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1 Introduction

Let ∑
p

denote the class of functionsf of the form:

f (z) =
1
zp +

∞

∑
k=1−p

akz
k, p∈ N = {1,2,3, · · · }, (1.1)

which are analytic andp−valent in the punctured unit discU∗ = {z∈ C : 0 < |z| < 1}=U\{0} .

For a functionf in the class∑p given by(1.1), Aqlan et al.[1] introduced the following one

parameter families of integral operator

P
α
p f (z) =

1
zp+1Γ(α)

∫ z

0

(

log
z
t

)α−1
tα−1 f (t)dt, α > 0; p∈ N (1.2)

Using an elementary integral calculus, it is easy to verify that

P
α
p f (z) =

1
zp +

∞

∑
k=1−p

(

1
k+ p+1

)α
akz

k, α ≥ 0; p∈ N. (1.3)
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Also, it is easily verified from(1.3) that

z
(

P
α
p f (z)

)′

= P
α−1
p f (z)− (1+ p)Pα

p f (z) . (1.4)

Definition. Let
α

∑
p

(η ,δ ,µ ,λ ) be the class of functionsf ∈∑
p

which satisfy the following

inequality:

ℜ

{

(1−λ )

(

Pα
p f (z)

Pα
pg(z)

)µ

+ λ
Pα−1

p f (z)

Pα
pg(z)

(

Pα
p f (z)

Pα
pg(z)

)µ}

> η , (1.5)

whereg∈ ∑p satisfies the following inequality:

ℜ
{

Pα
pg(z)

P
α−1
p g(z)

}

> δ , 0≤ δ < 1,z∈U, (1.6)

andη ,δ andµ are real numbers such that 0≤ η ,δ < 1 andλ ∈ C with ℜ{λ} > 0.

To establish our main results we need the following lemmas.

Lemma 1[5]. LetΩ be a set in the complex planeC and let the functionψ : C2 → C satisfy

the conditionψ(ir2,s1) /∈ Ω for all real r2,s1 ≤−
1+ r2

2

2
. If q is analytic in U with q(0) = 1 and

ψ(q(z),zq′(z)) ∈ Ω,z∈U, then

ℜ{q(z)} > 0 (z∈U).

Lemma 2[6]. If q is analytic in U with q(0) = 1, and if λ ∈C\{0} with ℜ{λ} > 0, then

ℜ{q(z)+ λzq′(z)} > α , 0≤ α < 1

implies

ℜ{q(z)} > α +(1−α)(2γ −1),

whereγ is given by

γ = γ(ℜ{λ}) =
∫ 1

0
(1+ tℜ{λ})−1dt

which is increasing function ofℜ{λ} and 1
2 ≤ γ < 1. The estimate is sharp in the sense that the

bound cannot be improved.

For real or complex numbersa,b andc(c 6= 0,−1,−2, · · · ) , the Gaussian hypergeometric

function is defined by

2F1(a,b;c;z) = 1+
a.b
c

z
1!

+
a(a+1).b(b+1)

c(c+1)

z2

2!
+ · · · . (1.7)

We note that the series(1.9) converges absolutely forz∈ U and hence represents an analytic

function inU (see, for details, [7, Ch. 14]). Each of the identities (asserted by Lemma 3 below)

is fairly well known ( cf., e.g., [7, Ch. 14 ]).
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Lemma 3[7]. For real or complex numbers a,b and c(c 6= 0,−1,−2, · · · ),
∫ 1

0
tb−1(1− t)c−b−1(1− tz)−adt = Γ(b)Γ(c−b)

Γ(c) 2F1(a,b;c;z), ℜ(c) > ℜ(b) > 0; (1.8)

2F1(a,b;c;z) = (1−z)−a
2 F1(a,c−b;c;

z
z−1

); (1.9)

2F1(a,b;c;z) =2 F1(b,a;c;z); (1.10)

and

2F1(1,1;2;
1
2
) = 2ln2. (1.11)

In the present paper, we investigate various properties forthe class∑α
p(η ,δ ,µ ,λ ). A sim-

ilar problem for p−valent meromorphic functions was studied by Aouf and Mostafa[2] , EL-

Ashwah[3] and EL-Ashwah and Aouf[4].

