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Abstract. The multifractal formalism for single measure is reviewed. Next, a mixed
generalized multifractal formalism is introduced which extends the multifractal for-
malism of a single measure based on generalizations of the Hausdorff and packing
measures to a vector of simultaneously many measures. Borel-Cantelli and Large de-
viations Theorems are extended to higher orders and thus applied for the validity of
the new variant of the multifractal formalism for some special cases of multi-doubling
type measures.

Key Words: Hausdorff measures, packing measures, Hausdorff dimension, packing dimension,
renyi dimension, multifractal formalism, vector valued measures, mixed cases, Holderian mea-
sures, doubling measures, Borel-Cantelli, large deviations.

AMS Subject Classifications: 28A78, 28A80

1 Introduction

In the present work, we are concerned with the whole topic of multifractal analysis of
measures and the validity of multifractal formalisms. We aim to consider some cases
of simultaneous behaviors of measures instead of a single measure as in the classic or
original multifractal analysis of measures. We call such a study mixed multifractal anal-
ysis. Such a mixed analysis has been generating a great attention recently and thus
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proved to be powerful in describing the local behavior of measures especially fractal
ones (see [1,2,9-14]).

In this paper, multi purposes will be done. Firstly we review the classical multifractal
analysis of measures and recall all basics about fractal measures as well as fractal dimen-
sions. We review Hausdorff measures, Packing measures, Hausdorff dimensions, Pack-
ing dimensions as well as Renyi dimensions and we recall the eventual relations linking
these notions. A second aim is to develop a type of multifractal analysis, multifractal
spectra, multifractal formalism which permit to study simultaneously a higher number
of measures. As it is noticed from the literature on multifractal analysis of measures,
this latter always considered a single measure and studies its scaling behavior as well as
the multifractal formalism associated. Recently, many works have been focused on the
study of simultaneous behaviors of finitely many measures. In [9], a mixed multifrac-
tal analysis is developed dealing with a generalization of Rényi dimensions for finitely
many self similar measures. This was one of the motivations leading to our present pa-
per. Secondly, we intend to combine the generalized Hausdorff and packing measures
and dimensions recalled after with Olsen’s results in [14] to define and develop a more
general multifractal analysis for finitely many measures by studying their simultaneous
regularity, spectrum and to define a mixed multifractal formalism which may describe
better the geometry of the singularities’s sets of these measures. We apply the techniques
of L. Olsen especially in [9] and [14] with the necessary modifications to give a detailed
study of computing general mixed multifractal dimensions of simultaneously many fi-
nite number of measures and try to project our results for the case of a single measure to
show the generecity of our’s.

The first point to check in multifractal analysis of a measure is its singularity on its
spectrum. Given a measure y eventually Borel and finite, for x € supp(), the singularity
of u is estimated via p(B(x,r)) as r — 0. If u(B(x,r)) ~r*, the measure y is said to be
a-Holder at x. The local lower dimension and the local upper dimension of y at the point
x are respectively defined by

&V(X) :llmlnflog(yl(lw and Eﬂ (x) :hmsuplog(‘ul('w
o logr ot ogr

When these quantities are equal we call their common value the local dimension, denoted
by a,(x) of u at x. Next, the a-singularity set is X(«) = {x € supp(u); a,(x) =a} and
finally, the spectrum of singularities is the mapping defined by d(a) = dimX(«a) where
dim stands for the Hausdorff dimension.

The computation of such a spectrum is the delicate point and the most principal aim
in the whole multifractal study of the measure. Its computation needs more efforts and
special techniques based on the characteristics of the measure, such that self similarity,
scalings. In multifractal analysis, it is related to multifractal dimensions and in some
cases it is computed by means of the Legendre transform of such dimensions. This fact
constitutes the so-called multifractal formalism for measures.
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The present work will be organized as follows. The next section concerns a review of
Hausdorff and packing measures and dimensions. Section 3 is concerned to Multifractal
generalizations of Hausdorff and packing measures as well as the associated dimensions.
In Section 4, the mixed multifractal generalizations of Hausdorff and packing measures
and dimensions are introduced. Section 5 is devoted to the mixed multifractal gener-
alization of Bouligand-Minkowsky or Rényi dimension inspired from Olsen in [14]. In
Section 6, a mixed multifractal formalism associated to the mixed multifractal generaliza-
tions of Hausdorff and packing measures and dimensions is proved in some case based
on a generalization of the well known large deviation formalism.

