) [FW gy i) |
=Py w(F).

We complete the proof.

(2.15)

(2.16)
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In addition of symmetry, the DPK also has a good representation ability of the virial
stress under certain conditions. To show this, we first introduce the Sobolev space and
some existing result on the approximation of DNN, then a theorem on the DPK approxi-
mation will be presented.

Definition 2.2 (Sobolev space). Let n € N and 1 < p < oo, the Sobolev space WP on the M
dimensional region () is defined as

WP (Q) = {f €LP(Q)|ID"f|r () <o, Ya e NM with |a| <n} (2.17)

with the norm being defined as

1/p
Iflwr=( X ID*IE) ) 1<p<es, (2.18a)
0<|a|<n
n,00 — D“ o, 218b
I fllw Og‘lﬁénH fllz ( )

Lemma 2.1 ([32, Corollary 4.2]). Let Ve W"P((0,1)M) withn>1,n€Nand 1< p <co. If
[V [lwne((0,1)M) < B for some B, then for any 0 <e < % and 0 <s <1 there exists a dense neural
network g(x) with ReLU as the activation function and constant ¢c(M,n,p,B,s) independent of €
such that

1V —=gllwsr(o1)m) <€ (2.19)
while the number of neurons K is bounded as
K<c(M,n,p,B,s)e M/ (1=9)10g2 (e (1=5)), (2.20)

Theorem 2.3 (Approximation of DPK). For a finite crystal system consists of N atoms with
symmetric potential V satisfying ||X;;||2 <1 for any j#i, if there exists some n>1, B < oo such
that

| Vmeoo((o,l)N(N-n) <B,
then for any € € (0,1/2) there exists a DPK function Pg such that

| Poiriat (F) —=Po(F)|[r <€, (2.21)

if |[EXjl|l2<1. Here || - || represents the Frobenius norm and Py;yis (F) is the virial stress defined
by (2.8).

Proof. To begin with, we denote M=N(N—1) and )N((i—l)*N-i-j =X;j for j#i. Thus
{X1,- Xm} = {Xaz,--- Xn-1,n}-
By (2.8), the virial stress can be written as

1 _Mov, 8 1
Poiviat(F)==FY —(|JFXq|,- -, |FXm|) ==
viria 1:21 ox; |FXG|

3 X; ®X;. (2.22)
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According to Lemma 2.1, given the potential function VeW"*((0,1)M) with norm bounded
by B, for any € € (0,1/2), there exits a ReLU activated DNN go(x;0) such that

IV —gollwie <eQ/ M. (2.23)

Consequently, for the symmetrized function

7280

‘TESM

we have

V=fllws =V =55 T sn(r9)

TESM Wl
1
=HM, 3 <v<r<x>;e>—go<r<x>;e>>'
TESM Wle
Vil E 194 ) =80(t(x);0)) [l wre
TGSM
<eQ)/M. (2.24)
Consider the special DPK function with w; =X; and g= % go:
M3 < 1 o o
—FZ fo (|FX1],- -, |FXpm|;0) ——X; @ X;, (2.25)
[EXi]
compared with the virial stress we can obtain
1 & V 1 o
1P ()~ HF—H £y 28 0) X
i F
1 a(V—fo)
— |FX ‘ axi
< IIX'Hz (V—fo)
< St 22
_Zi: Q ax; (2.26)
M
<2 IV=follw~ 2.27)
<, (2.28)
where we have used (2.24), condition ||X;;[|2<1 and the fact [|a® S| r=||«]|2||B]|2 in (2.28),
(2.27) and (2.26) correspondingly. O

It should be pointed out that Theorem 2.3 illustrates that the approximation error of
DPK can be arbitrarily small by construction. In practice, however, we will hope to get a
network with smaller size (in the meaning of W) and simpler architecture f than (2.25),
which can be calculated more efficiently.
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2.3 A simplified network inspired by harmonic approximation

The DPK architecture introduced above supplies us with a strong approximation tool
which can exactly satisfy the symmetry conditions. On the other hand, an overcompli-
cated architecture may lead to over-fitting and be hard to converge. More specifically, the
sum term 1
Fx) =15 L 8(t(x):0)
TESMH

with a large M introduce an intolerable computation complexity (for every x, we need
M! forward propagations of g to get the value of f(x)), which requires a large number of
calculations in both training and inference procedure. In this section we will introduce a
simplified architecture while keeping its symmetry and approximation capability.

