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Abstract. We introduce a new approach for solving forward systems of differential
equations using a combination of splitting methods and physics-informed neural net-
works (PINNs). The proposed method, splitting PINN, effectively addresses the chal-
lenge of applying PINNs to forward dynamical systems and demonstrates improved
accuracy through its application to neuron models. Specifically, we apply operator
splitting to decompose the original neuron model into sub-problems that are then
solved using PINNs. Moreover, we develop an L1 scheme for discretizing fractional
derivatives in fractional neuron models, leading to improved accuracy and efficiency.
The results of this study highlight the potential of splitting PINNs in solving both
integer- and fractional-order neuron models, as well as other similar systems in com-
putational science and engineering.
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1 Introduction

The human brain is a complex system that involves the interactions of billions of neu-
rons. Mathematical models can be used to simulate the neuronal activity in the brain as a
system of differential equations, allowing researchers to better understand how the brain
works. Studies related to spiking neurons are performed numerically or biophysically.
In numerical studies, the main goal is to solve neural equations and investigate how the
dynamic behavior changes for different inputs. Biophysical approaches focus on inter-
preting the dynamic behavior of spiking neurons according to available experimental
observations [2, 61].
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Another interesting aspect of spiking neuron models is that they can be formulated
as fractional-order equations, which take into account long-term memory. The order of
the derivative in these equations can affect the neuron’s response [57,62,66], making this
an important area of research. Recent works in both integer- and fractional-order neuron
models are discussed in Section 3.3.

In this work we introduce a new approach for solving neuron models that combines
operator splitting methods with physics-informed neural networks (PINNs). Operator
splitting methods have been successfully applied in various fields of physics and engi-
neering [7,12,16,19,25,36,54,55], while PINNs provide a powerful tool for approximating
the solution of differential equations. A general introduction to the splitting method can
be found in [27, 46].

PINNs were first introduced by Raissi et al. [53]. In this method, the solution of a
differential equation is approximated using a neural network, and the parameters of the
network are determined by solving a minimization problem that includes residual func-
tions at collocation points, as well as initial and boundary conditions.

PINNs have been applied successfully to a broad range of ordinary and partial dif-
ferential equations, including fractional equations [51], integro-differential equations,
stochastic partial differential equations [71], and inverse problems [47]. There have also
been several extensions to the original PINN, such as Fractional PINN (FPINN) [51],
physics-constrained neural networks (PCNN) [38, 72], variable hp-VPINN [32], conser-
vative PINN (CPINN) [31], Bayesian PINN [69], parallel PINN [58], Self-Adaptive PINN
[45], and Physics informed Adversarial training (PIAT) [56]. Some other recent works
can be found in [6, 24, 42]. Innovations in activation functions, gradient optimization
techniques, neural network structures, and loss function structures have driven recent
advances in the field. Despite these advances, improvements are still possible, especially
concerning unresolved theoretical and practical issues.

Our study makes two important contributions to the field of neural modeling. First,
we propose a new method, called the splitting PINN, that employs the operator splitting
technique to decompose the original spiking neuron model into sub-problems, which are
then solved using PINNs. We demonstrate the effectiveness and accuracy of this method
by applying it to integer- and fractional-order neuron models with oscillatory responses,
for which vanilla PINN and FPINN formulations fail to predict the solutions. Second,
we introduce a novel L1-scheme for discretizing fractional derivatives in fractional neu-
ron models, which leads to improved accuracy and efficiency in solving these complex
models. Our results show that the combination of the splitting PINN method and the L1-
scheme accurately solves fractional neuron models and provides valuable insights into
the underlying mechanisms of neural activity.

This paper is organized as follows: Section 2 provides an overview of the proposed
method for a given system of differential equations. Section 3 introduces various neuron
models and their properties, including the Leaky Integrate-and-Fire (LIF), Izhikevich,
Hodgkin-Huxley (HH), and the fractional order Hodgkin-Huxley (FO-HH) models. The
efficiency and accuracy of splitting PINNs and FPINNs are demonstrated in Section 4
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by applying our algorithm to different neuron models. Finally, we present a discussion
of the main results in Section 5. The results and conclusion of this paper will provide
valuable insights into the potential of this new approach for solving neuron models and
other similar systems in computational science and engineering.

2 Problem setup and solution methodology

Let us consider the general form of a nonlinear system of differential equations as follows,

dxi

dt
= fi(t,x), i=1,··· ,n, t∈ [0,T]. (2.1)

Before introducing the splitting PINN for solving the given systems of differential equa-
tions, we briefly review what splitting methods are, in general.

2.1 Splitting method

For solving the given system (2.1), let us rewrite it as follows,

dx
dt

= f (t,x(t)), x(0)= x0 x∈Rn,

then by using splitting method, x is decomposed into (x∗,x∗∗), where x∗,x∗∗∈Rd (d<n).
So, we have

dx∗

dt
= f (t,x∗(t)), x∗(0)= x∗0 , (2.2)

dx∗∗

dt
= f (t,x∗∗(t)), x∗∗(0)= x∗∗0 , (2.3)

and x∗0 and x∗∗0 are the given vectors of initial conditions. After solving the above sub-
systems by the given practical algorithms, we denote the solutions of (2.2) and (2.3) as

ϕ
(∗)
∆t x∗0 and ϕ

(∗∗)
∆t x∗∗0 ,

where ϕ
(∗)
∆t and ϕ

(∗∗)
∆t are x∗-flow and x∗∗-flow, respectively, and ∆t is the step size. Then,

by combining the solutions of sub-systems, the approximation operator in x-flow can be
written as follows

ϕ
(∗)
∆t ◦ϕ

(∗∗)
∆t or ϕ

(∗∗)
∆t/2◦ϕ

(∗)
∆t ◦ϕ

(∗∗)
∆t/2 (2.4)

and ϕ
(∗)
∆t and ϕ

(∗∗)
∆t are interchangeable. The first splitting is the Lie-splitting method [65],

which is first-order, and the second is the Strang splitting method [59], which is a second-
order method.
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On interval [0,T], we first split the original system into sub-systems (sub-problems)
for each sub-interval [tj,tj+1] (j= 0,1,··· , J−1, tJ = T). Then the solution of the original
system at time tj+1 can be approximated as follows

x(tj+1)=ϕ
(∗)
∆t ◦ϕ

(∗∗)
∆t x(tj),

where x(tj) is the accurate solution at t= tj.

