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Abstract. Let L be the infinitesimal generator of an analytic semigroup on L?(R") with
Gaussian kernel bound, and let L=*/2 be the fractional integrals of L for 0 <« <. In
this paper, we will obtain some boundedness properties of commutators [b,L""/ 2]
on weighted Morrey spaces L (w) when the symbol b belongs to BMO(R") or the
homogeneous Lipschitz space.
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1 Introduction

Suppose that L is the infinitesimal generator of an analytic semigroup {e~-};~o on L?(R")
with a kernel p;(x,y) satisfying a Gaussian upper bound; that is, there exist positive con-
stants C and A such that for all x, y€R" and all t >0, we have

C AP
|Pt(X,y)|§W€ AT (1.1)

Throughout this paper, we assume that the semigroup {¢~'%};- has a kernel satisfying
(1.1). This property is satisfied by a large class of differential operators, as is seen in [7].
For any 0 < & < 1, the fractional integral L~%/2 associated to the operator L is defined

by

L) = gy ) e (12)
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Note that if L = —A is the Laplacian on R", then L™%/2 is the classical fractional integral
operator I,, which is given by (see [20])

I f(x) T n—al)/ f<y)_“dy.
2

_ p
20775 (

Let b be a locally integrable function on R". The commutator of b and L~%/2is defined
as follows

[0, L2 (f)(x) =b(x)L™"2(f) (x) = L™*"2(bf) (). (1.3)

The first result on the theory of commutators is obtained by Coifman, Rochberg and
Weiss in [3]. Since then, many authors have been interested in studying this theory. When
O<a<n,l<p<n/aand1/q=1/p—a/n, Chanillo [2] proved that the commutator [b,I,]
is bounded from LP(R") to L7(R") whenever be BMO(R"). Paluszyniski [18] showed that
b€ Ag(R") (homogeneous Lipschitz space) if and only if [b,],] is bounded from L?(R")
to L°(R"), where 0< <1, 1<p<n/(a+p) and 1/s=1/p— (a+pB) /n. For the weighted
case, Segovia and Torrea [19] proved that when b€ BMO(R") and we A, ; (Muckenhoupt
weight class), [b,1,] is bounded from L?(w?) to L7(w7).

In 2004, by using a new sharp maximal function introduced in [14], Duong and Yan [7]
extended the result of [2] from (—A) to the more general operator L defined above. More
precisely, they showed that

Theorem 1.1. Let 0<a<n, 1<p<n/aand 1/q=1/p—a/n. If b€ BMO(R"), then the
commutator [b,L=*/2] is bounded from LP(R") to L1(R").

In 2008, Auscher and Martell [1] considered the weighted case and obtained the fol-
lowing result (see also [4]).

Theorem 1.2. Let 0<a<n, 1<p<n/a,1/q=1/p—a/nandweA,, Ifb€ BMO(R"), then
the commutator [b,L~%/2] is bounded from LF (w?) to L1 (w").

On the other hand, in 2009, Komori and Shirai [13] first introduced the weighted Mor-
rey spaces LP*(w) which could be viewed as an extension of weighted Lebesgue spaces,
and investigated the boundedness of the Hardy-Littlewood maximal operator, singular
integral operator and fractional integral operator on these weighted spaces. Moreover,
they also proved the following theorem.

Theorem 1.3. Let O<a<n, 1<p<n/a, 1/q=1/p—a/n, 0<x<p/qand we Ay, If
b€ BMO(R"), then the commutator [b,1,] is bounded from LP*(wP,w1) to L7*4/P (w1).

The purpose of this paper is to study the boundedness of [b,L~*/2] on the weighted
Morrey spaces LP*(w) when be BMO(R") or b€ Ag(R"). Our main results are formulated
as follows.
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Theorem 1.4. Let O0<a<n, 1<p<n/a,1/q=1/p—a/n, 0<x<p/qand we Ay, Suppose
that be BMO(R"), then the commutator [b,L=*/2] is bounded from LP*(w? ,w") to L7/ P (wf).

Theorem 1.5. Let 0< B <1, O0<a+B<n l<p<n/(a+PB), 1/s=1/p—(a+p)/n and
we Aps. Suppose that be Ag(R™) and 0<x < p/s, then the commutator [b,L‘“/Z] is bounded
from LP*(wP,w®) to LS*/P (w®).