2 Main Results

Unless otherwise mentioned, we assume throughout this paper that p∈ N,α > 0,µ > 0,0≤

η < 1 andλ > 0.

Theorem 1. Let

f ∈
α

∑
p

(η ,δ ,µ ,λ ).

Then

ℜ

{(

Pα
p f (z)

Pα
pg(z)

)µ}

>
2µη + λδ
2µ + λδ

(z∈U), (2.1)

where the function g∈ ∑p satisfies the condition(1.6).

Proof. Let

γ =
2µη + λδ
2µ + λδ

,

and we define the functionq by

q(z) =
1

1− γ

[(

Pα
p f (z)

Pα
pg(z)

)µ

− γ

]

. (2.2)

Thenq is analytic inU andq(0) = 1. If we set

h(z) =
Pα

pg(z)

P
α−1
p g(z)

, z∈U, (2.3)

then by the hypothesis(1.5), ℜ{h(z)} > δ . Differentiating(2.2) with respect tozand using the

identity (1.4), we have

(1−λ )

(

Pα
p f (z)

Pα
pg(z)

)µ

+ λ
Pα−1

p f (z)

Pα
pg(z)

(

Pα
p f (z)

Pα
pg(z)

)µ

= (1− γ)q(z)+ γ +
λ (1− γ)

µ
zq′(z)h(z).

(2.4)
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Let us define the functionψ(r,s) by

ψ(r,s) = (1− γ)r + γ +
λ (1− γ)

µ
sh(z). (2.5)

Using(2.5) and the fact thatf ∈ ∑α
p(η ,δ ,µ ,λ ), we obtain

{ψ(q(z),zq′(z));z∈U)} ⊂ Ω = {w∈C : ℜ(w) > η}.

Now for all real

r2,s1 ≤−
1+ r2

2

2
,

we have

ℜ{ψ(ir2,s1)}} = γ +
λ (1− γ)s1

µ
ℜ{h(z)} ≤ γ −

λ (1− γ)δ (1+ r2
2)

2µ

≤ γ −
λ (1− γ)δ

2µ
= η .

Hence for eachz∈U, ψ(ir2,s1) /∈ Ω. Thus by Lemma 1, we have

ℜ{q(z)} > 0 (z∈U)

and hence

ℜ

{(

Pα
p f (z)

Pα
pg(z)

)µ}

> γ (z∈U).

This proves Theorem 1.

Corollary 1. Let the functions f and g be in∑p and let g satisfy the condition(1.6). If

λ > 1 and

ℜ

{

(1−λ )
Pα

p f (z)

Pα
pg(z)

+ λ
Pα−1

p f (z)

P
α−1
p g(z)

}

> η , 0≤ η < 1;z∈U, (2.6)

then

ℜ

{

Pα−1
p f (z)

P
α−1
p g(z)

}

> γ =
η (2+ δ )+ δ (λ −1)

2+ δλ
, z∈U. (2.7)

Proof. We have

λ
Pα−1

p f (z)

P
α−1
p g(z)

=

{

(1−λ )
Pα

p f (z)

Pα
pg(z)

+ λ
Pα−1

p f (z)

P
α−1
p g(z)

}

+(λ −1)
Pα

p f (z)

Pα
pg(z)

, z∈U.

Sinceλ > 1, making use of(2.6) and(2.1) ( for µ = 1), we deduce that

ℜ

{

Pα−1
p f (z)

P
α−1
p g(z)

}

> γ =
η (2+ δ )+ δ (λ −1)

2+ δλ
, z∈U.
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this completes the proof of the corollary.

