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Abstract. In this paper, by applying the technique of the sharp maximal function and
the equivalent representation of the norm in the Lebesgue spaces with variable ex-
ponent, the boundedness of the parameterized Littlewood-Paley operators, including
the parameterized Lusin area integrals and the parameterized Littlewood-Paley ¢%-
functions, is established on the Lebesgue spaces with variable exponent. Furthermore,
the boundedness of their commutators generated respectively by BMO functions and
Lipschitz functions are also obtained.
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1 Introduction and main results

The Littlewood-Paley operators, including Lusin area integrals, Littlewood-Paley g-
functions and g;-functions, play very important roles in harmonic analysis and PDE
(see [1-4]). In [5], Lu and Yang investigated the behavior of Littlewood-Paley oper-
ators in the space CBMO,(IR"). In 2009, Xue and Ding gave weighted estimates for
Littlewood-Paley operators and their commutators (see [6]). In 2013, Wei and Tao proved
Litttleood-Paley operators with rough kernels are bounded on weighted (L9,LF)*(R")
spaces (see [7]).

In 1960, the parameterized Littlewood-Paley operators were discussed by Hormander
(see [8]) for the first time. Now, let us review the definitions of the parameterized Lusin
area integral and the parameterized Littlewood-Paley g -function.

Let S"~! denote the unit sphere of R" equipped with Lebesgue measure do(x’) and
PP (x) = Q(x)|x[ 7P x (|51 <1}, where 0 < p <7 and Q) satisfies the following conditions:

*Corresponding author. Email addresses: taosp@nwnu.edu. cn (S. P. Tao), wang1212004x@163. com (L. ]. Wang)

http:/ /www.global-sci.org/ata/ 13 (©2015 Global-Science Press



14 L.J. Wang and S. P. Tao / Anal. Theory Appl., 31 (2015), pp. 13-24

(@) Q(Ax)=Q(x) for all A >0;

(b) [ Qx")dor(x") =0;

(c) QeLl(s" ).

Then the parameterized Lusin area integral S” and the parameterized Littlewood-
Paley g;-function g, are defined respectively by

(0= (] e Pd)”

and

£ (N =( //R (m)An!le P

where I'(x) ={(t,y) e R :|y—x| <t}, A>1.

In [9], Torchinsky and Wang studied the boundedness of the operators S* and g, on
weighted L2(R") for p=1 and Q(x) € Lip,(S"!) (0 <a <1). For general p, Sakamoto
and Yabuta considered the L” boundedness of S* and g,* in [10]; Wei and Tao given
the boundedness of parameterized Litttlewood-Paley operators with rough kernels on
weighted weak Hardy spaces in [11].

Now let us turn to the introduction of the corresponding m-order commutators of the
parameterized Littlewood-Paley operators above. Let be Ll _(IR"), m €N, the commuta-
tors [b™,SP] and [b™,g,*] are defined respectively by

6™, S°)(f)(x) = (//rﬂ(x) tlp/l M[b(x)—b(z)]mf(z)dz anyflty

y—x|<t [y—z|"=F

and
[6",83*1(f) (x)

(e Grm)”

In 2007, Ding and Xue established the weak LlogL estimates of the commutators
[b™,5°] and [b™,g,"] for b€ BMO(R") (see [12]). In 2009, Chen and Ding investigated
the characterization of the commutators for the parameterized Littlewood-Paley opera-
tors (see [13,14]).

On the other hand, Lebesgue spaces with variable exponent L”(")(IR") become one
of the important class function spaces due to the seminal paper [15] by Kovécik and
Rékosnik. In the past twenty years, the theory of these spaces was made progress rapid-
ly, and the study of which was widely applied in some fields such as fluid dynamics,
elasticity dynamics, calculus of variations and differential equations with non-standard
growth conditions (see [16-20]). In [21], Cruz-Uribe, Fiorenza, Martell and Pérez stud-
ied the extrapolation theorem which leads the boundedness of some classical operators

Zdydt)%

1 O(y—2) N
1o /yx|§tW [b(x)—b(z)] f(z)dz‘ e




L.]J. Wang and S. P. Tao / Anal. Theory Appl., 31 (2015), pp. 13-24 15

including the commutators on LP(")(IR"). Meanwhile Karlovich and Lerner also indepen-
dently proved the boundedness for the commutators of singular integrals in [22]. In 2012,
Wang, Fu and Liu stated that higher-order commutators of Marcinkiewicz integrals are
bounded on spaces L(") (R") (see [23]).