2.2 Physics informed neural network

Consider an initial value problem as follows,

dx
dt

= f (t,x(t)), x∈Ω⊆Rn, t∈ [0,T],

x(0)= x0,
(2.5)

where f is a nonlinear differential operator, and x is the unknown solution with known
initial condition.

By using the PINN framework, the solution of the above equation is approximated
by a fully connected neural network N L with L layers and N neurons, where the output
of l-th hidden layer is defined as follows

N l(t)=W lσ(N l−1(t))+bl , 2≤ l≤L, (2.6)

t∈R is the input vector, σ(·) is the activation function, σ(N l−1(t))∈RN {W l∈RN×N , bl∈
RN} are the network parameters,N 1(t)=W1t+b1 andN L(t) is the output of the last layer
which is used to approximate the solution. The unknown parameters can be learned by
solving a minimization problem that consists of the residual error terms as follows

min
w,b

1
Nr

Nr

∑
i=1
|dx

dt
(ti)− f (ti,x(ti))|2+|x(0)−x0|2, (2.7)

where Nr is the number of collocation points. The parameters are randomly initialized
and optimized, and then the approximate solution is obtained. The framework uses au-
tomatic differentiation to calculate the derivatives of the solution, which eliminates the
need for manual calculation or numerical discretization [5]. This capability is available
in popular deep-learning frameworks such as TensorFlow and PyTorch.

3 Neuron models

Until now, various neuron models have been presented for the biological simulations of
different parts of the brain. Among them, we can mention the leaky integrate-and-fire
(LIF) model, the Izhikevich model, the Hodgkin-Huxley (HH) model, and FitzHugh-
Nagumo (FHN) model, which model the membrane behavior [2]. These models can
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Figure 1: Overview of the splitting PINN: We first split the original system into sub-systems (sub-problems)

for each sub-interval [tj,tj+1]. For each sub-interval, x(tj) is known, the sub-systems are solved using PINN and

then the solutions are combined to obtain the approximate solution x(tj+1). To evaluate the error, we obtain

the reference solution, xexact(tj+1), by using a high-order numerical solver (for more details, see Appendix B).
The algorithm proceeds until arriving at a given accuracy for each sub-interval.

be classified into integer-and fractional-order models. Integer-order models can capture
complex phenomena in the neuron system. However, they represent only one type of
firing characteristic for constant parameters of the model. On the other hand, fractional-
order models can exhibit different dynamic behavior of neurons for constant parameters
[61]. This makes fractional-order models more versatile and capable of capturing a wider
range of neuron behavior.

3.1 Neuron models: Integer order

3.1.1 IF and LIF models

The neuron model of integrate-and-fire (IF model) is one of the best models due to the
simplicity of calculations and closeness to human biological conditions. This model is
a simplified version of the HH model, which is described by an equation and an as-
sumption. Unlike the HH model, the IF model does not automatically generate an action
potential. This model can be determined by

Cm
dV
dt

= I(t), (3.1)

with the following spike condition: if V=Vth, a spike at tspike is generated and the mem-
brane potential V(t) is set to Vrest for a refractory period τre f [21,22]. Cm is the membrane
capacitance, Vth is the voltage threshold and Vrest is the resting membrane potential.
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A generalized type of IF model is the leaky integrate-and-fire (LIF) model, which adds
a leak to the membrane potential. This model is defined by the following equation,

τ
dV
dt

=−(V−Vrest)+RI(t), (3.2)

where τ=RCm is the membrane time constant and R is the membrane resistance. Because
of the important properties of this model, like its computational simplicity [29], accuracy
in terms of the spiking behavior and spike times of neurons, and simulating speed [11,41],
this model has become one of the most popular and advantageous neuron models in
neuromorphic computing [1, 8, 41, 48]. Also, the characteristic of membrane potential
decay over time can be seen in the LIF model.

More complex types of IF models include exponential integrate-and-fire, quadratic
integrate-and-fire, and adaptive exponential integrate-and-fire [9].

3.1.2 Izhikevich model

Another neuron model for simulating the membrane behavior is the Izhikevich model.
Two important features of this model are computational efficiency and biological plausi-
bility. It reduces the more complex Hodgkin-Huxley model to a 2D system of ordinary
differential equations of the form

dv
dt

=0.04v2+5v+140−u+ I(t),

du
dt

= a(bv−u),
(3.3)

with the auxiliary condition

if v≥vth, then
{

v← c
u←u+d

}
(3.4)

with u and v being dimensionless variables. The variable v is the membrane potential of
the neuron, and u is the membrane recovery variable, which accounts for the activation
of the K+ ion current and the inactivation of the Na+ ion current and provides negative
feedback to the membrane potential. The dimensionless parameters a, b, c, and d regulate
the behavior of the neuron.

The auxiliary condition (3.4) triggers a reset of the neuron when the membrane poten-
tial surpasses the threshold, simulating a spike. This model is capable of reproducing the
spiking and bursting behavior of neurons in real-time, making it a widely used model in
simulations of large-scale neural networks.

3.1.3 Hodgkin-Huxley model

From a biophysical perspective, the nerve cell’s action potential is generated by the flow
of ions through the cell membrane’s ion channels. Hodgkin and Huxley described the
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Figure 2: Schematic diagram for the Hodgkin-Huxley model [26]. Left: ion channels on the membrane of the
neuron. Right: simulated circuit with I denoting the input current.

dynamics of these membrane currents through a set of coupled differential equations
based on their experiments on the giant squid axon [26].

The mechanism of the action potential can be understood with reference to Fig. 2. A
capacitor, resistor, and transistor were used to simulate the equivalent circuit. Changes
in the action potential were observed by applying the current I(t) and adjusting the ca-
pacitance and leakage resistance of the sodium and potassium channels.