2 Hausdorff and packing measures and dimensions

Given a subset E CR, and € > 0, we call an e-covering of E, any countable set (U;); of
non-empty subsets U; C R satisfying

ECJU; and |Uj|=diam(U;)<e, (2.1)
i

where for any subset U CIR, |U|=diam(U) is the diameter defined by

|U|=diam(U) = sup |x—y]|.
x,yel

Remark here that for €; <€y, any €1-covering of E is obviously an e>-covering of E. This
implies that the quantity

3¢ (E) :inf{ YU (W) satisfying (2.1)}

is a non increasing function in €. Its limit

3 (E) = lim 3¢ (E)
el0

defines the so-called s-dimensional Hausdorff measure of E. It holds that for any set
E CRR there exists a critical value sg in the sense that

H(E)=0, Vs<sg and H*(E)=-4oo, Vs>sg,

or otherwise,
sg=sup{s>0; H°(E) =0} =inf{s >0; H°*(E) =+o0}.

Such a value is called the Hausdorff dimension of the set E and is usually denoted by
dimpyE or simply dimE. When U, = B(x;,7;) is a ball centered at x; € E and with diameter
ri <€, the covering (B(x;,t;)); is called an e-centered covering of E. However, surprisingly,
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the quantity JH°® restricted only on centered coverings does not define a measure. To
obtain a good measure with centered coverings one should do more. Denote

C.(E) :inf{ Y _|2ri]%; (B(xj,r;)); an € —centered covering of E}
i
and similarly as above,
C’(E) =1imC.(E).
€l0
As stated previously, this is not a good measure. So, to obtain a good candidate, we set
for ECIR, _
€ (E)=supC (F).
FCE
It is called the centered Hausdorff s-dimensional measure of E. But, although a fascinat-
ing relation to the Hausdorff measure exists. It holds that

275 (E) <H5(E)<C°(E); VECR". (2.2)

Indeed, let F C E be subsets of R?. It follows from the definition of H° and C that
H5(F) < C'(F). Next, from the fact that  is an outer metric measure on R?, and the
definition of €°, il results that J{*(E) < €°(E). Next, let {U;}; be an e-covering of F and
rj=diam(U;). For each i fixed, consider a point x; € U;NF. This results in a centered
e-covering { B(x;,7;) }; of F. Consequently,

C(F)< Y (2ri)*=2°) (diam(U;))".

1

Hence,
C(F) <2°H:(F).

Next, as €0, we obtain
C’(F)<2°H(F), VFCE,

which guaranties that
C°(E) <2°H°(E).

It holds that these measures give rise to some critical values in the sense that, for any set
E CRR there exists a critical value kg and cg for which

H(E)=0, Vs<hr and H(E)=-4oco, Vs>hp,

and similarly
C*(E)=0, Vs<cg and C°(E)=-+o00, Vs>cg.

But using Eq. (2.2) above, it proved that hg = cg and otherwise,

hg =sup{s>0; H*(E) =0} =inf{s >0; H°(E) =+oo}.
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Such a value is called the Hausdorff dimension of the set E and is usually denoted by
dimyE or simply dimE.

Similarly, we call a centered e-packing of E C R?, any countable set (B(x;,7;)); of dis-
joint balls centered at points x; € E and with diameters r; <e. The packing measure and
dimension are defined as follows

P°(E)=lim (sup { Z(Zri)s; (B(x;,;))i€ —packing of E}),

el0

P (E) :inf{Zﬁs(Ei),- EC UiEi}.

It holds as for the Hausdorff measure that there exists critical values Ag and pg satisfying
respectively

S

P (E)=40c0 for s<A(E) and P (E)=0 for a>A(E),
and respectively
P*(E)=o00 for s<pr and P°(E)=0 for s>pg.

The critical value A(E) is called the logarithmic index of E and pg is called the packing
dimension of E denote by Dimp(E) or simply Dim(E). These quantities may be shown
as

A(E)=sup{s;P’(E) =0} =inf{s;P (E) = +- o0}

and respectively
Dim(E) =sup{s;P*(E) =0} =inf{s;P*(E) =4o0}.
Usually, we have the inequality
dim(E) <Dim(E) <A(E), VECRY.

Definition 2.1. A set ECIRY is said to be fractal in the sense of Taylor iff dim(E)=Dim(E).