Inspired by the results mentioned previously, it is natural to ask whether the pa-
rameterized Littlewood-Paley operators S” and g;’p and their commutators [b™,5°] and
[b™,¢,"] are bounded on Lebesgue spaces with variable exponent or not. The purpose
of this paper is to give an affirmative answer to this question. Before stating our main
results, we need to recall some relevant definitions and notations. Let E be a Lebesgue
measurable set in R" with |E| > 0.

Definition 1.1 (see [15]). Let p(): E — [1,00) be a measureable function. The Lebesgue
space with variable exponent LP()(E) is defined by

(x)
LPO(E) = {f is measurable :/ (@) P dx < oo for some constant n> 0}.
E

And the space L} ) (E) is defined by

oc

L'Y(E)= {f is measurable: f € L") (K) for all compact subsets K C E}.

loc

It is easy to see that the Lebesgue spaces LP()(E) is a Banach space with the following
Luxemburg-Nakano norm

I\fI\Lp<.>(E):inf{;7>0:/E<|f57x)!)z’(x)dx§1}'

Remark 1.1. (1) Noting that if the function p(x)=py is a constant function, then L?() (R")
equals LP°(IR"). This implies that the Lebesgue spaces with variable exponent generalize
the usual Lebesgue spaces. And they have many properties in common with the usual
Lebesgue spaces.

(2) Denote p_:=essinf{p(x):x€E}, p+:=esssup{p(x):x€E}. Then P(E) consists of
all p(-) satisfying p— >1 and p; <oo.

(3) The Hardy-Littlewood maximal operator M is defined by

1
M(f)(x) =sup oy /Q F(y)ldy.

Denote B(E) to be the set of all functions p(-) € P(E) satisfying the condition that M is
bounded on LP()(E).

Definition 1.2 (see [24]). Let Q€ L9(S"!) for g > 1. Then the integral modulus w;(6) of
L1 continuity of () is defined by

wi(0)=sup ([ 10(o) -0 1ao()) ", 1<q<es,

lell<é
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and
Weo(8) = sup |Q(px") —Q ()],
el <o

where 0 <0 <1, p denotes the rotation on R" and ||p|| =sup,,.¢n1|0x" —x'|.

Definition 1.3 (see [25]). For 0< B <1, the Lipschitz spaces Lipg(IR") is defined by

Lipp(R") = { f: | fllin, = Sﬂgp#%<w}.
x,yeER"x#y

Our main results in this paper are formulated as follows.

Theorem 1.1. Suppose that p(-) € B(R"), p>n/2 and Q€ L>(S" 1) satisfying

1
/ “’25(5) (1+|logd|)7ds < oo, o>2. (1.1)
0

Then there exists a constant C >0 independent of f such that
152 Nl gy < ClLF e (-

Theorem 1.2. Suppose that p(-) € B(R"), p>n/2, A >2 and Q € L2(S"~1) satisfying (1.1).
Then there exists a constant C >0 independent of f such that

ng\p(f) HLP(')(]RH) < CHfHLp(-)(]Rn).

Theorem 1.3. Let b € BMO(R") and m € N. Suppose that p(-) € B(R"), p>n/2 and Q €
L%(S"1) satisfying (1.1). Then there exists a constant C >0 independent of f such that

116™, ST o oy < CHBIE 1 o0 oy

Theorem 1.4. Let be BMO(IR") and m € N. Suppose that p(-) € B(R"), p>n/2, A>2 and
Qe L?(S"1) satisfying (1.1). Then there exists a constant C >0 independent of f such that

16", 831U o grry < CHBIE A I o oy -

Theorem 1.5. Let b e Lipg(R"), me N and Q € L>(S"~1). Suppose that p>n/2,0< p <
min{1,n/m} and p(-) € P(R") be such that p <n/mp. Define q(-) by

1
p(x) q(x) n-
Ifq(-)(n—mp)/neB(R™), then there exists a constant C >0 independent of f such that