The circuit of the Hodgkin-Huxley (HH) model consists of four parallel branches: in-
tegrative branch, leaky branch, K+ channel, and Na+ channel. A system of four coupled
differential equations was used to describe the membrane potential of a giant squid axon
as follows

dVm

dt
=F1(t,Vm,n,m,h),

dn
dt

=F2(t,Vm,n,m,h),

dm
dt

=F3(t,Vm,n,m,h),
dh
dt

=F4(t,Vm,n,m,h),
(3.5)

where

F1=
1

Cm
(−gL(Vm−EL)−gKn4(Vm−EK)−gNam3h(Vm−ENa)+ I(t)),

F2=αn(Vm(t))(1−n(t))−βn(Vm(t))n,
F3=αm(Vm(t))(1−m(t))−βm(Vm(t))m,
F4=αh(Vm(t))(1−h(t))−βh(Vm(t))h,

(3.6)

and gNa, gK and gL are the maximum conductances of the Na+, K+ and leak currents.
The variables αx and βx of the current channel conductances are dependent functions of
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Vm(t) as follows:

αn(Vm)=
0.1−0.01(Vm−V0)

e1−0.1(Vm−V0)−1
, βn(Vm)=0.125e−(Vm−V0)/80,

αm(Vm)=
2.5−0.1(Vm−V0)

e2.5−0.1(Vm−V0)−1
, βm(Vm)=4.0e−(Vm−V0)/80,

αh(Vm)=0.07e−(Vm−V0)/20, βh(Vm)=
1

1+e3−0.1(Vm−V0)
.

(3.7)

3.2 Neuron models: Fractional order

In recent years, fractional differential equations have been developed to improve the
modeling of many biological phenomena, including mechanical properties of viscoelas-
tic tissue [43], the tissue-electrode interface [44], pharmacokinetics of drug delivery and
absorption [14, 15, 52], and anomalous calcium sub-diffusion in micro-domains [60].

The main characteristic of using fractional derivatives is their non-locality. This means
that the next state of the system depends on the current state and all historical states
before it. This advantage makes the study of fractional order systems an active area of
research.

3.2.1 Fractional derivative definitions

In this Section, we present the definitions of fractional derivatives. There are different
methods for defining fractional derivatives, among which we can mention the Grünwald–
Letnikov derivative, Riemann–Liouville derivative, and Caputo derivative [35]. The
models in this paper are defined using the Caputo fractional derivative.

Definition 3.1. The Caputo fractional derivative of the function f (t) with order α> 0 is
defined as

CDα
a,t f (t)=

1
Γ(n−α)

∫ t

a
(t−s)n−α−1 f (n)(s)ds, (3.8)

where n−1<α<n and n in a non-negative integer.

If a=0, then we can use dα

dtα f (t)= CDα
0,t f (t).

3.2.2 L1 scheme to approximate the fractional derivatives

An efficient method for approximating the Caputo derivative of order α (0<α<1) is the
L1 scheme, which was introduced by Oldham and Spanier [50]. Using this method, the
Caputo derivative can be approximated by using the following formula

dα

dtα
f (tj)≈δα

t f j =
j−1

∑
k=0

bα
k

[
f (tj−k)− f (tj−1−k)

]
, (3.9)
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where for the uniform time mesh tj = j∆t, j≥ 0, ∆t is the step size. Then, bα
k is given by

bα
k =

(∆t)−α

Γ(2−α)
[(k+1)1−α−k1−α].

In [37], for a smooth f , the error estimate of the above L1 scheme is∣∣∣δα
t f (tj)− dα

dtα
f (tj)

∣∣∣≤C∆t2−α, (3.10)

where C=C(α, f ). This approximation has been used in many papers discussing fractional-
order spiking neurons. The interested readers are referred to [2, 4, 49, 63]. Here, we will
develop this method to discretize the fractional derivative, and then FPINN is used.

3.2.3 Fractional Hodgkin-Huxley model

In fractional-order neural models, the neuron’s dynamics depends on the order of the
derivative, which can create different types of memory-dependent dynamics. The frac-
tional order Hodgkin-Huxley (FO-HH) model is one of the neuron models that has at-
tracted much attention.

The HH model has two basic problems; the first is that the Dielectric losses in the
membrane are neglected. The second problem is that membrane capacity is considered
ideal. To overcome the above problems, a fractional model is proposed. The idea of frac-
tional capacity is taken from Curie’s empirical law [68], which can be written as follows

Ic(t)=Cm
dq1Vm(t)

dtq1
, (3.11)

where Vm(t) is the excitation voltage, Ic(t) is the current in the capacitor, q1 is the order
of differentiation, and Cm is the fractional capacitance [67]. The fractional order model
provides a more accurate description based on long-term memory behavior. Motivated
by the above discussion, we propose the following FO-HH model

dq1Vm

dtq1
=F1(t,Vm,n,m,h),

dq2 n
dtq2

=F2(t,Vm,n,m,h),

dq3 m
dtq3

=F3(t,Vm,n,m,h),
dq4 h
dtq4

=F4(t,Vm,n,m,h),
(3.12)

where q=(q1,q2,q3,q4) is the order of differentiation, and the other parameters are as in
(3.5).

By defining the fractional model, we apply the dielectric loss in the membrane, and as
a result, we will see the change in the refractory period with the same value of the given
current in an integer order case. The refractory period is the time when the membrane
is hyperpolarized and, hence, requires a stronger stimulus to produce a smaller action
potential.

The modified HH model can be very effective in biomedical applications such as heart
health analysis. For example, in an ECG waveform, the PR interval represents a refrac-
tory period. PR interval estimation is very important for cardiac diagnosis [13, 23].
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3.3 Prior works in neuron models

In [39], the authors compared the spiking rate patterns of five single neuron models,
including LIF, Izhikevich, and Hodgkin-Huxley (HH) models, under different sustained
current inputs. Numerical stability and accuracy were also considered. The multi-step
methods for neuronal modeling, including the HH model, were proposed in [34]. In [33],
the modified Khater (mK) method and B-spline scheme were proposed to find numerical
solutions of the FitzHugh-Nagumo (FHN) equation, with a focus on finding different
types of soliton wave solutions, studying their stability properties, and using them to
obtain numerical solutions of the model.

In [20], the Hybrid Functions (HF) method was proposed as a solution for the HH
model. The HF method was compared comprehensively with other algorithms, evalu-
ating computational speed, absolute error, and integral time squared error. The finite
difference scheme was used in [70] to solve the stochastic FHN model, including stabil-
ity analysis and the calculation of explicit optimal a priori estimates for the existence of
solutions. In [3], numerical solutions for the FHN and Izhikevich neuron models were
obtained using a non-standard finite difference scheme and GL discretization technique.
The models were compared, and their behavior was analyzed in different fractional or-
ders.