3 Multifractal generalizations of Hausdorff and packing
measures

Let 4 be a Borel probability measure on R?, a nonempty set ECIR? and e>0. Letalso g, t be
real numbers. We will recall hereafter the steps leading to the multifractal generalizations
of the Hausdorff and packing measures due to L. Olsen in [9]. Denote

5 (E) =inf{ 3 (u(B(xi,r:)))"(2r)' },

i
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where the inf is taken over the set of all centered e-coverings of E, and for the empty set,

%Zi(@) =0. As for the preceding cases of Hausdorff and packing measures, it consists of

a non increasing quantity as a function of e. We then consider its limit

.t
e (E)—hmeZe( )_Supj{ye( )

and finally, the multifractal generalization of the s-dimensional Huasdorrf measure

3} (E) =supT(} (F).
FCE

Similarly, we define the multifractal generalization of the packing measure as follows
Phre(E) =sup { L (u(B(xir)))"(2r)' },
1
where the sup is taken over the set of all centered e-packings of E. For the empty set, we

set as usual ?gfe(@) =0. Next,

—q,t
P, (E)—hrngZe( )= inf. (E)

and finally,
PU(E)= inf Y PV (E;
# TECUE T (E:).
= 1~ i

In [9], it has been proved that the measures ¥, iPZ’t and the pre-measure ?Z’t assignin a
usual way a dimension to every set E CRY as resumed in the following proposition.

Proposition 3.1 (see [9]). Given a subset E C R4,

1. There exists a unique number dim, (E) € [—o0,+c0] such that

s a1
J{q’t(E): +o00, fort<d?mZ(E),
0, for t>dimy(E).

2. There exists a unique number Dim/,(E) € [—co,+00] such that

P (E) = +o0, for t<Dim}(E),
0,  for t>Dim}(E).

3. There exists a unique number A/ (E) € [—00,+00] such that

qut(E) +oo, for t<A}(E),
0, for t>Aj(E).
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The quantities dim},(E), Dim,(E) and A},(E) defines the so-called multifractal gener-
alizations of the Hausdorff dimension, the packing dimension and the logarithmic index
of the set E. More precisely, one has

dim})(E) =dim(E), Dim{(E)=Dim(E) and A)(E)=A(E).

The characteristics of these functions have been studied completely by L. Olsen. He
proved among author results that dim;’l and Dim;’, are monotones and o-stables. Fur-
thermore, if E=supp(u) is the support of the measure y, one obtains

a. The functions g— Dim],(E) and q— A, (E) are convex non increasing.
b. q—dim}(E) is non increasing.
c. i Forg<1;0<dimf(E )<D1mH(E)§AZ(E).

i. dlmy(E)—Dzm (E) ( )=0.

iii. For q>1; dim),(E) <Dim}(E) <A%(E) <0.

4 Mixed multifractal generalizations of Hausdorff and packing
measures and dimensions

The purpose of this section is to present our ideas about mixed multifractal generaliza-
tions of Hausdorff and packing measures and dimensions. Let y = (y1, 42, -+, i) a vector
valued measure composed of probability measures on R?. We aim to study the simulta-
neous scaling behavior of 1, which we denote

i OBBE) _ ( Tog Blar) | gt (Bar)
ri0 logr rl0 logr 10 logr

Let E C R? be a nonempty set and € > 0. Let also g = (41,92,-+-,qx) € R* and t € R. The
mixed generalized multifractal Hausdorff measure is defined as follows. Denote

pt(B(x,r)) = (;l’ll (B(.X',T’)),' o ,“l/lk(B(x,T‘)))

and the product
(n(B(x,r)))T= (pr (B(x,r)))™ - (ui (B (7)) )™

Denote next,

et .

T (B) =inf{ 1 (u(B(xi,r)))"(2r)' },

1

where the inf is taken over the set of all centered e-coverings of E, and for the empty set,

.t . . . . .
U{Z,G(Q) =0. As for the single case, of Hausdorff measure, it consists of a non increasing
function of the variable ¢. So that, its limit as € | 0 exists. Let

——q,t . ==q,t ——q,t
T (E) :1551}(2{,6@) :iu%)ﬂ-fzre(lf).
>
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Let finally
—q,t
3}/ (E) =sup3() (F).
FCE

'y .
Lemma 4.1. fJ-CZ is an outer metric measure on RY.

The proof of this lemma is technic and follows carefully analogous steps as the single
case.

