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Abstract. In this paper, we consider the perturbed solutions with polynomial
tail in large velocities for the non-cutoff Boltzmann equation near global Max-
wellians in the whole space. The global in time existence is proved in the
weighted Sobolev spaces and the almost optimal time decay is obtained in
Fourier transform based low-regularity spaces. The result shows a time-velo-
city decay structure of solutions that can be decomposed into two parts. One
part allows the slow polynomial tail in large velocities, carries the initial data
and enjoys the exponential or arbitrarily large polynomial time decay. The
other part, with zero initial data, is dominated by the non-negative definite
symmetric dissipation and has the exponential velocity decay but only the slow
polynomial time decay.

AMS subject classifications: 35Q20, 35B35

Key words: Boltzmann equation, angular non-cutoff, large time behavior.

1 Introduction

We consider the following Cauchy problem on the spatially inhomogeneous non-
cutoff Boltzmann equation in the whole space:
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∂tF+v·∇xF=Q(F,F), F(0,x,v)=F0(x,v), (1.1)

where the unknown F(t,x,v)≥ 0 stands for the density distribution function of
rarefied gas particles with velocity v∈R3 at position x∈R3 and time t> 0, and
initial data F0(x,v)≥0 is given. The bilinear Boltzmann collision operator Q(·,·)
which acts only on velocity variable is defined by

Q(G,F)(v)=
∫

R3

∫

§2
B(v−u,σ)[G(u′)F(v′)−G(u)F(v)]dσdu,

where the post-collision velocities (v′,u′) denote

v′=
v+u

2
+
|v−u|

2
σ, u′=

v+u

2
− |v−u|

2
σ, σ∈S

2.

Moreover, we assume that the non-negative Boltzmann collision kernel B(v−u,σ)
takes the form

B(v−u,σ)= |v−u|γb(cosθ), −3<γ≤1,

where

cosθ=
v−u

|v−u| ·σ, 0< θ≤ π

2
,

and
sinθb(cosθ)∼ θ−1−2s as θ → 0, 0< s<1. (1.2)

Define the global Maxwellian µ by

µ=µ(v) :=(2π)−3/2e−|v|2/2.

Under the perturbation near the global Maxwellian, we look for solutions in the
form of

F=µ+g (1.3)

for the unknown function g=g(t,x,v). Substituting (1.3) into (1.1), we can rewrite
the Cauchy problem on the Boltzmann equation in terms of g as

∂tg+v·∇xg=Lg+Q(g,g),

g(0,x,v)= g0(x,v) :=F0(x,v)−µ(v),
(1.4)

where the linearized collision operator L is given by

Lg :=Q(µ,g)+Q(g,µ).
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Next we introduce notations which will be frequently used later. In this paper,
the velocity weight is denoted by

〈v〉 :=
√

1+|v|2.

With this notation, given a function f = f (v), we define the weighted Sobolev
norm by

‖ f‖2
Hℓ

v,k
:=
∫

R3
|〈v〉k〈∇〉ℓ f (v)|2dv.

Particularly, if ℓ= 0, we then write ‖ f‖L2
v,k

:= ‖ f‖H0
v,k

. In case of the symmetric

dissipation that is to be specified later, it is important to introduce the dissipation
norm as in [2] that

‖ f‖2
Hs∗

v,k
=
∫∫∫

R3×R3×S2
B(v−u,σ)µ(u)

(
〈v′〉k f (v′)−〈v〉k f (v)

)2
dvdudσ

+
∫∫∫

R3×R3×S2
B(v−u,σ)〈u〉2k f (u)2

(
µ(v′)1/2−µ(v)1/2

)2
dvdudσ,

where 0< s<1 is given as in (1.2) and we write ‖ f‖Hs∗
v
=‖ f‖Hs∗

v,0
for k=0. Given

a function f = f (x,v), we also denote

‖ f‖2
Hr

x Hℓ
v,k

:=
∫

R3

∥∥〈∇x〉r f (x,·)
∥∥2

Hℓ
v,k

dx,

and write ‖ f‖L2
x,v

:=‖ f‖H0
x H0

v,0
.

We shall prove the global existence in weighted Sobolev spaces. The corre-
sponding norms are defined by

‖ f‖2
Xk

:=‖ f‖2
L2

x L2
v,k
+
∥∥∇2

x f
∥∥2

L2
xL2

v,k−8
, (1.5)

‖ f‖2
X∗

k
:=‖ f‖2

L2
x Hs

v,k+γ/2
+
∥∥∇2

x f
∥∥2

L2
x Hs

v,k−8+γ/2
, (1.6)

‖ f‖2
E :=‖ f‖2

L2
x,v
+
∥∥∇2

x f
∥∥2

L2
x,v

, (1.7)

‖ f‖2
D :=‖(I−P) f‖2

L2
x Hs∗

v
+‖∇xP f‖2

H1
x L2

v
+
∥∥∇2

x(I−P) f
∥∥2

L2
x Hs∗

v
, (1.8)

where the macroscopic projection P is given by

P f (x,v)=
[
a f (x,v)+b f (x,v)·v+c f (x,v)(|v|2−3)

]
µ1/2(v)
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with

a f = a f (x)=
∫

R3
f (x,v)µ1/2(v)dv,

b f =b f (x)=
∫

R3
f (x,v)vµ1/2(v)dv,

c f = c f (x)=
∫

R3
f (x,v)

1

6
(|v|2−3)µ1/2(v)dv.

To study the time decay of solutions, we shall establish estimates in spaces which
rely on the Fourier transform

f̂ (t,ξ,v)=Fx [ f (t,·,v)](ξ),

where ξ∈R
3 is the Fourier variable. Let 0<T≤∞, then we also further define the

following norms:

‖ f̂ ‖L
p
ξ L∞

T L2
v,k

:=

(∫

R3
sup

0≤t≤T

‖ f̂ (t,ξ,·)‖p

L2
v,k

dξ

)1/p

,

‖ f̂ ‖L
p
ξ L2

T Hs∗
v,k

:=

(∫

R3

(∫ T

0
‖ f̂ (t,ξ,·)‖2

Hs∗
v,k

dt

)p/2

dξ

)1/p

,

‖ f̂ ‖L
p
ξ L2

T Hℓ
v,k

:=

(∫

R3

(∫ T

0
‖ f̂ (t,ξ,·)‖2

Hℓ
v,k

dt

)p/2

dξ

)1/p

for 1≤ p<∞, and

‖ f̂ ‖L∞
ξ L∞

T L2
v,k

:= sup
ξ∈R3

sup
0≤t≤T

‖ f̂ (t,ξ,·)‖L2
v,k

,

‖ f̂ ‖L∞
ξ L2

T Hs∗
v,k

:= sup
ξ∈R3

(∫ T

0
‖ f̂ (t,ξ,·)‖2

Hs∗
v,k

dt

)1/2

,

‖ f̂ ‖L∞
ξ L2

T Hℓ
v,k

:= sup
ξ∈R3

(∫ T

0
‖ f̂ (t,ξ,·)‖2

Hℓ
v,k

dt

)1/2

.

The main results of this paper are stated below. First, we are concerned with
the global existence of the perturbation g in the space Xk.

Theorem 1.1. Let −3<γ≤ 1,0< s< 1,γ+2s>−1 and k≥ 25. There are ǫ0 > 0 and

C>0 such that if it holds that F0(x,v)=µ(v)+g0(x,v)≥0 with g0∈Xk satisfying

‖g0‖Xk
≤ǫ0,
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then the Cauchy problem on the Boltzmann equation (1.1) or (1.4) admits a unique global

solution F(t,x,v)=µ(v)+g(t,x,v)≥0 with g∈L∞(0,∞;Xk) satisfying the estimate

‖g(t)‖Xk
≤C‖g0‖Xk

(1.9)

for all t≥0. Moreover, g can be decomposed into

g(t,x,v)= g1(t,x,v)+
√

µg2(t,x,v), (1.10)

where g1(t,x,v) and g2(t,x,v) with g1(0,x,v) = g0(x,v) and g2(0,x,v)≡ 0 enjoy the

following more precise estimates. If 0≤γ≤ 1, then there are constants λ> 0 and C> 0

such that

sup
0≤s≤t

{∥∥eλsg1(s)
∥∥2

Xk
+‖g2(s)‖2

E
}

+
∫ t

0

{∥∥eλsg1(s)
∥∥2

X∗
k
+‖g2(s)‖2

D
}

ds≤C‖g0‖2
Xk

(1.11)

for all t≥0. If −3<γ<0, then for any 1< ρ< (k−22)/|γ|, there is a constant C>0

such that

sup
0≤s≤t

{
‖g1(s)‖2

Xk
+‖(1+s)ρg1(s)‖2

Xk+ργ
+‖g2(s)‖2

E
}

+
∫ t

0

{
‖g1(s)‖2

X∗
k
+
∥∥(1+s)ρg1(s)

∥∥2

X∗
k+ργ

+‖g2(s)‖2
D
}

ds≤C‖g0‖2
Xk

(1.12)

for all t≥0.

Notice that in the decomposition (1.10) the first part g1(t,x,v) carries the full
initial data g0(x,v) and admits the polynomial decay in large velocity and expo-
nential or arbitrarily large polynomial decay in large time, while the second part√

µg2(t,x,v) with zero initial data has the exponential decay in large velocity in
the weighted sense.

Furthermore, the long time behavior of the second part
√

µg2(t,x,v), in partic-
ular, the time-decay of g2(t,x,v), is indeed dominated by the interplay between
the transport operator and the degenerate non-negative definite symmetric oper-
ator in case of the whole space, which gives only the polynomial rate in large time
similar to the one for the heat equation. Motivated by [25], we adopt a Fourier
transform based approach to treat the slow time-decay of g2(t,x,v) or equiva-
lently the original function g(t,x,v) in the low-regularity function space L1

ξ L2
v,k.

To obtain an explicit rate in large time, we additionally require ĝ0 for initial data
g0(x,v) to belong to the space L

p
ξ L2

v,k with 3/2< p≤∞. Precisely, the main result

is stated as follows.



66 C. Cao, R.-J. Duan and Z.-G. Li / Commun. Math. Anal. Appl., 3 (2024), pp. 61-120

Theorem 1.2. Let −3<γ≤1,0< s<1,γ+2s>−1,k>22,3/2< p≤∞ and

σ=3

(
1− 1

p

)
−2ǫ1

with ǫ1>0 arbitrarily small. Then:

(1) For 0≤γ≤1, there are ǫ0>0 and C>0 such that if

‖ĝ0‖L
p
ξ L2

v,k
+‖g0‖Xk+10

≤ǫ0,

then the solution to the Cauchy problem on the Boltzmann equation (1.1) or (1.4)

obtained in Theorem 1.1 satisfies

‖ĝ(t)‖L1
ξ L2

v,k
≤C(1+t)−σ/2

(
‖ĝ0‖L

p
ξ L2

v,k
+‖g0‖Xk+10

)
(1.13)

for all t≥0.

(2) For −3<γ<0, there is ǫ0>0 and C>0 such that if

‖ĝ0‖L
p
ξ L2

v,k−γ
+‖g0‖Xk+14

≤ǫ0,

then the solution to the Cauchy problem on the Boltzmann equation (1.1) or (1.4)

obtained in Theorem 1.1 satisfies

‖ĝ(t)‖L1
ξ L2

v,k
≤C(1+t)−σ/2

(
‖ĝ0‖L

p
ξ L2

v,k−γ
+‖g0‖Xk+14

)
(1.14)

for all t≥0.

Remark 1.1. For the very soft case −1<γ+2s<0,−3/2+s<γ<0, a similar result

was obtained in [14].

For those solutions constructed in Theorem 1.1 that allow the velocity pertur-
bation to be only polynomial instead, we say that they are solutions with poly-
nomial tail in large velocity. The study of this kind of solutions in kinetic theory
could trace back to Caflisch [9] that first proposed the decomposition of solutions
of the form g=

√
M1g1+

√
M2g2 with two Maxwellians of distinct temperatures

and deduced the corresponding L2∩L∞ estimates in velocity variable for both
g1 and g2. In fact, one of two exponential weights can be reduced to be only
polynomial, cf. [19–21]. Furthermore, the velocity-pointwise estimates on the
Boltzmann collision term weighted by the polynomial velocity functions were
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first considered by Arkeryd et al. [6, Proposition 3.1] and the technique has led to
many applications [26, 27] for the fluid dynamic limit problem on the Boltzmann
equation.

In the case of homogeneous Boltzmann equation with hard potentials in the
torus, Mouhot [35] established the spectral gap-like estimates to construct solu-
tions in some enlarged function spaces corresponding to the slow velocity de-
cay. Later, Gualdani et al. [30] gave a systematic study for estimates on the re-
solvents and semigroups of non-symmetric operators which can be applied to
the linearized Boltzmann equation in the torus. With such general theory, Mis-
chler and Mouhot [34] also obtained the solution with polynomial tail for kinetic
Fokker-Planck equation. There have been a lot of works on slow decay solutions
after those aforementioned results. Interested readers may refer to Carrapatoso
and Mischler [13] for the nonlinear Landau equation with Coulomb potentials in
the torus, Briant and Guo [8] and Briant [7] for the cutoff Boltzmann equation in
general bounded domains, and the references therein.

In the non-cutoff Boltzmann with hard potentials case, Alonso et al. [4] first
got the solutions in Sobolev spaces and used the Di Giorgi argument to further
deduce the well-posedness in L2∩L∞ space in [5]. See also several recent works
by the first author of this paper together with his collaborators including [11, 12]
for the non-cutoff Boltzmann equation with soft potentials and [10] for Boltzmann
equation with soft potentials under the cutoff assumption.

Among the literature mentioned above, the space variable x always lies in the
torus or bounded domain. In case of the whole space R3, due to the unbounded
property of the spatial domain, for instance, the Poincaré inequality fails, it seems
not direct to adopt the same approach for studying the problem. Motivated by [9]
as well as [19], the second and third authors of this paper together with Liu [18]
first proved the well-posedness of polynomial tail solutions for the Boltzmann
equation with cut-off assumption in the whole space. We should also emphasize
that the enlarged functional spaces are useful when we consider the kinetic shear
flow problem such that one can control the polynomial growth caused by the
shear force, see [19–21] as mentioned before as well as [23] and many references
therein.

We also recall that many classical results in the symmetrical linearized Boltz-
mann operator case have been widely obtained, where the solution to the equa-
tion is set in the form of F = µ+

√
µ f such that the linearized operator is self-

adjoint in L2
v without any velocity weight function. In fact, for the general mathe-

matical theory of Boltzmann equation, one may refer to [15,16,28] and references
therein. In the specific setting under the perturbation near global Maxwellian,
Ukai [38] first obtained the global existence, uniqueness and large time behavior
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of solutions for hard potentials with angular cutoff. For the extensive literature,
we only list some of the classical ones, which also provide powerful tools for our
current work, see [31,36,37] for soft potentials, [32] for general bounded domains,
and [1, 3, 29] for non-cutoff case.

In the current work, the main difficulties are in three aspects. One is that the
linearized operator is not self-adjoint on L2

v. Secondly, the spatial domain we con-
sider is the whole space which is unbounded. The last aspect in contrast to [18]
is caused by the non-cutoff potentials so that we need to carefully select function
spaces for existence and time-decay. If one looks at the cut-off case in the torus,
then the semigroup e−Bt generated by the linearized operator B :=−v·∇x−L en-
joys the exponential decay for hard potentials and subexponential decay for soft
potentials in L2

x,v(〈v〉k) such that the nonlinear term can be bounded in terms of
the Duhamel’s formula. Due to the non-symmetric operator and the lack of spec-
tral gap, it is even harder to obtain the polynomial time decay in case of the un-
bounded domain R

3. Hence, we introduce a structure to decompose the equation
to be a coupling system as in (3.1) and (3.2). As mentioned before, such structure
was used in Caflisch’s work [9] though the velocity perturbation is still exponen-
tial. We formulate the exact system for the whole space that explains how the
slow time-decay in the symmetric case affects the solution, causing a difference
with the ones in torus or bounded domain. For the coupling system, we prove
that the first unknown g1, which carries the full initial data g0, enjoys polynomial
tail in large velocity and fast time decay (either exponential for hard potentials
or arbitrarily large polynomial for soft potentials), and the second unknown g2,
which satisfies zero initial condition, is dominated by the degenerate symmetric
linearized operator and hence has slower time decay due to the interplay with
the transport term in R3. The coupling mechanism makes the time decay of the
full solution g = g1+

√
µg2 be controlled by the slower one, which corresponds

to the symmetric component. This fast vs slow (or exponential vs polynomial)
time-velocity decay property was partially used to study the cut-off case in [18]
and we shall extend it even for the non-cutoff case in this paper. In particular,
the faster time decay of g1 can be derived in the existence result and the almost
optimal time decay for g2 can be obtained under an extra condition.

Another major difference compared to the cut-off case in [18] is caused by the
coupling of g1 and g2 in the way that

g2(t)=
∫ t

0
U(t−s)Kbg1(s)ds,

where U is the operator for the symmetric linearized problem. Hence we see
that if one wants to obtain the L2 or L∞ decay, one needs some L1 control on g1,
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since U behaves as a heat diffusive operator. But, the equation for g1 contains
the nonlinear collision operator which is difficult to do the L1 estimate for the
non-cutoff kernel. To overcome this, a Fourier transform based space L1

ξ∩L
p
ξ is

applied to deduce the time decay. This space was used to study the low-regularity
solution of the non-cutoff Boltzmann equation in [25] motivated by the Wiener
algebra applied in [22] to study the torus situation. Moreover, since the estimate
(2.3) in the non-cutoff case is not optimal, that is, there is an extra 2s in the norm
on the right-hand side which cannot be bounded by the energy or dissipation
functional. This causes that the existence and uniqueness cannot be established
in such low-regularity function space in this paper. Instead, we use the Sobolev
space with the interpolation technique to take care of this difficulty.

2 Preliminaries

In this section, we consider the Boltzmann collision operator Q( f ,g).

Lemma 2.1 ([33, Theorem 1.1]). Suppose −3<γ≤1,0<s<1,γ+2s>−1. Let w1,w2∈
R, a,b∈ [0,2s] with w1+w2=γ+2s and a+b=2s. Then there exists a constant C, for

any functions f , g,h we have:

(1) If γ+2s>0, then

∣∣(Q(g,h), f
)∣∣≤C

(
‖g‖L1

v,γ+2s+(−w1)
++(−w2)

+
+‖g‖L2

v

)
‖h‖Ha

v,w1
‖ f‖Hb

v,w2
.

(2) If γ+2s=0, then

∣∣(Q(g,h), f
)∣∣≤C

(
‖g‖L1

v,w3
+‖g‖L2

v

)
‖h‖Ha

v,w1
‖ f‖Hb

v,w2
,

where w3=max{δ,(−w1)
++(−w2)

+}, with δ>0 sufficiently small.

(3) If −1<γ+2s<0, then

∣∣(Q(g,h), f
)∣∣≤C

(
‖g‖L1

v,w4
+‖g‖L2

v,−(γ+2s)

)
‖h‖Ha

v,w1
‖ f‖Hb

v,w2
,

where w4=max{−(γ+2s),γ+2s+(−w1)
++(−w2)

+}.
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Lemma 2.2 ([12, Lemma 2.3]). Suppose that −3<γ≤1. For any k≥14, and functions

g,h, we have

∣∣(Q(h,µ),g〈v〉2k
)∣∣≤

∥∥∥∥b(cosθ)sink−(3+γ)/2 θ

2

∥∥∥∥
L1

θ

‖h‖L2
v,k+γ/2

‖g‖L2
v,k+γ/2

+Ck‖h‖L2
v,k+γ/2−1/2

‖g‖L2
v,k+γ/2−1/2

≤
∥∥∥∥b(cosθ)sink−2 θ

2

∥∥∥∥
L1

θ

‖h‖L2
v,k+γ/2

‖g‖L2
v,k+γ/2

+Ck‖h‖L2
v,k+γ/2−1/2

‖g‖L2
v,k+γ/2−1/2

for some constant Ck>0.