Corollary 2. Let λ ∈ C∗ = C\{0} with ℜ{λ} > 0. If f ∈ ∑p satisfies the following

condition :

ℜ{(1−λ )(zp
P

α
p f (z))µ + λzp

P
α−1
p f (z)(zp

P
α
p f (z))µ−1} > η , z∈U,

then

ℜ{(zp
P

α
p f (z))µ} >

2µη + ℜ{λ}
2µ + ℜ{λ}

, z∈U. (2.8)

Further, if λ > 1 and f∈ ∑p satisfies

ℜ{(1−λ )zp
P

α
p f (z)+ λzp

P
α−1
p f (z)} > η (z∈U), (2.9)

then

ℜ{zp
P

α−1
p f (z)} >

2η + λ −1
2+ λ

, z∈U. (2.10)

Proof. The results(2.8) and(2.10) follows by puttingg(z) = z−p in Theorem 1 and Corol-

lary 1, respectively.

Remark 1. Choosingα ,λ andµ appropriately in Corollary 2, we have

(i) For α = 0 andλ = 1 in Corollary 2, we have that

ℜ
{(

p+1+
z f′(z)
f (z)

)

(zp f (z))µ
}

> η , z∈U

implies

ℜ
{

(zp f (z))µ}>
2µη +1
2µ +1

, z∈U.

(ii) For α = 0,µ = 1 andλ ∈ C∗ with ℜ{λ} > 0 in Corollary 2, we have that

ℜ
{

(1+ λ p)zp f (z)+ λzp+1 f ′(z)
}

> η

implies

ℜ{zp f (z)} >
2η + ℜ{λ}
2+ ℜ{λ}

, z∈U.

(iii) Replacing f (z) by −
z f′ (z)

p
in the result (ii) we have that

−ℜ
{

[1+ λ (p+1)]
zp+1 f ′(z)

p
+ λ

pzp+1 f
′′
(z)

}

> η , 0≤ η < 1;z∈U

implies

−ℜ
{

zp+1 f ′(z)
p

}

>
2η + ℜ{λ}
2+ ℜ{λ}

, z∈U.
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Theorem 2. Let λ ∈ C with ℜ{λ} > 0. If f ∈ ∑p satisfies the following condition :

ℜ{(1−λ )(zp
P

α
p f (z))µ + λzp

P
α−1
p f (z)(zp

P
α
p f (z))µ−1} > η , z∈U, (2.11)

then

ℜ
{

(zp
P

α
p f (z))µ}} > η +(1−η)(2ρ −1), (2.12)

where

ρ =
1
2 2F1(1,1;

µ
ℜ{λ}

+1;
1
2
). (2.13)

Proof. Let

q(z) = (zp
P

α
p f (z))µ . (2.14)

Thenq is analytic withq(0) = 1. Differentiating(2.14) with respect toz and using the identity

(1.4), we have

(1−λ )(zp
P

α
p f (z))µ + λzp

P
α−1
p f (z)(zp

P
α
p f (z))µ−1 = q(z)+

λ
µ

zq′(z),

so that by the hypothesis(2.11), we have

ℜ
{

q(z)+
λ
µ

zq′(z)

}

> η , z∈U.

In view of Lemma 2, this implies that

ℜ{q(z)} > η +(1−η)(2ρ −1),

where

ρ = ρ(ℜ{λ}) =

∫ 1

0

(

1+ t
ℜ{λ}

µ

)−1

dt.

Putting

ℜ{λ} = λ1 > 0,

we have

ρ =
∫ 1

0

(

1+ t
λ1
µ

)−1

dt =
µ
λ1

∫ 1

0
(1+u)−1u

µ
λ1
−1du

Using(1.8)− (1.11), we obtain

ρ =
1
2 2F1(1,1;

µ
λ1

+1;
1
2
).

This completes the proof of Theorem 2.

Corollary 3. Let λ ∈ R with λ > 1. If f ∈ ∑p satisfies

ℜ
{

(1−λ )zp
P

α
p f (z)+ λzp

P
α−1
p f (z)

}

> η , z∈U, (2.15)
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then

ℜ
{

zp
P

α−1
p f (z)

}

> η +(1−η)(2ρ1−1)(1−
1
λ

), z∈U,

where

ρ1 =
1
2 2F1(1,1;

1
λ

+1;
1
2
).

