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Abstract. In this paper we will show that if an approximation process {Ln}n∈N is shape-

preserving relative to the cone of all k-times differentiable functions with non-negative k-th

derivative on [0,1], and the operators Ln are assumed to be of finite rank n, then the order

of convergence of DkLn f to Dk f cannot be better than n−2 even for the functions xk, xk+1,

xk+2 on any subset of [0,1] with positive measure. Taking into account this fact, we will

be able to find some asymptotic estimates of linear relative n-width of sets of differentiable

functions in the space Lp[0,1], p ∈ N.
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1 Introduction

In various applications it is necessary to approximate functions preserving their properties

such as monotonicity, convexity, concavity, etc. The last 25 years have seen extensive research

in the theory of shape preserving approximation by means of polynomials and splines. The most

significant results can be found in [1], [2].

Note that if a function f has some shape properties, it usually means that the element f

belongs to a cone V in C[0,1]. A linear operator L defined in C[0,1] is said to be shape-preserving

relative to the cone V , if L(V ) ⊂V .

One of the most examined classes of linear shape-preserving operators is the class of linear

positive operators. It is well-known that one of the shortcomings of linear positive operators is

their slow convergence. It was shown by P. P. Korovkin[3] that the order of approximation by

positive linear polynomial operators of degree n can not be better than n−2 in C[0,1] even for the

functions 1, x, x2. Moreover, V. S. Videnskii[4] has shown that the result of [3] does not depend

on the properties of polynomials but rather on the limitation of dimension.
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A function f : [0,1] → R is said to be p-convex, p ≥ 1, on [0,1] iff for all choices of p + 1

distinct t0, · · · , tp in [0,1] the inequality

[t0, · · · , tp] f ≥ 0

holds, where

[t0, · · · , tp] f =
p

∑
j=0

( f (t j)/w′(t j))

denotes the p-th divided difference of f at 0 ≤ t0 < t1 < · · · < tp ≤ 1, and w(t) =
p

∏
j=0

(t − t j).

Note that 2-convex functions are just convex functions. The class of all p-convex functions

on [0,1] is denoted by ∆p[0,1]. If f ∈ Cp[0,1], then f ∈ ∆p[0,1] iff f (p)(t) ≥ 0, t ∈ [0,1]. Let

∆0[0,1] := { f ∈C[0,1] : f (t) ≥ 0, t ∈ [0,1]}.

Let 0 ≤ h ≤ k be two integers and let σ = (σh, . . . ,σk)∈ Rk−h+1, σi ∈ {−1,0,1} be such that

σhσk 6= 0.

Following the idea of [5] denote

∆h,k(σ) := { f ∈C[0,1] : σi f ∈ ∆i[0,1], h ≤ i ≤ k}.

We will use the notations σ [k] =
(

σ
[k]
i

)k

i=h
with σ

[k]
i = 0 for i 6= k and σ

[k]
k = σk.

A linear operator mapping C[0,1] into a linear space of finite dimension n is called an oper-

ator of finite rank n. Let Dk denote the k-th differential operator, Dk(x) := dk f (x)/dxk .

Denote e j(t) = t j, j = 0,1, · · · . Let Ω ⊂ [0,1] be a measurable set with meas(Ω) 6= 0. Let

{Ln}n∈N, Ln : Ck[0,1] → Ck(Ω), be a sequence of linear shape-preserving operators, such that

for all n ∈ N we have Ln(∆
h,k(σ)) ⊂ ∆h,k(σ [k]) and Ln is of finite rank n. Extending the results

of Korovkin[3], of Videnskii[4] , of Vasiliev and Guendouz [6], in this paper we will show that the

measure of the set of all x ∈ Ω, such that

lim
n→∞

n2|DkLne j(x)−Dke j(x)| = 0, j = k, k + 1, k + 2,

is equal to zero. Using this fact, we will find asymptotic estimates of linear relative n-width of

sets of differentiable functions in the space Lp[0,1].