Lemma 2.3 ([12, Theorem 3.1]). Suppose that −3<γ≤1,0<s<1,γ+2s>−1,k≥14

and G=µ+g≥0. If there exist A1, A2>0 such that

G≥0, ‖G‖L1
v
≥A1, ‖G‖L1

v,2
+‖G‖LlogL≤A2,

where

‖F‖LlogL=
∫

R3
|F(v)|log

(
1+|F(v)|

)
dv,

then there exist some constants γ1,Ck>0 such that

(
Q(G, f ), f 〈v〉2k

)
≤−1

8

∥∥∥∥b(cosθ)sin2 θ

2

∥∥∥∥
L1

θ

‖ f‖2
L2

v,k+γ/2
−γ1‖ f‖2

Hs
v,k+γ/2

+Ck‖ f‖2
L2

v

+Ck‖ f‖L2
v,14

‖g‖Hs
v,k+γ/2

‖ f‖Hs
v,k+γ/2

+Ck‖g‖L2
v,14

‖ f‖2
Hs

v,k+γ/2
. (2.1)

Gathering the two lemmas above, we have

Corollary 2.1. Suppose that −3<γ≤1, s∈(0,1),γ+2s>−1,k≥14 and G=µ+g≥0.

If there exist A1, A2>0 such that

G≥0, ‖G‖L1
v
≥A1, ‖G‖L1

v,2
+‖G‖LlogL≤A2,

then there are constants δ,Ck >0 such that

(L f , f 〈v〉2k)+
(
Q(g, f ), f 〈v〉2k

)

=
(
Q(µ+g, f ), f 〈v〉2k

)
+
(
Q( f ,µ), f 〈v〉2k

)

≤−δ‖ f‖2
Hs

v,k+γ/2
+Ck‖ f‖2

L2
v
+Ck‖g‖L2

v,14
‖ f‖2

Hs
v,k+γ/2

+Ck‖ f‖L2
v,14

‖g‖Hs
v,k+γ/2

‖ f‖Hs
v,k+γ/2

. (2.2)
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The following estimates are about a commutator on the collision operator Q
with weight 〈v〉k.

Lemma 2.4 ([12, Lemma 2.4]). Suppose γ∈ (−3,1],γ+2s>−1 and k≥14, g, f ,h are

smooth. Then we have

∣∣(〈v〉kQ(g, f )−Q(g,〈v〉k f ),h〈v〉k
)∣∣

≤Ck‖ f‖L2
v,14

‖g‖Hs
v,k+γ/2

‖h‖Hs
v,k+γ/2

+Ck‖g‖L2
v,14

‖ f‖Hs
v,k+γ/2

‖h‖Hs
v,k+γ/2

.

Lemma 2.5. Suppose γ∈ (−3,1], s∈ (0,1),γ+2s>−1. For any functions f , g,h and

k≥14, we have

(
Q( f ,g),h〈v〉2k

)

≤Ck‖ f‖L2
v,14

min
{
‖g‖Hs

v,k+γ/2
‖h‖Hs

v,k+γ/2+2s
,‖g‖Hs

v,k+γ/2+2s
‖h‖Hs

v,k+γ/2

}

+‖g‖L2
v,14

‖ f‖Hs
v,k+γ/2

‖h‖Hs
v,k+γ/2

. (2.3)

Proof. It is straightforward to see

(
Q( f ,g),h〈v〉2k

)
≤
∣∣(Q(g,〈v〉k f ),h〈v〉k

)∣∣+
∣∣(〈v〉kQ(g, f )−Q(g,〈v〉k f ),h〈v〉k

)∣∣.

One has from Lemma 2.1 that

∣∣(Q(g,〈v〉k f ),h〈v〉k
)∣∣

≤Ck‖ f‖L2
v,14

min
{
‖g‖Hs

v,k+γ/2
‖h‖Hs

v,k+γ/2+2s
,‖g‖Hs

v,k+γ/2+2s
‖h‖Hs

v,k+γ/2

}
,

which, together with Lemma 2.4, yields (2.3).

3 Global existence

In this section, we prove Theorem 1.1. First resolve the problem (1.4) into a cou-
pling system of g1= g1(t,x,v) and g2= g2(t,x,v) where g1 and g2 satisfy

∂tg1+v·∇xg1=LDg1+Q(g1,g1)+Q
(√

µg2,g1

)
+Q

(
g1,

√
µg2

)
, (3.1)

∂tg2+v·∇xg2=Lg2+LBg1+Γ(g2,g2) (3.2)

with
g1(0,x,v)= g0(x,v)=F0(x,v)−µ(v), g2(0,x,v)=0.
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The linear and nonlinear operators L and Γ above are respectively defined by

L f :=
1√
µ

Q(µ,
√

µ f )+
1√
µ

Q(
√

µ f ,µ),

Γ(g, f ) :=
1√
µ

Q(
√

µg,
√

µ f ),
(3.3)

we note that L and L are different operators. The linear operators LB and LD

above are respectively defined by

LBg1(t,x,v) :=µ−1/2(v)AχM(v)g1(t,x,v), (3.4)

LDg1(t,x,v) :=
(
L−AχM(v)

)
g1(t,x,v), (3.5)

where 0≤χM ≤ 1 is a smooth cutoff function such that for any M> 0,χM(v)= 1
if |v| ≤ M and χM(v) = 0 if |v| ≥ 2M. Here the constants A and M are chosen
in Lemma 3.2 such that (3.9) holds. By setting g = g1+

√
µg2, it is direct to see

that g is the solution to (1.4). In order to prove the global existence, we first
estimate g1 using (3.1). The following lemmas are important for bounding the
nonlinear terms.

Lemma 3.1. Suppose that −3<γ≤ 1,0< s< 1,γ+2s>−1 and G=µ+g≥ 0. Then

there is a constant δ>0 such that if there exist A1, A2>0 satisfying

G≥0, ‖G‖L1
v
≥A1, ‖G‖L1

v,2
+‖G‖LlogL≤A2,

then for k≥14, there are A and M for the operator LD, and a constant Ck, such that
(
LD f , f 〈v〉2k

)
+
(
Q(g, f ), f 〈v〉2k

)

≤−δ‖ f‖2
Hs

v,k+γ/2
+Ck‖ f‖L2

v,14
‖g‖Hs

v,k+γ/2
‖ f‖Hs

v,k+γ/2

+Ck‖g‖L2
v,14

‖ f‖2
Hs

v,k+γ/2
. (3.6)

Proof. We have from the definition of LD in (3.5) that
(
LD f , f 〈v〉2k

)
+
(
Q(g, f ), f 〈v〉2k

)

=
(
L f , f 〈v〉2k

)
+
(
Q(g, f ), f 〈v〉2k

)
−
(

AχM(v) f , f
)
,

which, combining with (2.2), yields
(
LD f , f 〈v〉2k

)
+
(
Q(g, f ), f 〈v〉2k

)

≤−δ‖ f‖2
Hs

v,k+γ/2
+Ck‖ f‖2

L2
v
−CA‖χM(v) f‖2

L2
v

+Ck‖ f‖L2
v,14

‖g‖Hs
v,k+γ/2

‖ f‖Hs
v,k+γ/2

+Ck‖g‖L2
v,14

‖ f‖2
Hs

v,k+γ/2
. (3.7)
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A direct calculation shows that

δ

2
‖ f‖2

Hs
v,k+γ/2

−Ck‖ f‖2
L2

v
+CA‖χM(v) f‖2

L2
v

≥ δ

2

∫

R3

∫

R3

(
〈v〉2k+γ

(
1−χM(v)

)
+χM(v)

)
| f (t,x,v)|2dv

−Ck‖ f‖2
L2

v
+CA‖χM(v) f‖2

L2
v

=
∫

R3

∫

R3

(
δ

2
−Ck〈v〉−2k−γ

)
〈v〉2k+γ

(
1−χM(v)

)
| f (t,x,v)|2dv

+
∫

R3

∫

R3

(
δ

2
−Ck+CA

)
χM(v)| f (t,x,v)|2dv.

For suitably large M and A, we obtain
(

δ

2
−Ck〈v〉−2k−γ

)(
1−χM(v)

)
>0,

δ

2
−Ck+CA>0,

which leads to

δ

2
‖ f‖2

Hs
v,k+γ/2

−Ck‖ f‖2
L2

v
+CA‖χM(v) f‖2

L2
v
≥0. (3.8)

Therefore, by (3.7) and (3.8), one gets
(
LD f , f 〈v〉2k

)
+
(
Q(g, f ), f 〈v〉2k

)

≤−δ

2
‖ f‖2

Hs
v,k+γ/2

+Ck‖ f‖L2
v,14

‖g‖Hs
v,k+γ/2

‖ f‖Hs
v,k+γ/2

+Ck‖g‖L2
v,14

‖ f‖2
Hs

v,k+γ/2
.

Renaming δ/2 to be δ since it is an arbitrarily small constant which is independent

of k, then (3.6) holds. The proof of lemma is complete.

Lemma 3.2. Let α be any multi-index such that |α| = 0,2 and G = µ+g+
√

µh for

g = g(t,x,v) and h = h(t,x,v). Then there is a constant δ > 0 such that if there exist

A1,A2>0 satisfying

G≥0, ‖G‖L1 ≥A1, ‖G‖L1
v,2
+‖G‖LlogL≤A2,

then for k≥22, there are A and M for the operator LD and a constant Ck, such that
∫

R3

∫

R3
LD∂α

x f +Q
(

g,∂α
x f
)
+Q

(√
µh,∂α

x f
)
〈v〉2k−8|α|∂α

x f dxdv

≤−δ‖ f‖2
X∗

k
+Ck‖ f‖Xk

‖g‖X∗
k
‖ f‖X∗

k
+Ck‖g‖Xk

‖ f‖2
X∗

k

+Ck‖ f‖Xk
‖h‖D‖ f‖X∗

k
+Ck‖h‖E‖ f‖2

X∗
k
. (3.9)
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Proof. For the case α=0, applying (3.6) and L∞−L2−L2 Hölder’s inequality, one

gets

(
LD f , f 〈v〉2k

)
+
(
Q(

√
µh+g, f ), f 〈v〉2k

)

≤−δ‖ f‖2
L2

x Hs
v,k+γ/2

+Ck‖ f‖L∞
x L2

v,14
‖g‖L2

x Hs
v,k+γ/2

‖ f‖L2
x Hs

v,k+γ/2

+Ck‖g‖L∞
x L2

v,14
‖ f‖2

L2
x Hs

v,k+γ/2
+Ck‖ f‖L∞

x L2
v,14

‖√µh‖L2
x Hs

v,k+γ/2
‖ f‖L2

x Hs
v,k+γ/2

+Ck‖
√

µh‖L∞
x L2

v,14
‖ f‖2

L2
x Hs

v,k+γ/2
. (3.10)

Using Sobolev imbedding, it holds that

‖ f‖L∞
x L2

v,10
≤C‖ f‖H2

x L2
v,10

≤Cmin
{
‖ f‖H2

x L2
v,10

,‖ f‖H2
x Hs

v,10

}

≤Cmin
{
‖ f‖Xk

,‖ f‖X∗
k

}
. (3.11)

It is direct to see

‖√µh‖L2
x Hs

v,k+γ/2
≤C‖h‖L2

x Hs
v,−5

≤C‖Ph‖L2
x L2

v
+C‖(I−P)h‖L2

x Hs
v,−5

≤C‖h‖H2
x L2

v
+C‖(I−P)h‖H2

x Hs∗
v

≤C‖h‖E+C‖h‖D . (3.12)

Substituting (3.11) and (3.12) into (3.10), we obtain

(
LD f , f 〈v〉2k

)
+
(
Q(

√
µh+g, f ), f 〈v〉2k

)

≤−δ‖ f‖2
X∗

k
+Ck‖ f‖Xk

‖g‖X∗
k
‖ f‖X∗

k
+Ck‖g‖Xk

‖ f‖2
X∗

k

+Ckmin
{
‖ f‖Xk

,‖ f‖X∗
k

}
(‖h‖E+‖h‖D)‖ f‖X∗

k
+Ck‖h‖E‖ f‖2

X∗
k

≤−δ‖ f‖2
X∗

k
+Ck‖ f‖Xk

‖g‖X∗
k
‖ f‖X∗

k
+Ck‖g‖Xk

‖ f‖2
X∗

k

+Ck‖ f‖Xk
‖h‖D‖ f‖X∗

k
+Ck‖h‖E‖ f‖2

X∗
k
. (3.13)

For the case α=2, similarly it holds

‖ f‖H2
x L2

v,10
≤Cmin

{
‖ f‖H2

x L2
v,10

,‖ f‖H2
x Hs

v,10

}
≤Cmin

{
‖ f‖Xk

,‖ f‖X∗
k

}
,

‖√µh‖H2
x Hs

v,k+γ/2
≤C‖h‖H2

x L2
v
+C‖(I−P)h‖H2

x Hs∗
v
≤C‖h‖E+C‖h‖D .
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We have
(
LD∂α

x f ,∂α
x f 〈v〉2k−8|α|)+

(
Q(

√
µh+g,∂α

x f ),∂α
x f 〈v〉2k−8|α|)

≤−δ‖ f‖2
L2

x Hs
v,k+γ/2−8

+Ck

∥∥∂α
x f
∥∥

L2
xL2

v,14
‖g‖L∞

x Hs
v,k+γ/2−8

∥∥∂α
x f
∥∥

L2
x Hs

v,k+γ/2−8

+Ck‖g‖L∞
x L2

v,14

∥∥∂α
x f
∥∥2

L2
x Hs

v,k+γ/2−8
+Ck‖

√
µh‖L∞

x L2
v,14

∥∥∂α
x f
∥∥2

L2
x Hs

v,k+γ/2−8

+Ck

∥∥∂α
x f
∥∥

L2
xL2

v,14
‖√µh‖L∞

x Hs
v,k+γ/2−8

∥∥∂α
x f
∥∥

L2
x Hs

v,k+γ/2−8

≤−δ‖ f‖2
X∗

k
+Ck‖ f‖Xk

‖g‖X∗
k
‖ f‖X∗

k
+Ck‖g‖Xk

‖ f‖2
X∗

k

+Ck‖ f‖Xk
‖h‖D‖ f‖X∗

k
+Ck‖h‖E‖ f‖2

X∗
k
. (3.14)

Combining (3.13) and (3.14), one gets (3.9). The proof of lemma is complete.

Lemma 3.3. Let k≥22 and α be any multi-index such that |α|=0,2. Then there exists

a constant Ck such that
∣∣∣∣
∫

R3

∫

R3
∂α

xQ(g,
√

µ f )〈v〉2k−8|α|∂α
xhdxdv

∣∣∣∣
≤Ck‖ f‖E‖g‖X∗

k
‖h‖X∗

k
+‖g‖Xk

‖ f‖D‖h‖X∗
k
. (3.15)

Proof. Using the facts that

‖g‖H2
x L2

v,10
≤Cmin

{
‖g‖H2

x L2
v,10

,‖g‖H2
x Hs

v,10

}
≤Cmin

{
‖g‖Xk

,‖g‖X∗
k

}
,

‖√µ f‖H2
x Hs

v,2l+γ/2+2s
≤C‖ f‖H2

x
+C‖(I−P) f‖H2

x Hs,∗
v
≤C‖ f‖E+C‖ f‖D ,

by Lemma 2.1, we have
(
Q(g,

√
µ f ),〈v〉2kh

)
H2

x L2
v

≤Ck‖g‖H2
x L2

v,5
‖√µ f‖H2

x L2
v,2k+γ+2s

‖h‖H2
x Hs

v

≤Ckmin
{
‖g‖Xk

,‖g‖X∗
k

}
(‖ f‖E+‖ f‖D)‖h‖X∗

k

≤Ck‖ f‖E‖g‖X∗
k
‖h‖X∗

k
+Ck‖g‖Xk

‖ f‖D‖h‖X∗
k
.

The lemma is thus proved.

Lemma 3.4. Let k≥22 and α be any multi-index such that |α|=2 and F=µ+ f . Then

there exists a constant Ck such that
∣∣∣∣
∫

R3

∫

R3

(
∂α

xQ(F,g)−Q(F,∂α
x g)
)
〈v〉2k−8|α|∂α

xhdxdv

∣∣∣∣
≤Ck

(
‖ f‖Xk

‖g‖X∗
k
+‖g‖Xk

‖ f‖X∗
k

)
‖h‖X∗

k
. (3.16)



76 C. Cao, R.-J. Duan and Z.-G. Li / Commun. Math. Anal. Appl., 3 (2024), pp. 61-120

Proof. Before the proof of this lemma, we remark that the special weight

〈v〉k−4|α|∂α
x, which is reduced with derivatives is in order to overcome the growth

of weight comes from collision operator Q, and the reduced coefficient is not

essential; in fact, we only need that it is bigger than 4s. Here, we choose the

reduced coefficient as 4. By the Leibniz rule for the bilinear operator and since

∂α
xµ=0, |α|≥1, the commutator satisfies

∂α
xQ(F,g)−Q

(
F,∂α

xg
)
= ∑

|α1|6=0

Cα1,α2 Q
(
∂α1

x F,∂α2
x g
)
= ∑

|α1|6=0

Cα1,α2 Q
(
∂α1

x f ,∂α2
x g
)
,

where α2=α−α1. For each (α1,α2) 6=(0,2), we have that

∣∣∣∣
∫

R3
Q
(
∂α1

x f ,∂α2
x g
)
〈v〉2k−8|α|∂α

xhdv

∣∣∣∣

≤
∣∣∣∣
∫

R3
Q
(
∂α1

x f ,〈v〉k−4|α|∂α2
x g
)
〈v〉k−4|α|∂α

xhdv

∣∣∣∣

+

∣∣∣∣
∫

R3

(
〈v〉k−4|α|Q

(
∂α1

x f ,∂α2
x g
)
−Q

(
∂α1

x f ,〈v〉k−4|α|∂α2
x g
))

〈v〉k−4|α|∂α
xhdv

∣∣∣∣
=: T1+T2.

By Lemma 2.1 we have

T1≤Ck

∥∥∂α1
x f
∥∥

L2
v,5

∥∥〈v〉k−4|α|∂α2
x g
∥∥

Hs
v,γ/2+2s

∥∥〈v〉k−4|α|∂α
xh
∥∥

Hs
v,γ/2

.