Definition 4.1. The restriction of J{Z’t on Borel sets is called the mixed generalized Haus-
dorff measure on RR¥.

Now, we define the mixed generalized multifractal packing measure. We use already
the same notations as previously. Let

Thre(E)=sup{ Y (u(B(xi,ri)))1(2r)'},

i

where the sup is taken over the set of all centered e-packings of E. For the empty set, we
set as usual ?Zi(@) =0. Next, we consider the limit as € .0,

—q,t . o=q,t . —q,t
P (E)Zlgg;ﬂ’i,e(E)Z;r;(f)?z,e(E)

and finally,
q,t . 9.t )
Py (E) —E&fEiZ{)U’y (Ei).-
Lemma 4.2. iPZ’t is an outer metric measure on RY.
The proof of this lemma is more specific than Lemma 4.1 and uses the following result.

=t =t =t

Py (AUB)=D) (A)+7) (B), whenever d(A,B)>0. (4.1)
Indeed, let

1
0<e< Ed(A,B)

and (B(x;,7;)); be a centered e-packing of the union AUB. It can be divided into two parts
Iand ],

(B(xi,1i))i= (B(xi'ri))ieIU(B(xi’ri))ie]’

where
Viel, B(x;,r))NB=® and Vie], B(x;,r)NA=0Q.
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Therefore, (B(x;,7;))ict is a centered e-packing of A and (B(x;,7;))ics is a centered e-
packing of the union B. Hence,

Z(V(B(xirri)))q(zri)t:Z(V(B(xirrl 1(2r;) +Z B(x;,1i)) 271) .

i i€l i€l

<Tie(4) <Tpe(B)
Consequently,
PV(AUB) <PV (A)+P.(B)
and thus the limit for € |0 gives

P (AUB) <PI (A)+PY (B).

The converse is more easier and it states that ’.PZ and next ’.PZ are sub-additive. Let
(B(x;,ri))i be a centered e-packing of A and (B(y;,t;)); be a centered e-packing of B. The
union (B(x;,7;)),U(B(yi,1i)), is a centered e-packing of AUB. So that

qut (AUB) Z B(x;,7;)))7(2r;) +Z B(yi,r)))7(2r)".

Taking the sup on (B(x;,r;)); as a centered e-packing of A and next the sup on (B(y;,7;));
as a centered e-packing of B, we obtain

P (AUB) =P (A)+PT(B)

u,€ u€ u€
and thus the limit for € |0 gives
9.t =gt 9.t
Py (AUB) =P, (A)+P, (B).
Definition 4.2. The restriction of iPZ’t on Borel sets is called the mixed generalized packing
measure on RY.

It holds as for the case of the multifractal analysis of a single measure that the mea-
sures U{Z’t, iPZ’t and the pre-measure ?Z’t assign a dimension to every set E CRY.

Proposition 4.1. Given a subset E C R4,

1. There exists a unique number dim},(E) € [—c0,+c0] such that

I (E) = +oo, for t<dim](E),
! 0, for t>dim/,(E).
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2. There exists a unique number Dim/,(E) € [—c0,+00] such that

gty ) T for t<Dim/ (E),
:PH (E) s q
0, for t>Dimy,(E).

3. There exists a unique number A/ (E) € [—o0,+00] such that

—aqt, | oo, for t<AL(E),
P, (E)= g
0, for t> A, (E).

Definition 4.3. The quantities dim],(E), Dim,(E) and A},(E) define the so-called mixed
multifractal generalizations of the Hausdorff dimension, the packing dimension and the
logarithmic index of the set E.

Remark that if we denote Q;=(0,0,--,4,,0,---,0) the vector with zero coordinates ex-
cept the ith one which equals g;, we obtain the multifractal generalizations of the Haus-
dorff dimension, the packing dimension and the logarithmic index of the set E for the
single measure yi;,

dim$(E) =dim{{(E), Dim&(E)=Dimf(E) and AR/(E)=AJ(E).
Similarly, for the null vector of R¥, we obtain

dim?

w(E)=dim(E), Dimj(E)=Dim(E) and Aj(E)=A(E).

H

Proof of Proposition 4.1. We will sketch only the proof of the first point. The rest is analo-
gous.

First, we claim that V¢ €R such that J{Z’t(E ) <oo it holds that U{Z’t/ (E)=0 for any ' > t.
Indeed, let e >0, FCE and (B(x;,7;)); be a centered e-covering of F. We have

_ ,t/ ’ ’_
Ty (F) < Y (u(B(xi,i))) 1 (2ri)" < 8" Y (u(B(xi,1))) " (2r1)".
1 1

Consequently,
—qt' )
H) (F)<e""H] (F).