116", SPTA o gy < CHOI Ty oy 1LF 1l o ey
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Theorem 1.6. Let b e Lipg(R"), m € N and Q € L*(S"~1).  Suppose that p >n/2, A>2,
0<B<min{l,n/m} and p(-) € P(R") be such that p+ <n/mp. Define q(-) by

1 mp

1
p(x) qx) n-
Ifq(-)(n—mp)/neB(IR™), then there exists a constant C >0 independent of f such that

6™, 831 oty ry < CHB I iy ey £ 0 -

We end this section by introducing some conventional notations which will be used
later. Throughout this paper, |E| denotes the Lebesgue measure of E C R”. xr denotes
the characterization function of E. p’(-) means the conjugate exponent of p(-), namely
1/p(x)+1/p'(x) =1holds. C always means a positive constant independent of the main
parameters and may change from one occurrence to another.

2 Preliminary lemmas

In this section, we need some conclusions which will be used in the proofs of our main
results.

Lemma 2.1 (see [15]). Let p(-) € P(R™). If endowing the spaces LP")(R") with the following
Orlicz type norm:

712,00 gy =sup{ [ 1F(0I80) 1 g oy <1

then the norm ||-||9,
Definition 1.1.

) (R above is equivalent to the Luxemburg-Nakano norm ||| ) ga) in

Lemma 2.2 (Generalized Holder Inequality, see [15]). Let p(-) € P(R"). Then for any f €
LPO)(R™) and g€ LV ) (R™),

[ F8 G < Coll AL o I8 ey

where C,=14+1/p_—1/p+.

Lemma 2.3. Let p(-) € P(R"). Then the following conditions are equivalent
(1) p(-) € B(R").
(2) p'(-) e B(R").
(3) p(-)/g€B(R") for some 1 <q<p-_.
4 (p(-)/q) € B(R") for some 1 <g<p-_.



18 L.J. Wang and S. P. Tao / Anal. Theory Appl., 31 (2015), pp. 13-24

Lemma 2.4. Let p(-) € P(R"). Then C*(R") is dense in LP) (R"), where C=(R™) denotes the
infinity times differentiable functions on R" with compact support set.

Since C=°(IR") is L*®-norm dense in Co(R") (see [24]), and C$°(R") is dense in LP() (R")
(see [15]), it is easy to know Lemma 2.4 holds. Here

Co(R") = {f is continuous on R": lim f(x) :0}

|x|—o00

and
Cy(R")={f:f€Co(R") and f is infinity times differentiable}.

For6>0, fe L) (R"), let
1 5 1/6
Ms(f)(x) =sup (1 [ |F ')

and

ff(x):supinf (ﬁ/gv(y)_cf{sdy)l/&,

anCEIR

The non-increasing rearrangement of a measurable function f on R" is defined by [26]
f(t)=inf{A>0:[{xeR":|f(x)| >A}| <t}, (0<t<o0).

Furthermore, for T € (0,1) and a measurable function f on R”, the local sharp maximal
operator Mfi( is defined by [22]

M () (x) =sup inf ((f —)x0)" (7]Ql).

ance

Lemma 2.5 (see [22]). Let 6 >0, T€(0,1) and f €LY _(R"). Then for any x €R"

ME(f)(x) < (1/D)Y° £ ()
Lemma 2.6 (see [17]). Let g€ Ll (R"), € (0,1) and a measurable function f satisfying

loc

{x:|f(x)|>a}|<oco for all a>0. (2.1)

Then
[ If(@)30ldx<C [ ME(F)(x)M(g)(x)dx.

Lemma 2.7 (see [12]). Suppose that p>n/2, A>2, Q€ L*(S" ) satisfies (1.1). Then for all
smooth functions f with compact support, there exists a positive constant 0 < C = Cs such that

(1) if0<6<1, then

(SP(f)5(x) SCM(f)(x) and (gy°(f))5(x) <CM(f)(x).
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(2)if0<6<1<1, meN and b€ BMO(R"), then
([b’”,SP](foé(X)SC’iZ:Hle”_"Mz([bf,S”](f))(X)+CHbH1”Mm“(f)(X),
and
(16", 877 1(f))5 () scigub||1”‘sz<[bf,g:P] (F))(x)+Clb[[ 7M™ (f) (x).