For the term
∫

R3 T1dx, we consider two cases: |α1|= |α2|= 1 and α2 = 0. First, if

|α1|= |α2|=1, due to Sobolev embeddings, we have

H1(R3) →֒ L6(R3), H1/2(R3) →֒ L3(R3),

which implies

∫

R3

∥∥∂α1
x f
∥∥2

L2
5

∥∥〈v〉k−4|α|∂α2
x g
∥∥2

Hs
v,γ/2+2s

dx

≤C

(∫

R3

∥∥〈v〉5∂α1
x f
∥∥6

L2
v
dx

)1/3(∫

T3

∥∥〈v〉k−8+2s∂α2
x g
∥∥3

Hs
v,γ/2

dx

)2/3

≤C
∥∥〈v〉5〈∇x〉2 f

∥∥2

L2
x,v

∫

R3

∥∥〈v〉k−4×(3/2)〈∇x〉3/2g
∥∥2

Hs
v,γ/2

dx,
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which implies that

∫

R3
T1dx≤Ck‖〈v〉5〈∇x〉2 f‖L2

x,v

(
∑

|α|=0,2

∥∥〈v〉k−4|α|∂α
xg
∥∥

L2
x Hs

v,γ/2

)

×
(

∑
|α|=0,2

∥∥〈v〉k−4|α|∂α
xh
∥∥

L2
x Hs

v,γ/2

)
. (3.17)

The bound for T1 with α2=0 also follows from the Sobolev embedding

H3/2+δ(R3) →֒ L∞(R3)

with any δ>0. In this case, we have

sup
R3

‖〈v〉k−4|α|g‖2
Hs

v,γ/2+2s

≤sup
R3

‖〈v〉k−8+2sg‖2
Hs

v,γ/2

≤
∫

R3

∥∥〈v〉k−4(3/2+δ)+2s−2+4δ〈Dx〉3/2+δg
∥∥2

Hs
v,γ/2

dx.

Choosing δ=(1−s)/2, the T1 term is estimated. Then we deal with T2 term. Due

to Lemma 2.4 and the same argument before, we can easily derive that

∫

R3
T2dx≤Ck

∥∥〈v〉14〈∇x〉2 f
∥∥

L2
x,v

(
∑
α

∥∥〈v〉k−4|α|∂α
xg
∥∥

L2
x Hs

v,γ/2

)

×
(

∑
α

∥∥〈v〉k−4|α|∂α
xh
∥∥

L2
x Hs

v,γ/2

)

+Ck

∥∥〈v〉14〈∇x〉2g
∥∥

L2
x,v

(
∑
α

∥∥〈v〉k−4|α|∂α
x f
∥∥

L2
x Hs

v,γ/2

)

×
(

∑
α

∥∥〈v〉k−4|α|∂α
xh
∥∥

L2
x Hs

v,γ/2

)
. (3.18)

We combine (3.17) and (3.18) to get

∣∣∣∣
∫

R3

∫

R3

(
∂α

xQ(F,g)−Q(F,∂α
x g)
)
〈v〉2k−8|α|∂α

xhdxdv

∣∣∣∣

≤Ck

∥∥〈v〉14〈∇x〉2 f
∥∥

L2
x,v

(
∑
α

∥∥〈v〉k−4|α|∂α
xg
∥∥

L2
xHs

v,γ/2

)
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×
(

∑
α

∥∥〈v〉k−4|α|∂α
xh
∥∥

L2
x Hs

v,γ/2

)

+Ck

∥∥〈v〉14〈∇x〉2g
∥∥

L2
x,v

(
∑
α

∥∥〈v〉k−4|α|∂α
x f
∥∥

L2
x Hs

v,γ/2

)

×
(

∑
α

∥∥〈v〉k−4|α|∂α
xh
∥∥

L2
x Hs

v,γ/2

)
,

which implies the desired results. It ends the proof of this lemma.

With the preparations above, we now focus on Eq. (3.1).

Lemma 3.5. Let −3<γ≤1,0< s<1,γ+2s>−1 and k≥22. There exists a constant

Ck such that it holds

‖g1(t)‖2
Xk
+
∫ t

0
‖g1(s)‖2

X∗
k
ds

≤‖g0‖2
Xk
+Ck

(
sup

0≤s≤t

‖g1(s)‖Xk

∫ t

0
‖g1(s)‖2

X∗
k
ds

+ sup
0≤s≤t

‖g1(s)‖Xk

∫ t

0
‖g2(s)‖2

Dds

+ sup
0≤s≤t

‖g2(s)‖E
∫ t

0
‖g1(s)‖2

X∗
k
ds

)
(3.19)

for 0≤ t<∞.

Proof. We apply ∂α
x with |α|=0,2 on both sides of (3.1) to get

∂t∂
α
xg1+v·∇x∂α

xg1=∂α
xLDg1+∂α

xQ(g1,g1)+∂α
xQ(

√
µg2,g1)+∂α

xQ(g1,
√

µg2).

Multiplying the above equation with 〈v〉2k−8|α|∂α
xg1, and taking integration over

R3
x×R3

v, it follows from (3.9), (3.15) and (3.16) that

1

2

d

dt

∥∥∂α
xg1(t)

∥∥2

L2
xL2

v,k−4|α|
+δ
∥∥∂α

xg1(t)
∥∥2

L2
x Hs

v,k−4|α|+γ/2

≤Ck

(
‖g1(t)‖Xk

‖g1(t)‖2
X∗

k
+‖g1(t)‖Xk

‖g2(t)‖D‖g1(t)‖X∗
k

+‖g2(t)‖E ‖g1(t)‖2
X∗

k

)
. (3.20)
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By taking summation of the resulting equation over |α|=0,2, one has

d

dt
‖g1(t)‖2

Xk
+‖g1(t)‖2

X∗
k

≤Ck

(
‖g1(t)‖Xk

‖g1(t)‖2
X∗

k
+‖g1(t)‖Xk

‖g2(t)‖D‖g1(t)‖X∗
k

+‖g2(t)‖E‖g1(t)‖2
X∗

k

)
,

which yields (3.19).

Next we prove the time decay estimates g1 in case of hard and soft potentials
respectively.

Lemma 3.6. Let −3<γ≤1,0< s<1,γ+2s>−1 and k≥22.

(1) For 0≤γ≤1, there exists a constant λ>0 such that

∥∥eλtg1(t)
∥∥2

Xk
+
∫ t

0

∥∥eλsg1(s)
∥∥2

X∗
k
ds (3.21)

≤‖g0‖2
Xk
+Ck

(
sup

0≤s≤t

∥∥eλsg1(s)
∥∥

Xk
+ sup

0≤s≤t

‖g1(s)‖Xk
+ sup

0≤s≤t

‖g2(s)‖E
)

×
∫ t

0

∥∥eλsg1(s)
∥∥2

X∗
k
ds+Ck sup

0≤s≤t

∥∥eλsg1(s)
∥∥

Xk

∫ t

0
‖g1(s)‖2

X∗
k
ds

+Ck sup
0≤s≤t

∥∥eλsg1(s)
∥∥

Xk

∫ t

0
‖g2(s)‖2

Dds

for 0≤ t<∞.

(2) For −3<γ<0 and ρ>1, it holds that

∥∥(1+t)ρg1(t)
∥∥2

Xk
+
∫ t

0

∥∥(1+s)ρg1(s)
∥∥2

X∗
k
ds (3.22)

≤‖g0‖2
Xk
+Ck

∫ t

0
‖g1(s)‖2

X∗
k−ργ

ds+Ck sup
0≤s≤t

‖(1+s)ρg1(s)‖Xk

∫ t

0
‖g2(s)‖2

Dds

+Ck

(
sup

0≤s≤t

∥∥(1+s)ρg1(s)
∥∥

Xk
+ sup

0≤s≤t

‖g2(s)‖E
)∫ t

0

∥∥(1+s)ρg1(s)
∥∥2

X∗
k
ds

for 0≤ t<∞.
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Proof. We first consider 0≤γ≤1. From (3.1), for a small constant λ which will be

chosen later, we can write the equation of eλtg1 as follows:

∂te
λtg1+v·∇xeλtg1−λeλtg1

=LDeλtg1+Q
(
g1,eλtg1

)
+Q

(√
µg2,eλtg1

)
+Q

(
eλtg1,

√
µg2

)
.

Similar calculation as in (3.20) shows that for |α|=0,2,

1

2

d

dt

∥∥∂α
xeλtg1(t)

∥∥2

L2
xL2

v,k−4|α|
+δ
∥∥∂α

xeλtg1(t)
∥∥2

L2
x Hs

v,k−4|α|+γ/2
−λ
∥∥∂α

xeλtg1(t)
∥∥2

L2
xL2

v,k−4|α|

≤Ck

(∥∥eλtg1(t)
∥∥

Xk

∥∥eλtg1(t)
∥∥

X∗
k
‖g1(t)‖X∗

k
+‖g1(t)‖Xk

∥∥eλtg1(t)
∥∥2

X∗
k

+
∥∥eλtg1(t)

∥∥
Xk
‖g2(t)‖D

∥∥eλtg1(t)
∥∥

X∗
k
+‖g2(t)‖E

∥∥eλtg1(t)
∥∥2

X∗
k

)
.

We choose λ so small that

1

2

d

dt

∥∥∂α
xeλtg1(t)

∥∥2

L2
xL2

v,k−4|α|
+

δ

2

∥∥∂α
xeλtg1(t)

∥∥2

L2
x Hs

v,k−4|α|+γ/2

≤Ck

(∥∥eλtg1(t)
∥∥

Xk

∥∥eλtg1(t)
∥∥

X∗
k
‖g1(t)‖X∗

k
+‖g1(t)‖Xk

∥∥eλtg1(t)
∥∥2

X∗
k

+
∥∥eλtg1(t)

∥∥
Xk
‖g2(t)‖D

∥∥eλtg1(t)
∥∥

X∗
k
+‖g2(t)‖E

∥∥eλtg1(t)
∥∥2

X∗
k

)
.

Then by taking summation over |α|=0,2, one gets

d

dt

∥∥eλtg1(t)
∥∥2

Xk
+
∥∥eλtg1(t)

∥∥2

X∗
k

≤Ck

(∥∥eλtg1(t)
∥∥

Xk

∥∥eλtg1(t)
∥∥

X∗
k
‖g1(t)‖X∗

k
+‖g1(t)‖Xk

∥∥eλtg1(t)
∥∥2

X∗
k

+
∥∥eλtg1(t)

∥∥
Xk
‖g2(t)‖D

∥∥eλtg1(t)
∥∥

X∗
k
+‖g2(t)‖E

∥∥eλtg1(t)
∥∥2

X∗
k

)
.

Taking time integration and using the Cauchy-Schwarz inequality, (3.21) holds.

We now turn to the case −3<γ<0. It is straightforward to get

∂t(1+t)ρg1+v·∇x(1+t)ρg1−ρ(1+t)ρ−1g1

=LD(1+t)ρg1+Q
(

g1,(1+t)ρg1

)
+Q

(√
µg2,(1+t)ρg1

)
+Q

(
(1+t)ρg1,

√
µg2

)
.
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Similar calculation as in (3.20) shows that for |α|=0,2 and ρ>1,

1

2

d

dt

∥∥∂α
x(1+t)ρg1(t)

∥∥2

L2
xL2

v,k−4|α|
+δ
∥∥∂α

x(1+t)ρg1(t)
∥∥2

L2
x Hs

v,k−4|α|+γ/2

−ρ
∥∥∂α

x(1+t)ρ−1/2g1(t)
∥∥2

L2
xL2

v,k−4|α|

≤Ck

(∥∥(1+t)ρg1(t)
∥∥

Xk

∥∥(1+t)ρg1(t)
∥∥

X∗
k
‖g1(t)‖X∗

k

+‖g1(t)‖Xk

∥∥(1+t)ρg1(t)
∥∥2

X∗
k

+
∥∥(1+t)ρg1(t)

∥∥
Xk
‖g2(t)‖D

∥∥(1+t)ρg1(t)
∥∥

X∗
k

+‖g2(t)‖E
∥∥(1+t)ρg1(t)

∥∥2

X∗
k

)
. (3.23)

We should treat the term

δ
∥∥∂α

x(1+t)ρg1(t)
∥∥2

L2
xHs

v,k−4|α|+γ/2
−ρ
∥∥∂α

x(1+t)ρ−1/2g1(t)
∥∥2

L2
xL2

v,k−4|α|

carefully. For the case that 1+t≥1/(κ(1+|v|)γ), one has

ρ
∥∥∂α

x(1+t)ρ−1/2g1(t)
∥∥2

L2
xL2

v,k−4|α|
≤κρ

∥∥∂α
x(1+t)ρg1(t)

∥∥2

L2
xL2

v,k−4|α|+γ/2
. (3.24)

Then we choose κ so small that

δ
∥∥∂α

x(1+t)ρg1(t)
∥∥2

L2
x Hs

v,k−4|α|+γ/2

−κρ
∥∥∂α

x(1+t)ρg1(t)
∥∥2

L2
xL2

v,k−4|α|+γ/2

≤ δ

2

∥∥∂α
x(1+t)ρg1(t)

∥∥2

L2
x Hs

v,k−4|α|+γ/2
. (3.25)

For 1+t≤1/(κ(1+|v|)γ), we have

ρ
∥∥∂α

x(1+t)ρ−1/2g1(t)
∥∥2

L2
xL2

v,k−4|α|
≤C

∥∥∂α
x(1+|v|)−ργ+γ/2g1(t)

∥∥2

L2
xL2

v,k−4|α|
. (3.26)

Collecting (3.23), (3.25) and (3.26), we obtain (3.22).

To prove the existence of g, we also need the stability of g2. Recall (1.7) and
(1.8).
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Lemma 3.7. Let 0< s<1,−3<γ≤1 and γ+2s>−1. For any ρ>1, it holds that

‖g2(t)‖2
E+

∫ t

0
‖g2(s)‖2

Dds

≤Ck

(
sup

0≤s≤t

‖g2(s)‖E
∫ t

0
‖g2(s)‖2

Dds

+ sup
0≤s≤t

‖g2(s)‖E sup
0≤s≤t

‖(1+s)ρg1(s)‖X8

)
(3.27)

for 0≤ t≤∞.

Proof. Applying ∂α and multiplying ∂α
xg2 to (3.2), taking inner product over R3

x×
R3

v and from arguments in [2, 3, 29], we have

1

2

d

dt
‖g2(t)‖2

E+δ‖g2(t)‖2
D

≤C‖g2(t)‖E‖g2(t)‖2
D+C

∣∣(LBg1(t),g2(t)
)∣∣

+C ∑
|α|=2

∣∣(LB∂α
xg1(t),∂

α
xg2(t)

)∣∣. (3.28)

Using the definitions of LB and Xk norm in (3.4) and (1.5), one has

|(LBg1,g2)|≤Ck

∫

R3

∫

R3
|g1(t,x,v)g2(t,x,v)|dxdv

≤Ck‖g1(t)‖L2
x,v
‖g2(t)‖L2

x,v

≤Ck(1+t)−ρ
∥∥(1+t)ρg1(t)

∥∥
X8
‖g2(t)‖E . (3.29)

Similarly,

∣∣(LB∂α
xg1(t),∂

α
xg2(t)

)∣∣≤Ck(1+t)−ρ
∥∥(1+t)ρg1(t)

∥∥
X8
‖g2(t)‖E . (3.30)

Combining (3.28)-(3.30), we obtain

1

2

d

dt
‖g2(t)‖2

E+δ‖g2(t)‖2
D

≤C‖g2(t)‖E ‖g2(t)‖2
D+Ck(1+t)−ρ

∥∥(1+t)ρg1(t)
∥∥

Xk
‖g2(t)‖E ,

which gives (3.27) by taking integration over [0,t].

With these lemmas in hand, we are ready to prove Theorem 1.1 now.
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Proof of Theorem 1.1. For 0≤γ≤1 and k≥22, a suitable linear combination of (3.19),

(3.21) and (3.27) shows that

sup
0≤s≤t

{
‖g1(s)‖2

Xk
+
∥∥eλsg1(s)

∥∥2

Xk
+‖g2(t)‖2

E
}

+
∫ t

0

{
‖g1(s)‖2

X∗
k
+
∥∥eλsg1(s)

∥∥2

X∗
k
+‖g2(t)‖2

D
}

ds

≤Ck‖g0‖2
Xk
+Ck sup

0≤s≤t

{
‖g1(s)‖2

Xk
+
∥∥eλsg1(s)

∥∥2

Xk
+‖g2(t)‖2

E
}1/2

×
∫ t

0

{
‖g1(s)‖2

X∗
k
+
∥∥eλsg1(s)

∥∥2

X∗
k
+‖g2(t)‖2

D
}

ds.

Therefore, there exists a constant ǫ0 such that if ‖g0‖2
Xk
≤ǫ0 then

sup
0≤s≤t

{
‖g1(s)‖2

Xk
+
∥∥eλsg1(s)

∥∥2

Xk
+‖g2(t)‖2

E
}

+
∫ t

0

{
‖g1(s)‖2

X∗
k
+
∥∥eλsg1(s)

∥∥2

X∗
k
+‖g2(t)‖2

D
}

ds

≤C‖g0‖2
Xk

,

which yields (1.11). Therefore, we obtain (1.9) for hard potentials by (1.11) and

the fact that

‖g(t)‖Xk
≤‖g1(t)‖Xk

+‖√µg2(t)‖Xk

≤‖g1(t)‖Xk
+Ck‖g2(t)‖E . (3.31)

For soft potentials −3<γ<0, we have from (3.19), (3.22) and (3.27) that for ρ>1,

it holds

sup
0≤s≤t

{
‖g1(s)‖2

Xk
+
∥∥(1+s)ρg1(s)

∥∥2

Xk+ργ
+‖g2(s)‖2

E
}

+
∫ t

0

{
‖g1(s)‖2

X∗
k
+
∥∥(1+s)ρg1(s)

∥∥2

X∗
k+ργ

+‖g2(s)‖2
D
}

ds

≤Ck‖g0‖2
Xk
+Ck sup

0≤s≤t

{
‖g1(s)‖2

Xk
+
∥∥(1+s)ρg1(s)

∥∥2

Xk+ργ
+‖g2(s)‖2

E
}1/2

×
∫ t

0

{
‖g1(s)‖2

X∗
k
+
∥∥(1+s)ρg1(s)

∥∥2

X∗
k+ργ

+‖g2(s)‖2
D
}

ds.

Thus, there exists a constant ǫ0 such that if ‖g0‖2
Xk

≤ ǫ0 such that (1.12) holds.

Then (1.9) follows from (3.31) and (1.12). Also we let ρ<(k−22)/|γ| such that the

condition k+ργ≥22 is satisfied. Also we require k>25 such that 1<(k−22)/|γ|.
Thus, the proof of Theorem 1.1 is complete.
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4 Time decay of g1 in L
p
ξ

To obtain the time decay of the solution g, we should study g1 and g2 respectively.
From our proof of global existence, we expect exponential time decay for g1 when
0≤ γ ≤ 1, and arbitrarily large polynomial decay when −3< γ < 0. Taking the
Fourier transform to (3.1) and (3.2) with respect to x, it holds

∂t ĝ1+iv·ξ ĝ1=LD ĝ1+Q̂(ĝ1, ĝ1)+Q̂(
√

µĝ2, ĝ1)+Q̂(ĝ1,
√

µĝ2), (4.1)

∂t ĝ2+iv·ξ ĝ2=Lĝ2+LB ĝ1+ Γ̂(ĝ2, ĝ2) (4.2)

with the initial data

ĝ1(0,ξ,v)= ĝ0(ξ,v)= F̂0(ξ,v)−µ(v), ĝ2(0,ξ,v)=0.

Here we denote

Q̂( f̂ , ĝ)(ξ,v)=
∫

R3

∫

S2
B(v−u,σ)

[
f̂ (u′)∗ξ ĝ(v′)(ξ)− f̂ (u)∗ξ ĝ(v)(k)

]
dσdu,

Γ̂( f̂ , ĝ)(ξ,v)=
∫

R3

∫

S2
B(v−u,σ)µ1/2(u)

[
f̂ (u′)∗ξ ĝ(v′)(ξ)− f̂ (u)∗ξ ĝ(v)(k)

]
dσdu,

where

f̂ (u)∗ξ ĝ(v)(ξ)=
∫

R3
f̂ (ξ−ℓ,u)ĝ(ℓ,v)dℓ.