Hence,
- ,t,
7 (F)=0, VFCE.

As aresult, fJ-CZ’t/ (E)=0. We then set

dim,(E) =inf{t e R; " (E) =0}.
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One can proceed otherwise by claiming that Vt € R such that J{Z’t(E) >0 it holds that
J—CZ’H (E)=+oo0 for any ' <t. Indeed, proceeding as previously, we obtain for € >0,

&' HIL(F) <HVL(F).

u€
Hence,
T (F)=+o, VFCE.
As aresult, U{Z’t/( E)=+o0. We then set
dim/, (E) =sup{t € R; 3" (E) =+oo}.

Next, we aim to study the characteristics of the mixed multifractal generalizations of
dimensions. To do this we will adapt the following notations. For = (q1,--,qx) € R,

bye(q)=dim}(E), B, e(q)=Dim}(E) and A, r(q)=A}(E).

When E =supp(p) is the support of the measure p, we will omit the indexation with E
and denote simply

bu(q), Bu(q) and Au(q).

Thus, we complete the proof. U

The following propositions resume the characteristics of these functions and extends
the results of L. Olsen [9] for our case.

Proposition 4.2. (a) b,.(q) and By, .(7) are non decreasing with respect to the inclusion
property in R%.
(b) by,.(q) and By,.(q) are o-stable.

Proof. (a) Let E C F be subsets of R?. We have

t =t =t t
] (E):ilé};ﬂ-tz (A)gls;gf}c‘z, (A) =9} (F).

So for the monotony of by,.(7).
(b) Let (A,), be a countable set of subsets A, CRY and denote A ={J, A,. It holds
from the monotony of b, .(g) that

erAn (4) Sby,A(ﬂ), Vn.

Hence,
supby, a,(9) <by,a(q).

Next, for any t >sup, by, 4,(q), there holds that

HI' (An) =0, Vn.
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Consequently, from the sub-additivity property of U{Z’t, it holds that

J{Z,f (UA”> =0, Vt> sgpby,An (q).

Which means that
bua(q) <t, Vt>supbya,(q).
n
Hence,
by, () <supby,a,(q).
n
Similar arguments permit to prove the properties of B, 4(). O

Next, we continue to study the characteristics of the mixed generalized multifractal
dimensions. The following result is obtained.

Proposition 4.3. (a) The functions g~ B, () and g— A, (q) are convex.
(b) For i =1,2,--- k, the functions g; — b,(q), ;i — B,(q) and gq; — A,(q), (§i =
(91, ,9i-1,9i+1,-* - ,qx) fixed), are non increasing.

Proof. (a) We start by proving that A, ¢ is convex. Let p,q € R¥, a €[0,1], s> Ay e(p) and
t> Ay e(q). Consider next a centered e-packing (B; = B(x;,;)); of E. Applying Holder’s
inequality, it holds that

1-a

Y (B 0700 2 0005 < (1 (B (2r)!) (DB (2r)°)

i i i

Hence,

=aq+(1—a)p,at+(1—a 9.t & =P, 1—ua
Pt s () < (BU(E)) (Pha(E))

The limit on € | 0 gives

?‘;‘ﬁ"‘(l—“)Pr“t‘*‘(l—"‘)s(E) < (?Z’t(E))a (?z,S(E))l—a'
Consequently,
@f;%(l—a)naw(l—a)s(E) =0, Vs>Aue(p) and t>A,r(q).
It results that

Ape(ag+(1—a)p) <aA,e(q)+(1—a)Aye(p)-

We now prove the convexity of B, r. We set in this case t =B, () and s =B, g(p). We
have
PIHEE) =PI T(E) =0.
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Therefore, there exists (H;); and (K;); coverings of the set E for which
Z?Z’t“(Hi) <1 and Y Pp(K)<1.
1 1