Where M™ denotes m times iteration of M.

Given 0 <a <n, define the fractional integral operator I, by

N e =t

R
Then we have the following conclusion:

Lemma 2.8 (see [21]). Let p(-),q(-) € P(R") be such that p4 <n/wa and
_mp

1 1 mp
p(x) q(x) n-
Ifq(-)(n—wa)/neB(R™), then

[ L () 2o (my S ClF Il o) ey -

3 Proof of main theorems

It is easy to check that

SP(f)(x) <2y (f)(x), [, S°1(f)(x) <2"*[b",8)*](f)(x) for mEN.

Therefore, it is enough to consider the operators ¢,” and [b™,¢,*] in the proofs of our
results. That is to say, we only need to prove Theorems 1.2, 1.4 and 1.6 respectively.

Proof of Theorem 1.2. Let f € C®°(IR"). Then by Lemma 2.4, we have f € LP()(R"). For
any g€ LV')(R") C L} (R") to be HgHLp/M(]Rn) <1, since g," is weak (1,1) type (see [28]),

it satisfies (2.1) in Lemma 2.6. Thus, applying Lemma 2.5 and 2.6, we obtain

8 (N@EEx<C [ ME(g")(F)(x)M(g) (x)dx

<c [ (/DY @G (M) (x)dx

RT!
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where §,7€(0,1).
Noting that if p(-) €B(R"), then p'(-) € B(R") (Lemma 2.3). Together with generalized
Holder inequality (Lemma 2.2 and (1) in Lemma 2.7, we get

[ &P (NE)gxdxr=C [ M(F)(x)M(g)(x)dx
<CUMU N g 1M e
<Ol e I8y < v ey

Therefore, using Lemma 2.1, we have
183 O ot ey <1837 O 00 ey < ClA Il Lo -
Furthermore, by Lemma 2.4, we know that for any f € Lre) (R™)

183 CF) Loy < ClE o ey

This finishes the proof of Theorem 1.2. O

Proof of Theorem 1.4. Let b € BMO(IR"), f € CZ°(R"). Then by Lemma 2.4, we have f €
LPC)(R™). For any g€ LP'()(R") c LL (R") to be 181 L7 ey <1, noting that [b™,¢3"] is

loc
bounded on usual Lebesgue spaces L (IR") (see [12]), so it satisfies (2.1) in Lemma 2.6.

Thus, applying Lemmas 2.5 and 2.6, we obtain

831 (g () dx <C [ ME(", 83D () () M(g) (x)dx

<C | /DY ([", 8 15 (x)M(8) (x)dx,

where 6,7€(0,1).
By (2) in Lemma 2.7, for 0<é <1 <1

m—1 . )
Jo 1) W)l <C 0l [ M550 M) ()
j=0

Cloll. [ M) (x)M(g) (x)dx
20+ 1.

Observing that for 0< /<1, j€IN, we have

Mi([V,,°1(f) (x) <M([V,83*](f))(x) ae. xeR".
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Meanwhile, as m =0, by Theorem 1.2, we know that [bo,g;’p 1= g;’p is bounded on
LPO)(R™). Thus, if m =1, by the generalized Holder inequality (Lemma 2.2) and Lem-
ma 2.3, for p(-) € B(R"), we have

B=Clel. [, Mi(g" (£)) (1)M(g) (x)ax

<Cllell. | M(gi* () (x)M(g)(x)dx
<Cbl MG ) oty 1M s
<CIBI 1S3 Aot e 181 o e
<CIBI[ £l Lo rry-

On the other hand, also using generalized Holder inequality (Lemma 2.2) and Lemma
2.3, for p(-) e B(R"),

L <ClB|IM™ () oo o M) )

( )
SCIBIEIM™ A oo ey 1811 o7 ey

(

(

<ClBlIFIM™ A o)
<ClBIZIM™ ()l ooy < -+

<ClIBl 1 £1 L) (-

According to the estimates of I; and I, above and Lemma 2.1, we can obtain

B8 1N )8 ()ldx < b+ L <o 0 ey

and
116,851 Lo ey < 11,837 !I(ip(.)(w) <ClBI ANl oo rey-

Thus, as m =1, the conclusion of Theorem 1.4 holds. Take the similar steps as [b™, g;’p ]
with m =1, we shall successively get