We mention that the Fourier transform prevents us from directly getting the ex-
istence in L1

ξ∩L
p
ξ . After Fourier transform, it is difficult to obtain inequality like

(2.1), because now the integral becomes

∣∣∣
(
Q̂(ĝ1, ĝ1)(ξ),〈v〉2k ĝ1(ξ)

)
L2

v

∣∣∣

=

∣∣∣∣
∫

R3

∫

R3

∫

S2
B
∫

R3

(
ĝ1(ξ−ℓ,v′∗)ĝ(ℓ,v

′)

− ĝ1(ξ−ℓ,v∗)ĝ1(ℓ,v)
)

dℓdσdv∗〈v〉2k ¯̂g1(ξ,v)dv

∣∣∣∣.

We notice the functions ĝ1(ℓ,v) and ĝ1(ξ,v) are no longer the same function,
so (2.1) is not valid now. There is an additional 〈v〉2s in the dissipation norm
which can not be absorbed by the left hand side. We need some new approach to
control the nonlinear terms by the obtained existence in Theorem 1.1.
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4.1 Estimates for 0≤γ≤1

We prove the exponential decay for g1 now.

Lemma 4.1. Let 0≤γ≤ 1,k> 14, p≥ 1 and g1 be a solution to (4.1), then there exists

a constant Ck >0 such that

∥∥eλt ĝ1

∥∥
L

p
ξ L∞

T L2
v,k
+
∥∥eλt ĝ1

∥∥
L

p
ξ L2

T Hs
v,k+γ/2

≤Ck‖ĝ0‖L
p
ξ L2

v,k
+Ck

(∥∥eλt ĝ1

∥∥
L

p
ξ L∞

T L2
v,k
+‖ĝ2‖L

p
ξ L∞

T L2
v

)(∫ T

0

∥∥eλtg1

∥∥2

X∗
k+8+2s

dt

)1/2

+Ck

∥∥eλt ĝ1

∥∥
L

p
ξ L∞

T L2
v,k
‖ĝ2‖L1

ξ L2
T Hs∗

v
. (4.3)

Proof. A direct calculation shows that

∂te
λt ĝ1+iv·ξeλt ĝ1−λeλt ĝ1

=LDeλt ĝ1+Q̂
(
eλt ĝ1, ĝ1

)
+Q̂

(√
µĝ2,eλt ĝ1

)
+Q̂

(
eλt ĝ1,

√
µĝ2

)
.

We multiply 〈v〉2keλt ¯̂g1 to (4.1) and take real part and integrate over [0,T]×R
3
v to

get

1

2
√

2

∥∥eλt ĝ1(t,ξ)
∥∥

L2
v,k
−
√

λ

(∫ T

0

∥∥eλt ĝ1(t,ξ)
∥∥2

L2
v,k

dt

)1/2

≤
√

2‖ĝ0(ξ)‖L2
v,k
+

(∫ T

0
Re
(
LDeλt ĝ1,〈v〉2keλt ĝ1

)
(t,ξ)dt

)1/2

+

(∫ T

0
Re
(

Q̂
(
eλt ĝ1, ĝ1

)
,〈v〉2keλt ĝ1

)
(t,ξ)dt

)1/2

+

(∫ T

0
Re
(

Q̂
(√

µĝ2,eλt ĝ1

)
,〈v〉2keλt ĝ1

)
(t,ξ)dt

)1/2

+

(∫ T

0
Re
(

Q̂
(
eλt ĝ1,

√
µĝ2

)
,〈v〉2keλt ĝ1

)
(t,ξ)dt

)1/2

=:
√

2‖ĝ0(ξ)‖L2
v,k
+ I1+ I2+ I3+ I4. (4.4)

For I1, by letting g=0 in (3.6), we have

I1≤−
√

δ
∥∥eλt ĝ1(ξ)

∥∥
L2

T Hs
v,k+γ/2

. (4.5)
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Using (2.3), it holds that

∣∣∣
(
Q̂
(
eλt ĝ1, ĝ1

)
(t,ξ),〈v〉2keλt ĝ1(t,ξ)

)∣∣∣

≤Ck

∫

R3

∥∥eλt ĝ1(t,ξ−ℓ)
∥∥

L2
v,14

‖ĝ1(t,ℓ)‖Hs
v,k+γ/2+2s

∥∥eλt ĝ1(t,ξ)
∥∥

Hs
v,k+γ/2

dl

+Ck

∫

R3
‖ĝ1(t,ξ−ℓ)‖L2

v,14

∥∥eλt ĝ1(t,ℓ)
∥∥

Hs
v,k+γ/2

∥∥eλt ĝ1(t,ξ)
∥∥

Hs
v,k+γ/2

dl. (4.6)

Then it is direct to see

I2≤Ck

(∫ T

0

∫

R3

∥∥eλt ĝ1(t,ξ−ℓ)
∥∥

L2
v,14

‖ĝ1(t,ℓ)‖Hs
v,k+γ/2+2s

∥∥eλt ĝ1(t,ξ)
∥∥

Hs
v,k+γ/2

dℓdt

)1/2

+Ck

(∫ T

0

∫

R3
‖ĝ1(t,ξ−ℓ)‖L2

v,14

∥∥eλt ĝ1(t,ℓ)
∥∥

Hs
v,k+γ/2

×
∥∥eλt ĝ1(t,ξ)

∥∥
Hs

v,k+γ/2
dℓdt

)1/2

. (4.7)

By Cauchy-Schwarz inequality, one has that

I2≤Ck

(∫ T

0

(∫

R3

∥∥eλt ĝ1(t,ξ−ℓ)
∥∥

L2
v,14

‖ĝ1(t,ℓ)‖Hs
v,k+γ/2+2s

dℓ

)2

dt

)1/4

×
(∫ T

0

∥∥eλt ĝ1(t,ξ)
∥∥2

Hs
v,k+γ/2

dt

)1/4

+Ck

(∫ T

0

(∫

R3
‖ĝ1(t,ξ−ℓ)‖L2

v,14

∥∥eλt ĝ1(t,ℓ)
∥∥

Hs
v,k+γ/2

dℓ

)2

dt

)1/4

×
(∫ T

0

∥∥eλt ĝ1(t,ξ)
∥∥2

Hs
v,k+γ/2

dt

)1/4

≤η
∥∥eλt ĝ1(ξ)

∥∥
L2

T Hs
v,k+γ/2

+Ck,η

(∫ T

0

(∫

R3

∥∥eλt ĝ1(t,ξ−ℓ)
∥∥

L2
v,14

‖ĝ1(t,ℓ)‖Hs
v,k+γ/2+2s

dℓ

)2

dt

)1/2

+Ck,η

(∫ T

0

(∫

R3
‖ĝ1(t,ξ−ℓ)‖L2

v,14

∥∥eλt ĝ1(t,ℓ)
∥∥

Hs
v,k+γ/2

dℓ

)2

dt

)1/2

. (4.8)
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We further use Minkowski inequality to get

I2≤η
∥∥eλt ĝ1(ξ)

∥∥
L2

T Hs
v,k+γ/2

+Ck,η

∫

R3

(∫ T

0

∥∥eλt ĝ1(t,ξ−ℓ)
∥∥2

L2
v,14

‖ĝ1(t,ℓ)‖2
Hs

v,k+γ/2+2s
dt

)1/2

dℓ

+Ck,η

∫

R3

(∫ T

0
‖ĝ1(t,ξ−ℓ)‖2

L2
v,14

∥∥eλt ĝ1(t,ℓ)
∥∥2

Hs
v,k+γ/2

dt

)1/2

dℓ,

which further yields

I2≤η
∥∥eλt ĝ1(ξ)

∥∥
L2

T Hs
v,k+γ/2

+Ck,η

∫

R3

∥∥eλt ĝ1(ξ−ℓ)
∥∥

L∞
T L2

v,k
‖ĝ1(ℓ)‖L2

T Hs
v,k+γ/2+2s

dℓ

+Ck,η

∫

R3
‖ĝ1(ξ−ℓ)‖L∞

T L2
v,k

∥∥eλt ĝ1(ℓ)
∥∥

L2
T Hs

v,k+γ/2
dℓ. (4.9)

Similar arguments as in (4.6)-(4.9) show that

I3+ I4≤η
∥∥eλt ĝ1(ξ)

∥∥2

L2
T Hs

v,k+γ/2

+Ck,η

∫

R3
‖√µĝ2(ξ−ℓ)‖L∞

T L2
v,k

∥∥eλt ĝ1(ℓ)
∥∥

L2
T Hs

v,k+γ/2+2s
dℓ

+Ck,η

∫

R3

∥∥eλt ĝ1(ξ−ℓ)
∥∥

L∞
T L2

v,k
‖√µĝ2(ℓ)‖L2

T Hs
v,k+γ/2

dℓ

+Ck,η

∫

R3

∥∥eλt ĝ1(ξ−ℓ)
∥∥

L∞
T L2

v,k
‖√µĝ2(ℓ)‖L2

T Hs
v,k+γ/2+2s

dℓ

+Ck,η

∫

R3
‖√µĝ2(ξ−ℓ)‖L∞

T L2
v,k

∥∥eλt ĝ1(ℓ)
∥∥

L2
T Hs

v,k+γ/2
dℓ.

From the facts that

‖√µĝ2(ℓ)‖L2
T Hs

v,k+γ/2
+‖√µĝ2(ℓ)‖L2

T Hs
v,k+γ/2+2s

≤Ck‖ĝ2(ℓ)‖L2
T Hs∗

v
,

‖√µĝ2(ξ−ℓ)‖L∞
T L2

v,k
≤Ck‖ĝ2(ξ−ℓ)‖L∞

T L2
v
,

we have

I3+ I4≤η
∥∥eλt ĝ1(ξ)

∥∥
L2

T Hs
v,k+γ/2

+Ck,η

∫

R3
‖ĝ2(ξ−ℓ)‖L∞

T L2
v

∥∥eλt ĝ1(ℓ)
∥∥

L2
T Hs

v,k+γ/2+2s
dℓ

+Ck,η

∫

R3

∥∥eλt ĝ1(ξ−ℓ)
∥∥

L∞
T L2

v,k
‖ĝ2(ℓ)‖L2

T Hs∗
v

dℓ. (4.10)
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Combining (4.4), (4.5), (4.9) and (4.10), it holds

1

2
√

2

∥∥eλt ĝ1(t,ξ)
∥∥

L2
v,k
+
√

δ
∥∥eλt ĝ1(ξ)

∥∥
L2

T Hs
v,k+γ/2

−
√

λ
∥∥eλt ĝ1(ξ)

∥∥
L2

T L2
v,k

≤
√

2‖ĝ0(ξ)‖L2
v,k
+η
∥∥eλt ĝ1(ξ)

∥∥
L2

T Hs
v,k+γ/2

+Ck,η

∫

R3

∥∥eλt ĝ1(ξ−ℓ)
∥∥

L∞
T L2

v,k
‖ĝ1(ℓ)‖L2

T Hs
v,k+γ/2+2s

dℓ

+Ck,η

∫

R3
‖ĝ1(ξ−ℓ)‖L∞

T L2
v,k

∥∥eλt ĝ1(ℓ)
∥∥

L2
T Hs

v,k+γ/2
dℓ

+Ck,η

∫

R3
‖ĝ2(ξ−ℓ)‖L∞

T L2
v

∥∥eλt ĝ1(ℓ)
∥∥

L2
T Hs

v,k+γ/2+2s
dℓ

+Ck,η

∫

R3

∥∥eλt ĝ1(ξ−ℓ)
∥∥

L∞
T L2

v,k
‖ĝ2(ℓ)‖L2

T Hs∗
v

dℓ. (4.11)

Noticing

‖ĝ1(ξ−ℓ)‖L∞
T L2

v,k
≤
∥∥eλt ĝ1(ξ−ℓ)

∥∥
L∞

T L2
v,k

,

max
{
‖ĝ1(ℓ)‖L2

T Hs
v,k+γ/2+2s

,
∥∥eλt ĝ1(ℓ)

∥∥
L2

T Hs
v,k+γ/2

}
≤
∥∥eλt ĝ1(ℓ)

∥∥
L2

T Hs
v,k+γ/2+2s

,

we first choose λ and η small enough to get

∥∥eλt ĝ1(ξ)
∥∥

L∞
T L2

v,k
+δ
∥∥eλt ĝ1(ξ)

∥∥
L2

T Hs
v,k+γ/2

≤‖ĝ0(ξ)‖L2
v,k
+Ck

∫

R3

∥∥eλt ĝ1(ξ−ℓ)
∥∥

L∞
T L2

v,k

∥∥eλt ĝ1(ℓ)
∥∥

L2
T Hs

v,k+γ/2+2s
dℓ

+Ck

∫

R3
‖ĝ2(ξ−ℓ)‖L∞

T L2
v

∥∥eλt ĝ1(ℓ)
∥∥

L2
T Hs

v,k+γ/2+2s
dℓ

+Ck

∫

R3

∥∥eλt ĝ1(ξ−ℓ)
∥∥

L∞
T L2

v,k
‖ĝ2(ℓ)‖L2

T Hs∗
v

dℓ.

Then taking L
p
ξ norm and using Minkowski inequality again, we have

∥∥eλt ĝ1

∥∥
L

p
ξ L∞

T L2
v,k
+δ
∥∥eλt ĝ1

∥∥
L

p
ξ L2

T Hs
v,k+γ/2

≤‖ĝ0‖L
p
ξ L2

v,k
+Ck

(∥∥eλt ĝ1

∥∥
L

p
ξ L∞

T L2
v,k
+‖ĝ2‖L

p
ξ L∞

T L2
v

)∥∥eλt ĝ1

∥∥
L1

ξ L2
T Hs

v,k+γ/2+2s

+Ck

∥∥eλt ĝ1

∥∥
L

p
ξ L∞

T L2
v,k
‖ĝ2‖L1

ξ L2
T Hs∗

v
. (4.12)
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By definition of L1
ξ L2

T Hs
v,k+γ/2+2s norm, one has

∥∥eλt ĝ1

∥∥
L1

ξ L2
T Hs

v,k+γ/2+2s
=
∫

R3

(∫ T

0

∥∥eλt ĝ1(t,ξ)
∥∥2

Hs
v,k+γ/2+2s

dt

)1/2

dξ

=
∫

R3
〈ξ〉−3/2−

(∫ T

0
〈ξ〉3+

∥∥eλt ĝ1(t,ξ)
∥∥2

Hs
v,k+γ/2+2s

dt

)1/2

dξ,

where −3/2− and 3+ are defined to be −3/2−κ0 and 3+κ0 for some sufficiently

small κ0>0. Using the Cauchy-Schwarz inequality, we obtain

∥∥eλt ĝ1

∥∥
L1

ξ L2
T Hs

v,k+γ/2+2s
≤C

(∫

R3
〈ξ〉−3−dξ

)1/2

×
(∫ T

0

∫

R3
〈ξ〉3+

∥∥eλt ĝ1(t,ξ)
∥∥2

Hs
v,k+γ/2+2s

dξdt

)1/2

=C

(∫ T

0

∥∥eλt〈ξ〉3/2+ ĝ1(t,ξ)
∥∥2

L2
ξ Hs

v,k+γ/2+2s
dt

)1/2

. (4.13)

By Plancherel theorem, Sobolev embedding and the definition of X∗
k in (1.6), one

gets

∥∥eλt ĝ1

∥∥
L1

ξ L2
T Hs

v,k+γ/2+2s
≤C

(∫ T

0

∥∥eλtg1

∥∥2

H2
x Hs

v,k+γ/2+2s
dt

)1/2

≤C

(∫ T

0

∥∥eλtg1

∥∥2

X∗
k+8+2s

dt

)1/2

. (4.14)

Hence, (4.3) follows from (4.12) and (4.14). The proof of lemma is complete.

4.2 Estimates for −3<γ<0

Lemma 4.2. Let −3 < γ < 0,k > 18 and g1 be a solution to (4.1). For any 1 < ρ <

(k−14)/|γ|, there exists a constant Ck >0 such that
∥∥(1+t)ρ ĝ1

∥∥
L

p
ξ L∞

T L2
v,k
+
∥∥(1+t)ρ ĝ1

∥∥
L

p
ξ L2

T Hs
v,k+γ/2

≤Ck‖ĝ0‖L
p
ξ L2

v,k
+Ck‖ĝ1‖L

p
ξ L2

T L2
v,k+γ/2−ργ

+Ck

(∥∥(1+t)ρ ĝ1

∥∥
L

p
ξ L∞

T L2
v,k
+‖ĝ2‖L

p
ξ L∞

T L2
v

)(∫ T

0

∥∥(1+t)ρg1

∥∥2

X∗
k+8+2s

dt

)1/2

+Ck

∥∥(1+t)ρ ĝ1

∥∥
L

p
ξ L∞

T L2
v,k
‖ĝ2‖L1

ξ L2
T Hs∗

v
. (4.15)
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Proof. It is straightforward to see from (4.1) that

∂t(1+t)ρ ĝ1+iv·ξ(1+t)ρ ĝ1−ρ(1+t)ρ−1 ĝ1

=LD(1+t)ρ ĝ1+Q̂
(
(1+t)ρ ĝ1, ĝ1

)
+Q̂

(√
µĝ2,(1+t)ρ ĝ1

)

+Q̂
(
(1+t)ρ ĝ1,

√
µĝ2

)
. (4.16)

Similar arguments as in (4.4)-(4.11) show that for k>14,

∥∥(1+t)ρ ĝ1(t,ξ)
∥∥

L2
v,k
+δ
∥∥(1+t)ρ ĝ1(ξ)

∥∥
L2

T Hs
v,k+γ/2

−√
ρ
∥∥(1+t)ρ−1/2 ĝ1(ξ)

∥∥
L2

T L2
v,k

≤‖ĝ0(ξ)‖L2
v,k
+η
∥∥(1+t)ρ ĝ1(ξ)

∥∥
L2

T Hs
v,k+γ/2

+Ck,η

∫

R3

∥∥(1+t)ρ ĝ1(ξ−ℓ)
∥∥

L∞
T L2

v,k
‖ĝ1(ℓ)‖L2

T Hs
v,k+γ/2+2s

dℓ

+Ck,η

∫

R3
‖ĝ1(ξ−ℓ)‖L∞

T L2
v,k

∥∥(1+t)ρ ĝ1(ℓ)
∥∥

L2
T Hs

v,k+γ/2
dℓ

+Ck,η

∫

R3
‖ĝ2(ξ−ℓ)‖L∞

T L2
v

∥∥(1+t)ρ ĝ1(ℓ)
∥∥

L2
T Hs

v,k+γ/2+2s
dℓ

+Ck,η

∫

R3

∥∥(1+t)ρ ĝ1(ξ−ℓ)
∥∥

L∞
T L2

v,k
‖ĝ2(ℓ)‖L2

T Hs∗
v

dℓ.