Proof. The result follows by using the identity

λzp
P

α−1
p f (z) = (1−λ )zp

P
α
p f (z)+ λzp

P
α−1
p f (z)+ (λ −1)zp

P
α
p f (z). (2.16)

Remark2. We note that, forα = 0 andλ = µ > 0 in Corollary 2, that is, if

ℜ
{

(1−λ )(zp f (z))λ + λ (zp+1 f (z))′(zp f (z))λ−1
}

> η , z∈U, (2.17)

then(2.8) implies

ℜ{(zp f (z))λ} >
2η +1

3
, z∈U, (2.18)

whereas iff ∈ ∑p satisfies the condition (2.17) then by using Theorem 2, we have

ℜ{(zp f (z))λ } > 2(1− ln2)η +(2ln2−1) (z∈U),

which is better than (2.18).

Remark3. The results in Remark 2 also obtained by Aouf and Mostafa[2, Remark2].

Theorem 3. Suppose that the functions f and g are in∑p and g satisfies the condition

(1.6). If

ℜ

{

Pα−1
p f (z)

P
α−1
p g(z)

−
Pα

p f (z)

Pα
pg(z)

}

> −
(1−η)δ

2
, z∈U, (2.19)

for someη(0≤ η < 1), then

ℜ

{

Pα
p f (z)

Pα
pg(z)

}

> η , z∈U, (2.20)

and

ℜ

{

Pα−1
p f (z)

P
α−1
p g(z)

}

>
η (2+ δ )−δ

2
, z∈U. (2.21)

Proof. Let

q(z) =
1

1−η

[

Pα
p f (z)

Pα
pg(z)

−η

]

. (2.22)

Thenq is analytic inU with q(0) = 1. Setting

φ(z) =
Pα

pg(z)

P
α−1
p g(z)

, z∈U, (2.23)
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we observe that from(1.5), we have

ℜ{φ(z)} > δ (0≤ δ < 1)

in U . A simple computation shows that

(1−η)zq′(z).φ(z) =
Pα−1

p f (z)

P
α−1
p g(z)

−
Pα

p f (z)

Pα
pg(z)

= ψ(q(z),zq′(z)),

where

ψ(r,s) = (1−η)sφ(z).

Using the hypothesis(2.19), we obtain

{

ψ(q(z),zq′(z));z∈U
}

⊂ Ω =

{

w∈ C : ℜ{w} > −
(1−η)δ

2

}

.

Now, for all realr2, s1 ≤−
1+r2

2
2 , we have

ℜ{ψ(ir2,s1)} = s1(1−η)ℜ{φ(z)} ≤
−(1−η)δ (1+ r2

2)

2
≤

−(1−η)δ
2

.

This shows thatψ(ir2,s1) /∈Ω for eachz∈U. Hence by Lemma 1, we haveℜ{q(z)}> 0 (z∈U).

This proves(2.20). The proof of(2.21) follows by (2.20) and(2.21) in the identity :

ℜ

{

Pα−1
p f (z)

P
α−1
p g(z)

}

= ℜ

{

Pα−1
p f (z)

P
α−1
p g(z)

−
Pα

p f (z)

Pα
pg(z)

}

+ ℜ

{

Pα
p f (z)

Pα
pg(z)

}

.

This completes the proof of Theorem 3.

Remark4. (i) Forα = 0 andg(z) = z−p in Theorem 3, we have

ℜ
{

zp+1 f ′(z)+ pzp f (z)
}

>
−(1−η)δ

2
, z∈U

implies

ℜ{zp f (z)} > η , z∈U

and

ℜ
{

zp+1 f ′(z)+ (p+1)zp f (z)
}

>
η (2+ δ )−δ

2
, z∈U.

(ii) Putting α = 0 in Theorem 3, we get that, if

ℜ
{

z f′(z)+ (p+1) f (z)
zg′(z)+ (p+1)g(z)

−
f (z)
g(z)

}

>
−(1−η)δ

2
, z∈U,

then

ℜ
{

f (z)
g(z)

}

> η , z∈U

and

ℜ
{

z f′(z)+ (p+1) f (z)
zg′(z)+ (p+1)g(z)

}

>
η(2+ δ )−δ

2
, z∈U.

Remark5. The results in Remark 4 also obtained by Aouf and Mostafa[2, Remak3].
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