Theorem 1.6. Let 0<p <1, 0<a+p<n, 1/s=1—(a+p)/n and w e Ay Suppose that
be Ag(R") and 0 <« <1/s, then the commutator [b,L=*/2] is bounded from L'*(w,w®) to
WLS,KS(wS)'

Theorem 1.7. Let 0< B <1, O0<a+B<n 1<p<n/(a+pB), 1/s=1/p—(a+p)/n and
wE Ap;s. Suppose that bEAﬁ(R”) and k=p/s, then the commutator [b,L*”‘/Z] is bounded from
LP*(wP,w’) to BMOy.

2 Notations and definitions

First let us recall some standard definitions and notations. The classical A, weight theory
is first introduced by Muckenhoupt in the study of weighted L¥ boundedness of Hardy-
Littlewood maximal functions in [16]. Let w be a nonnegative, locally integrable function
defined on R", B=B(x(,r) denotes the ball with the center xy and radius rg. Given a ball
B and A >0, AB denotes the ball with the same center as B whose radius is A times that
of B, we also denote the Lebesgue measure of B by |B| and the weighted measure of B by
w(B), where w(B) = [w(x)dx. We say thatwe A, 1 <p <oo, if

dx / Dix) <(C, foreveryball BCR",
|B|/ (3 )" Y

where C is a positive constant independent of B.
For the case p=1, we Ay, if

\B\/ x)dx <C-ess infw(x), foreveryball BCR".

xX€EB

For the case p=o0, w € A if it satisfies the Ay condition for some 1 < p < c0.

We also need another weight class A, introduced by Muckenhoupt and Wheeden
in [17]. A weight function w belongs to Ay, for 1 <p <g < oo if there exists a constant
C>0such that

1 1/q
N q < C ;
<!B!/Bw(x) ]B]/ dx _C, for every ball BCR”,

where p’ denotes the conjugate exponent of p >1; thatis, 1/p+1/p' =1
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When p=1, w is in the class A1, with 1 <g <o if there exists a constant C >0 such
that

1 1/q 1
i q LR —
<]B] /Bw(x) dX> (ess Squ(x)) <C, foreveryball BCR

xX€EB

A weight function w is said to belong to the reverse Holder class RH, if there exist
two constants r >1 and C >0 such that the following reverse Holder inequality holds

rdx < C / x)dx for every ball BC R".
(737 / (75 @4). Y

We give the following results that will be used in the sequel.

Lemma 2.1. (see [10]) Let w € A, with p>1. Then for any ball B there exists an absolute
constant C >0 such that

w(2B) < Cw(B).
In general, for any A >1, we have
w(AB) <C-A"w(B),
where C does not depend on B nor on A.

Lemma 2.2. (see [11]) Let w € RH, with r > 1. Then there exists a constant C >0 such that

w(E) __/|E|\C-D/r
w5 =(j37)

for any measurable subset E of a ball B.

Next we shall give the definitions of some function spaces. A locally integrable func-
tion b is said to be in BMO(R") if

1
bll, =s —/ b(x)—bp|dx < oo,
o1, =suprge b6t

where bp = |B| J3b(y)dy and the supremum is taken over all balls B in R".

Theorem 2.1. (see [6,12]) Assume that be BMO(R"). Then for any 1 < p < oo, we have

1/p
sup<‘B‘/|b by ’”dx> <C|lb]..
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Let 0< B <1. The homogeneous Lipschitz space Ag(R") is defined by

Ag(R") = {b: [bll5,= sup ‘b<x+ﬁl)|ﬁ_b(x)’ <oo}.

x,heR" h£0

Given a Muckenhoupt’s weight function w on R", for 1 < p < co we denote by L (w)
the space of all functions f satisfying

£l Lr () = (/Rn !f(JC)|”w(x)dx> 1/p<oo.

When p=o0, L*(w) will be taken to mean L*(R"), and
£l ) = | fl|L= =ess sup| f (x)].

xeR"

In [13], Komori and Shirai first defined the weighted Morrey spaces and obtained
some known results relevant to this paper. For the boundedness of some other operators
on these spaces, we refer the reader to [21-24].

Definition 2.1. (see [13]) Let 1 <p < oo, 0 <k <1 and w be a weight function. Then the
weighted Morrey space is defined by

LPK {fELloc HfHU’K <OO},

where
/p

1l () =

and the supremum is taken over all balls Bin R".

x)[Pw(x )dx)

We also denote by WLP*(w) the weighted weak Morrey space of all locally integrable
functions satisfying

1 1/ p
| fllwrre(w) =supsup————t-w({x€B:|f(x)| >t < 0o,
(w) B 10 w(B)K/p ({ })
In order to deal with the fractional order case, we need to consider the weighted
Morrey space with two weights.