Then we take L
p
ξ norm and use Minkowski inequality, Plancherel theorem and

Sobolev embedding as in (4.12)-(4.14) to get

∥∥(1+t)ρ ĝ1

∥∥
L

p
ξ L∞

T L2
v,k
+δ
∥∥(1+t)ρ ĝ1

∥∥
L

p
ξ L2

T Hs
v,k+γ/2

−√
ρ
∥∥(1+t)ρ−1/2 ĝ1

∥∥
L

p
ξ L2

T L2
v,k

≤‖ĝ0‖L
p
ξ L2

v,k
+Ck

(∥∥(1+t)ρ ĝ1

∥∥
L

p
ξ L∞

T L2
v,k
+‖ĝ2‖L

p
ξ L∞

T L2
v

)(∫ T

0

∥∥(1+t)ρg1

∥∥2

X∗
k+8+2s

dt

)1/2

+Ck

∥∥(1+t)ρ ĝ1

∥∥
L

p
ξ L∞

T L2
v,k
‖ĝ2‖L1

ξ L2
T Hs∗

v
. (4.17)

For the term δ‖(1+t)ρ ĝ1‖L
p
ξ L2

T Hs
v,k+γ/2

−√
ρ‖(1+t)ρ−1/2 ĝ1‖L

p
ξ L2

T L2
v,k

, it follows from

similar arguments as in (3.24) and (3.25) that if 1+t ≥ 1/(κ(1+|v|)γ) for some

κ>0, one has

√
ρ
∥∥(1+t)ρ−1/2 ĝ1

∥∥
L

p
ξ L2

T L2
v,k
≤√

κρ
∥∥(1+t)ρ ĝ1

∥∥
L

p
ξ L2

T L2
v,k+γ/2

. (4.18)

If 1+t≤1/(κ(1+|v|)γ), it holds

√
ρ
∥∥(1+t)ρ−1/2 ĝ1

∥∥
L

p
ξ L2

T L2
v,k
≤√

ρ‖ĝ1‖L
p
ξ L2

T L2
v,k+γ/2−ργ

. (4.19)
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Then choosing κ to be small, (4.20) holds from (4.17)-(4.19). Note that as we will

prove later, the estimate on g1 requires the order of velocity weight to be larger

that 14, so here we also let k>18 and ρ<(k−14)/|γ| to guarantee k+γ/2−ργ>14

and 1< (k−14)/|γ|.
From (4.15), we see that for γ< 0, in order to obtain the time decay, we also

need to bound ‖ĝ1‖L
p
ξ L2

T L2
k

for some large k. The following lemma provides the

estimate of such term. The details are almost the same as Lemma 4.2 and thus
omitted.

Lemma 4.3. Let −3<γ<0,k>14 and g1 be a solution to (4.1). There exist constants

δ,Ck >0 such that

‖ĝ1‖L
p
ξ L∞

T L2
v,k
+δ‖ĝ1‖L

p
ξ L2

T Hs
v,k+γ/2

≤‖ĝ0‖L
p
ξ L2

v,k
+Ck

(
‖ĝ1‖L

p
ξ L∞

T L2
v,k
+‖ĝ2‖L

p
ξ L∞

T L2
v

)(∫ T

0
‖g1‖2

X∗
k+8+2s

dt

)1/2

+Ck‖ĝ1‖L
p
ξ L∞

T L2
v,k
‖ĝ2‖L1

ξ L2
T Hs∗

v
. (4.20)

5 Time decay of g2 in L1
ξ∩L

p
ξ

We can prove the stability of g2 for both hard and soft potentials. However, the
time decay should be proved in two cases, γ+2s≥ 0 and γ+2s< 0 respectively.
The important inequality ‖ f‖L2

v
≤ ‖ f‖L2

v,γ+2s
≤ C‖ f‖Hs∗

v
will be frequently used

in case of γ+2s≥ 0. On the other hand, such inequality no longer holds when
γ+2s<0. Therefore, we need extra velocity weight to compensate the dissipation,
as we will see in the third subsection.

5.1 L1
ξ∩L

p
ξ estimates on g2

We first bound the nonlinear term in (4.2). The following lemma is given in [25,
Lemma 3.1].

Lemma 5.1. For 0< s<1 and γ>max{−3,−3/2−2s}, it holds that

∣∣(Γ̂( f̂ , ĝ)(ξ),Ĥ(ξ)
)∣∣≤C

∫

R3
ℓ

‖ f̂ (ξ−ℓ)‖L2
v
‖ĝ(ℓ)‖Hs∗

v
‖(I−P)Ĥ(ξ)‖Hs∗

v
dℓ. (5.1)

Then we have the following inequality for g2.
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Lemma 5.2. Let max{−3,−3/2−2s}<γ≤1,0<s<1, p>1,ρ>1 and g2 be a solution

to (4.2). Recalling A and M are two constants in the definition of LB in (3.4), and

σ=3

(
1− 1

p

)
−2ǫ1,

where ǫ1>0 is arbitrarily small. There are constants C>0 and CA,M such that

‖ĝ2‖L1
ξ L∞

T L2
v
+‖(I−P)ĝ2‖L1

ξ L2
T Hs∗

v

≤CA,M‖ĝ2‖1/2
L1

ξ L∞
T L2

v

(∫ T

0

∥∥(1+t)ρg1(t)
∥∥2

X∗
8−γ/2

dt

)1/4

+C‖ĝ2‖L1
ξ L∞

T L2
v
‖(I−P)ĝ2‖L1

ξ L2
T Hs∗

v

+C‖ĝ2‖L1
ξ L∞

T L2
v

∥∥(1+t)σ/2 ĝ2

∥∥
L1

ξ L∞
T L2

v
, (5.2)

‖ĝ2‖L
p
ξ L∞

T L2
v
+‖(I−P)ĝ2‖L

p
ξ L2

T Hs∗
v

≤CA,M‖ĝ2‖1/2

L
p
ξ L∞

T L2
v

∥∥(1+t)ρ ĝ1

∥∥1/2

L
p
ξ L2

T L2
v

+C‖ĝ2‖L
p
ξ L∞

T L2
v
‖(I−P)ĝ2‖L1

ξ L2
T Hs∗

v

+C‖ĝ2‖L
p
ξ L∞

T L2
v

∥∥(1+t)σ/2 ĝ2

∥∥
L1

ξ L∞
T L2

v
(5.3)

for any T>0 and ρ>1, where CA,M depends only on A and M.

Proof. Multiplying ¯̂g2 to (4.2), taking real part and integrating over [0,T]×R3
v ,

one gets

1

2
‖ĝ2(t,ξ)‖2

L2
v
=
∫ T

0
Re(Lĝ2, ĝ2)(t,ξ)dt+

∫ T

0
Re(LB ĝ1, ĝ2)(t,ξ)dt

+
∫ T

0
Re
(
Γ̂(ĝ2, ĝ2), ĝ2

)
(t,ξ)dt.

We have the coercivity estimate from [3, Proposition 2.1] that for some small con-

stant δ,

(Lg,g)L2
v
≤−δ‖(I−P)g‖2

Hs∗
v

,

which, together with the Cauchy-Schwarz inequality, yields

1

2
‖ĝ2(ξ)‖L∞

T L2
v
+δ

(∫ T

0
‖{I−P}ĝ2(t,ξ)‖Hs∗

v
dt

)1/2

≤
(∫ T

0
Re(LB ĝ1, ĝ2)(t,ξ)dt

)1/2

+

(∫ T

0
Re(Γ̂(ĝ2, ĝ2), ĝ2)(t,ξ)dt

)1/2

. (5.4)
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By the definition of LB in (3.4), one has

(∫ T

0
Re(LB ĝ1, ĝ2)(t,ξ)dt

)1/2

≤
(∫ T

0

∫

R3
µ−1/2(v)AχM |ĝ1(t,ξ,v)ĝ2(t,ξ,v)|dvdt

)1/2

≤CA,M

(∫ T

0
‖ĝ1(t,ξ)‖L2

v
‖ĝ2(t,ξ)‖L2

v
dt

)1/2

≤CA,M‖ĝ2(ξ)‖1/2
L∞

T L2
v

(∫ T

0
‖ĝ1(t,ξ)‖L2

v
dt

)1/2

. (5.5)

Using (5.1) and the Cauchy-Schwarz inequality, we have

(∫ T

0

∣∣(Γ̂(ĝ2, ĝ2), ĝ2

)
(t,ξ)

∣∣dt

)1/2

≤C

(∫ T

0

(∫

R3
‖ĝ2(t,ξ−ℓ)‖L2

v
‖ĝ2(t,ℓ)‖Hs∗

v
dℓ

)2

dt

)1/4

×
(∫ T

0
‖(I−P)ĝ2(t,ξ)‖2

Hs∗
v

dt

)1/4

≤η

(∫ T

0
‖(I−P)ĝ2(t,ξ)‖2

Hs∗
v

dt

)1/2

+Cη

(∫ T

0

(∫

R3
‖ĝ2(t,ξ−ℓ)‖L2

v
‖ĝ2(t,ℓ)‖Hs∗

v
dℓ

)2

dt

)1/2

. (5.6)

We further use the Minkowski inequality and Hölder’s inequality to get

(∫ T

0

∣∣(Γ̂(ĝ2, ĝ2), ĝ2

)
(t,ξ)

∣∣dt

)1/2

≤η

(∫ T

0
‖(I−P)ĝ2(t,ξ)‖2

Hs∗
v

dt

)1/2

+Cη

∫

R3
‖ĝ2(t,ξ−ℓ)‖L∞

T L2
v
‖ĝ2(t,ℓ)‖L2

T Hs∗
v

dℓ. (5.7)

Then by substituting (5.5) and (5.7) into (5.4) and choosing η to be small enough,

one gets

‖ĝ2(ξ)‖L∞
T L2

v
+‖{I−P}ĝ2(ξ)‖L2

T Hs∗
v
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≤CA,M‖ĝ2(ξ)‖1/2
L∞

T L2
v

(∫ T

0
‖ĝ1(t,ξ)‖L2

v
dt

)1/2

+C
∫

R3
‖ĝ2(t,ξ−ℓ)‖L∞

T L2
v
‖ĝ2(t,ℓ)‖L2

T Hs∗
v

dℓ. (5.8)

It holds by taking integral over R3
ξ and using the Cauchy-Schwarz inequality that

‖ĝ2‖L1
ξ L∞

T L2
v
+‖(I−P)ĝ2‖L1

ξ L2
T Hs∗

v

≤CA,M

∫

R3
‖ĝ2(ξ)‖1/2

L∞
T L2

v

(∫ T

0
‖ĝ1(t,ξ)‖L2

v
dt

)1/2

dξ+C‖ĝ2‖L1
ξ L∞

T L2
v
‖ĝ2‖L1

ξ L2
T Hs∗

v

≤CA,M‖ĝ2‖L1
ξ L∞

T L2
v

(∫

R3

∫ T

0
‖ĝ1(t,ξ)‖L2

v
dtdξ

)1/2

+C‖ĝ2‖L1
ξ L∞

T L2
v
‖ĝ2‖L1

ξ L2
T Hs∗

v
. (5.9)

Applying the Cauchy-Schwarz inequality as in (4.13), one has

(∫

R3

∫ T

0
‖ĝ1(t,ξ)‖2

L2
v
dtdξ

)1/2

≤C

(∫ T

0

∫

R3
(1+t)ρ〈ξ〉3+‖ĝ1(t,ξ)‖2

L2
v
dξdt

)1/4

≤C

(∫ T

0

∥∥(1+t)ρg1(t)
∥∥2

H2
x L2

v
dt

)1/4

. (5.10)

Then we obtain from (5.9), (5.10) and the definition of X∗
k in (1.6) that

‖ĝ2‖L1
ξ L∞

T L2
v
+‖(I−P)ĝ2‖L1

ξ L2
T Hs∗

v

≤CA,M‖ĝ2‖1/2
L1

ξ L∞
T L2

v

(∫ T

0
‖(1+t)ρg1(t)‖2

X∗
8−γ/2

dt

)1/4

+C‖ĝ2‖L1
ξ L∞

T L2
v
‖ĝ2‖L1

ξ L2
T Hs∗

v
. (5.11)

Since σ>1, then

‖ĝ2‖L1
ξ L2

T Hs∗
v
≤‖(I−P)ĝ2‖L1

ξ L2
T Hs∗

v
+C‖(â, b̂, ĉ)‖L1

ξ L2
T

≤‖(I−P)ĝ2‖L1
ξ L2

T Hs∗
v
+C

∫

R3
sup

0<t<T

(1+t)
σ
2 |(â, b̂, ĉ)(t,ξ)|dξ

≤‖(I−P)ĝ2‖L1
ξ L2

T Hs∗
v
+C

∥∥(1+t)σ/2 ĝ2

∥∥
L1

ξ L∞
T L2

v
. (5.12)
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We deduce (5.2) from (5.11) and (5.12).

By the fact that

∥∥‖ĝ2‖L∞
T L2

v
∗ξ ‖ĝ2‖L2

T Hs∗
v

∥∥
Lp(R3

ξ)
≤‖ĝ2‖L

p
ξ L∞

T L2
v
‖ĝ2‖L1

ξ L2
T Hs∗

v
,

similar arguments as in (5.5)-(5.8) show that

‖ĝ2‖L
p
ξ L∞

T L2
v
+‖(I−P)ĝ2‖L

p
ξ L2

T Hs∗
v

≤CA,M

(∫

R3

(∫ T

0
‖ĝ1(t,ξ)‖L2

v
‖ĝ2(t,ξ)‖L2

v
dt

)p/2

dξ

)1/p

+C‖ĝ2‖L
p
ξ L∞

T L2
v
‖ĝ2‖L1

ξ L2
T Hs∗

v
. (5.13)

A direct application of the Cauchy-Schwarz inequality gives

(∫

R3

(∫ T

0
‖ĝ1(t,ξ)‖L2

v
‖ĝ2(t,ξ)‖L2

v
dt

)p/2

dξ

)1/p

≤C

(∫

R3
‖ĝ2(ξ)‖p/2

L∞
T L2

v

(∫ T

0

∥∥(1+t)ρ ĝ1(t,ξ)
∥∥2

L2
v
dt

)p/4

dξ

)1/p

≤C‖ĝ2‖1/2
L

p
ξ L∞

T L2
v

∥∥(1+t)ρ ĝ1

∥∥1/2

L
p
ξ L2

T L2
v

(5.14)

for any ρ>1. We have from (5.13) and (5.14) that

‖ĝ2‖L
p
ξ L∞

T L2
v
+‖(I−P)ĝ2‖L

p
ξ L2

T Hs∗
v

≤CA,M‖ĝ2‖1/2
L

p
ξ L∞

T L2
v
‖(1+t)ρg1‖1/2

L
p
ξ L2

T L2
v
+C‖ĝ2‖L

p
ξ L∞

T L2
v
‖ĝ2‖L1

ξ L2
T Hs∗

v
. (5.15)

Then (5.3) follows from (5.12) and (5.15). The proof of lemma is complete.

From (5.2) and (5.3), one notices in order to close the apriori estimate, we
should control the term ‖(1+t)σ/2 ĝ2‖L1

ξ L∞
T L2

v
. As we will see later, when we esti-

mate ‖(1+t)σ/2 ĝ2‖L1
ξ L∞

T L2
v
, we will further need to bound ‖(|∇x|/〈∇x〉)(â, b̂, ĉ)‖L

p
ξ L2

T
.

Therefore, we should estimate the macroscopic term before we turn to the time-
weighted term. Then it is necessary for us to study the problem

{
∂t f +v·∇x f −L f =H, (5.16a)

f (0,x,v)= f0(x,v). (5.16b)
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In the symmetric case, it is easily seen that we should take H =Γ( f , f ) when we
turn to the nonlinear problem. Thus, H should be microscopic. However, when
we use (5.16) to study g2 which satisfies (3.2), we should let H=LBg1+Γ(g2,g2),
which is no longer purely microscopic. Then the way we study the Eq. (5.16) is
slightly different from [17, 25] that we remove the condition PH≡0.

Lemma 5.3. Let max{−3,−3/2−2s}<γ≤1,0< s<1,1≤ p≤∞ and f be a solution

to (5.16) with an inhomogeneous term H=H(t,x,v). Then it holds that
∥∥∥∥
|∇x|
〈∇x〉

(
â f , b̂ f , ĉ f

)∥∥∥∥
L

p
ξ L2

T

≤C‖ f̂0‖L
p
ξ L2

v
+‖ f̂ ‖L

p
ξ L∞

T L2
v
+‖(I−P) f̂ ‖L

p
ξ L2

T Hs∗
v

+

(∫

R3

(∫ T

0

1

1+|ξ|2
∣∣(Ĥ,µ1/4)L2

v

∣∣2dt

)p/2

dξ

)1/p

(5.17)

for any T>0.

Proof. Taking inner product of the Eq. (5.16a) with the 5 velocity moments

µ1/2, vjµ
1/2,

1

6
(|v|2−3)µ1/2, (vjvm−1)µ1/2,

1

10
(|v|2−5)vjµ

1/2

with 1≤ j,m≤3 for the Eq. (5.16a), we obtain the fluid-type system




∂ta
f +∇xb f =(µ1/2,H),

∂tb
f +∇x(a f +2c f )+∇x ·Θ

(
(I−P) f

)
=(vµ1/2,H),

∂tc
f +

1

3
∇x ·b f +

1

6
∇x ·Λ

(
(I−P) f

)
=

(
1

6
(|v|2−3)µ1/2,H

)
,

∂t

[
Θjm

(
(I−P) f

)
+2c f δjm

]
+∂jb

f
m+∂mb

f
j =Θjm(r+h),

∂tΛj

(
(I−P) f

)
+∂jc

f =Λj(r+h),

where

Θjm( f )=
(
(vjvm−1)µ1/2, f

)
, Θ( f )=

(
Θjm( f )

)
1≤j,m≤3

,

Λi( f )=
1

10

(
(|v|2−5)vjµ

1/2, f
)
, Λ( f )=

(
Λj( f )

)
1≤j≤3

,

r=−v·∇x(I−P) f , h=−L(I−P) f +H.

It is direct to see that

|Θ( f )|, |Λ( f )|≤Cmin
{
‖ f‖L2

v
,‖ f‖Hs∗

v

}
.
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Let â f , b̂ f :=(b̂
f
1 , b̂

f
2 , b̂

f
3), ĉ

f and f̂ denote the Fourier transformation of a f ,b f ,c f

and f respectively, then we rewrite the above system in terms of â f , b̂ f , ĉ f and f̂





∂t â
f +iξ · b̂ f =

(
µ1/2,Ĥ

)
, (5.18a)

∂tb̂
f +iξ(â f +2ĉ f )+iξ ·Θ

(
(I−P) f̂

)
=
(
vµ1/2,Ĥ

)
, (5.18b)

∂t ĉ
f +

1

3
iξ · b̂ f +

1

6
iξ ·Λ

(
(I−P) f̂

)
=

(
1

6
(|v|2−3)µ1/2,Ĥ

)
, (5.18c)

∂t

[
Θjm

(
(I−P) f̂

)
+2ĉ f δjm

]
+iξ jb̂

f
m+iξmb̂

f
j =Θjm(r̂+ĥ), (5.18d)

∂tΛj

(
(I−P) f̂

)
+iξ j ĉ

f =Λj(r̂+ĥ). (5.18e)

From the Eq. (5.18e), we integrate by parts to get

(
∂tΛj

(
(I−P) f̂

)
,

iξ j ĉ
f

1+|ξ|2

)
+

ξ2
j

1+|ξ|2 |ĉ
f |2=

(
Λj(r̂+ĥ),

iξ j ĉ
f

1+|ξ|2

)
. (5.19)

Combining (5.19) and (5.18c) gives

∂t

(
Λj

(
(I−P) f̂

)
,

iξ j ĉ
f

1+|ξ|2

)
+

ξ2
j

1+|ξ|2 |ĉ
f |2

=

(
Λj

(
(I−P) f̂

)
,

ξ j

1+|ξ|2
[

1

3
ξ · b̂ f +

1

6
ξ ·Λ

(
(I−P) f̂ −

(
1

6
(|v|2−3)µ

1
2 ,Ĥ

))])

+

(
Λj(r̂+ĥ),

iξ j ĉ
f

1+|ξ|2

)
.