2 The Order of Approximation by Means of Linear Shape-Preserving Operators

Let E ⊂ [0,1] be a closed set with meas(E) > 0. Given m ∈ N, denote X = {xi}, where

xi =
i

m
, i = −1,0,1, · · · ,m + 1.
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Let

Ym := {0 = y0 < y1 < .. . < ynm
= 1}

= {xi ∈ X ∩ [0,1] : [xi−1,xi+1]∩ (E ∪{0}∪{1}) 6= ∅}.

Note that nm depends on both the integer m and the set E . Let us denote

Γm := {i : yi − yi−1 = 1/m and [yi−1,yi)∩E 6= ∅}

and consider the set

Em := (∪i∈Γm
[yi−1,yi])∪{1}. (1)

It is clear that E ⊂ Em and

lim
m→∞

meas(Em) = lim
m→∞

nm

m
= meas(E). (2)

Given an integer n, we can choose m = m(n) so that nm ≤ n ≤ nm+1, then it follows that

lim
n→∞

n

m(n)
= meas(E). (3)

Given E , m, k,nm ∈ N, nm > k+2, let us define the linear operator Λk,nm
: Ck[0,1] →Ck[0,1]

by

Λk,nm
f (x) =











































































k−1

∑
l=0

1
l!
(x− y0)

l
(

Dl f (0)+ (−1)k+1−l(y1−y0)
k−l

(k+1−l)! Dk f (0)
)

+ 1
(k+1)!(y1−y0)

[

xk+1Dk f (y1)+ (−1)k(y1 − x)k+1Dk f (0)
]

,

if x ∈ [0,y1],
k−1

∑
l=0

1
l!
(x− yi)

l
(

DlΛk,nm
f (yi)+ (−1)k+1−l(yi+1−yi)

k−l

(k+1−l)! Dk f (yi)
)

+ 1
(k+1)!(yi+1−yi)

[

(x− yi)
k+1Dk f (yi+1)

+(−1)k(yi+1 − x)k+1Dk f (yi)
]

,

if x ∈ (yi,yi+1], i = 1,2, · · · ,nm −1.

(4)

It easy to check that

1. DkΛk,nm
e j = Dke j, j = 0,1, . . . ,k + 1;

2. Λk,nm
(∆h,k(σ [k])) ⊂ ∆h,k(σ [k]).

Let B(E) denote the space of all real-valued bounded functions defined on [0,1] with the

uniform norm on E , ‖ f‖B(E) = sup
x∈E

| f (x)|.

Given x ∈ [0,1], let us define gx ∈Ck[0,1] by

gx =
2

(k + 2)!
ek+2 −

2

(k + 1)!
xek+1 +

1

k!
x2ek. (5)
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Lemma 2.1. Let E ⊂ [0,1] be a closed set, meas(E) 6= ∅. Let x ∈ E. Then

lim
m→∞

(

m2‖DkΛk,nm
gx‖B(E)

)

= (meas(E))2/4. (6)

Proof. It follows from DkΛk,nm
ek = Dkek and DkΛk,nm

ek+1 = Dkek+1 that

DkΛk,nm
gx = DkΛk,nm

ek+2 −Dkek+2.

It is worth noting that DkΛk,nm
gx is a second degree algebraic polynomial and DkΛk,nm

gx(yi−1) =

DkΛk,nm
gx(yi) = 0 if x ∈ [yi−1,yi] ⊂ Em. It follows from

0 ≤ DkΛk,nm
gx(x) = (x− yi)(yi+1 − x) ≤ (yi−1 − yi)

2/4 ≤ 1/(4m2)

that

‖DkΛk,nm
gx‖B[yi,yi−1] = 1/(4m2). (7)

We have

‖DkΛk,nm
gx‖B(E∩[yi,yi−1]) ≥

(

meas([yi,yi−1]\E)

2

)2

= θ2
m,i/(4m2), (8)

where

θm,i :=
meas([yi,yi−1]\E)

meas([yi,yi−1])
.

