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Abstract. In Orlicz-Bochner sequence spaces endowed with Orlicz reosrdn_uxemburg
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1 Introduction

A Banach latticeX with a lattice norm|| - || is said to be strictly monotone if for anye
X*(positive cone inX) and anyy € X*\{0}, we have||x+y|| > |[x||. A pointxe SX*):=
S(X)NXT is said to be upper monotone K1 for short) if for anyy € X\ {0}, ||x+Yy|| > 1. A
pointx € S(X*) is said to be lower monotone (LM) if for aryye X\ {0} andy < x, [[x—y|| < 1.
An equivalent condition foX being strictly monotoné®! is that any poink € S(X*) is lower
monotone. But lower monotone points and upper monotonetpaie different, see [12]X
is called upper locally uniformly monotofd! if for any £ > 0 andx € S(X*), there exists
O(x,€) > 0 such thaty € X* and|ly|| > € imply ||[x+y| > 1+ d(x,€) . If for any € > 0 and
x € §(X*), there isd(x,&) > 0 such that|x —y|| < 1— 5(x,&) whenevery € X*, |ly] > ¢
andy < x, thenX is said to be lower locally uniformly monotoH&8l. We can analogously
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define point of lower local uniform monotonicity (LLUM) andomt of upper local uniform
monotonicity(ULUM).

It is well known that some rotundity properties of Banachcgsahave been widely applied
in ergodic theory, fixed pointed theory, probability the@myd approximation theory etc, and
in many cases these rotundity properties can be replaceespgctive monotonicity properties
when restrict ourselves to Banach space being Banactelatficé: 1% Moreover, there are close
relationships between monotonicity points and rotunditynts’!. Therefore in recent years
monotonicity properties and monotonicity points have begately investigated in Musielak-
Orlicz, Orlicz-Lorentz, Kéthe-Bochner, Calderén-Lozaski space8:9-1418  |n this paper we
mainly give the criteria for a point in Orlicz-Bochner seque spaces being UM, LM, ULUM,
and LLUM.

LetR, N stand for the set of all real and natural numbers respegtigeunctionM : R — R™

is called aN—function if M is convex, evenM(0) =0, M(u) > 0 (u# 0) and Iirg@ =0,
u—
L!im @ = o0, M is said to satisfy thé,-condition for smallu (M € &) if for someK and

Up > 0, M(2u) < KM(u) as|u| < up.

In the sequel, M and N denote a pair of complemeritéd functions, p the right-hand
derivative ofM. For a real sequenae= (u(1),u(2),---), we call py,(u) = 3> M(u(i)) the
modular ofu. The linear spacéu: pu(Au) < o for someA > 0} equipped with the Orlicz
norm

N | 1
[ullm = sup > u(i)v(i) = inf ~{1+py(ku)} = {1+ py(ku)},  vkeK(u),
PN(V>S1i: k>0 k k
whereK (u) = [k*, k], k" =inf{k > 0 : py(p(kju|)) > 1}, k** = sup{k > 0 : py(p(k|u|)) < 1},
or the Luxemburg norm
, u
ullmy = mf{)\ >0:py (X) < 1}

are Banach spaces. They are called Orlicz sequence spadegeroted byy andly respec-
tively. Their subspacty = {u: pu(Au) < « for all A > 0} endowed with the norms, denoted
by hy andhy respectively, are also Banach spaces.

If u=(u(1),u(2),---), whereu(i) € X; andX; is a Banach space for ang N, we denote by
Im(Xi) andl ) (Xi). We call such spaces Orlicz-Bochner sequence spaces. oyeee have
known that ifX; is a Banach lattice for eadhe N, thenly (X)) andly)(X;) are Banach lattices
(with u < vif and only if x(i) < y(i)) as well. In this paper, fou= (u(1),u(2),---), denote
S, = {i € N:u(i) # 0}. For more details about Orlicz and Orlicz-Bochner spacesrefer to
[4, 8, 14].
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2 Lemmas

Lemma 1. Suppose M € & and X; is a Banach space for each i € N. If un,u € Iy (Xi)
satisfy un (i) — u(i) and P (Un) — Py (u) asn — oo, then ||u, — ulfmy — O.