Integrating the above equation over [0,T], one has

∫ T

0

ξ2
j

1+|ξ|2 |ĉ
f |2dt

≤C‖ f̂0‖2
L2

v
+C‖ f̂ ‖2

L∞
T L2

v
+κ2

1

∫ T

0

|ξ|2
1+|ξ|2

(
|b̂ f |2+|ĉ f |2

)
dt

+Cκ1

∫ T

0

∣∣Λj

(
(I−P) f̂

)∣∣2

1+|ξ|2 dt+C
∫ T

0

|ξ|2
1+|ξ|2

∣∣Λ
(
(I−P) f̂

)∣∣2dt

+
∫ T

0

1

1+|ξ|2
∣∣∣∣
(

1

6
(|v|2−3)µ1/2,Ĥ

)∣∣∣∣
2

dt+Cκ1

∫ T

0

|Λj(r̂+ĥ)|2
1+|ξ|2 dt,
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where κ1>0 is a small constant which will be chosen later. We take the summation

of j=1,2,3 to get

|ξ|√
1+|ξ|2

(∫ T

0
|ĉ f |2dt

)1/2

≤C‖ f̂0‖L2
v
+C‖ f̂ ‖L∞

T L2
v
+Cκ1

|ξ|√
1+|ξ|2

[(∫ T

0
|b̂ f |2dt

)1/2
+
(∫ T

0
|ĉ f |2dt

)1/2
]

+Cκ1

(∫ T

0

∣∣Λ
(
(I−P) f̂

)∣∣2

1+|ξ|2 dt

)1/2

+C
|ξ|√

1+|ξ|2
‖(I−P) f̂ ‖L2

T Hs∗
v

+

(∫ T

0

1

1+|ξ|2
∣∣(Ĥ,µ1/4

)∣∣2dt

)1/2

+Cκ1

(∫ T

0

|Λ(r̂+ĥ)|2
1+|ξ|2 dt

)1/2

.

Then by the fact that

(∫ T

0

|Λ(r̂+ĥ)|2
1+|ξ|2 dt+

∫ T

0

|Θ(r̂+ĥ)|2
1+|ξ|2 dt

)1/2

≤C‖(I−P) f‖L2
T Hs∗

v
+C

(∫ T

0

∣∣(Ĥ,µ1/4
)∣∣2

1+|ξ|2 dt

)1/2

,

it holds

|ξ|√
1+|ξ|2

(∫ T

0
|ĉ f |2dt

)1/2

≤C‖ f̂0‖L2
v
+C‖ f̂ ‖L∞

T L2
v
+Cκ1

|ξ|√
1+|ξ|2

[(∫ T

0
|b̂ f |2dt

)1/2

+

(∫ T

0
|ĉ f |2dt

)1/2
]

+Cκ1
‖(I−P) f̂ ‖L2

T Hs∗
v
+Cκ1

(∫ T

0

1

1+|ξ|2
∣∣(Ĥ,µ1/4

)∣∣2dt

)1/2

. (5.20)

Similar arguments show that

|ξ|√
1+|ξ|2

(∫ T

0
|b̂ f |2dt

)1/2

≤C‖ f̂0‖L2
v
+C‖ f̂ ‖L∞

T L2
v

+Cκ2
|ξ|√

1+|ξ|2

[(∫ T

0
|â f |2dt

)1/2

+

(∫ T

0
|b̂ f |2dt

)1/2
]
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+Cκ2‖(I−P) f̂ ‖L2
T Hs∗

v
+Cκ2

(∫ T

0

1

1+|ξ|2
∣∣(Ĥ,µ1/4

)∣∣2dt

)1/2

+Cκ2

|ξ|√
1+|ξ|2

(∫ T

0
|ĉ f |2dt

)1/2

, (5.21)

|ξ|√
1+|ξ|2

(∫ T

0
|â f |2dt

)1/2

≤C‖ f̂0‖L2
v
+C‖ f̂ ‖L∞

T L2
v
+C

|ξ|√
1+|ξ|2

[(∫ T

0
|b̂ f |2dt

)1/2

+

(∫ T

0
|ĉ f |2dt

)1/2
]

+C‖(I−P) f̂ ‖L2
T Hs∗

v
. (5.22)

Hence, by a linear combination of (5.20)-(5.22), then choosing κ1 and κ2 to be small

enough and taking L
p
ξ norm, we obtain (5.17).

Notice that our study of macroscopic quantities is valid for

max{−3,−3/2−2s}<γ≤1

and will be used later when we estimate the soft potentials. Substituting f = g2

and H=LBg1+Γ(g2,g2) into (5.17), we obtain the following result.

Lemma 5.4. Let max{−3,−3/2−2s}<γ≤1 and 1≤p≤∞. Let g2 be a solution to (4.2)

with an inhomogeneous term H=H(t,x,v). Recalling A and M are two constants in the

definition of LB in (3.4). Then it holds that

∥∥∥∥
|∇x|
〈∇x〉

(â, b̂, ĉ)

∥∥∥∥
L

p
ξ L2

T

≤‖ĝ2‖L
p
ξ L∞

T L2
v
+‖(I−P)ĝ2‖L

p
ξ L2

T Hs∗
v

+CA,M‖ĝ1‖L
p
ξ L2

T L2
v
+C‖ĝ2‖L

p
ξ L∞

T L2
v
‖ĝ2‖L1

ξ L2
T Hs∗

v
(5.23)

for any T>0, where CA,M depends only on A and M.

Proof. We have the inequality which is proved in [25, Lemma 3.4] that for any

φ∈S(R3
v) and 1≤ p≤∞, there exists Cφ>0 such that it holds

∥∥∥∥∥

(∫ T

0

∣∣(Γ̂( f̂ , ĝ),φ
)∣∣2dt

)1/2
∥∥∥∥∥

L
p
ξ

≤Cφ‖ f‖L
p
ξ L∞

T L2
v
‖g‖L1

ξ L2
T Hs∗

v
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for any T>0. Then it is straightforward to get

(∫

R3

(∫ T

0

1

1+|ξ|2
∣∣(Γ̂(ĝ2, ĝ2),µ

1/4
)∣∣2dt

)p/2

dξ

)1/p

≤C‖ĝ2‖L
p
ξ L∞

T L2
v
‖ĝ2‖L1

ξ L2
T Hs∗

v
. (5.24)

By the definition of LB in (3.4), one has

(∫

R3

(∫ T

0

1

1+|ξ|2
∣∣(LB ĝ1,µ1/4

)∣∣2dt

)p/2

dξ

)1/p

≤CA,M

(∫

R3

(∫ T

0

1

1+|ξ|2 ‖ĝ1‖2
L2

v
dt

)p/2

dξ

)1/p

≤CA,M‖ĝ1‖L
p
ξ L2

TL2
v
. (5.25)

Therefore, (5.23) follows from (5.24) and (5.25).

Then the following lemma is a direct result from Lemmas 5.2 and 5.4.

Lemma 5.5. Let max{−3,−3/2−2s}<γ≤1, p>1 and g2 be a solution to (4.2). There

exists C>0 such that

‖ĝ2‖L1
ξ L∞

T L2
v
+‖(I−P)ĝ2‖L1

ξ L2
T Hs∗

v
+

∥∥∥∥
|∇x|
〈∇x〉

(â, b̂, ĉ)

∥∥∥∥
L1

ξ L2
T

≤CA,M‖ĝ2‖1/2
L1

ξ L∞
T L2

v

(∫ T

0

∥∥(1+t)ρg1(t)
∥∥2

X∗
8−γ/2

dt

)1/4

+C‖ĝ2‖L1
ξ L∞

T L2
v
‖(I−P)ĝ2‖L1

ξ L2
T Hs∗

v

+CA,M‖ĝ1‖L1
ξ L2

T L2
v
+C‖ĝ2‖L1

ξ L∞
T L2

v

∥∥(1+t)σ/2 ĝ2

∥∥
L1

ξ L∞
T L2

v
, (5.26)

‖ĝ2‖L
p
ξ L∞

T L2
v
+‖(I−P)ĝ2‖L

p
ξ L2

T Hs∗
v
+

∥∥∥∥
|∇x|
〈∇x〉

(â, b̂, ĉ)

∥∥∥∥
L

p
ξ L2

T

≤CA,M‖ĝ2‖1/2

L
p
ξ L∞

T L2
v

∥∥(1+t)ρ ĝ1

∥∥1/2

L
p
ξ L2

T L2
v
+C‖ĝ2‖L

p
ξ L∞

T L2
v
‖(I−P)ĝ2‖L1

ξ L2
T Hs∗

v

+CA,M‖ĝ1‖L
p
ξ L2

T L2
v
+C‖ĝ2‖L

p
ξ L∞

T L2
v

∥∥(1+t)σ/2 ĝ2

∥∥
L1

ξ L∞
T L2

v
(5.27)

for any T>0 and ρ>1, where CA,M depends only on A and M which are two constants

in the definition of LB.
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Later we will need the time-weighted macroscopic estimate. We can prove the
following lemma for max{−3,−3/2−2s}<γ≤1, which will be later used in both
hard and soft cases.

Lemma 5.6. Let max{−3,−3/2−2s}<γ≤1,0<s<1,3/2<p≤∞,σ=3(1−1/p)−2ǫ,

where ǫ>0 is arbitrarily small and f be a solution to (5.16) with an inhomogeneous term

H=H(t,x,v). Then it holds that
∥∥∥∥(1+t)σ/2 |∇x|

〈∇x〉
(â f , b̂ f , ĉ f )

∥∥∥∥
L1

ξ L2
T

(5.28)

≤C‖ f̂0‖L1
ξ L2

v
+
∥∥(1+t)σ/2 f̂

∥∥
L1

ξ L∞
T L2

v
+
∥∥(1+t)σ/2(I−P) f̂

∥∥
L1

ξ L2
T Hs∗

v

+

∥∥∥∥
|∇x|
〈∇x〉

(â f , b̂ f , ĉ f )

∥∥∥∥
L

p
ξ L2

T

+
∫

R3

(∫ T

0
(1+t)σ/2 1

1+|ξ|2
∣∣(Ĥ,µ1/4

)∣∣2dt

)1/2

dξ

for any T>0.

Proof. Integrating by parts, it is direct to get

(1+t)σ∂t

(
Λj

(
(I−P) f̂

)
,

iξ j ĉ
f

1+|ξ|2

)

=∂t

[
(1+t)σ

(
Λj

(
(I−P) f̂

)
,

iξ j ĉ
f

1+|ξ|2

)]

−σ(1+t)σ−1

(
Λj

(
(I−P) f̂

)
,

iξ j ĉ
f

1+|ξ|2

)
. (5.29)

From (5.29) and the Eq. (5.18c), one has

∂t

[
(1+t)σ

(
Λj

(
(I−P) f̂

)
,

iξ j ĉ
f

1+|ξ|2

)]
+(1+t)σ

ξ2
j

1+|ξ|2 |ĉ
f |2

=

(
Λj

(
(I−P) f̂

)
,(1+t)σ ξ j

1+|ξ|2
[

1

3
ξ · b̂ f+

1

6
ξ ·Λ

(
(I−P) f̂−

(
1

6
(|v|2−3)µ1/2,Ĥ

))])

+

(
Λj(r̂+ĥ),(1+t)σ iξ j ĉ

f

1+|ξ|2

)
+σ(1+t)σ−1

(
Λj

(
(I−P) f̂

)
,

iξ j ĉ

1+|ξ|2
)

,

which further yields by similar calculations as in the proof of Lemma 5.3 that

|ξ|√
1+|ξ|2

(∫ T

0
(1+t)σ|ĉ f |2dt

)1/2

≤C‖ f̂0(ξ)‖L2
v
+C‖(1+t)σ f̂ (ξ)‖L∞

T L2
v
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+Cκ1
|ξ|√

1+|ξ|2

[(∫ T

0
(1+t)σ|b̂ f |2dt

)1/2

+

(∫ T

0
(1+t)σ|ĉ f |2dt

)1/2
]

+Cκ1
‖(1+t)σ(I−P) f̂ ‖L2

T Hs∗
v
+Cκ1

(∫ T

0
(1+t)σ 1

1+|ξ|2
∣∣(Ĥ,µ1/4

)∣∣2dt

)1/2

+

(∫ T

0
σ(1+t)σ−1

(
Λj

(
(I−P) f̂

)
,

iξ j ĉ
f

1+|ξ|2
)

dt

)1/2

. (5.30)

We can see that except for the last term on the right hand side above, other terms

can be estimated in the same way as in Lemma 5.3. Hence, we now estimate the

last term above as follows:
∫ T

0
(1+t)σ−1

(
Λj

(
(I−P) f̂

)
,

iξ j ĉ
f

1+|ξ|2

)
dt

≤
∫ T

0
(1+t)σ

(
κ1

|ξ|2
1+|ξ|2 |ĉ

f |2+Cκ1

‖(I−P) f̂ ‖2
Hs∗

v

1+|ξ|2

)
dt.

We substitute the above inequality into (5.30) and integrate over R3
ξ to get

∫

R3

|ξ|√
1+|ξ|2

(∫ T

0
(1+t)σ|ĉ f |2dt

)1/2

dξ

≤C‖ f̂0‖L1
ξ L2

v
+C‖(1+t)σ f̂ ‖L1

ξ L∞
T L2

v
+Cκ1

‖(1+t)σ(I−P) f̂ ‖L1
ξ L2

T Hs∗
v

+Cκ1

∫

R3

|ξ|√
1+|ξ|2

[(∫ T

0
(1+t)σ|b̂ f |2dt

)1/2

+

(∫ T

0
(1+t)σ|ĉ f |2dt

)1/2
]

dξ

+Cκ1

∫

R3

(∫ T

0
(1+t)σ 1

1+|ξ|2
∣∣(Ĥ,µ1/4

)∣∣2dt

)1/2

dξ. (5.31)

Similarly,

|ξ|√
1+|ξ|2

(∫ T

0
(1+t)σ|b̂ f |2dt

)1/2

≤C‖ f̂0‖L2
v
+C‖(1+t)σ f̂ ‖L∞

T L2
v

+Cκ2
|ξ|√

1+|ξ|2

[(∫ T

0
(1+t)σ|â f |2dt

)1/2

+

(∫ T

0
(1+t)σ|b̂ f |2dt

)1/2
]

+Cκ2‖(1+t)σ(I−P) f̂ ‖L2
T Hs∗

v
+Cκ2

(∫ T

0
(1+t)σ 1

1+|ξ|2
∣∣(Ĥ,µ1/4

)∣∣2dt

)1/2
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+Cκ2

|ξ|√
1+|ξ|2

(∫ T

0
(1+t)σ|ĉ f |2dt

)1/2

. (5.32)

However, the estimate of â f is slightly different from above. We first repeat simi-

lar procedure as above to get

|ξ|√
1+|ξ|2

(∫ T

0
(1+t)σ|â f |2dt

)1/2

≤C‖ f̂0‖L2
v
+C‖(1+t)σ f̂ ‖L∞

T L2
v

+C
|ξ|√

1+|ξ|2

[(∫ T

0
(1+t)σ|b̂ f |2dt

)1/2

+

(∫ T

0
(1+t)σ|ĉ f |2dt

)1/2
]

+C‖(1+t)σ(I−P) f̂ ‖L2
T Hs∗

v
+

(∫ T

0
σ(1+t)σ−1

(
b̂ f ,

iξ â f

1+|ξ|2
)

dt

)1/2

. (5.33)

We should take care of the last term above for high and low frequency parts. If

|ξ|≥1, by the Cauchy-Schwarz inequality and the fact that |ξ|≤|ξ|2 , it is straight-

forward to see

[∫ T

0
(1+t)σ−1

(
b̂ f ,

iξ â f

1+|ξ|2
)

dt

]1/2

≤ |ξ|√
1+|ξ|2

[
κ3

(∫ T

0
(1+t)σ|â f |2dt

)1/2

+Cκ3

(∫ T

0
(1+t)σ|b̂ f |2dt

)1/2]
. (5.34)

If |ξ|≤1 and 1/(1+t)≤|ξ|, it holds

[∫ T

0
(1+t)σ−1

(
b̂ f ,

iξ â f

1+|ξ|2
)

dt

]1/2

≤ |ξ|√
1+|ξ|2

[
κ3

(∫ T

0
(1+t)σ|â f |2dt

)1/2

+Cκ3

(∫ T

0
(1+t)σ|b̂ f |2dt

)1/2
]

. (5.35)

If |ξ|≤1 and 1/(1+t)≥|ξ|, one has

[∫ T

0
(1+t)σ−1

(
b̂ f ,

iξ â f

1+|ξ|2
)

dt

]1/2

≤
[∫ T

0
|ξ|2−σ |b̂ f ||â f |dt

]1/2

≤|ξ|−σ/2

[
|ξ|
(∫ T

0
|â f |2dt

)1/2

+|ξ|
(∫ T

0
|b̂ f |2dt

)1/2]
,
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which further implies

∫

R3

[∫ T

0
(1+t)σ−1

(
b̂ f ,

iξ â f

1+|ξ|2
)

dt

]1/2

dξ

≤
(∫

R3
|ξ|−σp′/2dξ

)1/p′(∫

R3

[
|ξ|p

(∫ T

0
|â f |2dt

)p/2

+|ξ|p
(∫ T

0
|b̂ f |2dt

)p/2]
dξ

)1/p

≤C

∥∥∥∥
|∇x|
〈∇x〉

(
â f , b̂ f

)∥∥∥∥
L

p
ξ L2

T

(5.36)

by Hölder’s inequality and the fact that −σp′/2>−3. We combine (5.33)-(5.36),

then choose κ3 to be small to get

∫

R3

|ξ|√
1+|ξ|2

(∫ T

0
(1+t)σ|â f |2dt

)1/2

dξ

≤C‖ f̂0‖L1
ξ L2

v
+C‖(1+t)σ f̂‖2

L1
ξ L∞

T L2
v

+C
∫

R3

|ξ|√
1+|ξ|2

[(∫ T

0
(1+t)σ|b̂ f |2dt

)1/2

+

(∫ T

0
(1+t)σ|ĉ f |2dt

)1/2]
dξ

+C‖(1+t)σ(I−P) f̂ ‖L1
ξ L2

T Hs∗
v
+

∥∥∥∥
|∇x|
〈∇x〉

(â f , b̂ f )

∥∥∥∥
L

p
ξ L2

T

. (5.37)

Hence, we deduce (5.28) by collecting (5.31), (5.32) and (5.37), and choosing κ1

and κ2 to be small.

Substituting f =g2 and H=LBg1+Γ(g2,g2) into (5.28) and using similar argu-
ments as in the proof of Lemma 5.4, we obtain the following result.

Lemma 5.7. Let max{−3,−3/2−2s}<γ≤1,0<s<1,3/2<p≤∞,σ=3(1−1/p)−2ǫ,

where ǫ>0 is arbitrarily small and g2 be a solution to (4.2). Then, it holds
∥∥∥∥(1+t)σ/2 |∇x|

〈∇x〉
(â, b̂, ĉ)

∥∥∥∥
L1

ξ L2
T

≤C
∥∥(1+t)σ/2 ĝ2

∥∥
L1

ξ L∞
T L2

v
+C

∥∥(1+t)σ/2(I−P)ĝ2

∥∥
L1

ξ L2
T Hs∗

v

+C

∥∥∥∥
|∇x|
〈∇x〉

(â, b̂, ĉ)

∥∥∥∥
L

p
ξ L2

T

+CA,M

∥∥(1+t)σ/2 ĝ1

∥∥
L1

ξ L2
T L2

v

+C
∥∥(1+t)σ/2 ĝ2

∥∥
L1

ξ L∞
T L2

v
‖ĝ2‖L1

ξ L2
T Hs∗

v
(5.38)
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for any T > 0, where CA,M depends only on A and M which are two constants in the

definition of LB.