6™, 83 Mot (rey < CIBIF I fll o ey for m=2,3,-
Hence, by Lemma 2.4, for any f € LP()(IR"), we have

H [bm/gj\’p] HLPU(RH) < CHbH::Z HfHLP(')(IRﬂ)'

This completes the proof of Theorem 1.4. 0
Proof of Theorem 1.6. Let b€ Lipg(R"), 0 < B < 1. Then by Definition 1.3, we shall get

[b(x) =b(y)] < |x =y [P 1Bl Lip, (rr)-
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Thus, for any f € LP()(R")

6™, °1(f) (x )
o B a4

An
/ /n t+|x y! ]y z|r—p

Q(y—z) " Zdydt 1/2
< m — 0 T, n—p!* P ’
<l o rpemgn) <l ot 2 r@ie] )

Using the Minkowski’s inequality, we have

[b™,8\"1(f) ()

- wIO-2)f _dyd |17

< m

_CHb”szﬁ(lR"/ ’x Z’ ’”ﬁx(/o /y 2| <t H—’X y|) ’y Z|2n72p t2p+n+1) dz
|x—z| AQ(y—z)|? dydt \1/2

< m

<CIIbIITip, rr /}R x— z! mﬁx(/o /y <t t+]x y|> ly—zP20 t2p+n+1) dz

. MQy—z) dydt \1/2
+CHb||Lipﬁ(IR”/ x—2]- mﬁx(/lx z/y <t t+!x y|> y—z[2n2 t2p+n+1) dz

Since zeR", |y—z|<t, then |y—z|~|y|. Thus, for Q€ L?(S"~!) and p>n/2, the following
inequality holds:

[ i ow)P,
y—zl<t ly— 212”*29 ~ ity
/ 20—n— 1dt/ ’2d0' ) th HHQHU 1)

Noticing that |x—z| < |x—y|+|y—z| < |x—y|+t and Q € L?(S"~1), therefore, by the in-
equality above, for A > 2, there exists £:0 < e < (A—2)n, such that

/|xz/ ( t )An’Q(y_Z”Z dydt

o Jyna\ ) y=zprm EE

</|x—z/ é))monfs 1 |Q(y—z)]2 dydt
N ly—z|<t t—HX y| ’x_2’2n+8 ’y_z|2n72p 20—n—e+1

/lx Z/ ]Q (y—z)* dydt
|x Z|2n+s ly—z|<t y Z’2n 20 $2p—n—e+1

||QHL2 Sn— 1
|x Z|2n+s

|x—2
/ tldt < Clx—z| "
0
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and

/00 / t >/\H’Q(y_z)|2 dydt
|x—z| J|y—z|<t t+|x—y] |y_Z’2n—2p £20+n+1

/ / |Qy z)|> dydt
|x—z| J|y—z|<t y Z|2” 20 2p+n+1

<[1QUR 60 1/ 21 < Clx—z| 2,

Combined with the above estimates, we obtain

", 1) ) < Clbl e [ T 'f(yn)’mﬁdz CIBIE: g ey Top (1) (0)-

Applying Lemma 2.8, take x =mp <n, we get

6™, 831 a0 ey < CHBN iy oy g (L Do ey < CHPI T ey L o0 (-

The proof of Theorem 1.6 is finished. 0

Acknowledgments

Shuangping Tao is supported by National Natural Foundation of China (Grant
Nos. 11161042 and 11071250).

References

[1] E.Stein, The development of square functions, A. Zygmund. Bull Amer. Math. Soc., 7 (1982),
359-376.

[2] S. Chang, ]J. Wilson and T. Wolff, Some weighted norm inequalities concerning the
Schodinger operators, Comment Math. Helv., 60 (1985), 217-246.

[3] M. Frazier, B. Jawerth and G. Weiss, Litttlewood-paley theory and the study of function
spaces, CBMS 79, 1991.

[4] C.Kenig, Harmonic analysis techniques for second order elliptic boundary value problems,
CBMS 83, Amer. Math. Soc., 1994.

[5] S.Z. Luand D. C. Yang, The central BMO spaces and Littlewood-Paley operators, Approx.
Theory Appl., 11 (1995), 72-94.

