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Abstract. The order of magnitude of multiple Fourier coefficients of complex valued
functions of generalized bounded variations like (Al,- -, AN )B V(P) and r— BV, over
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1 Introduction

Recently, V. Fiilop and F. Méricz [3] studied the order of magnitude of multiple Fourier

coefficients of functions in BV (TN), where T = [0,277), in the sense of Vitali and Hardy.
Here, we have generalized these results by estimating the order of magnitude of mul-
tiple Fourier coefficients of complex valued functions in (Al,---,AN)BV(P), r—BV and

Lip(p;a1,-+-,an) over ™.

Definition 1.1. For a given f €L (Tz), 1 <p < oo, the p-integral modulus of continuity of
f is defined as

1/p
w<P>(f;51,52)=sup{ <$//T2]Af(x,y;h,k)]7’dxdy> c0<h<dy, 0<k§52},

where
Af(x,yhk) = f(x+hy+k)— f(x,y+k) = f(x+hy)+ f(x,y).

For every f € L”(Tz), w'P)(£;81,6,) — 0 as max{d;,0,} —0.
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For p>1 and ay,as € (0,1], we say that f € Lip(p;a1,az) if
P)(f361,6,) =0(51622) as Srand 5, —0.

For p=oc0, we write w(f;01,02) for w(®)(f;81,8,), Definition 1.1 gives the modulus of con-
tinuity of f and in that case the class Lip(p;a1,a2) reduces to Lipschitz class Lip (a1,a2).

Definition 1.2. Let L be the class of all non-decreasing sequences AN={A}(n=12,)
of positive numbers such that ¥,(A,,) ! diverges. For given A = (A',A?), where A¥ =
{Af} €L for k=1,2 and p > 1. A complex valued measurable function f defined on
a rectangle R:= [a,b] x [c,d] is said to be of p-(A!,A?)-bounded variation (that is, f €
(A1,A2)BV(P)(R)), if

’Af xl/y] ’P 1/P
Un, FR)=p_ P1><P2<ZZ;]Z ATAZ )<

where

Af(xi/yj) :Af(xilyj;Axi/ij)l Ax; =Xiy1— Xi,
A]/j:]/j+l_]/j/ Pl:a:xo<x1<x2<-~-<xm:b

and
PzZC:y0<y1<y2<~-~<yl:d.

If f € (A',A?)BV(P)(R) is such that the marginal functions f(a,-) € A2BV (") ([c,d]) and
f(-,c) € A'BV(P)([a,b]) (refer [6]) for the definition of ABV(P)([a,b])), then f is said to be
of p-(A!,A?)*-bounded variation over R (that is, f € (A',A?)*BV(P)(R)).

If f € (A!,A?)*BV()(R) then f is bounded and each of the marginal function f(-,t) €
A'BVP)([a,b]) and f(s,-) € A2BV(P)([c,d]), where t € [c,d] and s € [a,b] are fixed.

Note that, for A’ = A and A? = {1} (that is, Al = A, and A2 =1, Vn) the class
(A',A?)BV(P)(R) and the class (A',A2)*BV(P)(R) reduce to the class ABV(")(R) and the
class A*BV(P)(R) respectively; for p =1, we omit writing p, the class (A',A2)BV(P)(R)
and the class (A',A2)*BV(")(R) reduce to the class (A!,A?)BV(R) (Definition 2, [1]) and
the class (A!,A?)*BV(R) respectively and for p =1 the class ABV(?)(R) and the class
A*BV(P)(R) reduce to the class ABV(R) and the class A*BV(R) respectively (Definition
3, [2]). Moreover, for A' = A?={1} and for p=1 the class (A',A2)BV(?)(R) and the class
(A',A2)*BV(P)(R) reduces to the class BVy (R) (bounded variation in the sense of Vitali)
and the class BV (R) (bounded variation in the sense of Hardy) respectively.

Observe that the characteristic function of E= {(x,y);x€[0,1] and y € [0,1—x]} is in
ABVP)([0,1)?) if

Z(%n>2<oo. (1.1)

n



R. G. Vyas and K. N. Darji / Anal. Theory Appl., 29 (2013), pp. 27-36 29

If A satisfies (1.1), the requirement of measurability cannot be omitted from Definition
1.2, otherwise the class ABV (?) would include functions which are not Lebesgue measur-
able. Even under the assumption of measurability, Dyachenko and Waterman (Proposi-
tion 1, [2]) proved that there exists a f € ABV(R) which is everywhere discontinuous.