5.2 Decay estimates for γ+2s≥0

With Lemmas 5.5 and 5.7, we can prove the time-weighted estimates now. Note
that now we require γ+2s≥0. Our main purpose of this subsection is to deduce
Lemma 5.9.

Lemma 5.8. Let −2s≤γ≤1,0<s<1,3/2<p≤∞ and σ=3(1−1/p)−2ǫ where ǫ>0

is arbitrarily small. For any T>0 and ρ>1, it holds that
∥∥(1+t)σ/2 ĝ2

∥∥
L1

ξ L∞
T L2

v
+
∥∥(1+t)σ/2(I−P)ĝ2

∥∥
L1

ξ L2
T Hs∗

v

≤CA,M

∥∥(1+t)σ/2 ĝ2

∥∥1/2

L1
ξ L∞

T L2
v

(∫ T

0

∥∥(1+t)ρg1(t)
∥∥2

X∗
8−γ/2

dt

)1/4

+C
∥∥(1+t)σ/2 ĝ2

∥∥
L1

ξ L∞
T L2

v
‖(I−P)ĝ2‖L1

ξ L2
T Hs∗

v
+C

∥∥(1+t)σ/2 ĝ2

∥∥2

L1
ξ L∞

T L2
v

+Cη

∥∥∥∥(1+t)σ/2 |∇x|
〈∇x〉

(â, b̂, ĉ)

∥∥∥∥
L1

ξ L2
T

+Cη

(
‖(I−P)ĝ2‖L1

ξ L2
T Hs∗

v
+

∥∥∥∥
|∇x|
〈∇x〉

(â, b̂, ĉ)

∥∥∥∥
L1

ξ L2
T

+

∥∥∥∥
|∇x|
〈∇x〉

(â, b̂, ĉ)

∥∥∥∥
L

p
ξ L2

T

)
, (5.39)

where η>0 is an arbitrarily small constant and CA,M depends only on A and M which

are two constants in the definition of LB.

Proof. Similar arguments as in the proof of Lemma 5.2 show that
∥∥(1+t)σ/2 ĝ2

∥∥
L1

ξ L∞
T L2

v
+
∥∥(1+t)σ/2(I−P)ĝ2

∥∥
L1

ξ L2
T Hs∗

v

≤CA,M

∥∥(1+t)σ/2 ĝ2

∥∥1/2

L1
ξ L∞

T L2
v

(∫ T

0

∥∥(1+t)ρg1(t)
∥∥2

X∗
8−γ/2

dt

)1/4

+C
∥∥(1+t)σ/2 ĝ2

∥∥
L1

ξ L∞
T L2

v
‖(I−P)ĝ2‖L1

ξ L2
T Hs∗

v

+C
∥∥(1+t)σ/2 ĝ2

∥∥2

L1
ξ L∞

T L2
v
+C

√
σ
∫

R3

(∫ T

0
(1+t)σ−1‖ĝ2‖2

L2
v
dt

)1/2

dξ. (5.40)

It remains to estimate the last term above. It is direct to get

√
σ
∫

R3

(∫ T

0
(1+t)σ−1‖ĝ2‖2

L2
v
dt

)1/2

dξ
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≤
√

σ
∫

R3

(∫ T

0
(1+t)σ−1‖(I−P)ĝ2‖2

L2
v
dt

)1/2

dξ

+
√

σ
∫

R3

(∫ T

0
(1+t)σ−1‖Pĝ2‖2

L2
v
dt

)1/2

dξ

= J1+ J2. (5.41)

For J1, by

(1+t)σ−1≤ (1+t)σ−1
1(1+t)−1≤η/

√
σ+(1+t)σ−1

1(1+t)−1≥η/
√

σ

≤ η√
σ
(1+t)σ+Cη,

it holds that

J1≤
√

σ
∫

R3

(∫ T

0

{
η√
σ
(1+t)σ+Cη

}
‖(I−P)ĝ2‖2

L2
v
dt

)1/2

dξ

≤η
∥∥(1+t)σ/2(I−P)ĝ2

∥∥
L1

ξ L2
T Hs∗

v
+Cη‖(I−P)ĝ2‖L1

ξ L2
T Hs∗

v
. (5.42)

For J2, we decompose

J2=
√

σ
∫

|ξ|>1

(∫ T

0
(1+t)σ−1‖Pĝ2‖2

L2
v
dt

)1/2

dξ

+
√

σ
∫

|ξ|≤1

(∫ T

0
(1+t)σ−1‖Pĝ2‖2

L2
v
dt

)1/2

dξ

= J21+ J22. (5.43)

Similar arguments as in (5.42) show that

J21≤Cη

∥∥∥∥(1+t)σ/2 |∇x|
〈∇x〉

(â, b̂, ĉ)

∥∥∥∥
L1

ξ L2
T

+Cη

∥∥∥∥
|∇x|
〈∇x〉

(â, b̂, ĉ)

∥∥∥∥
L1

ξ L2
T

. (5.44)

By the fact that

(1+t)σ−1≤ (1+t)σ−1
1(1+t)−1≤η|ξ|2/

√
σ+(1+t)σ−1

1(1+t)−1≥η|ξ|2/
√

σ

≤ η|ξ|2√
σ
(1+t)σ+Cη|ξ|−2(σ−1),
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we get

J22≤
√

σ
∫

|ξ|≤1

(∫ T

0

{
η√
σ
(1+t)σ|ξ|2+Cη|ξ|−2(σ−1)

}
‖Pĝ2‖2

L2
v
dt

)1/2

dξ

≤Cη

∥∥∥∥(1+t)σ/2 |∇x|
〈∇x〉

(â, b̂, ĉ)

∥∥∥∥
L1

ξ L2
T

+Cη

∫

|ξ|≤1
|ξ|−σ

(∫ T

0
|ξ|2‖Pĝ2‖2

L2
v
dt

)1/2

dξ. (5.45)

For the second term on the right hand side in (5.45), an application of Hölder’s

inequality leads to

Cη

∫

|ξ|≤1
|ξ|−σ

(∫ T

0
|ξ|2‖Pĝ2‖2

L2
v
dt

)1/2

dξ

≤Cη

(∫

|ξ|≤1
|ξ|−σp′dξ

)1/p′(∫

|ξ|≤1

(∫ T

0
|ξ|2‖Pĝ2‖2

L2
v
dt

)p/2

dξ

)1/p

≤Cη

∥∥∥∥
|∇x|
〈∇x〉

(â, b̂, ĉ)

∥∥∥∥
L

p
ξ L2

T

, (5.46)

where 1/p′+1/p=1. The last inequality above holds since σp′>−3 by our choice

of σ and p. It follows by (5.43)-(5.46) that

J2≤Cη

∥∥∥∥(1+t)σ/2 |∇x|
〈∇x〉

(â, b̂, ĉ)

∥∥∥∥
L1

ξ L2
T

+Cη

(∥∥∥∥
|∇x|
〈∇x〉

(â, b̂, ĉ)

∥∥∥∥
L1

ξ L2
T

+

∥∥∥∥
|∇x|
〈∇x〉

(â, b̂, ĉ)

∥∥∥∥
L

p
ξ L2

T

)
. (5.47)

Thus, (5.39) holds by collecting (5.40)-(5.42) and (5.47), and choosing η to be

small enough.

Combining Lemmas 5.7 and 5.8, the following result can be directly deduced
by a linear combination of (5.38) and (5.39), and choosing η to be small.

Lemma 5.9. Let −2s≤ γ≤ 1,0< s< 1,3/2< p≤∞ and σ= 3(1−1/p)−2ǫ, where

ǫ>0 is arbitrarily small. For any T>0 and ρ>1, it holds that

∥∥(1+t)σ/2 ĝ2

∥∥
L1

ξ L∞
T L2

v
+
∥∥(1+t)σ/2(I−P)ĝ2

∥∥
L1

ξ L2
T Hs∗

v
+

∥∥∥∥(1+t)σ/2 |∇x|
〈∇x〉

(â, b̂, ĉ)

∥∥∥∥
L1

ξ L2
T
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≤CA,M

∥∥(1+t)σ/2 ĝ2

∥∥1/2

L1
ξ L∞

T L2
v

(∫ T

0

∥∥(1+t)ρg1(t)
∥∥2

X∗
8−γ/2

dt

)1/4

+C
∥∥(1+t)σ/2 ĝ2

∥∥
L1

ξ L∞
T L2

v
‖(I−P)ĝ2‖L1

ξ L2
T Hs∗

v
+C

∥∥(1+t)σ/2 ĝ2

∥∥2

L1
ξ L∞

T L2
v

+C

(
‖(I−P)ĝ2‖L1

ξ L2
T Hs∗

v
+

∥∥∥∥
|∇x|
〈∇x〉

(â, b̂, ĉ)

∥∥∥∥
L1

ξ L2
T

+

∥∥∥∥
|∇x|
〈∇x〉

(â, b̂, ĉ)

∥∥∥∥
L

p
ξ L2

T

)

+CA,M

∥∥(1+t)σ/2 ĝ1

∥∥
L1

ξ L2
T L2

v
. (5.48)

5.3 Decay estimates for γ+2s<0

In this case, we should estimate g2 with an additional velocity weight. Then we
need the following lemma on L, where the proof is given in [3, 24, 29].

Lemma 5.10. It holds

(
Lg,〈v〉2k g

)
L2

v
≥δ‖g‖2

Hs∗
v,k
−Ck‖g‖2

L2
v(BR)

,

where δ, Ck>0, and BR denotes the closed ball in R3
v with center at the origin and radius

R>0.

We now bound the velocity weighted L1
ξ L∞

T L2
v norm of g2.

Lemma 5.11. Let k≥0,max{−3,−3/2−2s}<γ<2s,0< s<1 and g2 be a solution to

(4.2). There exists Ck>0 such that

‖ĝ2‖L1
ξ L∞

T L2
v,k
+‖(I−P)ĝ2‖L1

ξ L2
T Hs∗

v,k
+

∥∥∥∥
|∇x|
〈∇x〉

(â, b̂, ĉ)

∥∥∥∥
L1

ξ L2
T

≤CA,M‖ĝ2‖1/2
L1

ξ L∞
T L2

v,k

(∫ T

0

∥∥(1+t)ρg1(t)
∥∥2

X∗
k+8−γ/2

dt

)1/4

+Ck‖ĝ2‖L1
ξ L∞

T L2
v,k

∥∥(1+t)σ/2 ĝ2

∥∥
L1

ξ L∞
T L2

v

+CA,M‖ĝ1‖L1
ξ L2

T L2
v
+Ck‖ĝ2‖L1

ξ L∞
T L2

v,k
‖(I−P)ĝ2‖L1

ξ L2
T Hs∗

v,k
, (5.49)

where CA,M depends only on A and M which are two constants in the definition of LB.

Proof. Our proof mainly contains three parts which are the high frequency part

of ĝ2 and the low frequency part of (I−P)ĝ2. Recalling the low frequency part

of Pĝ2 is given in (5.23), then we take suitable linear combination to get our result.
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We start with the low frequency part of (I−P)ĝ2. Recall that g2(0)=0, applying

(I−P) to (4.2), multiplying with 〈v〉2k(I−P) ¯̂g2, integrating over [0,T]×R3
v and

using Lemma 5.10, one gets

‖(I−P)ĝ2‖L∞
T L2

v,k
+‖(I−P)ĝ2‖L2

T Hs∗
v,k

≤C
∥∥((I−P)LB ĝ1,〈v〉2k(I−P)ĝ2

)∥∥
L2

T
+Ck‖(I−P)ĝ2‖L2

T L2
v(BR)

+C

(∫ T

0

∣∣∣∣
∫

R3
Re
(

Γ̂( f , f )−(I−P)[iv·ξPĝ2 ]

+P[iv·ξ(I−P)ĝ2 ],〈v〉2k(I−P)ĝ2)
)

dv

∣∣∣∣dt

)1/2

.

Integrating over R3
ξ , the last two term on the right hand side above can be boun-

ded by similar arguments as in [25, Lemma 4.3], then we have

‖(I−P)ĝ2‖L1
|ξ |≤1

L∞
T L2

v,k
+‖(I−P)ĝ2‖L1

|ξ |≤1
L2

T Hs∗
v,k

≤C
∥∥((I−P)LB ĝ1,〈v〉2k(I−P)ĝ2)

∥∥
L1
|ξ |≤1

L2
T
+Ck‖(I−P)ĝ2‖L1

ξ L2
T Hs∗

v

+Ck

∥∥∥∥
|∇x|
〈∇x〉

(â, b̂, ĉ)

∥∥∥∥
L1

ξ L2
T

+Ck‖ĝ2‖L1
ξ L∞

T L2
v,k

∥∥(1+t)σ/2 ĝ2

∥∥
L1

ξ L∞
T L2

v

+Ck‖ĝ2‖L1
ξ L∞

T L2
v,k
‖(I−P)ĝ2‖L1

ξ L2
T Hs∗

v
. (5.50)

Now we concentrate on ‖((I−P)LB ĝ1,〈v〉2k(I−P)ĝ2)‖L1
|ξ |≤1

L2
T
. By the definition

of LB in (3.4) and the fact that ‖Pg‖L2
v,k
≤C‖g‖L2

v
, one has

(∫ T

0
Re
(
(I−P)LB ĝ1,〈v〉2k(I−P)ĝ2

)
(t,ξ)dt

)1/2

≤C

(∫ T

0
‖(I−P)LB ĝ1(t,ξ)‖L2

v,k
‖(I−P)ĝ2(t,ξ)‖L2

v,k
dt

)1/2

≤C‖(I−P)LB ĝ1(ξ)‖1/2
L∞

T L2
v,k

(∫ T

0
‖(I−P)ĝ2(t,ξ)‖L2

v,k
dt

)1/2

≤CA,M‖ĝ2(ξ)‖1/2
L∞

T L2
v,k

(∫ T

0
‖ĝ1(t,ξ)‖L2

v,k
dt

)1/2

,

which yields by the Cauchy-Schawarz inequality and Sobolev imbedding that
∥∥∥
(
(I−P)LB ĝ1,〈v〉2k(I−P)ĝ2

)∥∥∥
L1
|ξ |≤1

L2
T
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≤CA,M‖ĝ2(ξ)‖1/2
L1

ξ L∞
T L2

v,k

(∫

R3

∫ T

0
‖ĝ1(t,ξ)‖L2

v,k
dtdξ

)1/2

≤CA,M‖ĝ2(ξ)‖1/2
L1

ξ L∞
T L2

v,k

(∫ T

0

∫

R3
ξ

(1+t)ρ〈ξ〉3+‖ĝ1(t,ξ)‖2
L2

v,k
dξdt

)1/4

≤CA,M‖ĝ2(ξ)‖1/2
L1

ξ L∞
T L2

v,k

(∫ T

0

∥∥(1+t)ρg1(t)
∥∥2

H2
x L2

v,k
dt

)1/4

. (5.51)

Recalling the definition of X∗
k in (1.6), then it follows from (5.50) and (5.51) that

‖(I−P)ĝ2‖L1
|ξ |≤1

L∞
T L2

v
+‖(I−P)ĝ2‖L1

|ξ |≤1
L2

T Hs∗
v,k

≤CA,M‖ĝ2‖1/2
L1

ξ L∞
T L2

v,k

(∫ T

0
‖(1+t)ρg1(t)‖2

X∗
k+8−γ/2

dt

)1/4

+Ck‖(I−P)ĝ2‖L1
ξ L2

T Hs∗
v

+Ck

∥∥∥∥
|∇x|
〈∇x〉

(â, b̂, ĉ)

∥∥∥∥
L1

ξ L2
T

+Ck‖ĝ2‖L1
ξ L∞

T L2
v,k

∥∥(1+t)σ/2 ĝ2

∥∥
L1

ξ L∞
T L2

v

+Ck‖ĝ2‖L1
ξ L∞

T L2
v,k
‖(I−P)ĝ2‖L1

ξ L2
T Hs∗

v,k
.

We turn to the high frequency part of ĝ2. By similar calculations as above, we

obtain

‖ĝ2‖L1
|ξ |≥1

L∞
T L2

v,k
+‖ĝ2‖L1

|ξ |≥1
L2

T Hs∗
v,k

≤CA,M‖ĝ2‖1/2
L1

ξ L∞
T L2

v,k

(∫ T

0
‖(1+t)ρg1(t)‖2

X∗
k+8−γ/2

dt

)1/4

+Ck‖(I−P)ĝ2‖L1
ξ L2

T Hs∗
v

+Ck

∥∥∥∥
|∇x|
〈∇x〉

(â, b̂, ĉ)

∥∥∥∥
L1

ξ L2
T

+Ck‖ĝ2‖L1
ξ L∞

T L2
v,k

∥∥(1+t)σ/2 ĝ2

∥∥
L1

ξ L∞
T L2

v

+Ck‖ĝ2‖L1
ξ L∞

T L2
v,k
‖(I−P)ĝ2‖L1

ξ L2
T Hs∗

v,k
. (5.52)

We note that (5.26) is also valid for soft potentials. Then taking suitable linear

combination with (5.2), (5.23), (5.26) and (5.52), we get (5.49).

Then we have the following result for L
p
ξ norm of ĝ2. The proof is very similar

to Lemma 5.11 and thus omitted.

Lemma 5.12. Let k≥0,max{−3,−3/2−2s}<γ<2s,0<s<1,3/2< p≤∞ and g2 be

a solution to (4.2). There exist Ck,CA,M>0 such that

‖ĝ2‖L
p
ξ L∞

T L2
v,k
+‖(I−P)ĝ2‖L

p
ξ L2

T Hs∗
v,k
+

∥∥∥∥
|∇x|
〈∇x〉

(â, b̂, ĉ)

∥∥∥∥
L

p
ξ L2

T
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≤CA,M‖ĝ2‖1/2

L
p
ξ L∞

T L2
v,k

∥∥(1+t)ρ ĝ1

∥∥1/2

L
p
ξ L2

T L2
v,k
+Ck‖ĝ2‖L

p
ξ L∞

T L2
v,k

∥∥(1+t)σ/2 ĝ2

∥∥
L1

ξ L∞
T L2

v

+CA,M‖ĝ1‖L
p
ξ L2

TL2
v
+Ck‖ĝ2‖L

p
ξ L∞

T L2
v,k
‖(I−P)ĝ2‖L1

ξ L2
T Hs∗

v,k
, (5.53)

where CA,M depends only on A and M which are two constants in the definition of LB.

With the L1
ξ∩L

p
ξ estimate of ĝ2, we now turn to the time weighted estimate.

Note that in this case, we should bound

∥∥(1+t)σ/2 ĝ2

∥∥
L1

ξ L∞
T L2

v,k
+
∥∥(1+t)σ/2(I−P)ĝ2

∥∥
L1

ξ L2
T Hs∗

v,k
+

∥∥∥∥(1+t)σ/2 |∇x|
〈∇x〉

(â, b̂, ĉ)

∥∥∥∥
L1

ξ L2
T

.

Recall that in Lemma 5.8 for 0≤γ≤1, except for the additional term

√
σ
∫

|ξ|≤1

(∫ T

0
(1+t)σ−1‖ĝ2‖2

L2
v
dt

)1/2

dξ,

all other terms can be calculated in the same way as the case without the time
weight. Now for γ< 0, the approach is similar as in Lemma 5.8, and we should
focus on the extra terms induced by the derivative of time weight.