It follows from (7) that

‖DkΛk,nm
gx‖B(Em) = 1/(4m2). (9)

It follows from (8) that

‖DkΛk,nm
gx‖B(E) ≥ (1−θ2

m)/(4m2), (10)

where

θm :=
meas(Em \E)

meas(Em)
.

It follows from (2), (9), (10) and lim
m→∞

θm = 0 that

lim
m→∞

(

m2‖DkΛk,nm
gx‖B(E)

)

= lim
m→∞

(

m2‖DkΛk,nm
gx‖B(Em)

)

= lim
m→∞

m2

4m2
n

= (meas(E))2/4.

Lemma 2.2. Let k,n ∈ N, n > k + 2. Let the linear operator

Λk,nm
: Ck[0,1] →Ck[0,1]

be defined as above. Let E ⊂ [0,1] be a closed set with meas(E) 6= ∅. Let x ∈ E. Then

lim
m→∞

(

m2‖DkΛk,nm
gx‖Lp(E)

)

= C(meas(E))2+1/p, (11)
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where C = C(k, p) does not depend on m.

Proof. Let Em be defined in (1) and nm be defined as above. Since meas(Em \E) tends to

zero as m → ∞, we have

lim
m→∞

‖DkΛk,nm
gx‖Lp(E) = lim

m→∞
‖DkΛk,nm

gx‖Lp(Em). (12)

Since yi − yi−1 = 1/m for all i ∈ Γm, we have

‖DkΛk,nm
gx‖Lp(Em) =

(

∑
i∈Γm

∫

[yi−1,yi)
[(yi − x)(x− yi−1)]

pdx

)1/p

=

(

∑
i∈Γm

∫

[0,1/m)

(

1

m
− x

)p

xpdx

)1/p

=

(

∑
i∈Γm

1

m2p+1

p

∑
j=0

(−1)p− j p!

j!(p− j)!(2p− j + 1)

)1/p

=
C

m2

(nm

m

)1/p

, (13)

where

C =

(

p

∑
j=0

(−1)p− j p!

j!(p− j)!(2p− j + 1)

)1/p

.

It follows from (12), (13) and (2) that

lim
m→∞

(

m2‖DkΛk,nm
gx‖Lp(E)

)

= C lim
m→∞

n2
m

m2

(nm

m

)1/p

= C[meas(E)]2+1/p.

To prove the main result of this section we need the preliminary lemma.

Lemma 2.3[7]. Let Φ : Ck[0,1] → R be a linear functional that has the following property:

Φ( f ) ≥ 0 for every f ∈Ck[0,1] such that f ∈ ∆h,k(σ [k]). Let

〈·, ·〉 : Ck[0,1]×Ck[0,1] → R

be the bi-functional generated by a functional Φ in the following way: for every f ,g∈Ck[0,1] we

suppose 〈 f ,g〉= Φ(h) with h∈Ck[0,1] so that Dkh = Dk f Dkg and Dih(0) = 0, i = 0,1, . . . ,k−1.

Then

|〈 f ,g〉| ≤ [〈 f , f 〉]
1
2 [〈g,g〉]

1
2 , f ,g ∈Ck[0,1]. (14)

Theorem 2.4. Let Ω ⊂ [0,1] be a measurable set. Let {Ln}n∈N be a sequence of linear

operators such that for every n ∈ N

1. Ln is of finite rank n;

2. DkLn : Ck[0,1] → B(Ω);

3. Ln(∆
h,k(σ)) ⊂ ∆h,k(σ [k]);

4. DkLn f is measurable for all f ∈Ck[0,1].
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Let γ = {ni}i∈N be an increasing sequence of integers. Denote

Eγ := {x ∈ Ω : lim
i→∞

n2
i |D

kLni
e j(x)−Dke j(x)| = 0, j = k,k + 1,k + 2}.

Then meas(Eγ) = 0.