Definition 2.2. (see [13]) Let 1 <p < oo and 0 <« < 1. Then for two weights u and v, the
weighted Morrey space is defined by

LP*(u,0) ={fe L} (u): || fllLrs(uo) <o},
where

s =s0p (55 o FCo o)
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Theorem 2.2. (see [13]) Let O<a<n, 1<p<n/a, 1/9=1/p—a/nand w € Ay 4. Then the
operator I, is bounded from LP*(wP,w7) to L9¥/P (w1).

Theorem 2.3. (see [13]) Let p=1,0<a<n, 1/q=1—a/n and we Ay 4. Then the operator I,
is bounded from LY*(w,w7) to WLT* (w).

We are going to conclude this section by defining the function spaces BMO. Duong
and Yan [8] introduced and developed a new function space BMO, associated with an
operator L. Assume that the kernel p;(x,y) of {e~L}, satisfies an upper bound

—ns2,(1X=Y
Pyl < (Sa).

for all x,y € R" and all t>0. Here g is a positive, bounded, decreasing function satisfying

lim 7" *€¢(r)=0, for some e>0. (2.1)

r—o0

Let € be the constant in (2.1) and 0 < S <e. A function f € Lfoc(Rn) is said to be of type
(p,B) if f satisfies

p Vp
(/R 1'4{’()(’))’”% dx) <c<oo. 2.2)

We denote by M, g) the collection of all functions of type (p,B). If f € M, g, then the
norm of f in M, g) is defined by

I £1x¢,, 5, =inf{e>0:(2.2) holds}.

It is easy to see that M, 5 is a Banach space under the norm || f|[x(, , <co. We set

U Myp).

B:0<B<e

For any f€LP(R"), 1<p< oo, Martell [14] defined a kind of sharp maximal function M¥ f
associated with the semigroup {e~%'};~¢ by the expression

M f(x) =sup - [ [ £y)—e 5 f )|,
xX€EB ’B ’

where tg =13 and rp is the radius of the ball B. Let f € M, with 1 < p < oo, then we say
that f € BMO/ if the sharp maximal function M# f € L®(R"), and we define ||f|/zmo, =
| ME£ L~ For further details about the properties and applications of BMO[, spaces, we
refer the reader to [5,8,9].

Throughout this article, we will use C to denote a positive constant, which is indepen-
dent of the main parameters and not necessarily the same at each occurrence. By A~ B,
we mean that there exists a constant C > 1 such that

1 A
<=
c— B_C

Moreover, we denote the conjugate exponent of ¢ >1by ¢q'=q/(q—1).
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3 Proofs of Theorems 1.4,1.5 and 1.6

Proof. Fix aball B=B(xg,rg) CR" and decompose f = f1+ f», where fi=fx,,, X,; denotes
the characteristic function of 2B. Since [b,L*"‘/ 2} is a linear operator, we have

K/p (/| L2 f q(x)dx)l/q
wq K/p </| L=/?] (x)|qw‘4(x)dx)1/q K/p </‘ —/2] (x)\qwq(x)dx>1/q

=L+1.

For the term I3, since w € A, 4, then we get w7 € A1,/ (see [17]). Hence, it follows from
Theorem 1.2 and Lemma 2.1 that

1
/2
IlﬁmH[bL ]leLq o) < C||b]| - WH]CIHLP@;P)
vr w1 (2B)</ 7
=ClIb]l.- K/,, </ |f(x) [PoP (x )dx> SCHbH*HfHLPrK(wP,m)'W
SCHb||"<||f||U’" (wP,w1)- (31)

We now turn to deal with the term I,. Denote the kernel of L—%/2 by K, (x,y), then for any
x € B, we write

oL/ )] =| [ [0 -0 Kax ) 1)y

<|b(x) bB|/ Ko (x,0)|f (y \dy+/ —bp|[Ke (x,y)||f (y)|dy
=I+II.

Since the kernel of e 'L is p;(x,y), then it follows immediately from (1.2) that (see [15])

1 ® /21
sz(x/.‘/)—m/o pr(x,y)t = dt. (3.2)

Thus, by using the Gaussian upper bound (1.1) and the expression (3.2), we can deduce
(see [7] and [15])

1 00 00
<__ - a/2-1 34 / _

I
|x—y|"—

AR o 0
t dt

(3.3)

So we have
1

I<|b(x)—bg|- 7/ dy.
<[003) ~bo]- L. rergieere fy g F 01
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By using Holder’s inequality and the fact that w € A, 5, we can get