Fractional order modeling in neural systems is a relatively new area of research. The
non-local definitions of fractional calculus used in these models provide a more realistic
representation of neural systems and offer a deeper understanding of their behavior. In a
study reported in [2], four numerical methods were applied to two fractional-order spik-
ing neuron models, the FO-LIF and FO-HH models. The authors used a finite memory
window version of the L1 approximation for comparison with well-known techniques
such as the GL-based method, product integration approximation, and the Z-transform
approach. In the four methods, the uniform mesh is used, and low-accurate solutions
are obtained due to the singularity of the solution of fractional equations. In this pa-
per, they have analyzed the spiking patterns, inter-spike interval adaptation, and steady-
state spiking frequency for each numerical method under varying memory lengths. In
a related study reported in [61], the authors have used a L1 scheme (linear interpolation
based on uniform mesh) to discretize the Caputo fractional derivative. The first-order
extrapolation is used to derive the linearized scheme, where the global error is O(∆tα),
and the error far from the origin isO(∆t). In this paper, they have investigated the effects
of non-Markovian power-law voltage-dependent conductances on the generation of ac-
tion potentials and spiking patterns in a Hodgkin-Huxley model. They used fractional
derivatives to implement the slow-adapting power-law dynamics of the potassium and
sodium conductance gating variables. The results showed that, with different input cur-
rents and derivative orders, a wide range of spiking patterns can be generated, such as
square wave bursting, mixed mode oscillations, and pseudo-plateau potentials. These
findings suggest that power-law conductances increase the number of spiking patterns a
neuron can produce.
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In [10], the dynamics and numerical simulations of a fractional-order coupled FHN
neuronal model were discussed, and the stability properties of its equilibrium states were
analyzed based on theoretical results. In [64], a non-standard finite difference scheme
was used to solve the fractional Izhikevich neuron model, and a general formula for the
synchronization of different Izhikevich neurons was proposed.

4 Results

In this Section, we use splitting PINN to solve the neuron models presented in Sec-
tion 3, using the network architecture and hyperparameters specified in Table 1. The
optimization algorithm used is Adam with a learning rate of 0.0001 and a scheduler.
IN addition techniques such as adaptive activation function and feature expansion pro-
posed in [30, 40] were also used to improve the computational efficiency of the proposed
method.

The relative L2 norm of errors of the inferred solutions are also computed as follows,

relative L2 error=

√
∑J

j=1(Vexact(tj)−Vapp(tj))2√
∑J

j=1(Vexact(tj))2
.

Further details about the training procedure and hyperparameters can be found in the
relevant section.

Table 1: PINN architectures and hyperparameters used for training. The first and second subcolumns under
“Depth”, “Width”, and “Activation” correspond to the first and second sub-problems, respectively.

Problems Dep. Wid. Act. Opt. Iter.
LIF model 5 40 tanh Adam 50000
LIF model with 7 60 tanh Adam 10000
threshold voltage
Izhikevich model 6,6 40,40 tanh,tanh Adam, Adamax 20000
HH model 6,10 20,20 tanh,sin Adam, Adamax 20000
(step current function)
HH model 6,10 20,20 tanh,sin Adam 20000
(constant current)
FO-HH model 10,6 100,100 tanh,sin Adam 70000
(qi =0.8)
FO-HH model 10,6 100,100 tanh,sin Adam 50000
(qi =0.6)
FO-HH model 10,6 100,100 tanh,sin Adam 20000
(qi =0.4)
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Data validation: In all of the examples, the reference solutions are obtained by using the
adaptive time-stepping spectral collocation method, which is presented in Appendix B.

4.1 LIF model

PINN implementation: The approximate solutions of the LIF model can be obtained by
using PINNs. For solving this model, we discretize the time domain [0,T] into subdo-
mains [tj,tj+1] where j = 0,1,··· , J−1 and tJ = T and then PINNs are used to solve the
model in each sub-interval. More detailed visual evaluations and the numerical results
of this model are provided in Appendix A.

4.2 Izhikevich model

Splitting PINN implementation: Consider (uj,vj) to be the numerical solution at t= tj=
j∆t with step size, ∆t, then by using the splitting method, the following sub-problems on
each sub-interval [tj,tj+1] (j=0,1,··· , J−1,tJ =T) are obtained

du
dt

= a(bvj−u), u(tj)=uj, (4.1)

and
dv
dt

=0.04v2+5v+140−uj+1+ I(t), v(tj)=vj. (4.2)

This model is solved in the time interval [0,100 ms], with 2000 sub-intervals and 20 points
per sub-interval. For solving sub-problems by using PINN, the fully connected neu-
ral networks are assumed to approximate the solutions, with the given architecture de-
scribed in Table 1, vth =30mV,

I(t)=

{
0 for 0< t<2,
15 for t≥2,

and the choice of parameters given in [28], which can be described as follows:

• a ∼ 0.02 1
ms : Time scale of the recovery variable u. Smaller values result in slower

recovery.

• b ∼ 0.2 [dimensionless]: Sensitivity of the recovery variable u to the sub-threshold
fluctuations of the membrane potential v. Greater values couple v and u more
strongly resulting in possible sub-threshold oscillations and low-threshold spiking
dynamics. The case b < a (b > a) corresponds to saddle-node (Andronov–Hopf)
bifurcation of the resting state.

• c ∼−50 mV: The after-spike reset value of the membrane potential v caused by the
fast high-threshold K+ conductances.
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(a) (b)

Figure 3: Izhikevich model: Left: membrane potential versus time. Right: recovery variable versus time.

Table 2: Mean relative L2 norm of errors for the Izhikevich model.

training error testing error
membrane potential 0.1006±0.0079 0.1095±0.0046
u 0.0358±0.0030 0.0415±0.0022

Table 3: Relative L2 norm of errors for the Izhikevich model with different numbers of sub-intervals in [0,T]
with T=100 ms. The first and second sub-rows correspond to the training and testing errors, respectively.

500 1000 2000
membrane potential 0.2576 0.1967 0.0945

0.2533 0.1944 0.1077
u 0.1442 0.0817 0.0329

0.1440 0.0805 0.0376

• d∼2 mV: After-spike reset of the recovery variable u caused by slow high-threshold
Na+ and K+ conductances.