Proof. SinceM € &, it suffices to shovxpM(%(un —u)) — 0. FromM € & we know
Pum(u) <o, py(un) <o, ¥Vne N. So for anygg > 0 there exists & € N such that

Owing tou,(i) — u(i), there holds
k

k
;M(Hun(i)H) —>;M(|yu(i)u),

consequently

00

izéll\/l(llun(i)\\) = Zil\/l (lun(®)11) - Zi (un(i)11)

00

- -Z (lu@i)il) — Z (U@ = 3 i)
1= i-

Therefore, there i€ N such that for any > m,

- - - & _
i:%lM(Hun(l)”) < i:;ﬂM(HU( ) + 1=

By the continuity ofM andun(i) — u(i), one getavi (L@ 0l _, g and

ZM ) —u) ) o

Hence there i$ € N such that for anyr > 1,

[[un(i) —u(]l, _ &
M ( < —.
5 Lt w5

Setng = max{m,| }. Then for anyn > no,

Pu (%(un—u)> _ ZM () —u() |

_ ZLM(HunoZ— LO] IR ORSTO]

i=ki1 2

wlé"
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& 1 > . 1 2 .
< 245 5 Mw@OD+5 Y M(ui)])
3 2i:+1 2i:+1
& 1 &g 1 &
S 3tz

that ispy, (3(un—u)) — 0.

Corollary 1. Suppose M € & and X; is a Banach space for eachi € N. If u,u € Iy (X))
satisfy un(i) — u(i) and ||un|[m) — [|ull ) @sn — oo, then |uy — ufjm) — O.

Proof. It is obviously holds whem = 0. If u 0, then there existsia € N such that for

anyn > np, unH(M) > 0. Forn > ng, denote
u u
Vpi=——1— vi= .
(| nlf () lull om)

Then||Vallm) = [IVl| vy = 1, and consequentlp,, (Vn) = Py (V). Combiningun(i) — u(i) with
[[Unlm) — [[Ul[(m), we havevn (i) — v(i),i € N. Whence by lemma 1jv, — V|| ) — 0. And by

Vo — ] B H U Un + Uuh U H
nT M) lunllony— Tullowy Uy Tl
[l = [[Unllowy — [1un = ulfwy

unllow - Tullow) [[ull )

v

)

1|runu<M>

we get||un — ul[my — O.

Lemma 2. Suppose M € &, and X is a Banach space for each i € N. If uy,ug € In(X)
satisfy Un(i) — Uo(i) and [|un[m — [|Uol[m asn — o, then |[un — Uo[lm — O.

Proof. 1t is evidently holds whem = 0. If u # 0, then there exists g € N such that for
anyn > n,

Un|lm > 0. Forn > ng set

Un ) UO

[unllm”™ " [Uollm”

Vn =

By the proof of Corollary 1, it is enough to chegi, — v||y — O.
Forvy € S(Im (X)) there exists &, > 1 satisfying

1
1= [Mallw = 3~ (24 Pwkavi)-

By M € &, we know that for any > 0 there exist® > 0 such thap,, (u) < é implies||uljm < .
Due topy, (v) < o« there isiy € N such thatyi2; ,; M(||v(i)||) < &, which follows that
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Note that||[V|n|lm " ||V]m, Where[V], = (v(1),v(2),---,v(n),0,---), there exists, € N such
that

_iwm

>1-90.
M

Setip := max{iy,i2}. Then

00

3

i:Io+1

io

2 Ve

Certainly_IZOlM(an(i)H) — _IZOlM(Hv(i)H) by V(i) — Vv(i). From Lemma 1 ant/l € &, one gets

>1-20.
M

<€ and
M

v(i)e

io io
[ Zlvn(i)e. — Zlv(i)e. |(m) — 0, and by the equivalent dff- || ) and|| - [Jm,
= i=

_iw@aaimm

io i0
So|| _Zlvn(i)e. Im— |l _Zlv(i)aHM, and there is an; € N such that for any > n,
1= 1=

) (1)
M

_i_zolvn(i)a

>1-90.
M

Hence fom > nq,

1=—(1+py(kavn)) =

e

L <1+ii_z°im<knuvn<i>u>+_ s M(knuvn(i)m)

i=lp+1

> <1+ii_z°lM<knuvn<i>u>> + 3 M)

00

_ﬁlvn<i>a 1Y MA@
i= M i=lp+1

S1-5+ Y M),

i=lp+1

>

00

ie., z M(|Iva(i)||) < 8. Thus

i=lp+1
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From (1) we know that there exists € N such that for any > ny,

3 (i) ~vi)e

<E.
M

Setnz := max{ng,n1,n}. Then forn > ng,

io 0 ©

Vo =Vim = i;(Vn(i)—V(i))a +i:§+lvn(i)a —i:gHV(i)a )
< IZol(vn(i) —v(i))al + 3 (el + 3 v(i)e| <3,
i= M i=lp+1 M i=lp+1 M

that is||v, — v|jm — O.