L= ( [ roree) ([ e rwa)

k+1 1/q+1/p 1
SCHf”LVfK(wl’,w'?)|2 B| 'wq(2k+1B)l/q—K/p

l—ac/n. 1
w1 (2k+1B)1/q71</p'

:C”fHLm(wP,wﬂ)|2k+1B|

(3.4)

Hence

1 1
- s
w1 (B)¥/7 </BI w (x)dx>
[ee] 1/q
1 1
<l onson 57 o gy Jy D) —balren () )

> wi(B)/ax/p ( )1/‘4
—C|If 1o : /b bl (x)dx )
HfHLF (wp'wq),;wq(zk“B)l/q—K/P wq | B‘ w ) X

We now claim that for any 1 <g < co and v € A, the following inequality holds

1/q
(%B)/BIZJ(X)—bBWv(x)dx) <C||b]l.. (3.5)

In fact, since v € A, then we know that there exists r > 1 such that v € RH,. Thus, by
Holder’s inequality and Theorem 2.1, we obtain

1/q
( B) /|b —bg|T0(x )
o 1/(qr') o\ M)
_W(/Bb(x)b3| dx) (/Bv(x) dx)
1/(qr")
1 /
Cl—= [ |b(x)—bgl"d
<C( 1 ;o) —balix)

<Cl|b]l-,

which is our desired result. Note that w7 € Ay, C Aw. In addition, we have w? € RH,
with r > 1. Thus, by Lemma 2.2, we get

w(B) |B] (=177
w1 (21B) = C(\zkﬂs;) (36)
Consequently
1/q 0 _
1 (1-1/r)(1/q—x/p)
9001
gy () <Ol s - (557)

SClIb[|lLf o (wop o) (3.7)
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where the last series is convergent since ¥ >1 and 0 <x < p/gq. On the other hand

11<2/ —bg[Ka (x,y)[|f(y)|dy

k+lB\2kB

<% /zkHB\sz b(y) —eon K () £y

+1 S g P25 Bl IKa e £ 9 ey
=III+IV.

To estimate III and IV, we observe that when x€ B, y € (2B)¢, then |y—x|~|y—xp|. Hence,
it follows directly from the kernel estimate (3.3) that

> 1
m<Cy. W/ZMB |b(y) = by [ £ (y) ldy.
k=1

An application of Holder’s inequality yields

Lo o) b )ty

/ , v 1/p
< </2k+13 |b(y)_bzk+13|p wP (.‘/)d]/> <,/2k+13 |f(y)pwp(]/)dy>
SHfHLP/K(wplwq) w7 (2k+1B)K/p (/2

We set v(y) =w " (y), then we have v € A4y C A because w € Ay ; (see [17]). By the
previous estimate (3.5) and the fact that w € A, ;, we obtain

b))~ baras| 0(y)y 1/p
ki1

<ClJbll.o(21B) """
‘2k+1B’1/q+1/p’
wi (2k+1B)1/q

;o Vp
[b(y) —byerig]” " (y)dy) .

k+1B

<c|p.- (38)

Note that 1/g+1/p’ =1—a/n. Hence, by (3.6) and (3.8), we have

W(/Blﬂqwq(x)dx) o

) B)l/q x/p
SCIBI[ ] fll o (wor,wn) ) Lo 2k+1B /a /7

SC1B1L o eop,om) - (3.9)
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Since b€ BMO(R"), then a simple calculation gives
|b2k+lB_bB‘ S CkHbH*.
Thus, by the estimates (3.3) and (3.4), we get

1
IV<C|lb|| Zk W/Zk“B f(y)|dy

0 1
SCHbH*HfHLPrK(wP,wq Z 2k+1B)1/q k/p°

Therefore

1 . 1/q ) B)]/q x/p
r(sw( / IVw(x)dx> <l onam Lok o T eE

<Ol W lsoron 1 s
OBl ety (310)

where w7 € RH, and 6= (1—1/r)(1/9—x/p). Summarizing the estimates (3.9) and (3.10),
we thus obtain

1/q
1
g (e ) < OBl s 61

Combining the inequalities (3.1) and (3.7) with the above inequality (3.11) and taking the
supremum over all balls BC R", we complete the proof of Theorem 1.4.
Obviously, by (3.3) we have the following pointwise inequality

IL™*2(f)(x)| <C-L(|f|)(x) forall xeR".