In solid state physics, the quasi-harmonic approximation is a classical method to sim-
plify the calculation of free energy at finite temperature. By using Taylor expansion of the
potential function V around some uniform deformed state, the free energy can be written
as a sum over vibrational modes. At zero temperature, we can similarly take the Taylor
expansion of V(x) around the perfect state X = [X1,Xp;---;Xn]:

1
V(FoX)= V(X)+§(FoX—X)TD(X)(FoX—X), (2.29)
where FoX = [FX1;FXy;---;FXy] and D(X) is the force constant matrix. The first order

term vanishes since X is a stable state. Let u=FoX—X and ¢ be a point in the first
Brillouin zone B, by defining the Fourier transforms as

1 Y ‘ R 1 Y :
(&) =—= Y uwue %, D(E)=—= Y D, e X, (2.30)
v P
the quadratic term in (2.29) can be written as [12]
1 T o ra
SwDu=23 a(¢)"D(5)a (). (2.31)
¢eB
Thus we can approximate the potential V(FoX) as
l . Ay
V(FoX)=V(X)+5 ), a(@)"D(§)a(?), (2:32)

FeB

namely the potential can be decomposed as the sum over finite different virtual atoms
with displacement (&) and single atom potential 3@ (¢)TD(&)a(¢).

Inspired by this decomposition, we could assume the virtual potential function f in
(2.14) as

M
flx,x2, ,x0m;0) =) g(x:;0), (2.33)
i=1
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where g¢(x) =hyoa,_10---0a;0hy(x) is the classical DNN function. Applying (2.33) to
(2.14), we can obtain the first simplification of DPK (denoted as DPKj) as:

T Wi QWi (2.34)
1

DPK, g
Pyw " (F) :F;EGFWA}Q)
iz
In practice, however, the loss of this form is hard to be convergent since |Fw;| is in
the denominator, a small value of W; may lead to the inaccuracy and inefficiency in both
training and predicting. Furthermore, due to the fact that derivative of ReLU always
equals to zeros when x <0, a well-known gradient vanishing phenomenon may occur
during the computation of ‘%, which also makes the training hard to converge (as we will
see in the following numerical results). Consequently, we can embed this denominator
term and the derivative operation into the DNN function § by representing

1 o
28 (x,0)=g(x0),

where §(x;0) is a new DNN function. In this case the new simplified DPK (denoted as
DPKj) can be written as:

Definition 2.3 (simplified DPK). Let W,W be defined as in Definition 2.1 and § be a DNN
function, the simplified DPK is defined as

M
Py 2 (F) =F)_&(|Fw;[;6)w; o w;. (2.35)
i=1

Notice that this formula is indeed much simpler than (2.14), in the sense that we
use the sum of an identical univariate function §(x;0) to represent the potential. The
interatomic interactions are embedded in the virtual atoms w;. In the meanwhile, since
f(x) in (2.33) is symmetric, the simplified DPK still meets the symmetry constraints (2.3a)
(2.3b).

Theorem 2.4 (Symmetry of simplified DPK). For a given crystal system with crystallographic
symmetry group Gy, let Pow(F) be the simplified DPK stress defined by (2.35), then the con-
straint (2.3a) holds for any Q in SO(3), and (2.3b) holds for any H in G,,.

Proof. We have

M
Py,w(QF) =QF ) _3(|QFW;|;0)W; @ W;
i—1

=QF g(’FWi|,‘9)Wi®Wi

S=

Il
—_

=QPy,w(F) (2.36)
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and
M
Pow(FH)H' =F) _¢(|FHW;|;60)HW; o w;H"
i=1
M
=F Y &(IF W, 1) :0) Wy (1) © Wiy i)
i=1
=Pow(F). (2.:37)
This completes the proof. O

The approximation ability and effectiveness of (2.35) will be illustrated numerically
in the following section. Additionally, we can prove that the estimation error (general-
ization error) of (2.35) can be arbitrarily small with sufficient large number of training
samples, i.e., the simplified DPK function space defines a learnable hypothesis class.

