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Abstract. In this paper, we consider a class of Banach space valued singular integrals.
The L? boundedness of these operators has already been obtained. We shall discuss their
boundedness from BMO to BMO. As applications, we get BMO boundedness for the classic

g-function and the Marcinkiewicz integral. Some known results are improved.
Key words: BMO, Banach space valued singular integral

AMS (2010) subject classification: 42B20

1 Introduction

Let H be a Banach space. We denote by L}, 1 < p < oo the space of H-valued strongly

measurable functions g on R” such that

1/p
leliy = ([ lellar)  <4m 1<p<ee
and when p = oo,
gll;; = ess supllglla < +-oo.

The corresponding sharp function is defined as

1
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where B denotes any ball in R” and gp is the average of g over B. Finally we define BMO(H) to

be the space of all H-valued locally integrable functions g such that

HgHBMO(H) = HgﬁHL‘”(Rn) < oo,

Now we introduce the concept of H-valued singular integral. Let K(x) be an H-valued
strongly measurable function defined on R"\{0}, which is also locally integrable in this domain.
As we shall take K(x) as the kernel of singular integrals, we present the following continuity
requirements which are first introduced by Rubio de Francia, Ruiz and Torrea in [8].

Given 1 < r < +oo, we call K satisfies the condition D, if there is a sequence {ck};‘;l el

such that for all k > 1 and y € R”,

1/r .
(f Ik -K@la) < alsio)l.
()

Here S;(y) denotes the spherical shell {x € R": 2K|y| < |x| < 2KF1|y|}. Tt is not hard to check

that if

y|
|x|n+1’

IK(x=y) = K@)|ln <C I > 2]y,

then K satisfies D... And D; condition is equivalent to the familiar Homander’s condition

/|x>2|y [K(x—y) = K(x)|[pdx < +oo.

Besides, D,, implies D,, if r; > r,. Finally, we call a linear operator 7" mapping functions into
H-valued functions a singular integral operator if
(i) T is bounded from L*(R") to L% (R");
(i1) There exists a kernel K satisfying D; such that
Tfx) = | Kx=y)fy)dy
for every compactly supported f and a.e. x ¢ supp(f).
In [8], the authors proved that such operator can be extended to bounded operators on all
LP(R"),1 < p < oo and satisfy
@ Tl mery < Clf oy 1< p <oo;
O) ([T fllzy, < Cllf Ml
©) [IT fllemos) < Cll fll=, f € LT(R").
The aim of this paper is to obtain BMO to BMO boundedness for such singular operator. If
T is the usual scalar valued singular integral, then it in fact already maps BMO to BMO with
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IIT fllemo < C||f|lBmo, see [9], page 179. And for H-L maximal operator, f € BMO still implies
Mf € BMO, but

[Mfllsmo < C (|| fllBmo + |f])

where fp, is the average of f over the unit ball, see [2]. Thus it seems that the BMO boundedness
for the above H-valued operator T requires more continuity than D; on the kernel K. Below is
our main theorem.
Theorem 1. Let T be a singular integral associated to K(x). Suppose
K(x)dx=0
R"

and

1/r |
(/S ||K<x—y>—1<<x>u;,dx> <alSi) T P> (1)
k()

for a sequence {cy}y_, with Z ke < oo, Let f € BMO. If ||T f || is finite in a measurable set
k=

E with |E| > 0, then ||T f|lg < —I—oo almost everywhere in R". Furthermore,

17 fllsmo) < CllfllBmo-

Remark. In [11], Wang found that the value of the classical g-functions, when acting on
L™ or BMO, might be infinite everywhere in R". He also proved the BMO boundedness for g-
function assuming the existence of g(f) on a set of positive measure. The operators we consider
here obviously contain g-function, thus suffer the same existence restriction.

In the following sections we shall first prove Theorem 1, and then discuss two special cases

of the operator 7', the g-function and the Marcinkiewicz integral.

2 Proof of Theorem 1

Proof. Let x{, be a density point of E. Denote by B the ball centered at x{, with radius d, and
B* the same centerd ball with radius 3d. We shall first show ||T f(x)||z < e, a.e. x € B. For any
x € Band f € BMO,

f(x) = fp+(f(x) = fo) s + (f(x) = fo:) (1 = xB°) = fi + fa + f5.

Since | K(x)dx=0, T f; =0. For f>(x), noting that
R)l

[ 1pwPae= [ 150~ f Pax < CIBIIf o
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we get

J TR <c [ 1P < ClBlIfIvo 2)
Therefore ||T f>(x)||z < +oo almost everywhere in R". Now we choose xo € BN E (sufficiently
close to x()) such that |7 f2(xo) ||z < oo and ||T f(xo)||zz < ee. Then

ITfs(x0)lz = T f(x0) =T fi(x0) = T f2(x0) ||
< T Go0)lle + 1T fa(x0) || < Ao

So if we can prove
||Tf3(x)—Tf3(X())HH < +oo, a.e.x€B, (3)

then we reach |7 f(x)||g < +oo, a.e. x € B.