Furthermore, by the definition of b€ Aﬁ (R") and (3.3), we deduce

L) (N < [ b HK ,ymf(y)\dy
<Cllbll, / - W g,
<Cllblla, T (1) (). (312)

Hence, Theorems 1.5 and 1.6 follows immediately from Theorems 2.2 and 2.3. O



82 H. Wang / Anal. Theory Appl., 29 (2013), pp. 72-85

4 Proof of Theorem 1.7

Proof. For any given x€R", fix a ball B=B(x,rp) containing x. We decompose f = f1+ f2,
where f1 = f x2p, and set tp = r%. Then we write

%/ ‘ [b,L_”‘/Z]f(y) e tsL [b,L“"/z]f(y)‘dy

131/\ L2 0 [ e Lo
+W |07 fay) —e 5t [0,L272) )|y
=h+L+]/s.

We are now going to estimate each term respectively. For the first term J;, since w € A,
then the operator I, 4 is bounded from L7 (w?) into L*(w®) (see [17]). We also know that
w* € Ayys/p C As. Applying Holder’s inequality, the inequality (3.12), Lemma 2.1 and the
fact that w® € A;, we obtain

h=Tg (/‘ [6,L™*"2] fi (y) [ )1/5(/w y )1/5/
Sc'b'*'|f</23|f<y>va<y)dy>””</w , )1/5

2B)*/p
<ClBl L ey 2B

@ (B)7"
SCHbH*HfHLV'K(wV,wS)r

where the last inequality is due to our assumption k¥ = p/s. For the term J,, since the
kernel of e~'5L is p;,(y,z), then we may write

"%/ [ P2 [0,L72] (@) dzdy
\B|// [Pt (v,2)|| [b,L7/?] fu(2) |dzdy

_ —a/2
121 81y g o 7212
=]+]5.

For any y € B and z€2B, by (1.1), we have | py, (y,z)| < C-(tg) ~"/2. Thus

/ 1 1 —a
IZSC.E/B/zBWHb’L /2}f1(2)|dzdy

gc.pLB/ZB|[b,L—“/Z]fl(z)\dz.
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Using the same arguments as in the estimate of J;, we can also deduce

Jo S ClBI N f o oor -
As before, we note that for any y € B, z€ (2B)¢, then |z—y|~|z—xo|. In this case, by using
(1.1) again, we get

<tB)n/2
\Ptg(%z)|ﬁc'm~

Hence

[} 1 (tB)n/z -
'<C —// b,L w/2 dzd
1 k:Z;’B’ B J2k+1B\2kB |y—Z]2”H }f1<2)‘ zay

(o] 1 1

<CY. ot g oy A2

Following along the same lines as before, we can also show that

[ n@ese( [ areee) ([ oee) v

ws(2B)*/P

ws (2K+1B)1/s ’ ‘2k+1B|'

<ClBlL L r,0%)

Consequently

w*(2B) \1/s
)) 4.1)

21
1
Y < I lursonan) L 5 (g

Observe that w*e Ay 5 /p'» then there exists a number r* >1 such that w® € RH,«. Moreover,
by using Lemma 2.2 again, we get

w*(2B) |2B| (" =1/r
ws(2k+1B) —C<’2k+1B’> (42)
Substituting the above inequality (4.2) into (4.1), we thus obtain

0 1 N1+ =1)/(sr)
4 <CHBl o 3 (55
k=1

<CIOIL M ANl or )
Summarizing the estimates of J; and J) derived above, we can get
J2 < ClIBIFll o (r,v0)-

In order to estimate the last term J3, we need the following result given in [5] (see
also [7]).
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Lemma 4.1. For 0 < <n, the difference operator (I —e *IYL=/2 has an associated kernel
Ky (y,z) which satisfies the following estimate

t
R P g e

Hence, by the above kernel estimate (4.3) and the definition of b€ A s(R"), we have
1 — -
]3:®/‘(1—e "hL ”([b(y)—b(-)]fz)(y)\dy
<157 o [Rets 2 100) ~b(2) 122
1 2
<C||b]|; —// ' z)|dzd
H HAﬂ, |B| BJ(2B) ]y—z\”—‘"—ﬁ |y—Z’2 ’f( )| y

= 1 1
<CIl 5, Yo 52 g gl 2182

Since w € A, 5, then by using the estimate (3.4) and the fact that k= p/s, we obtain

| ot ]/; (43)

k+1 1/S+1/P/ 1
2 B‘ ' s<2k+1B)l/s—K/p

L V@I <Cl lpnorer

+
=C|f | Lo (oot 0 (=+h)/

2k+1B‘

Therefore

o]

1
s <CIBl sy Y- 527

<ClIB]| ag 1L L b ov)-

Combining the above estimates for J;, > and J3 and taking the supremum over all balls
B CR", we finally conclude the proof of Theorem 1.7. O
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