Definition 1.3. For a given positive integer 7, a complex valued function f defined on a
rectangle R:=[a,b] x [c,d] is said to be of r-bounded variation (that is, f €¥r—BV(R)) if the
following two conditions are satisfied:
(i)
Vi(f,R)= sup V,(f,R,P)<o
P=P;xP,

where

V,(f,R,P)= (E Z]Afxz,y] ),

i=1 j=
P, Py, P, Af(x;,y;) are defined in Definition 1.2 and

A f(xiy) =NV Af (xiyy)), k>2,
so that

A f( x,,y] Z Z S+t (1) f (i srYjt+r— £)-

(i) The marginal functions f(-,c) €er—BV([a,b]) and f(a,-) er—BV([c,d]).

It is easy to prove that f € r—BV/(R) implies f is bounded on R, BVy(R) Cr—BV(R)
and each of the marginal functions f(-,y0) €r—BV([a,b]) and f(xo,-) er—BV ([c,d]) (refer
to (Definition 4, pp. 115, [6]) for the definition of r— BV [a,b]), where yo € [c,d] and x( € [a,b]
are fixed.

Definition 1.4. A function f defined on the rectangle R:= [a,b] X [c,d] is said to be abso-
lutely continuous (that is, f € AC(R)) if the following two conditions are satisfied:

(i) Given € >0, there exists § =4(€) >0 such that

Y. farce) = f(bock) = f(ax,di) + f (b, di) | <€,

{R}€R

whenever {Ry := [ag,by] X [ck,dk| } k=12, is a infinite collection of pairwise non-
overlapping sub-rectangles of R with

Y. (be—aw) (dx—cx) <6
{R¢}€R

(ii) The marginal functions f(-,c) € AC([a,b]) and f(a,-) € AC([c,d]).

An absolutely continuous function f on R is uniformly continuous and each of the
marginal functions f(-,y0) € AC([a,b]) and f(xo,-) € AC([c,d]), where yo € [c,d] and
X € [a,]] are fixed.
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2 New results for functions of two variables

For any x=(x1,x2) €T’ and k= (ky,ky) €22, denote their scalar product by k-x=k; x1+kpx5.
Forany feL! (TZ), where f is 27-periodic in each variable, its Fourier series is defined

as
FO)~ Y fl)ele),
kez?
where .
f(k):W o (x)e %) gx

denotes the k" Fourier coefficient of f.
We prove the following theorems.

Theorem 2.1. If f € (A}, A2)BVW)(T*)NLY(T°) (p>1) and k = (ki,ky) € Z2 is such that

ki-ky #0, then
) 1
!f(k)\=@<< el ] 1 )w)'

i=14&j=1 /\}A

~7N

Theorem 2.1 generalizes the result (Theorem 1 (iii), [5]) for functions of two variables.

Corollary 2.1. If f € (Al,AZ)*BV(”)(TZ) (p>1) and k= (k1,kz) € Z? is such that ky -k #0,

then
R 1
’f(k)\:(()(( |'k12]|'k_2L)1/P>.

i=1 1 A}AJZ

Theorem 2.2. If fer— BV(TZ) and k= (ky,ko) € Z? is such that ki -kp #0, then

7091 =0( )

Theorem 2.3. If f € Lip(p;a1,a;) over T (p>1, a1, ax € (0,1)) and k= (ky,ky) € Z? is such

that ky -ky #0, then
A 1
rf<k>r—0(7|kl,m|kz|az)

Theorem 2.4. If f € AC(TZ) and k= (ky,ko) € Z? is such that ki -ky #0, then

091 =0( )
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3 Proof of the results

Proof of Theorem 2.1: Since

? 1 e —ikyxy ik
fleke) =g [ [ fla e me i dn s,

we have
R 1 27 2711 T T 7T
Witk =gz | [ [ (F(a+ gt ) ~f(nmt D)
—f(xl + kl,xz) +f(x1,x2))e‘iklxle_ikzxzdxldxz‘.
1
Because of the periodicity of f in each variable, we get