Proof. It is easy to show that the set Eγ is a measurable set. Assume meas(Eγ) 6= 0. Let

δ be such that 0 < δ < (meas(Eγ))/2. It follows from Egorov Theorem that there exists a

measurable set E ⊂ Eγ with µ = meas(E) ≥ meas(Eγ)−δ , such that

lim
i→∞

n2
i ‖DkLni

e j −Dke j‖B(E) = 0, j = k,k + 1,k + 2, (15)

i.e. we have the uniform convergence of n2
i |D

kLni
e j(x)−Dke j(x)| to 0 as i → ∞ on the set E for

all j = k,k + 1,k + 2.

Denote

Dn := {x ∈ Ω : Dk Ln f (x) = 0 for all f ∈Ck[0,1]},

D := ∩∞
j=1 ∪

∞
i= j Dni

,

i.e. D is the set of all points which belong to an infinite number of the sets Dni
. Then Eγ ∩D 6= ∅

and meas(Eγ ∩ (∩∞
i= jDni

)) → 0 as j → ∞. Therefore, we may assume that there exists an integer

N such that

E ∩Dni
= ∅ for all ni > N. (16)

Take an arbitrary ns > N. It follows from [6, Lemma 2] that there exist points 0 ≤ z0 < z1 <

.. . < zns
, such that zp − zp−1 ≡ 0(mod ∆), p = 1, . . . ,ns, where 0 < ∆ < µ/ns, µ = meas(E).

I) Let {u j}
ns

j=1 be a system generating the linear space {Lns
f : f ∈ C[0,1]} ⊂ Ω. Consider

the matrix

A = ‖Dku j(zi)‖
i=0,...,ns+1
j=0,...,ns

.

The rank of the matrix A does not equal to zero, rank A 6= 0. Indeed, if rank A = 0, then

DkLns
f (zi) =

ns

∑
i=0

ai( f )Dkui(zi) = 0

for every f ∈Ck[0,1], which implies {zi}0≤i≤ns
⊂ E ∩Dns

. This contradicts (16).

Take a non-trivial vector δ = (δi)
ns

i=0, orthogonal to all the rows of the matrix A:

ns

∑
i=0

|δi| = 1,
ns

∑
i=0

δiD
ku j(zi) = 0, j = 1, . . . ,ns.

Define a continuous function Dkh on [0,1] by

1. Dkh(zi) = sgnδi, i = 0, . . . ,ns;

2. Dkh is linear on each interval [0,z0], [z0,z1], · · · , [zns−2,zns−1], [zns−1,1];
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3. Dih(0) = 0, i = 0,1, · · · ,k−1.

As the function DkLns
h belongs to the linear space spanned by {Dku j}, we have

ns

∑
i=0

δiD
kLns

h(zi) = 0.

Then

1 =
ns

∑
i=0

|δi| =
ns

∑
i=0

δiD
kh(zi) =

ns

∑
i=0

δi(D
kh(zi)−DkLns

h(zi)) ≤

≤
ns

∑
i=0

|δi||D
kLns

h(zi)−Dkh(zi)| ≤ ‖DkLns
h−Dkh‖B(E). (17)

II) On the other hand, for x ∈ Ω we have

|DkLns
h(x)−Dkh(x)|

=

∣

∣

∣

∣

DkLns
h(x)−Dkh(x)

1

k!
DkLns

ek(x)

∣

∣

∣

∣

+
1

k!
|Dkh(x)|

∣

∣DkLns
ek(x)−Dkek(x)

∣

∣

=

∣

∣

∣

∣

DkLns

(

h−Dkh(x)
1

k!
ek

)

(x)

∣

∣

∣

∣

+
1

k!

∣

∣DkLns
ek(x)−Dkek(x)

∣

∣ , (18)

since ‖Dkh(x)‖B(E) = 1.

Let px be a function such that px ∈Ck[0,1] and

Dk px =

∣

∣

∣

∣

Dk

(

h−Dkh(x)
1

k!
ek

)∣

∣

∣

∣

, Di px(0) = 0, i = 0,1, · · · ,k−1.