Next we are going to show (3). For x € B,

T f3(x) = T f3(x0) ||
_ ‘ /( (K= =Ko =) (0)d

oo
=1 /kao —x|<|xo—y|<2KF1|xp—x]

H

IN

K (x—y) = K(xo = y)llulf3(y)|dy

L (/<> K= =Ko ‘y)‘”’dy) </< HO) dy>

i ( () |rdy) chlk

IN

IN

Sk (xo — x)] x0—Sk (x0—x)

Denote d’ = |x — xo| and
Ti(xo —x) = x0 — Sp(xo —x) = {y : 2Kd" < |y — x| < 2¢F1d'}.

Let ko be the integer such that 250+24" > 44 and 2%0+1d’ < 4d. When k > kq,

1 N\
(m e OV~ Tl dy)

1 Y
<7 1F ) = fBg 21a)] dy>

|Tic(x0 — )| /73 (x0—)

I (x)

IN

1

~J—

1 /

o —n) x = Faie kg | d
<|Tk(x0 —x)| Ty (xo—x) ‘fB( 0,2k 1d") fB( 072kd)’ y>
dy>r

1 ,
+ -+ (m Te(xo—x) |fB(x072/<o+2d/) - fB*
Cllfllemo +Jk + Tkt + -+ -+ Jig1-

IN
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The terms Jy, - -+ ,Ji,+1 can be estimated similarly. Take Ji, 1 for example,

1
|fB(xo,2ko+2d/)_fB* < W/B |f(y)_f3(x()72k0+2d/)|dy
211

) m /13(xo,2"0+2d’) FO) = Tp(o2002a) |dy
< 2" fllemo-
Thus |
J — 1 | |"d 7 <l
ko+1 = | T} (x0 — x)| Ti(xo—) fB(xo,2k0+2d/) fe|" dy < fllsmo,
and
I(x) < C(1+ (k= ko)) | fIlmvio-
When & < ko,
W0 < (o 16— £ Yy )
k\X — |Tk(x0 _x)| Tk(x()—x) y B(x0,2k+ld/) y
! ,
! (m ity TBO02010) ~ T2 dy)

! / I
o ——— v
<|Tk(xo—x)| Ty (x0—x) |fB(x0,2k0d) I | y>

< Cllfllemo + I+ g1+ 4 i1

Similar argument shows
Ii(x) < C(1+ (ko = k)| fl|BmO-

Collecting all, we have reached

ITf3(x) =T fa(xo)llu < CY cx(1+lk—ko|)llf]lB7mo
k=1

IN

C (Z kee+ko Y Ck) Il f1lB™O-
k=1 k=1

d d
Bearing in mind that kg ~ log, 7= log, |7 we get
X — Xp

1 d 1
— [ lo 7dx:C/ log, —dz=0C,,.
\Br/g 2k —x| 501 ] !

And consequently,

1 .
7 LITA@ =T fixo)ln < € ¥ kel flavio.

k=1
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Finally we show [|T f(x)|[gmo(#) < Cl|fl|BMo. Take any ball B C R". Since now 7 f(x) <
~+o0 almost everywhere in R”, we can find an x( sufficiently close to the center of B. Decompose
f = fi+ f>+ f3 as above, then we find that (2), (3) and (4) hold by the same argument. Then

151 o170 = T D)l

< ‘B’/HTf —Tf; xo)HdeJr‘B’/Hng (x0) — (T f)p||rdx
< 0 LI =T (w0 s
< & o [ Hsz(x)Hde+% JIT 550 =T fsx0)

By (4), the second term is less than G, Z kek|| f1lBMo while by (2) and Holder’s inequality, the
k=1
first term

1 1 :
H/BHsz(X)HHdXS L </BHTf2(x)H%1dx> < C||fllsmo-

3 Two Applications

In this section, we shall discuss two applications of Theorem 1. Or to be exact, we shall
reprove the BMO boundedness for g-function and Marcinkiewicz integral in a uniform way.