The relative L2 norm of errors of approximate solutions have been shown in Table 2. To
show the convergency of the method with increasing the numbers of subintervals, we
have presented the mean relative L2 norms of errors for the Izhikevich model in Table 3.

4.3 Hodgkin-Huxley model

Splitting PINN implementation: For solving the HH model by applying Splitting PINN
on interval [0,T], we have used the choice of parameters given in Table 4. Consider
(V j,nj,mj,hj) to be the solution at tj = j∆t with step size ∆t. Then, the following sub-
systems on each sub-interval [tj,tj+1] are obtained using the Lie splitting method. The
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Figure 4: Loss function of the Izhikevich model.

Table 4: Parameter values and their descriptions of the HH neuron model [61].

Parameter Value Description
gNa 120 mS/cm2 Maximum Na+ current conductance
gK 36 mS/cm2 Maximum K+ current conductance
gL 0.3 mS/cm2 Maximum leak current conductance
ENa 50 mV Na+ current reversal potential
EK −77 mV K+ current reversal potential
EL −54 mV Leak current reversal potential
Cm 1 µF ·sq1−1/cm2 Membrane Capacitance
V0 −65 Initial membrane potential
m0 0.0529 Initial Na+ current activation
n0 0.3177 Initial Na+ current inactivation
h0 0.5960 Initial K+ current activation

first part is,

dn
dt

=F2(t,V
j
m,n,m,h), n(tj)=nj, t∈ (tj,tj+1],

dm
dt

=F3(t,V
j
m,n,m,h), m(tj)=mj, t∈ (tj,tj+1],

dh
dt

=F4(t,V
j
m,n,m,h), h(tj)=hj t∈ (tj,tj+1].

(4.3)

where V j
m is the known solution at time t= tj. The second part is given by

dVm

dt
=F1(t,Vm,nj+1,mj+1,hj+1), Vm(tj)=V j

m, t∈ (tj,tj+1], (4.4)
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(a) (b)

(c) (d)

Figure 5: HH model: Comparison of splitting PINN results with the reference solution. (a) membrane potential;
(b) activation variable of potassium channel; (c) activation variable of the sodium channel; (d) deactivation
variable of the sodium channel. The inset plot shows the step function input current.

and (nj+1,mj+1,hj+1) is the solution obtained from the first part. The splitting approxi-
mation of the solution at t= tj+1 is (V j+1

m ,nj+1,mj+1,hj+1), and the solution for the whole
domain is obtained by repeating this process.

Different kinds of input currents, including step current function and constant cur-
rent, are considered for solving the HH model.

Step current function: For solving the HH model with the given step current at the
time interval [0,20ms], we have used 800 sub-intervals in the splitting procedure with 40
training points for solving each sub-problem. The hyperparameters and architecture of
PINNs for solving the sub-problems can be found in Table 1.

The relative L2 norm of errors of approximate solutions have been presented in Table
5.

Constant current: This system is solved at time interval [0,100ms], with 3000 sub-intervals
and 30 points at each sub-interval. With the given hyperparameters and architectures in
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Table 5: Mean relative L2 norm of errors for HH model with current step function.

training error testing error
membrane potential 0.0012±0.0001 0.0009±0.0001
n 0.0027±5.3×10−5 0.0027±5.3×10−5

m 0.0143±0.0004 0.0140±0.0005
h 0.0027±7.3×10−5 0.0027±7.2×10−5,

(a) (b)

(c) (d)

Figure 6: HH model: Absolute error of the normalized solutions using splitting PINN with a current step
function. (a) membrane potential; (b) activation variable of potassium channel; (c) activation variable of the
sodium channel; (d) deactivation variable of the sodium channel.

Table 1, PINN is used for solving each part, and the solutions are combined to obtain the
approximate solutions.

The relative L2 norm of errors of approximate solutions are shown in Table 6. More-
over, the mean relative L2 norms of errors for different numbers of subintervals have been
presented in Table 7.
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Figure 7: Loss function of the HH model with a current step function.

Table 6: Mean relative L2 norm of errors for HH model for constant current.

training error testing error
membrane potential 0.0099±0.0020 0.0094±0.0019
n 0.0052±0.0007 0.0052±0.0007
m 0.0307±0.0039 0.0303±0.0039
h 0.0071±0.0009 0.0071±0.0009

Table 7: Relative L2 norm of errors for the HH model with different numbers of sub-intervals in [0,T] with
T=100 ms. The first and second sub-rows correspond to the training and testing errors, respectively.

500 1500 3000 5000
membrane potential 0.3678 0.0585 0.0106 0.0033

0.3581 0.0562 0.0102 0.0034
n 0.1553 0.0217 0.0053 0.0013

0.1547 0.0217 0.0053 0.0013
m 0.7677 0.1269 0.0312 0.0074

0.7597 0.1255 0.0309 0.0073
h 0.2203 0.0293 0.0072 0.0017

0.2204 0.0293 0.0072 0.0017
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(a) (b)

(c) (d)

Figure 8: HH model: Comparison of splitting PINN results with the reference solution for constant current
input (I =10 nA/cm2). (a) membrane potential; (b) activation variable of potassium channel; (c) activation
variable of the sodium channel; (d) deactivation variable of the sodium channel. Note that PINN fails to predict
the solution.

4.4 Fractional Hodgkin-Huxley model

Splitting FPINN implementation: This problem is solved using the splitting fractional
physics-informed neural network (FPINN) approach [51]. In this approach, the memory
of the fractional derivative at each sub-interval encompasses the entire domain. So for
each sub-interval [tj,tj+1] (0≤ j≤N1−1), by using the developed L1 - scheme, we have
the following sub-problems:

δ
q1
t VN2 j+l+1

m =F1(tN2 j+l+1,VN2 j+l+1
m ,n,m,h), (4.5)

where

δ
q1
t VN2 j+l+1

m =
N2 j+l

∑
k=0

bq1
k

[
Vm(tN2 j+l+1−k)−Vm(tN2 j+l−k)

]
, (4.6)
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(a) (b)

(c) (d)

Figure 9: HH model: Absolute error of the normalized solutions using splitting PINN with a constant current
(I=10 nA/cm2). (a) membrane potential; (b) activation variable of potassium channel; (c) activation variable
of the sodium channel; (d) deactivation variable of the sodium channel.