Theorem 2.5 (Learnability of simplified DPK). Let A={Pyw } be the class of DPK functions
defined by (2.35) satisfying that §(x;0) has | > 2 layers, Ny, weights (bounded by V), Lipschitz
continuous activation function with Lipschitz coefficient L>1/V and each unit maps into [—b,b|
for some b>0. Given the training samples Sy, ={ (F',P!),---,(F",P™)} according to independent
identical distribution D on [—1,1]>*3 x [—1,1]3*3 and loss function

DO fi(X),Yij) for feA, (2.38)

where lo(x,y) = |x—y|, then for any approximate sample error minimization (SME, [33]) algo-
rithm M and € <2max{b,V,\/3V},8 >0, there exits some mq(€,6,A) < oo such that ¥Y'm >my,
with probability at least 1—¢, M returns a function P* € A satisfying

Egsypll(P* (5))] < inf Eyp p (£ (x) )] . 2.39)

In practice, the conditions of § are indeed satisfied since we will use the ReLU as acti-
vation function and bound the network weights by using an [ regularization. The proof
of above theorem utilizes some classical tools in learning theory, such as fat-shattering di-
mension. In the appendix we will first list some existing results and then give our proof
of Theorem 2.5.

3 Numerical results

In this section several numerical results will be presented to verify the effectiveness of
our simplified DPK model (2.35). We chose two different crystalline systems, the a-Fe
and NiAl alloy to illustrate the learning ability of DPK.
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Figure 2: PK stress for a-Fe by using virial stress. The unit of the pressure is eV/A3 (=160.212GPa).

3.1 Learning the virial stress of a-Fe

As our first example, we use a 15 x15x15x2 BCC crystal system with periodic boundary
condition to calculate the PK stress. The training and testing data is generated by virial
formula (2.6). For the molecular simulation, the interatomic interaction is chosen as the
analytic EAM potential proposed by [34], which is C> smooth. The input deformation
and output stress are set as

1+ay1 app O
F= 0 1 0|, P=Puu(F), (3.1)
0 0 1

where 417 and a;; are random variables sampled from a unifrom distribution over
[—0.1,0.1]. In practice, we samples 20000 data by (3.1) and split it into training and testing
data equally. The target stress field is plotted in Fig. 2.

For the network architecture, we choose N (size of W) as 50, and the size of point
symmetry group for BCC crystal is 48, which include the symmetry operations gener-
ated by rotation, inversion and mirror transformation [30]. Thus the total number of
virtual atoms is 50 x 48 =2400. The DNN network g(x,8) consists of 8 hidden layers with
width being 50, 80, 60, 60, 50, 40, 30, 20 and ReLU as the active function. As to the opti-
mization procedure, we use the Adam algorithm in batch training with batch size being
40, and select the mean absolute error (MAE) together with an /; regularization of net-
work weights as our optimization objective. In order to better illustrate the advantage of
simplified DPK (2.35) (denoted by DPKj) over (2.34) (denoted by DPKj), we also plot the
training result of DPKj and the intermediate form DPK; which is defined as

M

N 1

Pow " (F) =FY g ([F]0) o Wi w; 62)
i=1 i
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Figure 3: Training and testing error of DPKj. Left: log(error) for both training and testing error at every epoch.
Right: log(error) at each training epoch for different size of W.
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Figure 4: Comparison between different version of simplified DPK. Left: log(error) for training procedure at
every epoch. Right: log(average norm of W;) at each training epoch.

According to the left part of Fig. 3, after 600 epochs the training loss of DPK; con-
verges almost to 104 eV/A3, and the testing error also descends to 107375 eV / A3 before
overfitting occurs. In the meanwhile, we can see from Fig. 4 that the DPK; converges
much slower than DPKj, since it takes more time to train the parameter W at the early
stage when the norm of W is rather small, which makes the computation of loss and
training inaccurate. More seriously, the loss of DPKj never converged due to the phe-
nomenon of gradient vanishing, which further implies the necessity of the simplification
in (2.35). Fig. 5 shows the learning result of stress field P1q(F11,F12) and Pp(Fq1,Fq2) at
epoch = 600, from which we can find the fitting error of DPK; is rather small (the L1 norm
of the error function is around 10~* eV/A3) and the error of DPK; is slightly larger than
DPK;, since the loss of DPK; converges faster and better than DPK; as we have seen in
Fig. 4.

As mentioned before, an advantage of the DPK method is that, we can use a smaller
virtual system (2400 virtual atoms, depicted by the right part of Fig. 6) to compute the
stress by forward network propagation, instead of the virial stress of a crystal system
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Table 1: The MAE at epoch = 600 and time cost of simplified DPK with different N.