Denote for n €N, Ey =U:<jj<,(HiNK;). Thus, (Ey), is a covering of E. So that,
T:c{q—&-(l—zx)p,zxt—i—(l—a)s+s(En)
. 1 (1
< Z iP:c{q—&-( —a)p,at+( —a)s+s(Hiij)
ij=1
n
< Z ?:iqﬂl_a)p’m—i_(1_a)S+S(HiﬂKj)

i,j=1

no_ n _
<( L P ENK)) (L7 (HK)))
ij=1 ij=1

1—a

<n*n'"*=n< oo.
Consequently,
By, (ag+(1—a)p) <at+(1—a)s+e, Ve>0.
Hence,
Bye(aq+(1—a)p) <aBye(q)+(1—a)Be(p).
(b) For i =1,2,---,k, let g; fixed and p; < q; reel numbers. Denote next g =

(fh/' o /qifl/qi/ql?kl/' o /Qk) and P = (Lh/' o /Qiflzpi/%drl/‘ ° /Qk)- Let flnally A g E. For a cen-
tered e-covering (B(x;,7;)); of A, we have immediately

u(B(xi,ri))7(2ri)" <p(B(xiri))P(2r;)!, VieR.

Hence,

i (A) <He(A).
When € 0, we obtain

HY'(A)<HY(A).
Therefore,

-t apt §
3 (E) =supT(, (A) <supF( (A)=5}" (E).
ACE ACE

This induces the fact that

HI'(E)=0, Vt>b,e(p).
Consequently

be(q)<t, Vt>b,e(p).
Hence,

b;t,E (9)< b;t,E (p).
The remaining part to prove the monotony A, g and B,  is analogous. O



316 M. Menceur, A. B. Mabrouk and K. Betina / Anal. Theory Appl., 32 (2016), pp. 303-332

Proposition 4.4. (a) 0<b (q) B,(q) <Au(q), whenever g; <1foralli=1,2,--- k.
(b) b (1:) = B (1) = Ay (1) =0, where ;= (0,0,--- 10---0)
(c) bu(q) <Bu(q) <Au(g) <0 whenever g, >1 for alli=1,2,--- k.

The proof of this results reposes on the following intermediate ones.

Lemma 4.3. There exists a constant & € [0,+00] satisfying for any ECRY,
* * DIt
H (E) <& (E) <EPI(E), Vot
More precisely, G is the number related to the Besicovitch covering theorem.

Theorem 4.1 (Besicovitch Covering Theorem). There exists a constant ¢ € N satisfying: For
any E € R and (7x)xeE a bounded set of positive real numbers, there exists ¢ sets By,Ba,---,Bg,
that are finite or countable composed of balls B(x,ry), x € E such that

e EC U UB.

1<i<¢BEB;
e cach B; is composed of disjoint balls.

Proof of Lemma 4.3. It suffices to prove the first inequality. The second is always true for
all £>0. Let FCRY, e>0and V={B(x,e/2); x€F}. Letnext ((B;); )1<i i< e the I sets of

V obtained by the Besicovitch covering theorem. So that, (B;j);; is a centered e-covering
of the set F and for each i, (B;j); is a centered e-packing of F. Therefore,

t ¢ ¢ t
qu(F)SZZ(.”( 2”1] SX; Ze(P)'
j =

Hence,
——qt o+
, (F) <&y (F).

Consequently, for E C|J; E;, we obtain
t t t
HY' () =3 (U(EmE)) <Y 3¢ (EiNE)
i i

=t —
<Y sup U{Z (F)<¢) sup ’PZ (F)
7 FCENE 7 FCENE

<¢Y. 7 (E)

So as Lemma 4.3. O
Proof of Proposition 4.4. It follows from Propositions 4.2, 4.3 and Lemma 4.3. O]



M. Menceur, A. B. Mabrouk and K. Betina / Anal. Theory Appl., 32 (2016), pp. 303-332 317

5 Mixed multifractal generalization of Bouligand-Minkowski’s
dimension

In this section, we propose to develop mixed multifractal generalization of Bouligand-
Minkowski’s dimension. Such a dimension is sometimes called the box-dimension or the
Renyi dimension. Some mixed generalizations are already introduced in [15]. We will
see hereafter that the mixed generalizations to be provided resemble to those in [15]. We
will prove that in the mixed case, these dimensions remain strongly related to the mixed
multifractal generalizations of the Hausdorff and packing dimensions. In the case of a
single measure y, the Bouligand-Minkowski dimensions are introduced as follows. For
ECsupp(u),6>0and g€ R, let

71 ,(E) =inf{ Y- (n (B(x:,0)))"},

i

where the inf is over the set of all centered d-coverings (B (xi,é))l. of the set E. The
Bouligand-Minkowski dimensions are