27 27T 27 r2711
/ / \Afrlrz(xl,xz)]dxldxz :/ / f
0 JO 0 JO

_f<xlrx2+k_7-;) —f(X1+%,x2> +f(x1,x2) ‘dxldxz,

(Xl-l-%,xz—l—%)

where

7T 1y 7T r—1)m ro 7T
Af?’]rz(xlIXZ) :f<xl+1—/x2+2—) _f<x]+%/ 2+2—>

k1 ko ko
B " (rn—1)m ( -1 (rn—1)m
f<x1+ k X+ ———— 5 >+f< I X2+ 5 ),
for any rq,r; € Z. Therefore
. 1 27 p2711
Fkk) < gomz [ [ 18 (vi22) ldmda (3.1)

Dividing both sides by /\1 Az and then summing over r1 =1 to |k;| and rp =1 to |kz|, we

get
k1| |ka| 27 27 |k1| |k2 | |Afrr, (x1,22)]
Flky, k)| ( >_ / / ( y, St )l >dx dxs,
E E A}lA%Z 1672 (AL A2 )

r= 11’21 r= 17‘21

where g is the index conjugate to p.
Applying Holder’s inequality on the right side of the above inequality, we have

k| k2|
flkr ko)) (Z Z 1/\2>

r1=1 rp=1 7‘1

27 p2m \kl |k2 | ]Af (x PN :
riry 1/x2))’ P 1 q
——— | dxidx;,.
167r2/ / < MAZ L L Az ) AR

r1=1r=1 r1=1r=1
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Hence

kil k| g 5 27 P21 \kl |k2 | !Af (x N
rr l/x2)| F
flka k) <Z ZAl AZ) 167r2// < A >dx1dx2
1 2

ri=1 r=1 r1=1r=1
=2
SZ‘//\p(.f;'l—' )'

This completes the proof.

Proof of Corollary 2.1: Observe that f € (Al,AZ)*BV(P)(TZ) then f is bounded and
(AL, A2)*BV(P)(T?) C (AL,A2)BV(P)(T).

Hence the corollary follows.

Proof of Theorem 2.2: Proceeding as in the proof of Theorem 2.1, from (3.1) it follows
that

R 1 21 p27
Fouk|< (gomz) [ [ 18fn(nx)ldndx..
Similarly, we get

R 1 r 2w p2m .
Pk < (1omz) [ [ 18 (o) i

Summing the above inequality over ry =1 to |k;|—r and r, =1 to |ka| —7, we get

27 27T‘k1‘ rlka|—r
(kb= =kl < () [ X L I8 funta)dnds
r= T2
This together with
lky|—r[ka| -7
Y ¥ 4| SV (027,
ri=1 r=1

k1|~ |k1|—r and |ka| & |kz| —r implies

k)| =0 (7).

Proof of Theorem 2.3: Proceeding as in the proof of Theorem 2.1, one gets (3.1). By
applying Holder’s inequality to the right side of (3.1), we obtain

21 p21 /p
| (k1 k2) | =0( // A frir ( x1,xz)]7”dx1dx2> .

Hence the result follows.
Proof of Theorem 2.4: Theorem 2.4 can be proved in a similar way to the proof of
Theorem 2.1.
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4 Extension of the results for functions of several variables
For any x= (x1,---,xN) eT" and k= (k1,-+,kn) € ZN denotes their scalar product by
k-x=kyx1+---+knxn.

For feLl (TN), where f is complex valued function which is 27r-periodic in each variable,
its Fourier series is defined as

)~ Y foek

kezZN

where

A 1 .
P = Gy fu ()™ e

denotes the k" Fourier coefficient of f.
Given x=(x1,---,xn) €ETN and h= (hy,---,hy) €TV, define

Af(xh )=Thf( )—f( )=Af(x1, 0 xn;h, )

= Z Z 1)+ FIN £ (xy 41k, xn+nAN).
=0 yn=0

For p >1, the p-integral modulus of continuity of a function f € L? (TN) is defined as
(g 1 avra) P ,
(f;61,-+,0N) =sup <7(ZH)N/TN|Af(x,h)] dx> 1 0<hj<d;, j=1,--,N ;.

Obviously, w(P)(f;81,---,0n5) — 0 as max{é,---,dn} — 0.
For p=o0, we omit writing p, one gets w(f;d1,---,0n), the modulus of continuity of f.

A function fe€L” (TN) is said to belongs to Lip(p;a1,---,an), the Lipschitz class in the
mean of order p, if wP)(f;6,,---,6n) = 0(6y",-,68) as 6;—0,Vi=1,--- ,N.