N M MAE (batch) Time cost of { Time costof 5| Time cost of
(eV/A3) simplified DPK (s)  simplified DPK (s) | virial stress (s)?

10 480 3.04x10°% 7.9877 x 102 3.6315x 102

30 1440 1.61x107% 1.4544x 107! 3.6538 x 102 6.6123x 1071

50 2400 1.29x10°% 5.8815x 10! 3.9808 x 102

1 A batch inference (batch size = 1000) on Tesla P40 with 24GB memory.
2 A single calculation on Intel i7-6600U with 16GB memory.

with 6750 atoms (left part of Fig. 6), resulting in a faster calculation. Indeed, as illustrated
by Table 1, for a single calculation the average time cost of DPK is 16 times faster than
virial stress. Furthermore, with the power of parallel computation of GPU, the time cost
of DPK for a batch inference is even smaller than the average cost of a single calculation
of virial stress. On the other hand, as shown in the right part of Fig. 3, with a larger
size of W we can achieve a better approximation of virial stress after same training time.
In practice, however, a tradeoff between approximation and time cost should always be
considered in the choice of N.

3.2 Transfer learning to NiAl alloys

In this part, we will test the ability of transfer learning [35] of simplified DPK by approxi-
mating the virial stress for NiAl, which is a B2 type alloy. All the numerical setup are kept
as previous, expect the Fj; and Fyp of input deformation F are sampled uniformly from
[0.98,1.06] and [—0.04,0.04] respectively. We adopt the EAM potential studied in [36,37]
in the molecular simulation. The stress field of training data is shown by Fig. 7.

In order to do the transfer learning as in natural language processing [38], we take
the fitting of stress for a-Fe as a pre-training task, while the learning of NiAl stress is
treated as a downstream fine-tuning task. More precisely, we first conduct the experiment

Figure 6: Configuration of atoms in stress calculation. Left: planform of perfect BCC crystal. Right: planform
of virtual atoms.
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Figure 8: Training error in the learning of virial stress for NiAl alloy system.

in previous section, and select W and the parameters of the first 3 layers in the DNN
function as initial parameters for the new learning task of NiAl. The motivation of this
setting is that due to the similarity in crystal structure (The a-Fe can also be regarded as a
complex B2 lattice with same basis atoms), we can expect that parameters in DPK trained
for a-Fe provides a better initial guess than random initialization.

As shown in Fig. 8, with pre-training the loss converges much faster, compared with
the learning process with random initialization. In fact, we can observe that the training
loss with pre-training decreases to 10726 eV /A3 after only 100 epochs, while this can not
be achieved until about 400 epochs if we initialize the network randomly. The learning
stress field of P;1 and Py, after 500 epochs are plotted in Fig. 9 and Fig. 10 correspondingly.
As it presents, the fitting error with a pre-training is observably smaller in both cases.

4 Conclusions

We have proposed a novel neural network architecture (DPK) to learn the first Piola-
Kirchhoff stress. By introducing symmetric trainable weights, our network is intrinsic
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Figure 9: The numerical result of P17 for NiAl alloy system by using simplified DPK. The unit of the pressure
is eV/A3 (=160.212GPa).

consistent with the physical constraints required by the frame-indifference and material-
symmetry. A further simplification of DPK is also presented to avoid an over complicated
computation in both training and inference. On the other hand, with some theory anal-
ysis and numerical examples, we have shown that this simplified DPK provides a learn-
able, transferable and efficient approximation tool for the representation of deformation-
stress relation with an atomic-level accuracy. Although the present work focuses on the
learning of PK stress for elastic simple materials, this structure can also be used to rep-
resent the conservative elastic part of the stress tensor for non-hyperelastic material. Be-
sides, the methodology in the constructing of DPK (Generating the symmetric structure
in the network based on the formulation of atomistic stress) can also be applied to more
general case, once the atomistic stress expression is available.

Appendix

The proof of Theorem 2.5 consists of two parts: firstly, we review the concept of fat-
shattering dimension and prove that simplified DPK owns finite fat-shattering dimen-
sion. Secondly, with a classical result claiming that function class with finite fat-shattering
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Figure 10: The numerical result of P1p for NiAl alloy system by using simplified DPK. The unit of the pressure
is eV/A3 (=160.212GPa).

dimension is learnable, we can eventually prove the estimation error of our simplified
DPK can be sufficient small, given a large size of learning samples.