T log(T7 (E
LZ (E) =limsup M
810 —10g5
for the upper one and
lo T1 (E
13(E) < timing 812 E))
40 —logé

for the lower. In the case of equality, the common value is denoted LZ(E) and is called
the Bouligand-Minkowski dimension of the set E. We can equivalently define these di-
mensions via the §-packings as follows. For 6 >0 and g € R, we set

81 5(E) =sup{ ¥ (u(B(x::0)))"},

i

where the sup is taken over all the centered J-packings (B(x;,9)), of the set E. The upper
dimension is

_ log(87 (E
CZ(E)zlimsupig( WS( )
510 —logé
and the lower is ]
log (8! (E
Cl(E)= hminfw
50 —logd

and similarly, when these are equal, the common value will be denoted CZ(E) and it
defines the dimension of E. We now introduce the mixed multifractal generalization of
the Bouligand-Minkowski dimensions. As we have noticed, our idea here is quite the
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same as the one in [15]. Let y = (u1,42, -+, k) be a vector valued measure composed of
probability measures on IR?. Denote as previously

u(B(x,r))= (1 (B(x,7)), - ux(B(x,1)))

and for 9= (q1,92,---,9x) €RF,

(n(B(x,1)))T= (pa(B(x,7))) ™ - (i (B(x,7)) ).

Next, for a nonempty subset E CR? and & >0, we will use the same notations for ‘.TZ s(E),

6Z (E) and CJ,(E) but without forgetting that we use the new product for the measure .
Similarly for Sz’(s(E), ZZ(E) and L},(E).

Definition 5.1. For E Csupp(u) and 9= (q1,42,-,qx) € R¥, we will call

(a) GZ(E ) and fz,(E ) the upper mixed multifractal generalizations of the Bouligand
Minkowski dimension of E.

(b) QZ(E ) and LZ(E ) the lower mixed multifractal generalizations of the Bouligand
Minkowski dimension of E.

(c) CL.(E) and L], (E) the mixed multifractal generalizations of the Bouligand Minkowski
dimension of E.

Remark 5.1. We stress the fact that each quantity defines in fact a mixed generalization
that can be different from the other. That is, we did not mean that GZ(E ) and fz,(E ) are
the same (equal) and similarly for the lower ones. We will prove in the contrary that as
for the single case, they can be different.

Theorem 5.1. For
1). For all g € R¥, we have

Lj(E)<CJ(E) and L}(E)<C}(E).

2). Forany q€ R**, we have:
i) bye(q) <Lj(E) = CL(E) and
ii). T, e(9) =Ch(E)=Aye(q).
3). For any q € R*¥, we have
ZV,E (9)< GZ (E)< A;I,E(LI)-
Proof. 1). Using Besicovitch covering theorem we get

T} 5(E) <C8) 5(E),

with some constant C fixed. So as 1) is proved.
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2). We firstly prove that
L}(E)>C}(E) and Lj(E)>CL(E).

Indeed, let (B(x;,6)), be a centered é-packing of E and (B(y;,6/2)) be a centered ¢/2-
covering of E. Consider for each i, the integer k; such that x; € B(y,,6/2). It is straight-
forward that for i # j we have k; #k;. Consequently, for g € R**, there holds that

R0 =E sz (10 n2)))

)

Which means that

and thus, for any g€ R*,

L}(E)>Cj(E) and Lj(E)>C,(E).
Using the assertion 1), we obtain the equalities

LI(E)=C](E) and L}(E)=Cl(E)

for all g € R**. Therefore, to prove i), it remains to prove the inequality of the left hand
side. So, let t > L}(E) and F C E. Consider next a sequence (J,), C [0,1] to be | 0, and
satisfying

N log(7T}, 5, (E))

,0n
“loge, Vn eIN.

This means that for each n €N, there exists a centered J,-covering (B (xm-,én))l. of E such

that
Y (1(B(x4is00))) " <5,

i
There balls may be considered to be intersecting the set F. Next, for each i, choose an

element y; € B(x,;,8,) NF. This results on a centered 25,-covering (B(y;,20,)), of F. There-
fore,

y25 <Z B(X1i/0n (45n)t

:4@(7%%2?;; ) (u(Bxui,60))) '8,

<4'Y - (4(B(xi,61))) 0}

<4's5, 15 =4".
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Hence,
3¢ (F)<4', VFCE, t>L}(E).
So that,
HI'(E) <4' <oo, Vt>LI(E).
Consequently,
be(q) <t, Vt>Lj(E)=bye(q) < Ly(E).
The remaining part can be proved by following similar techniques. O