Lemma3. (I) If0<up <uehy(X) (or 0<un <uehpy (X)) with py,(un) — O, then
Up — 0

(M) fO0<un <uehy(X) (or 0<un <uehy (X)) withun(i) — u(i) for any i € N, then
Un — U.

Proof. (1) By py(un) — 0 one getlun(i)|| — O for all i € N. According to which and
[un(D)]| < lu()]l, Py (2u) < o (Ve > 0), we obtainpy,(1u,) — 0. Consequently, bjf - [ <
1+ py () it follows that || 2un||m < 1+ Py, (2un) — 1. Therefore|un|m — 0, and the equivalent
of [ [l and!| ) Yields un/| ) —

(I) For any £ > 0 there existk = k(¢) € N such thaty*, . ; M(|ju(i)|) < £. Combining
Un(i) — u(i) with 0 < u < u, we knows ¥ M (L@l _, 0. S0 there isip = no(k, £) = no(&)
such that for any > no, z{‘le(w) < £. Hence fom > no,

pu(t7) = S50
_ZM(\Un H>
—+§i;M(HU(i)H)<

2_ u) — 0. Consequently, — u by part(1).

+

iM(Hun —U()H)

_l’_

<E,

I\JII—‘

£l
4

Wl ™m

that ispy, ("

3 Monotone Points inly)(Xi) and Im(Xi)

Theorem 1. Let X be a Banach Lattice for eachi € N. Thenu e S(I ( i) is an upper
monotone point (or a lower monotone point, resp.) if and only if



Anal. Theory Appl., Vol. 28, No.4 (2012) 307

(1) |lu(-)|| isan upper monotone paint™™,i. e, p,,(u) = 1 (or alower monotone point, i. e.,

Ev(u) < 107 resp);
u(i)

(n o] isan upper monotone point (or a lower monotone point, resp.) for all i € §,.
Proof. 'We only prove the case for upper monotone point, the othercanebe obtained

similarly.
Necessity. (I) Letw € ly) with w > 0 satisfy

U+ @l = 2.

Define (iu)
w()Uu(l .
wiy=d T e

w(ije, teN\§,

whereg € S(X). Thenve I(+M)(Xi) and

[u+Vlimy = [[luC) +vC)lH oy = U]+ ol vy = 1.

In view of u being an upper monotone point, we kn¢w|| vy = [|v||v) = 0. Thereforefju(-)||
iS an upper monotone point.
(1) If the result does not hold, then there exist S, andy Xij with y > 0 such that

|- lo)

4y =1
fuio)] !
Definev := ||u(io)||ya,. Thenv e I(+M)(Xi)) andv # 0, but for anyi € N there holds|u(i) +
v(i)[| = [lu(i)[|. Sollu+V]m) = |lullom), & contradiction with the condition.

Sufficiency. Letwv € | >(Xi) satisfy||u+Vvl| ) = 1. Definew := [lu(:) +-v(:)[| — [[u(-)||. Then

M
w>0and||[[u()|| + @|[(m) = [[u+V][m) = 1. In view of the condition (1), we have» = 0, that

is, [Ju(:) +v(*)|| = |Ju()||. Hencelju(i) + v(i)|| = |ju(i)|| for all i € N. Therefore foii € N,
) || _
| =+

‘ Ju@®I - flu

Thus fori € §,, v(i) = 0 by the condition (). Certainly this is true fore N\S,, i.e. v(i) = 0 for
anyi € N, that isv= 0, which yields thau is an upper monotone point.

u(i) v(

Using the similar argument, we get

Theorem 2. Let X; be a Banach Lattice for each i € N. Then u € S(I};(Xi)) is an upper
u(i)
Ju@

monotone point (or alower monotone point, resp.) if and only if iSupper monotone point

(or alower monotone point, resp.) for all i € §,.
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Theorem 3. Let X; be Banach Lattice for all i € N. Thenu € S(I+ (X)) is upper locally
uniformly monctone if and only if

() Hu( )H is upper locally uniformly monotone of (13, )., i. ., M € &*7;

(n Hu |s upper locally uniformly monotone for all i € S,.

Proof. Necessﬂy. (1) Similar to the proof of Theorem 1.