Definition A.1 (Fat-shattering dimension [33]). Let F be a function set mapping from X to R,
for a given sample set S={s1,---,s, } C X and positive real number €, if there exits real numbers
11, ,tm such that Vb€ {0,1}™, 3f, € F satisfying

fo(si) >ri+e if bi=1, fy(si)<ri—e if b;=0, i=1,--,m, (A1)

we say that S is e-shattered by F. Furthermore, we define the fat-dimension fatr(€) as the maxi-
mum cardinality of sampling sets S shattered by F.

Lemma A.1 ([33, Theorem 14.9]). For each dense neural network has | > 2 layers and Ny
weights of which the ||-||1 norm are bounded by some V >0, suppose the activation function is
Lipschitz continuous with the Lipschitz coefficient L >1/V, and there exists some b such that
each unit maps into [—b,b], then for any e <2b,

fatp(e) <16N,, (z In(LV) +2In(32N,) +1n( (A.2)

b
e(LV—l)))'
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Lemma A.2 ([39, [Theorem 3]). Let € >0, k>2, u:[-1,1]¥ — [~1,1] be uniformly con-
tinuous and Ay, Ap,---, Ax be function classe including f: Q) — [—1,1], then there exist 0 <
a(u,k,e),B(u,k,e)<oo such that

k
fatya,,...a)(€) <a)_ fats(B), (A.3)
i=1

where

u( Ay, A 2{u(fi(x), fl(0)) | i€ Ai i=1,--- k}.

With Lemmas A.1 and A.2, we can prove that each component function PZW(F) has
a finite fat-shattering dimension:
Theorem A.1. Let

1
Py={ 3¢/ Pow(F)ej: -1 =R |

be the function space generated by the (i,j) component function of DPK defined by (2.35), if § has
1> 2 layers and Ny, weights of which the ||-||1 norm are bounded by some V <1, ||W;||; <V for
i=1,---,M, suppose the activation function is Lipschitz continuous with the Lipschitz coefficient
L>1/V, and there exists some b <1 such that each unit of § maps into [—b,b], then for any
e <2max{b,V,/3V}, Ic(e,M,L,V,b) < oo such that

fatpl.].(e) <c(e,M,L,V,b). (A4)
Proof. For eachi, j,
1M T
Pij=+1 Y G([Fwyl)- (ef Fovp @ Wye;).
k=1

Under above conditions, we have P;; € [—1,1]. By defining

h(F)=Fwy, aj(x)=x? hz(x):ixi, ax(x)=/x,
i=1

we may write §(|Fwy|) as
g1(F)=goayohyoa;ol (F), (A.5)

which can be regarded as an element in the new network spcae with two more layers.
Notice that ||[Wg||; <V indicate that the ||-||; norm of additional layers are bounded by
Vi =max{V,3},

laxohy (F)||co < [|Fl|oo Wi [ < V2 <V,

|ayohyoayohy (F)|=||FWg|l2 <1/3|la10h1(F)||e < V3V,
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shows the range of additional units are bounded by b; =max{b,V,v/3V}. Thus g1 meets
the condition in Lemma A.1, and we have for any € <2b,

fatgl<e>s16Nw<g1><l<gl>1n<w1>+21n(32<Nw<g1>>+1n(€<L£j_1))), (A.6)

where Ny (g1) and /(g1) stands for the number of weights and number of layers for g;.
Similarly, let i3(x) = x;W}, a3(x) =x, we can represent e/ Fw; @ Wye; as
gz(F) :a3oh3oa3oh1 (F),

which also satisfies the condition in Lemma A.1 while the computation unit and /; norm
of weights are bound by b, =V, Vo, =V, respectively. Thus for any € <2b,,

fatg,(€) <16Nu(82) (1(22)In(LV2) +2In(32( N (2)) +1n <e(u22—1>) ) @

Now considering the uniformly continuous function u(x,y) = xy with
Alz{gﬂgl(F):gouzohzoalohl(F)} and Azz{g2|g2(F):ﬂ30h30ﬂ30h1(F)},

according to Lemma A.2, for any € <2b, < 2by, there exit 0 <a;(1,2,€),B1(1,2,€) < oo such
that