Lemma 5.13. Let k≥ 0,max{−3,−3/2−2s}< γ< 2s,0< s < 1,3/2< p≤ ∞, g2 be

a solution to (4.2) and σ= 3(1−1/p)−2ǫ where ǫ> 0 is arbitrarily small. There exist

constants Ck,CA,M>0 such that

∥∥(1+t)σ/2 ĝ2

∥∥
L1

ξ L∞
T L2

v,k
+
∥∥(1+t)σ/2(I−P)ĝ2

∥∥
L1

ξ L2
T Hs∗

v,k
(5.54)

+

∥∥∥∥(1+t)σ/2 |∇x|
〈∇x〉

(â, b̂, ĉ)

∥∥∥∥
L1

ξ L2
T

≤CA,M

∥∥(1+t)σ/2 ĝ2

∥∥1/2

L1
ξ L∞

T L2
v,k

(∫ T

0

∥∥(1+t)ρg1(t)
∥∥2

X∗
k+8−γ/2

dt

)1/4

+Ck

∥∥(1+t)σ/2 ĝ2

∥∥2

L1
ξ L∞

T L2
v,k
+Ck

∥∥(1+t)σ/2 ĝ1

∥∥
L1

ξ L2
T L2

v

+Ck

∥∥(1+t)σ/2 ĝ2

∥∥
L1

ξ L∞
T L2

v,k
‖(I−P)ĝ2‖L1

ξ L2
T Hs∗

v,k

+Ck

(
‖(I−P)ĝ2‖L1

ξ L2
T Hs∗

v,k+σ|γ+2s|/2
+

∥∥∥∥
|∇x|
〈∇x〉

(â, b̂, ĉ)

∥∥∥∥
L1

ξ L2
T

+

∥∥∥∥
|∇x|
〈∇x〉

(â, b̂, ĉ)

∥∥∥∥
L

p
ξ L2

T

)
,

where CA,M depends only on the two constants A and M in the definition of LB.
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Proof. Similar arguments as in the proof of Lemma 5.11, by dividing (1+t)σ/2 ĝ2

into high frequency part of (1+t)σ/2 ĝ2, the low frequency part of (1+t)σ/2(I−
P)ĝ2 and the low frequency part of (1+t)σ/2Pĝ2, taking linear combination, one

gets

∥∥(1+t)σ/2 ĝ2

∥∥
L1

ξ L∞
T L2

v,k
+
∥∥(1+t)σ/2(I−P)ĝ2

∥∥
L1

ξ L2
T Hs∗

v,k

+

∥∥∥∥(1+t)σ/2 |∇x|
〈∇x〉

(â, b̂, ĉ)

∥∥∥∥
L1

ξ L2
T

≤CA,M

∥∥(1+t)σ/2 ĝ2

∥∥1/2

L1
ξ L∞

T L2
v,k

(∫ T

0

∥∥(1+t)ρg1(t)
∥∥2

X∗
k+8−γ/2

dt

)1/4

+Ck

∥∥(1+t)σ/2 ĝ2

∥∥2

L1
ξ L∞

T L2
v,k
+Ck

∥∥(1+t)σ/2 ĝ2

∥∥
L1

ξ L∞
T L2

v,k
‖(I−P)ĝ2‖L1

ξ L2
T Hs∗

v,k

+Ck

∥∥(1+t)σ/2 ĝ1

∥∥
L1

ξ L2
T L2

v
+C

∫

|ξ|≤1

(∫ T

0
(1+t)σ−1‖(I−P)ĝ2‖2

L2
v,k

dt

)1/2

dξ

+C
∫

|ξ|≥1

(∫ T

0
(1+t)σ−1‖ĝ2‖2

L2
v,k

dt

)1/2

dξ

+C
∫

R3

(∫ T

0
(1+t)σ−1‖ĝ2‖2

L2
v
dt

)1/2

dξ. (5.55)

We only need to estimate the last three terms on the right hand side above. Denote

J3=
∫

|ξ|≤1

(∫ T

0
(1+t)σ−1‖(I−P)ĝ2‖2

L2
v,k

dt

)1/2

dξ,

J4=
∫

|ξ|≥1

(∫ T

0
(1+t)σ−1‖ĝ2‖2

L2
v,k

dt

)1/2

dξ,

J5=
∫

R3

(∫ T

0
(1+t)σ−1‖ĝ2‖2

L2
v
dt

)1/2

dξ.

We first consider J3 and J4 for two cases. When 1/(1+t) ≤ η〈v〉γ+2s, by 1 ≤
2|ξ|2/(1+|ξ|2) for |ξ|≥1 and

‖ĝ2‖2
L2

v,k
≤C‖(I−P)ĝ2‖2

L2
v,k
+C‖Pĝ2‖2

L2
v,k

,

we have

J3+ J4≤C
∫

R3

(∫ T

0
(1+t)σ−1‖(I−P)ĝ2‖2

L2
v,k

dt

)1/2

dξ
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+C
∫

|ξ|≥1

(∫ T

0
(1+t)σ−1 |ξ|2

1+|ξ|2 ‖Pĝ2‖2
L2

v,k
dt

)1/2

dξ

≤C
∫

R3

(∫ T

0
(1+t)σ‖(I−P)ĝ2‖2

L2
k+γ/2+s

dt

)1/2

dξ

+C
∫

|ξ|≥1

(∫ T

0
(1+t)σ |ξ|2

1+|ξ|2 ‖Pĝ2‖2
L2

k+γ/2+s
dt

)1/2

dξ.

By the fact that ‖Pĝ2‖L2
l
≤Cl|(â, b̂, ĉ)|, one gets

J3+ J4≤Cη
∥∥(1+t)σ/2(I−P)ĝ2

∥∥
L1

ξ L2
T Hs∗

v,k

+Ckη

∥∥∥∥(1+t)σ/2 |∇x|
〈∇x〉

(â, b̂, ĉ)

∥∥∥∥
L1

ξ L2
T

. (5.56)

When 1/(1+t)>η〈v〉γ+2s , since σ−1>0, a direct calculation shows that

(1+t)σ−1≤Cη〈v〉(σ−1)|γ+2s|,

which yields

J3+ J4≤C
∫

R3

(∫ T

0
(1+t)σ−1‖(I−P)ĝ2‖2

L2
v,k

dt

)1/2

dξ

+C
∫

|ξ|≥1

(∫ T

0
(1+t)σ−1 |ξ|2

1+|ξ|2 ‖Pĝ2‖2
L2

v,k
dt

)1/2

dξ

≤Cη‖(I−P)ĝ2‖L1
ξ L2

T Hs∗
v,k+σ|γ+2s|/2

+Ck,η

∥∥∥∥
|∇x|
〈∇x〉

(â, b̂, ĉ)

∥∥∥∥
L1

ξ L2
T

. (5.57)

Then it follows from (5.56) and (5.57) that

J3+ J4≤Cη
∥∥(1+t)σ/2(I−P)ĝ2

∥∥
L1

ξ L2
T Hs∗

v,k
+Ckη

∥∥∥∥(1+t)σ/2 |∇x|
〈∇x〉

(â, b̂, ĉ)

∥∥∥∥
L1

ξ L2
T

+Cη‖(I−P)ĝ2‖L1
ξ L2

T Hs∗
v,k+σ|γ+2s|/2

+Ck,η

∥∥∥∥
|∇x|
〈∇x〉

(â, b̂, ĉ)

∥∥∥∥
L1

ξ L2
T

. (5.58)

For J5 we have

J5≤
∫

|ξ|≤1

(∫ T

0
(1+t)σ−1‖(I−P)ĝ2‖2

L2
v
dt

)1/2

dξ
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+
∫

|ξ|≤1

(∫ T

0
(1+t)σ−1‖Pĝ2‖2

L2
v
dt

)1/2

dξ

+
∫

|ξ|≥1

(∫ T

0
(1+t)σ−1‖ĝ2‖2

L2
v
dt

)1/2

dξ

≤ J3+ J4+
∫

|ξ|≤1

(∫ T

0
(1+t)σ−1‖Pĝ2‖2

L2
v
dt

)1/2

dξ. (5.59)

Since J3+ J4 is bounded by (5.58), we only need to estimate the last term on the

right hand side above. We still consider it in two cases. When 1/(1+t)≤η|ξ|2 , it

is straightforward to get

∫

|ξ|≤1

(∫ T

0
(1+t)σ−1‖Pĝ2‖2

L2
v
dt

)1/2

dξ

≤η
∫

|ξ|≤1

(∫ T

0
(1+t)σ|ξ|2‖Pĝ2‖2

L2
v
dt

)1/2

dξ

≤Cη

∥∥∥∥(1+t)σ/2 |∇x|
〈∇x〉

(â, b̂, ĉ)

∥∥∥∥
L1

ξ L2
T

. (5.60)

On the other hand, when 1/(1+t)≤η|ξ|2 , by (1+t)σ−1≤Cη |ξ|−2(σ−1) we have

∫

|ξ|≤1

(∫ T

0
(1+t)σ−1‖Pĝ2‖2

L2
v
dt

)1/2

dξ

≤Cη

∫

|ξ|≤1
|ξ|−σ|ξ|

(∫ T

0
‖Pĝ2‖2

L2
v
dt

)1/2

dξ.

Then an application of Hölder’s inequality shows that

∫

|ξ|≤1

(∫ T

0
(1+t)σ−1‖Pĝ2‖2

L2
v
dt

)1/2

dξ

≤Cη

(∫

|ξ|≤1
|ξ|−p′σdξ

)1/p′(∫

|ξ|≤1
|ξ|p

(∫ T

0
‖Pĝ2‖2

L2
v
dt

)p/2

dξ

)1/p

.

Recalling σ=3(1−1/p)−2ǫ, we have 0< p′σ<3, which leads to

∫

|ξ|≤1

(∫ T

0
(1+t)σ−1‖Pĝ2‖2

L2
v
dt

)1/2

dξ≤Cη

∥∥∥∥
|∇x|
〈∇x〉

(â, b̂, ĉ)

∥∥∥∥
L

p
ξ L2

T

. (5.61)
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Then we combine (5.60) and (5.61) to get

∫

|ξ|≤1

(∫ T

0
(1+t)σ−1‖Pĝ2‖2

L2
v
dt

)1/2

dξ

≤Cη

∥∥∥∥(1+t)σ/2 |∇x|
〈∇x〉

(â, b̂, ĉ)

∥∥∥∥
L1

ξ L2
T

+Cη

∥∥∥∥
|∇x|
〈∇x〉

(â, b̂, ĉ)

∥∥∥∥
L

p
ξ L2

T

. (5.62)

It follows from (5.58), (5.59) and (5.62) that

J5≤Cη
∥∥(1+t)σ/2(I−P)ĝ2

∥∥
L1

ξ L2
T Hs∗

v,k
+Ckη

∥∥∥∥(1+t)σ/2 |∇x|
〈∇x〉

(â, b̂, ĉ)

∥∥∥∥
L1

ξ L2
T

+Cη‖(I−P)ĝ2‖L1
ξ L2

T Hs∗
v,k+σ|γ+2s|/2

+Ck,η

∥∥∥∥
|∇x|
〈∇x〉

(â, b̂, ĉ)

∥∥∥∥
L1

ξ L2
T

+Cη

∥∥∥∥
|∇x|
〈∇x〉

(â, b̂, ĉ)

∥∥∥∥
L

p
ξ L2

T

. (5.63)

By (5.58), (5.63) and (5.55), we see that (5.54) follows by selecting a sufficiently

small η. The proof of Lemma 5.13 is complete.

6 Proof of Theorem 1.2

In order to make the proof clearer, we define the norms in terms of g1 and g2

‖g1‖X̂h
k

:=
∥∥eλt ĝ1

∥∥
L

p
ξ L∞

T L2
v,k

, ‖g1‖X̂h∗
k

:=
∥∥eλt ĝ1

∥∥
L

p
ξ L2

T Hs
v,k+γ/2

,

‖g2‖Ŷh
k

:=‖ĝ2‖L1
ξ L∞

T L2
v
+‖ĝ2‖L

p
ξ L∞

T L2
v
+
∥∥(1+t)σ/2 ĝ2

∥∥
L1

ξ L∞
T L2

v
,

‖g2‖Ŷh∗
k

:=‖(I−P)ĝ2‖L1
ξ L2

T Hs∗
v
+

∥∥∥∥
|∇x|
〈∇x〉

(â, b̂, ĉ)

∥∥∥∥
L1

ξ L2
T

+‖(I−P)ĝ2‖L
p
ξ L2

T Hs∗
v
+

∥∥∥∥
|∇x|
〈∇x〉

(â, b̂, ĉ)

∥∥∥∥
L

p
ξ L2

T

+
∥∥(1+t)σ/2(I−P)ĝ2

∥∥
L1

ξ L2
T Hs∗

v
+

∥∥∥∥(1+t)σ/2 |∇x|
〈∇x〉

(â, b̂, ĉ)

∥∥∥∥
L1

ξ L2
T

.

The definitions above are mainly for the case γ>0. For soft potentials, we should
define the other group of norms as follows:

‖g1‖X̂s
k
:=‖ĝ1‖L

p
ξ L∞

T L2
v,k+γ/2−ργ

+
∥∥(1+t)ρ ĝ1

∥∥
L

p
ξ L∞

T L2
v,k

,
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‖g1‖X̂s∗
k

:=‖ĝ1‖L
p
ξ L2

T Hs
v,k+γ−ργ

+
∥∥(1+t)ρ ĝ1

∥∥
L

p
ξ L2

T Hs
v,k+γ/2

,

‖g2‖Ŷs
k

:=‖ĝ2‖L1
ξ L∞

T L2
v,k+σ|γ+2s|/2

+‖ĝ2‖L
p
ξ L∞

T L2
k
+
∥∥(1+t)σ/2 ĝ2

∥∥
L1

ξ L∞
T L2

v,k
,

‖g2‖Ŷs∗
k

:=‖(I−P)ĝ2‖L1
ξ L2

T Hs∗
v,k+σ|γ+2s|/2

+

∥∥∥∥
|∇x|
〈∇x〉

(â, b̂, ĉ)

∥∥∥∥
L1

ξ L2
T

+‖(I−P)ĝ2‖L
p
ξ L2

T Hs∗
v,k
+

∥∥∥∥
|∇x|
〈∇x〉

(â, b̂, ĉ)

∥∥∥∥
L

p
ξ L2

T

+
∥∥(1+t)σ/2(I−P)ĝ2

∥∥
L1

ξ L2
T Hs∗

v,k
+

∥∥∥∥(1+t)σ/2 |∇x|
〈∇x〉

(â, b̂, ĉ)

∥∥∥∥
L1

ξ L2
T

.

Proof of Theorem 1.2. We divide the proof into three parts. When 0≤γ≤1, g1 has

exponential time decay in L
p
ξ and g2 has polynomial decay in L1

ξ∩L
p
ξ . When γ<0

and γ+2s≥0, both g1 and g2 decay in polynomial time weight. When γ+2s<0

and γ+2s>−1, g1 and g2 have polynomial decay in time with additional velocity

weight. Now we go to the details of the proof. For k>22, we first choose A and

M in the definition of LB (3.4) as in Lemma 3.2 such that Theorem 1.1 holds. Then

we see the constants A and M now depend only on k.

Case 1. 0≤γ≤1.

Combining (4.3) and (5.48), it holds that

‖g1‖X̂h
k
+‖g1‖X̂h∗

k
+‖g2‖Ŷh

0
+‖g2‖Ŷh∗

0

≤Ck

(
‖ĝ0‖L

p
ξ L2

v,k
+
∫ T

0
‖eλtg1‖2

X∗
k+8+2s

dt

+

(∫ T

0

∥∥eλtg1(t)
∥∥2

X∗
8−γ/2

dt

)1/2

+
∥∥eλt ĝ1

∥∥
L1

ξ L2
T L2

v

)

+Ck

(
‖g1‖X̂h

k
+‖g1‖X̂h∗

k
+‖g2‖Ŷh

0
+‖g2‖Ŷh∗

0

)2
. (6.1)

Note that we have

∥∥eλt ĝ1

∥∥
L1

ξ L2
T L2

v
=
∫

R3

(∫ T

0

∥∥eλt ĝ1(t,ξ)
∥∥2

L2
v
dt

)1/2

dξ

≤C

(∫ T

0

∫

R3
〈ξ〉3+

∥∥eλt ĝ1(t,ξ)
∥∥2

L2
v
dξdt

)1/2

≤C

(∫ T

0

∥∥eλt ĝ1(t,ξ)
∥∥2

X∗
8−γ/2

dt

)1/2

. (6.2)
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Then it follows from (6.1), (6.2), (1.11) and the fact 8+2s < 10 that there exists

a constant ǫ0 such that if

‖ĝ0‖L
p
ξ L2

v,k
+‖g0‖Xk+10

≤ǫ0,

then

‖g1‖X̂h
k
+‖g1‖X̂h∗

k
+‖g2‖Ŷh

0
+‖g2‖Ŷh∗

0
≤Ck

(
‖ĝ0‖L

p
ξ L2

v,k
+‖g0‖Xk+10

)
,

which implies (1.13).

Case 2. γ<0 and γ+2s>0.

Similar arguments as in (6.1) and (6.2) show that by (4.15), (4.20), (5.26), (5.27)

and (5.48), one has

‖g1‖X̂s
k
+‖g1‖X̂s∗

k
+‖g2‖Ŷh

0
+‖g2‖Ŷh∗

0

≤Ck

(
‖ĝ0‖L

p
ξ L2

v,k+γ/2−ργ
+
∫ T

0

∥∥(1+t)ρg1

∥∥2

X∗
k+γ/2−ργ+8+2s

dt

+

(∫ T

0

∥∥(1+t)ρg1(t)
∥∥2

X∗
8−γ/2

dt

)1/2
)

+Ck

(
‖g1‖X̂s

k
+‖g1‖X̂s∗

k
+‖g2‖Ŷh

0
+‖g2‖Ŷh∗

0

)2
.

Hence, by choosing ρ=3/2, there exists a constant ǫ0 such that if

‖ĝ0‖L
p
ξ L2

k−γ
+‖g0‖Xk+14

≤ǫ0,

then

‖g1‖X̂h
k
+‖g1‖X̂h∗

k
+‖g2‖Ŷh

0
+‖g2‖Ŷh∗

0
≤Ck

(
‖ĝ0‖L

p
ξ L2

k−γ
+‖g0‖Xk+14

)
. (6.3)

Case 3. γ+2s<0 and γ+2s>−1.

Similarly as above, by (4.15), (4.20), (5.49), (5.53) and (5.54), we have

‖g1‖X̂s
k
+‖g1‖X̂s∗

k
+‖g2‖Ŷs

k,j
+‖g2‖Ŷs∗

k,j

≤Ck‖ĝ0‖L
p
ξ L2

v,k+γ/2−ργ
+Ck

∫ T

0

∥∥(1+t)ρg1

∥∥2

X∗
k+γ/2−ργ+8+2s

dt

+Ck

(∫ T

0

∥∥(1+t)ρg1(t)
∥∥2

X∗
k+σ|γ+2s|/2+8−γ/2

dt

)1/2

+Ck

(
‖g1‖X̂s

k
+‖g1‖X̂s∗

k
+‖g2‖Ŷs

k
+‖g2‖Ŷs∗

k

)2
.
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Hence, choosing ρ=3/2, by the fact that

min

{
−γ+8+2s,

1

2
σ|γ+2s|+8−γ

2

}
≤14,

there exists a constant ǫ0 such that if

‖ĝ0‖L
p
ξ L2

k−γ
+‖g0‖Xk+14

≤ǫ0,

then

‖g1‖X̂s
k
+‖g1‖X̂s∗

k
+‖g2‖Ŷs

k,j
+‖g2‖Ŷs∗

k,j
≤Ck

(
‖ĝ0‖L

p
ξ L2

k−γ
+‖g0‖Xk+14

)
. (6.4)

Hence, we obtain (1.14) by (6.3) and (6.4). The proof of theorem is complete.
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