[6] Q.Y. Xue and Y. Ding, Weighted estimates for multilinear commutators of the Littlewood-
Paley operators, Sci. China Ser. A, 39(3) (2009), 315-332.

[7] X. M. Wei and S. P. Tao, The boundedness of Litttlewood-paley operators with rough kernels
on weighted (L7,LP)*(IR") spaces, Anal. Theory Appl., 29(2) (2013), 135-148.

[8] L. Hormander, Estimates for translation invariant operators in L” spaces, Acta Math., 104
(1960), 93-140.

[9] A.Torchinsky and S. L. Wang, A note on the Marcinkicz integral, Collog. Math., 60-61 (1990),
235-243.



24 L.J. Wang and S. P. Tao / Anal. Theory Appl., 31 (2015), pp. 13-24

[10] Sakamoto and K. Yabuta, Boundedness of Marcinkiewicz functions, Studia Math., 135
(1999), 103-142.

[11] X. M. Wei and S. P. Tao, Boundedness for parameterized Litttlewood-Paley operators with
rough kernels on weighted weak Hardy spaces, Abstract Appl. Anal., 2013 (2013), Article
ID 651941, 15 pages.

[12] Y. Ding and Q. Y. Xue, Endpiont estimates for commutators of a class of Litttlewood-Paley
Operators, Hokkaido Math. J., 36 (2007), 245-282.

[13] Y. P. Chen and Y. Ding, Compactness characterization of commutators for Littlewood-Paley
operators, Kodai Math. J., 32(2) (2009), 256-323.

[14] Y. P. Chen and Y. Ding, Commutators for Littlewood-Paley operators, Sci. China Ser. A, 39(8)
(2009), 1011-1022.

[15] O. Kovacik and J. Rakosnik, On spaces LP() and WKkP(x) Czechoslovak Math., 41(116)
(1991), 592-618.

[16] E. Acerbi and G. Mingione, Gradient estimates for a class of parabolic systems, Duke Math.
J., 136 (2007), 285-320.

[17] E. Acerbi and G. Mingione, Regularity results for stationary electrorheological fluids, Arch.
Ration. Mech. Anal., 164 (2002), 213-259.

[18] L. Diening and M. RuZi¢ka, Calderén-Zygmund operators on generalized Lebesgue spaces
LP(-) and problems related to fluid dynamics, J. Reine Angew. Math., 563 (2003), 197-220.

[19] M. Ruzi¢ka, Electrorheological Fluids: Modeling and Mathematical Theory, Lecture Notes
in Mathematics, 1748, Springer-Verlag, Berlin, 2000.

[20] V. V. Zhikov, Averaging of functionals of the calculus of variations and elasticity theory, Izv.
Akad. Nauk Russian, 50 (1986), 675-710.

[21] D. Cruz-Uribe Sfo, A. Fiorenza, J. M. Martell and C. Pérez, The boundedness of classical
operators on variable L spaces, Ann. Acad. Sci. Fenn. Math., 31 (2006), 239-264.

[22] A. Karlovich Yu and A. K. Lerner, Commutators of singular integrals on generalized LP
spaces with variable exponent, Publ. Mat., 49 (2005), 111-125.

[23] H. B. Wang, Z. W. Fu and Z. G. Liu, Higher-order commutators of Marcinkiewicz integrals
are bounded on variable Lebesgue spaces, Acta Math. Sci. Ser. A, 32(6) (2012), 1092-1101.

[24] Y. Ding, Foundations of Modern Analysis, Beijing Normal University Press, Beijing, 2008.

[25] E. M. Stein, Singular Integral and Differentiability Properties of Functions, Princeton Univ.
Press, Princeton, N. J., 1970.

[26] J. Garcia-Cuerva and Rubio de J. L. Francia, Weighted Norm Inequalities and Related Topics,
North-Holland Math. 116, Amsterdam, 1985.

[27] A. K. Lerner, Weighted Norm Inequality for the local sharp maximal function, J. Fourier
Anal. Appl., 10 (2004), 465-474.

[28] Y. Ding and Q. Y. Xue, Weak (1,1) bounds for a class of Litttlewood-Paley operators, J. Math.
Soc. Japan, 57(1) (2005), 184-194.