Take H = L*>(R*,dt/t) and Ky (x) =1~! ’j% X|x|<: (%), where Q is homogeneous of degree
zero and satisfies

|, 2ot =o. (5

Then the Marcinkiewicz integral

Ho (f)(x) = [[Ki+ F Q|2 re ) = 1K # f ()|l

Imposing certain restriction on €, we shall check that K; verifies the condition of Theorem 1.
Thus we get the BMO boundedness for (g .
Corollary 1. Let Q € L'(R"™"),r > 1 satisfy (5) and

1 a),(é dS < oo,

—|—10g5)

where @,(8) is the r-module of Q defined by

0(8) = sup ( [ 10(pr) - ) a0 "

lp|<6
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and p is a rotation on S""'. If f € BMO and there exists a set E with |E| > 0 such that

Ua(f)(x) < 4o, ace. x € E, then Ug(f)(x) < oo, a.e. x € R" and || ua(f)|smo < C|| f]/BMmo-
Proof. It is not hard to check

[0 (F)lBmo = [[[[K1+ £l llmo < 2[1K1* fllBmo) -

So we only have to show that K (x) satisfies the requirement of Theorem 1. The pre-L? estimate
has been proved in many literatures, see for example, [3, 4]. To check (1), we first bound

I(x,y) = ||Ki(x—y) — Ki(x)||z» which can be written as

S
( 0

< / 3
0

x—y)Q(x—y) x, Qx)
to =yt £ |t

I(xay) XB(

x—y, Qx—y) x—y. Q(x)
R A

XB

t =yt t/ x—ylr!
Q) ow P\
“ 3 X X X X
+</ot 0o ey 20 dt)

= Il(xay) +12(xay) +I3(xay)'

By regular calculation (see also [12]), we find

b y['2
h(x,y) < ClQ(x)| e (%,y) < ClQ(>x)] 2
and
[Qxr—y) — Q)|
Il (xay) < |X|n
whenever |x| > 2|y|. Thus
Q(x)

1/r r 1/r
(f, Jmeeorad) ™ = evl( ]| )
Se(y) Sk(y)

1/r
2k+1‘y| dl
_ ANLA /
o C‘y’ </2ky| /Sn+1 ‘Q(x )‘ dG(x )[(n+l)r+1—n

1/r
2Ky ) /

(2k|y|)(n+l)r+l—n

’x‘n-i-l

< bl (

1

—— ~ (27N -7,
(|2ky|)n,n/r | k(y)|

= 2%
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In a similar way
1/r
(f, Imterar) " <crtRis .
Sk()

For I;(x,y), we may argue as Lemma 5 of [7] to get

20yl

. 1/" % n(l_]) 2k\y d5
[onGra) < c@pytl [ o)

Sk(y) s
1 27k+1 d5
< aso 7 [, @oF

Now it remains to check
—k+1 d5
D, = = (8)— < oo
Yr=Yk [ 0l6)% <+

1
But since 2% < § < 27! implies k < 1+ log 5 D, does not exceed

Loy (8) i
/0 22 (1+log )d3.

The same result for Lig is proved in [5] under the hypothesis that Q € L",r > 1 and

! ooy (8) 1
/0 2 (1+log )°d5 < +oo

for some o > 2. So Corollary 1 provides a slight improvement. However, a more general
condition has been found by Hu, Meng and Yang in [6] to get the same result for Ug.

Now let us turn to the classical g-function which is defined by

= ([wesord)

where y; (x) =1 "y(x/t) and y(x) satisfies
(i) w(x) €L and / v (x)dx = 0;
R”

.. 1
(i) [y (x)| + |Vy(x)| SCW.
If we take K> (x) = y;(x) and H = L*>(R™,dt/t), then

g(N)) =K+ fO) |l = TS (3) |-

Again by Theorem 1, we can obtain the BMO boundedness of g if K, verifies the required
condition.

The case is easier than that of ug, since (i) and (ii) already imply

ly|

1Kz (x = y) = Ka(x)[| < ChpT

x| > 2|yl
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see [9], p. 28. Arguing as we did for I>(x,y) in the proof of Theorem 2, we get

1/r l
(IRt~ Katollzae) < alsio)l
S (y)

Thus we have proved the following corollary which is first obtained in Wang’s work!.

Corollary 2. Let g(f)(x) be defined as above. If f € BMO and there exists a set E with
|E| > 0 such that

(/) (x) < e,

a.e. x € E, then g(f) exists almost everywhere in R” and furthermore, ||g(f)||smo < C|| f||Bmo-

Finally, let us point out that the BMO-boundedness of singular integral and some Littlewood-
Paley operators was extended to Campanato-type spaces by many authors. The latest develop-
ment along this direction belongs to Zhang and Tao (see [13, 10]) who considered three types
of Littlewood-Paley functions and proved their boundedness on generalized Orlicz-Campanato
spaces. The Banach space valued singular integrals discussed in this paper should also be
bounded in generalized Orlicz-Campanato spaces and furthermore, using the techniques there,
we can only assume that |7 f|| < oo for one point rather than a measurable set E of |E| > 0 in

our main theorem.
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