Figure 10: Loss function of the HH model for constant current.
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Table 8: Mean relative L2 norm of errors for FO-HH model for different orders of fractional derivatives. The
first and second sub-rows correspond to the training and testing errors, respectively.

qi =0.8 qi =0.6 qi =0.4
membrane 0.0843±0.0111 0.0981±0.0277 0.0432±0.0015
potential 0.0845±0.0126 0.0969±0.0281 0.0432±0.0038
n 0.0244±0.0055 0.0239±0.0084 0.0019±8.8×10−5

0.0244±0.0055 0.0238±0.0084 0.0019±0.0002
m 0.1297±0.0350 0.0939±0.0318 0.0060±9.4×10−5

0.1291±0.0359 0.0936±0.0324 0.0061±0.0002
h 0.0363±0.0090 0.0409±0.0140 0.0075±0.0004

0.0363±0.0091 0.0409±0.0140 0.0076±0.0006

and n, m and h are the known solutions at t= tN2 j+l . The second subproblem is

δ
q2
t nN2 j+l+1=F2(tN2 j+l+1,Vm,nN2 j+l+1,m,h),

δ
q3
t mN2 j+l+1=F3(tN2 j+l+1,Vm,n,mN2 j+l+1,h),

δ
q4
t hN2 j+l+1=F4(tN2 j+l+1,Vm,n,m,hN2 j+l+1),

(4.7)

where Vm is the solution of the first sub-problem at t= tN2 j+l+1, l=0,1,··· ,N2−1, and N2
is the number of residual points for each sub-interval.

Then, the solutions of sub-systems are combined to obtain the solution of the original
system.

This model is solved with the proposed method for qi = 0.8,0.6,0.4 at time interval
[0,100ms], with 2000 sub-intervals and 40 residual points in each sub-interval. Each part
is solved via FPINN, with the given hyperparameters and network architectures in Table
1. The relative L2 norm of errors of approximate solutions have been shown in Table 8.
To show the convergency of the method with increasing the numbers of subintervals, we
have presented the mean relative L2 norms of errors for different numbers of subintervals
for qi =0.4 in Table 9.

5 Discussion

We have presented a deep learning approach for solving nonlinear systems of differ-
ential equations. The performance and accuracy of splitting Physics-Informed Neural
Networks (PINNs) are studied in the context of solving neuron models. In Section 4.2,
the proposed method was used to solve the Izhikevich model. We showed the reference
and learned solutions in Fig. 3 for equi-distant training and random test datasets. It can
be seen that the nonlinear solutions learned by the nonlinear splitting PINN match well
with the reference solutions. The relative L2 norm of errors for the solutions are presented
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(a) (b)

(c) (d)

Figure 11: FO-HH model: Comparison of splitting FPINN results with the reference solution for constant current
input (I=20 nA/cm2) and fractional order q1=q2=q3=q4=0.8. (a) membrane potential; (b) activation variable
of potassium channel; (c) activation variable of the sodium channel; (d) deactivation variable of the sodium
channel. Note that FPINN fails to predict the solution.

Figure 12: Loss function of the FO-HH model for fractional order q1 =q2 =q3 =q4 =0.8.
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(a) (b)

(c) (d)

Figure 13: FO-HH model: Comparison of splitting FPINN results with the reference solution for constant current
input (I=20 nA/cm2) and fractional order q1=q2=q3=q4=0.6. (a) membrane potential; (b) activation variable
of potassium channel; (c) activation variable of the sodium channel; (d) deactivation variable of the sodium
channel. Note that FPINN fails to predict the solution.

Figure 14: Loss function of the FO-HH model for fractional order q1 =q2 =q3 =q4 =0.6.
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(a) (b)

(c) (d)

Figure 15: FO-HH model: Comparison of splitting FPINN results with the reference solution for constant current
input (I=20 nA/cm2) and fractional order q1=q2=q3=q4=0.4. (a) membrane potential; (b) activation variable
of potassium channel; (c) activation variable of the sodium channel; (d) deactivation variable of the sodium
channel. Note that FPINN fails to predict the solution.

Figure 16: Loss function of the FO-HH model for fractional order q1 =q2 =q3 =q4 =0.4.



24 S. Shekarpaz, F. Zeng and G. Karniadakis / Commun. Comput. Phys., 35 (2024), pp. 1-37

Table 9: Relative L2 norm of errors for the FHH model (qi=0.4) with different numbers of sub-intervals in [0,T]
with T=100 ms. The first and second sub-rows correspond to the training and testing errors, respectively.

500 1000 2000
membrane potential 0.2308 0.1462 0.0413

0.2241 0.1492 0.0393
n 0.0185 0.0099 0.0018

0.0180 0.0100 0.0017
m 0.0434 0.0249 0.0059

0.0418 0.0253 0.0058
h 0.0773 0.0378 0.0081

0.0745 0.0374 0.0080

(a) (b)

(c) (d)

Figure 17: Plots of the membrane potential and the corresponding activation and deactivation variables of the
FO-HH model with constant current I=20 nA/cm2 for different orders of fractional derivatives, obtained using
the splitting FPINN.

in Table 2, which shows the method’s capability for this model. The convergence of the
loss functions is shown in Fig. 4. It can be seen that this function rapidly tends to values
lower than 10−5 and 10−4 for the first and second sub-problems.
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After solving the Izhikevich model, we focus on using the Splitting PINN method
for the Hodgkin-Huxley model. In this model, applying input current and changes in
voltage resulting from the opening and closing of ion channels lead to the generation of
spikes. The amount of input current needed to generate a spike is at least 2.7nA/cm2, and
with increasing input current, the number of spikes increases. In Section 4.3, the voltage
is obtained for two states of input current: step function current and constant input cur-
rent. In the first case, when the current is applied over a given time interval, the voltage
increases and produces an action potential (positive peak). After the spike, the potassium
channel opens, and the sodium channel closes, causing the voltage to decrease and the
neuron to enter a refractory period where the potential is below the resting potential of
Vrest =−65mV. The voltage then slowly returns to −65mV. The splitting PINN method
was used to calculate approximate solutions and compare them with reference solutions.
The results are shown in Fig. 5, and the absolute errors are given in Fig. 6, which demon-
strate the accuracy of the method. The relative L2 norm of errors for the current step
function is presented in Table 5. The convergence of the loss functions is also shown in
Fig. 7 and tends to smaller values of 10−6 and 10−5 for the first and second sub-problems,
respectively.