We have

Dk

(

h−Dkh(x)
1

k!
ek

)

≤ Dk px

and

Dk

(

−(h−Dkh(x)
1

k!
ek)

)

≤ Dk px.

Thus,

DkLns

(

h−Dkh(x)
1

k!
ek

)

(x) ≤ DkLns
px(x) (19)

and

−DkLns

(

h−Dkh(x)
1

k!
ek

)

(x) ≤ DkLns
px(x). (20)

Combining (19) and (20) we get

∣

∣

∣

∣

DkLns

(

h−Dkh(x)
1

k!
ek

)

(x)

∣

∣

∣

∣

≤ DkLns
px(x). (21)
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Let qx ∈Ck[0,1] be a function such that

Dkqx(t) = |t − x| and Diqx(0) = 0, i = 0,1, . . . ,k−1.

We have

Dk px(t) =

∣

∣

∣

∣

Dk

(

h(t)−Dkh(x)
1

k!
tk

)
∣

∣

∣

∣

= |Dkh(t)−Dkh(x)|

≤ 2∆−1|t − x| = 2∆−1Dkqx(t).

Thus,

Dk(2∆−1qx − px) ≥ 0

and consequently

DkLns
(2∆−1qx − px)(x) ≥ 0,

and

DkLns
px(x) ≤ 2∆−1DkLns

qx(x). (22)

It follows from Lemma 2.3 that

DkLns
qx(x) ≤ [DkLns

gx(x)]
1
2

[

1

k!
DkLns

ek(x)

]
1
2

, (23)

where gx is defined in (5)

Using sequentially (18), (21), (22), (23) we get

|DkLns
h(x)−Dkh(x)|

≤ 2∆−1[DkLns
gx(x)]

1
2

[

1

k!
DkLns

ek(x)

]
1
2

+
1

k!

∣

∣DkLns
ek(x)−Dkek(x)

∣

∣ . (24)

We have

DkLns
gx(x) =

2

(k + 2)!
(DkLns

ek+2 −Dkek+2)(x)

−
2

(k + 1)!
x(DkLns

ek+1 −Dkek+1)(x)+
1

k!
x2(DkLns

ek −Dkek)(x)

+
2

(k + 2)!
Dkek+2(x)−

2

(k + 1)!
xDkek+1(x)+

1

k!
x2Dkek(x). (25)

Note that

Dkgx(x) =
2

(k + 2)!
Dkek+2(x)−

2

(k + 1)!
xDkek+1(x)+

1

k!
x2Dkek(x) = 0.
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It follows from (17) and (24) that

∆2
1− 1

k!

∥

∥DkLns
ek −Dkek

∥

∥

B(E)

4/(k!)‖DkLns
ek‖B(E)

≤ ‖DkLns
gx‖B(E). (26)

Now using (25), we have

µ2
1−
∥

∥DkLns
ek −Dkek

∥

∥

B(E)
/(k!)

4‖DkLns
ek‖B(E)/(k!)

≤ n2
s

(

2

(k + 2)!
‖DkLns

ek+2 −Dkek+2‖B(E)

+
2

(k + 1)!
‖DkLns

ek+1 −Dkek+1‖B(E) +
1

k!
‖DkLns

ek −Dkek‖B(E)

)

,

as h → µ/ns. It follows from (15) that µ = meas(E) = 0, which contradicts our assumption.

3 Estimates of Linear Relative n-Widths

Let X , Y be a linear normed spaces. Let T : X → Y and L : X → X be a linear continuous

operators. Let us denote T ◦L an operator defined by (T ◦L) f = T (L f ).

Definition 3.1. Let A be a subset of X. The value

e(A,L|T ) := sup
f∈A

‖T ◦ (I−L) f‖Y

is the error of approximation of the operator T by the operator T ◦L : X →Y on the set A.