For p = oo, the class Lip(p;a1,---,an) reduces to the Lipschitz class Lip(aq,---,an).
Obviously, Lip(aq,---,an) C Lip(p;a1,---,an).

For given A\ = (Al,---,AN), where A!,---,AN €L and p>1. A function f: TN —Cis
said to be of p—(Al,---,AN) bounded variation (that is, f € (Al,---,AN)BV(")(T )) if

N 51 ‘Af r— 1’ ',.eril;hrl,"',hrN)’p 1/P

vy, T =sup( Y 3 o LR <o,
P r1 1 rN= 1 ritrs 'N

where the supremum is extended over all partitions P=DP; X P, X - - - x Py of the closed cube

= ; ; ; -1 .
TN, Pj:{O:x?<x]1<~-<x]s.’:27r} ands; >1;r=1,2,---,sj; h]r.]:x]r.]—x]r.] ;7=1,2,--- ,N.
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Moreover, a function f € (Al,-o-,AN)BV(P)(TN) is said to be of p—(Al,---,AN)*
bounded variation (that is, f € (Al,---,AN)*BV () (TN)), if for each of its marginal func-
tions

f(xll' o /xl'*llolxllﬁ»ll' o /xN) S (All' o /Ai_llAiJrl/' o ,AN)*BV(P) (TN(OZ))/
Vi=1,2,---,N, where

TN(Oi):{(xl,---,xi,l,xiﬂ,---,xN)ETN_I: OSXkSZTI, for k:1,"',i—1,i+1,"',N}.

It is easy to prove that f € (Al,---,AN)*BV(?) (TN)) implies it is bounded. In particular f
is Lebesgue integrable over .

Similarly, we say that a function f € r—BV(T ) if the following two conditions are
satisfied:

(i)
Vr(f,T —sup<z Z]Ayf DA /A -~,h71\?’)\)<oo,

7’11 er

where, for k>2,
B ) E YR L))}
(ii) Each of its marginal functions

f(xl/XZI' e /xl'*llolxi+1/' o ,XN) er— BV(TN(OI))/ Vi= 1/' e /N‘

A function f = f(x1,---,xn) is said to be absolutely continuous over T (that is, fe
AC(T )) if the following two conditions are satisfied [4]:

(i) Given € >0, there exists § =4(¢e) >0 such that

Yo Af(h, o ckohy, o ) <e
RyER’

with h;‘ = d}‘ — c;-‘, j=1,2,---,N; whenever
= {Re=[c, ] x [c5,d5] x -~ x [ch,dN] }

is a finite collection of pairwise non-overlapping sub-rectangles of T with

ZH

RkER/



R. G. Vyas and K. N. Darji / Anal. Theory Appl., 29 (2013), pp. 27-36 35

(ii) Each of its marginal functions
f(xl,xz,- = ,xi,l,O,xiH,- - ,JCN) S AC(TN(OZ)), Vi=1,---,N.

Now, we extend the above mentioned theorems of Section 2 for higher dimensional space
as following:

Theorem 4.1. If f€(Al,--- ,AN)BVP)(T )ﬂLF’( ) (p>1) and k= (ky,--- ,kn) €ZN is such
that ky---ky #0, then

fk)[=0

1
<(Z|rkl Zlkw\ 1 )1/P)'

rN=1 AL A,
Obviously, Theorem 4.1 generalizes the result (Theorem, [3]).
Corollary 4.1. If f € (Al,---,AN)*BV(”)(TN)(p >1) and k= (ky,---,kn) € ZN is such that

1 -'kN#O, then
) 1
|f(k)|zo((z|kl| R )w)‘

r=1" rn=1 /\1 . /\;\;\,

Theorem 4.2. If f€r—BV(T" ) (r>1) and k= (ky, - kn) € ZN is such that ky---ky #0, then

7091 =0( =)

Theorem 4.3. If f €Lip(p;aq,---,an) over ™ (p>1, a1, -, an€(0,1]) and k= (ky,--- ,kn) €
ZN is such that ky ---kn #0, then

1

7091 =0( s )

Theorem 4.4. If f € AC(TN) and k= (ky,-- ,kn) € ZN is such that ky ---ky #0, then

1

rf<k>|:o(,kl kN|)

The above results of this section can be proved in the same way as we do in Section 2.
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