In the case of a constant input current, the approximate and reference solutions are
shown in Fig. 8. The proposed method’s effectiveness is demonstrated by comparing the
approximate results with the reference and numerical solutions obtained using PINN.
The absolute errors of the solutions are shown in Fig. 9, and the plots of the loss functions
are displayed in Fig. 10, which converge to values of 10−6 for sub-problems. The relative
L2 norm of errors of the solutions is presented in Table 6. These results demonstrate the
capability and accuracy of the proposed algorithm in solving this model.

The fractional-order Hodgkin-Huxley model was also studied in Section 4.4. The sys-
tem was modeled using Caputo’s fractional derivative and simulated using the proposed
method. The effect of memory, associated with fractional order, on firing activity was
also examined. To address this, the L1 scheme was improved for solving the fractional-
order model by proposing using full-domain memory, rather than sub-domain memory,
to calculate the fractional derivative. The numerical results obtained using the improved
method for qi = 0.8,0.6,0.4 are shown in Figs. 11, 13 and 15, where the approximate re-
sults are compared with the reference solutions. The plots of the loss functions are also
shown in Figs. 12, 14, and 16, demonstrating the efficiency and convergence of the cur-
rent method. The relative L2 norm of errors of the solutions is presented in Table 8, and
as shown in the Section, the results are accurate and have converged to the reference
solutions.

The voltage responses for the different orders of fractional derivatives under constant
input current I = 20 are also displayed in Fig. 17. The figure demonstrates that various
spike patterns can be produced. As qi approaches 1, the firing frequency decreases and
results in an increase in the number of spikes in the same time period. Furthermore,
the first spike occurs at a later time. Following the cessation of the injected current, the
memory-dependent spiking activity can also be observed by applying a step function
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current. Additionally, the regularity of solutions is observed to depend on the order
of fractional derivatives in Fig. 17. As qi decreases, the regularity increases. Table 8
shows that, unregular solutions are more sensitive to parameter initialization, leading
to a greater standard deviation. To address this issue, the network architecture can be
improved.

The results in this section demonstrate high accuracy, and the solutions have con-
verged to the reference values.

6 Conclusion

In this study, we introduced a novel method for solving neuron models represented as
systems of differential equations. The Splitting PINN algorithm was demonstrated to
be effective and accurate through comparisons with reference solutions and the mean L2

relative norm of errors. In addition, the results of the fractional-order Hodgkin-Huxley
model highlighted the effect of memory on firing activity and voltage responses, showing
that as qi approaches 1, the firing frequency decreases while the number of spikes in the
same time period increases.

This research provides valuable insights into the behavior of neuron membranes and
the various spike patterns that can be generated. The performance of the proposed
method demonstrates its superiority over the vanilla PINN algorithm in solving complex
neuron models represented as systems of differential equations. This study contributes
to the development of tools for investigating the behavior of neurons and the underlying
mechanisms of neural activity.

In conclusion, the proposed splitting PINN algorithm is a promising method for solv-
ing systems of differential equations and provides valuable insights into the behavior of
neurons and their underlying mechanisms.
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A PINN implementation for LIF model

In this Section, PINN has been used to solve the LIF model with the given parameters in
Table 10. For different input currents in time interval [0,0.5s], the network is trained with
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(a) I(t) (b) V(t)

Figure 18: LIF model: Left: Input current versus time. Right: Membrane potential versus time (comparison of
PINN results with the reference solutions).

Table 10: Parameter values and their descriptions of LIF model [17, 18].

Parameter Value Description
Cm 5×10−3F Membrane Capacity
R 5.1 Ω Membrane Resistance
τ RCm s Membrane time constant
Vrest 0 V Resting membrane potential
Vth 1 V Threshold membrane potential

1000 residual points. Initially, assuming that there is no input current, then if the current
I(t)=0.1A is injected into the neuron, the membrane potential tends to R· I(t), which can
be seen in Fig. 18.

The membrane potentials for different forms of step current function have been dis-
played in Figs. 19-21. By applying an input current in a time step, the membrane poten-
tial increases, and then after cutting off the input current, the potential decreases with the
time constant τ.

If the width of the injected current increases, the membrane potential increases at a
slower rate. As the input current pulse amplitude decreases, the membrane potential
jumps directly up in a short time. The membrane potential decreases over time in the
absence of an input current.

So far, we have seen the neuron’s behavior against different input currents (spikes).
We need to apply a voltage threshold condition to the model to see the process of gener-
ating output spikes by a neuron. According to this condition, if the membrane potential
exceeds this threshold, the neuron produces a spike, and after firing the spike, the mem-
brane potential returns to its initial state (resting state).

If the injected current increases, the membrane potential approaches the threshold
faster, and the firing rate increases. Similar behavior in firing frequency can be produced
by lowering the threshold. These experiments hold for the constant current application,
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(a) I1(t) (b) I2(t) (c) I3(t)

(d) V1(t) (e) V2(t) (f) V3(t)

(g) absolute error of V1(t) (h) absolute error of V2(t) (i) absolute error of V3(t)

Figure 19: LIF model; (a)-(c): Input step function currents; (d)-(f): Comparison of the PINN results with the
reference solutions; and (g)-(i): The error results of PINN.

but neurons may be more likely to receive spikes in other cases.
The approximate solutions of this model, when the threshold voltage is applied, have

been shown in Fig. 22. In this case, for solving the problem in [0,0.2s], we have used 1000
sub-intervals and 20 points in each sub-interval. Furthermore, for solving the problem in
each sub-interval, PINN has been used with the given architecture in Table 1.

B Reference solutions

We present a highly efficient and accurate spectral collocation method for obtaining the
reference solutions of the fractional differential equations studied in the paper. Consider
the following system of FODEs

CDαk
0,tUk(t)= fk(t,U), 0< t≤T, k=1,2,··· ,d, d∈N, (B.1)
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(a) I1(t) (b) I2(t) (c) I3(t)

(d) V1(t) (e) V2(t) (f) V3(t)

(g) absolute error of V1(t) (h) absolute error of V2(t) (i) absolute error of V3(t)

Figure 20: LIF model; (a)-(c): Input spikes; (d)-(f): Comparison of the PINN results with the reference
solutions; and (g)-(i): The error results of PINN.