Let V1, V2 be some cones in X , V1 ⊂ V2. One might consider the problem of finding (if

exists) a linear operator of finite rank n, which gives the minimal error of approximation of an

operator T (not necessary identity operator) on some set over all operators L linear of finite rank

n with shape preserwing property L(V1)⊂V2. It leads us naturally to the notion of linear relative

n-width [8].

Definition 3.2. Korovkin linear relative n–width of a set A⊂X in Y for operator T : X →Y

with the constraint (V1,V2) is defined by

δn(A,V1,V2|T )Y := inf
Ln(V1)⊂V2

e(A,L|T ),

where infimum is taken over all linear continuous operators Ln : X → X such that

1. T ◦Ln : X →Y is of finite rank n;

2. Ln(V1) ⊂V2.

Determination of linear relative n-widths is of interest in the theory of shape-preserving

approximation as, knowing the value of relative linear n-width δn(A,V1,V2|T )X , we can judge
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how good (in terms of optimality) that finite-dimensional method with shape-preserving property

Ln(V1) ⊂V2 is.

Estimates of linear relative n-widths of some sets of algebraic polynomials in X = C[0,1]

relative to the cone of all non-negative continuous functions defined on [0,1], is obtained in the

paper [8].

Corollary 3.3. Let E ⊂ [0,1] be a measurable closed set. Then the following estimate

of linear relative n-width of set Pk+2 in the space B(E) for the operator Dk with constraints

(∆h,k(σ [k]),∆h,k(σ [k]))

(meas(E))2

8n2
≤ δn

(

Pk+2,∆
h,k(σ [k]),∆h,k(σ [k]) | Dk

)

B(E)
≤

(meas(E))2

8(n−1)2
(27)

holds.

Proof. Following [8] it is easy to show that

inf
Ln(∆h,k(σ [k]))⊂∆h,k(σ [k])

sup
p∈Pk+2

‖Dk p−DkLn p‖B(E)

=
1

(k + 2)!
inf sup

x∈E

|Dkek+2 −Dk+2Lnek+2(x)|,

where infimum is taken over all linear operators of finite rank n, such that

Ln(∆
h,k(σ [k])) ⊂ ∆h,k(σ [k])

and

DkLner = Dker on E, r = 0,1, . . . ,k + 1. (28)

It should be noted that if an operator Ln satisfies (28), then

1

(k + 2)!
|Dkek+2 −DkLnek+2(x)| = DkLngx(x), x ∈ E,

where gx is defined by (5).

The upper estimate in (27) follows from Lemma 2.1. The lower estimate follows from the

inequality (26).

In the next theorem we will find the asymptotic estimate of Korovkin linear relative n-widths

of set Pk+2 in the space Lp(E) for Dk with constraints (∆h,k(σ [k]),∆h,k(σ [k])).

Corollary 3.4. Let E ⊂ [0,1] be a measurable closed set, p ≥ 1. There exist numbers

c1,c2 > 0 independent of n such that

c1 ≤ lim
n→∞

n2δn

(

Pk+2,∆
h,k(σ [k]),∆h,k(σ [k]) | Dk

)

Lp(E)
≤ c2. (29)

Proof. It follows from Lemma 2.2 that there exists a number c2 > 0 such that

n2δn

(

Pk+2,∆
h,k(σ [k]),∆h,k(σ [k]) | Dk

)

Lp(E)
≤ c2
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for all n ∈ N.

If the left-side inequality in (29) does not hold, then there exists a sequence n0 < n1 < .. . <

ni < · · · such that

n2
i (D

kLni
e j(x)−Dke j(x)) = 0, j = k,k + 1,k + 2,

for almost all x ∈ E . This contradicts Lemma 2.4.

It can be shown analogously that Corollary 3.3 (Corollary 3.4) is also valid for linear relative

n-widths of the set Pk+2 in the space B(E) (Lp(E)) for Dk with constraints (∆h,k(σ),∆h,k(σ [k])).
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