() If it does not hold, then there exigf € §, andy, € Xij with ||yn|| > & for somegy > O,
such thalH% +ynll — L.

Definevi = [[u(io)||yn&,- Thenva €15, (X)) and|[val ) = “”,(\}lo,)ﬂ&%’”” > ”“M('f’l)(”l‘)e". Since

pM(LH_VI’l):_; (U@ +M([[{luis [[yn +uio)[[) — S M([u(i)

[[u+Vn|[(m) — 1= [|ullpmy, @ contradiction withu € S(I+ (Xi)) which is upper locally uniformly

monotone.
Sufficiency. Suppose, € I(+M>(Xi) with Vo > uand||va ||y — [[ull(w)- SinceM € &,

[ee]

3 Mol ﬁiM(IIU(i)H)-

In view of v, > U, one gets

00

0= 3 M) ~MI)D] > 5 M) = )] > 0

and||va(i)|| — |Ju(i)|| for anyi € N. Hence

ORI

[Judi)]] [Judi)]]
for anyi € §,, and we get by the condition (1),
Vo(i) ui)
Ju®I ~ Tu@]

for anyi € §,. Certainlyv,(i) — u(i). In virtue of Corollary 1, there holdg — u, thus the proof
is completed.

Theorem 4. Let X; be a Banach Lattice for eachi € N. Thenu e S(1,/;(Xi)) isupper locally
uniformly monotone if and only if

(1) |lu(-)|| is upper locally uniformly monotone of (1), i. e, M € &7

(i)
ol

Proof. 'In view of Lemma 2, the proof of Theorem 3 and Theorem 1, th&cseihcy and

isupper locally uniformly monotone for all i € S,.

the necessity condition (1) is obviously. So we only needheak the necessity part (I). As the
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proof of Theorem above, if not, then there exist S, andy, € Xij with ||yn|| > & for some
& > 0 such that

|- io)
TuGo)]

Definevy = |[u(io) lyn&,- Thenv, € 1), (Xi)) and

+¥nl| — 1

[IVallm = [luCio)[l- IlylIN"*(L) > [[uio) || - &N "*(2).
Owing to

Jullm < HU+Vn||MS%(1 + 3 MKu(i)]) +M (K] [[ulio)lIyn + Ui 1))
i#lg

— %(l"i'i;OM(kHu(i)H)+M(kHui0H)):HUHMa

we have||u+ vq|jm — ||u]|lm, @ contradiction withu being upper locally uniformly monotone.
Theorem 5. Let X; be aBanach Lattice for eachi € N. Thenu € (I3, (X)) (or (1), resp.
) islower locally uniformly monotone if and only if
() |lu(-)|| is lower locally uniformly monotone of S(I(+M)) (or S5, resp. ), i. e, &m(u) =
gL
u(i)
O i

Proof. Sufficiency. Noticing thaéy (u) = 0 impliesu € S(hy;(X)), in virtue of Lemma 3

islower locally uniformly monotone for all i € §,.

, we can get the result similarly to the proof of Theorem 3.
Necessity. We only need to prove (). For any S, andn € N, define

_ud) || _ud) 1
o) = 3y 5y = | ey =] > 25 @
Then there exists(i) > 0 such thag,(i) \, £(i). Certainly
g(i) = Aerlo &(i)=0< % is a lower locally uniformly monotone point. )

For anyi € §, and anyn € N, by (2) there exists & € X* such that

u(i) 1 ui) 1
W<t o IV > (1— )n(l) and H||U(i)\| Vil > 1 .

Define

£n = E&HY”HG and vy = [Ju() %y”a
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Then 0< v, < uandey(i) > /(i) = [[y']| > (1— 2)en(i). Hencee(i) = limg&n(i) = limn&(i).
Consequently for anye S,

u(i)
lu@]

which follows that/|u— vq||(vy — 1. By the condition, we know, — 0. Hence

i) = va (@) = Ju(@) = u@ly? | = [luf)]- |

= @2 ui]]

. V(i
0= g ~©
i.e.,&(i) = 0. Thus complete the proof completed by (3).

Corollary 2. (1) B 2411, (X) is strictly monotone if and only if M € & and X is strictly
monotone for each i € N; Iy (X) is strictly monotone if and only if X is strictly monotone for
eachi € N;

(M 1wy (X)) (or Iw (%) )is upper (lower) locally uniformly monotone if and only if M € &,
and X; is upper (lower) locally uniformly monotone for eachi € N.
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