(a) different input currents (b) membrane potentials

Figure 21: LIF model: (a) Input currents with different lengths and heights; (b) Corresponding membrane
potentials by using PINN.
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(a) input current I1(t) (b) input current I2(t) (c) input current I3(t)

(d) voltage response V1 (e) voltage response V2 (f) voltage response V3

(g) no output (h) output of neuron (i) output of neuron

Figure 22: LIF model; (a)-(c): Input currents, (d)-(f): Comparison of the PINN results with the reference
solutions, and (g)-(i): Output spikes.

subject to the initial condition Uk(0)=ϕk, fk(t,U),U=(U1,U2,··· ,Ud).
We apply the fast time-stepping spectral collocation method to solve (B.1). Divide

the interval into subintervals [tk−1,tk] such that [0,T] = [t0,t1]∪[t1,t2]∪·∪[tN−1,tN ] and
tN =T, N is a positive number. Let p be a positive number and {xj}

p
j=0 be the Legendre–

Gauss–Lobatto (LGL) quadrature points on the standard interval [−1,1]. Then, the LGL
quadrature points {tk

j }
p
j=0 in the interval [tk−1,tk] can be written as

tk
j =

1
2

[
(tk−tk−1)xj+tk−1+tk

]
.

Denote Πp the interpolation operator as

Πpu(t)|t∈[tk−1,tk ]=
p

∑
j=0

u(tk
j )ℓ

k
j (t), ℓk

j (t)=
p

∏
q=0,q ̸=j

t−tk
q

tk
j−tk

q
.
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Next, we show the fast calculation of CDα
0,tu(t), the algorithm is illustrated by the follow-

ing Step 1)–Step 4).

• Step 1) Find a sum-of-exponentials to approximate the kernel function k−α(t) as

k−α(t)=
t−α−1

Γ(−α)
=

Q

∑
j=1

wje−λjt+O(εt−α−1), t∈ [t1,T], (B.2)

where ε is the relative error, Q>1 is a positive integer, and

λj = eyj , wj =−
sin(απ)

π
∆ye(1+α)yj .

Here, yj =ymin+ j∆y, ∆y=(ymax−ymin)/(Q−1), and

ymin=(1+α)−1 ln(ε0)−ln(T), ε0=10−16,

ymax= log
(
−ln(ε0)+(1+α)ln(t1)

0.5t1

)
, ε0=10−16.

• Step 2) For t> tn−1, divide

CDα
0,tu(t)=P.V.

∫ t

0
k−α(t−s)(u(s)−u(0))ds

into two parts as

CDα
0,tu(t)=P.V.

∫ t

tn−1
k−α(t−s)u(s)ds− t−αu(0)

Γ(1−α)︸ ︷︷ ︸
Lαu

+
∫ tn−1

0
k−α(t−s)u(s)ds︸ ︷︷ ︸

Hαu

,

where P.V. stands for the principal value with

P.V.
∫ t

a
k−α(t−s)u(s)ds=

1
Γ(1−α)

d
dt

∫ t

a
(t−s)−αu(s)ds.

For j=1,2,··· ,N, the local part Lu(tn
j ) is calculated by

Lαu(tn
j )≈Lαun

j =P.V.
∫ tn

j

tn−1
k−α(tn

j −s)(Πpu)(s)ds− u(0)
Γ(1−α)

(tn
j )
−α.
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• Step 3) By (B.2), the history part Hαu(tn
j ), j=1,2,··· ,p, is approximated by

Hαu(tn
j )≈

∫ tn−1

0
k−α(tn

j −s)Πpu(s)ds

≈
Q

∑
k=1

wk

∫ tn−1

0
e−λk(tn

j −s)Πpu(s)ds

=
Q

∑
k=1

wke−λk(tn
j −tn−1)

∫ tn−1

0
e−λk(tn−1−s)Πpu(s)ds︸ ︷︷ ︸

Yk(tn−1)

=
Q

∑
k=1

wke−λk(tn
j −tn−1)Yk(tn−1)= F Hαun

j , (B.3)

where Yk(t) satisfies the following linear ODE

Y′k(t)=−λkYk(t)+Πpu(t), Yk(0)=0,

which can be exactly solved by the following recurrence formula

Yk(tn−1)= e−λk(tn−1−tn−2)Yj(tn−2)+
∫ tn−1

tn−2
e−λk(tn−1−t)Πpu(t)dt, Yj(0)=0.

• Step 4) Output Fδα
t un

j =Lαun
j +F Hαun

j , j=1,2,··· ,p.

We are now in a position to develop the fast time-stepping collocation method for
solving (B.1).

The fast time-stepping collocation method for (B.1) is: Given Uk
ℓ,j, k≤ n−1, 0≤ j≤

p, n≥1, find Un
ℓ,j, such that

Fδα
t Un

j = f (tn
j ,Un

ℓ,j), 1≤ j≤ p, 1≤ ℓ≤d. (B.4)

The above equation can be rewritten as

P.V.
∫ tn

j

tn−1
k−αℓ(t

n
j −s)(ΠpUℓ)(s)ds− fℓ(tn,Un

ℓ,j)

=−F HαℓUn
ℓ,j+

(tn
j )
−αℓ

Γ(1−αℓ)
ϕℓ, 1≤ j≤N, 1≤ ℓ≤d. (B.5)

The unknowns un
j (1≤ j≤N) in the above nonlinear system can be derived by the Newton

iteration method.
We can rewrite the FOHH model (4.3)-(4.4) can be solved by (B.5).
Some computational issues are addressed below.
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(i) Generally speaking, the solution of the FODE, e.g., (B.1), has a singularity at the
origin (t = 0 for (B.1)), we need to refine the mesh near the origin such that high
accurate numerical solutions are obtained. For the numerical method (B.5), for
t∈[0,∆T], the mesh tn can be defined by tn=∆T(n/M1)

r, r≥1. For t∈[∆T,T], the uni-
form mesh is used which can be given by tn = tM1+(n−M1)∆t, ∆t=(T−∆T)/M2,
M2=⌊(T−∆T)/(tM1−tM1−1)⌋.

(ii) For the fractional LIF model with the current I being piecewise constant, the so-
lution also has a singularity at the points of the discontinuity of I(t). We can use
the strategy of (i) to refine the mesh near the discontinuity points when we use the
method (B.5) to solve the fractional LIF.
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