2 2 2y, \(8i) )2
Fat, ) (€) o0 fata (Br) <o Y 16Ny () (n 2V ENul@T)

i=1 1 p1(LVi—1)

Further more, notice that for different k=1,---,M, (|FW|) and (e] FW;®Wye;) share
the same network architecture, by using Lemma A.2 again with

1 M
ﬁ(xll' . ‘,xM) = szi/
i=1

we can obtain that there exits 0 <y (i1, M,€),B2(i1,M,€) < oo such that

M
fatpi]’(e) Sazlgfatu(Al,Az) (132(1’7/MI€))
2

M
<y Y a1y _fata(B1(u,2,B2(,M,e)))
=

i=1

2
SMUC](XZ Zfat.Al (‘Bl (M,z,‘BZ(T/_l,M,e)))
i=1

2 322p; (LV;) 8 Ny (g7)?
<16M Nu(gi) (1 SSaad AL
< wczi; w(gz)<n By (LV.—1) )

We complete the proof. O

(A.9)
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Lemma A.3 (see the proof of Theorem 19.1 in [33]). Let A be a class of functions map-
ping from X to [0,1] with finite fat-shattering dimension. Given the training samples S, =
{(x1,v1), -, (Xm,ym) } according to distribution D and loss function 1(f(x),y) for f € A, for
any €,0 >0, there exists

mo(e,0) = 256(18fah4(zg6>1n2(128>—+1 ({f)), (A.10)

such that Ym > m:
P({S’“ E(x,y)~D[l(f(x)/y)]—;il(f(x,

Corollary A.1. Let A be a class of functions mapping from X to [—1,1] with finite fat-shattering
dimension. Given the training samples S, ={(x1,y1), -+, (Xm,Ym) } according to distribution D
and loss function 1(f(x),y)=|f(x)—y|, let u(x) =*, then for any €,6 > 0 there exists

mo(e,éi):%(leatu(A)(%)lnz (%) —Hn(?)), (A.12)

such that Y'm > m:
1)

p({sn [0S an

Proof. The proof is a combination of Lemmas A.2 and A.3. Let B= {f |f € A}, accord-
ing Lemma A.2, B forms class of functions mapping to [0,1] with finite fat-shattering
dimension

zg})gg. (A11)

xyND[ _*Zl

fatp(€) = fat,(a(€) <o

The rest follows from Lemma A.3 if we consider the new regression problems with func-
tion class B3, samples
6o (1) (s 2250))

and loss function I(f(x),y) =2|f(x) —y|. This completes the proof. O

Now we can give the proof of the learnability of simplified DPK as follows:

Proof of Theorem 2.5. For fixed 1<i,j <3, considering the scaled real-valued function space
Ajj={4Pij|P € A} (A is defined in Theorem 2.5) which maps from [—1,1]**3 to [-1,1].
According to Theorem A.1, for any e <2max{b,V,v/3V}, fat Ay (€) is finite, then by Corol-
lary (A.1), Ve < Zmax{b,V,\/W},(S >0, Im defined by (A.12) such that Vm > my,

Ein-n (100 3)] - E (00, D)2 ) < w9

P({szﬂfE.Al’j,
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As a consequence,

P({sn

<p(U{sn:

ij k=1

SZP({SmZHfGAZ‘]‘, E|l

9(5 1)
_18 2

On the other hand, for the given €, by definition the approximate-SME algorithm M
returns P* such that

(A.15)

1
1(P*(X*),Y* f =Y 1(F(X), Y+ Al
i PO < i 906X 1 (A16)
Meanwhile, use the definition of infimum, we can find P € A satisfying
E[I(P(X),Y)] < inf E[I(f(X),Y)] + <. (A.17)
feA 3
Combining the result of (A.15)-(A.17), we can deduce that with probability at least 19,
E[I(P*(X), )] < Y H(PH(X),Y9) + 2 (by (A.15))
i=1
< inflfl(f(xk) YA+ (by (A.16))
_feAm / ’ 2 y -
<— Zl P(X5),Y*) + 2 (definition of infimum)
sE[l(P<X),Y>]+§ (by (A.15))
S}njE[l(f(X),Y)] +e. (by (A.17))
€
Thus we have proved that for m >my, the conclusion in Theorem 2.5 holds. ]
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