Next we need to introduce the following quantities which will be useful later. Let
u=(p1,42,---, 1) be a vector valued measure composed of probability measures on R".
Forj=1,2,---,k,a>1and E Csupp(u), denote

/(E) =limsup (su M
Ti(E) =timsup (sup =)

and for x € supp(yu), T, ( ):Té({x}) Denote also
Po(R,E)={y; 3a>1; Vx€E, T)(x) <o, ¥j},
Py(R%,E)={p; 3a>1; T)(E) <oo, Vj},
Po(R?) =Py(R?,supp(y)) and Py(R?)=Py(R?supp(y)).

Theorem 5.2. For
1). For u € Py(R?) and q € R*K, there holds that

b;t,E(q) SZZ(E)-
2). For w€ Py (RY) and q € R*E, there holds that
i) Lj,(E) =Cj.(E).
i) L, £(q) = C(E) = Ay £(q).
Proof. 1). The vector valued measure u € Py(R?) yields that
E=J En,
melN
where
uj(B(x;4r))
ui(B(xir))
Next, remark that for t > ZZ(E) and F C E,, there exists a sequence (J,), € [0,1] 0 for
which
< log(jzts (F))
—logd,

Em:{er; <m,0<r<— V]}

, VnelN.
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Therefore, there exists a centered J,-covering (B(x,;,d,)); of F satisfying

Y (1(B(x4is00))) " < 5, "

i

Let next y,,; € B(x;,0,). Then, (B(x,;,25,)); is a centered 25,-covering of F. Hence,

s, (F) <Y (#(B(yi,261))) " (46,)!

#(B(Yni,200)) \1 '
Blgy) (HBCmb)s,
V(B(xm/45 )) Yo qst
sy (B

ml‘?lZ(P[ xnl, qé;
i

§4tm|q|’

gﬁ;(
2

<4t

where |q| =q1+g2+---+qx. Thus,
ﬁZ’t(P)géltm'q', Vm, and FCE,,.
Which means that
J{Z’t(Em)§4tm|‘7|<00, Vm, and t>L}(E).

Consequently,
by, (q)<t, Vm, and t>L%(E).

Using the o-stability of b;,.(7) (see Proposition 4.2), it results that
by(q) <t, ¥t>Lj(E)=byk(q) <Lj(E).
Assertion 2 is left to the reader. O

We now re-introduce the mixed multifractal generalization of the L7-dimensions called
also Renyi dimensions based on integral representations. See [15] for more details and
other results. For g€ R*k, w=(p1,m2,--,ux) and 6 >0, we set

q _ q
=], (B0 autr),
where, in this case,

Sy =supp(p1) xsupp(pi2) X --- X supp (pr),
(1(B(t:6) = (1 (B(1,6)) " (ma(B(26))) " (e(B(,6))) ",



322 M. Menceur, A. B. Mabrouk and K. Betina / Anal. Theory Appl., 32 (2016), pp. 303-332

and

dp(t) =dpa (tr)dpa(t2) - dpy (£).-
The mixed multifractal generalizations of the Renyi dimensions are
log 17 lo g q

71 po —
L, —11rro}f(}1p “logs and I# —hmmf

—log(5
We now propose to relate these dimensions to the quantities C%, CZ, Lq Lq introduced
previously.
Proposition 5.1. The following results hold:
a). VgeR*™,

I —qg+1 -
Cl " (supp(u)) > 1, and CZ (supp(y))ZIZ.

b). YgeR*,
H p— -
Ci ™M supp(u)) <1l and T} (supp(p)) <T.
c). VgeR**, ue P (RY),

I =q+1 -
Cl W supp() =1 and T (supp()) =T,

d). VgeR",
I — _ gt
<Ly (supp(p))  and  T,<I}" (supp(p)).

Proof. We only prove a). The remaining proofs of points b), c¢) and d) follow the same
ideas.

For 6 >0, let (B(x;,0)); be a centered é-covering of supp(y) and let next (B(x;;,0))j,
1<i<¢ the ¢ sets defined in Besicovitch covering theorem. It holds that

%:(V(B(xij'é)))qu_Z( xl]’ >q/B(xijr(5)de(t)
>Z/
> /S (y(B(t,Z(S))) du(t).

K

(B(£,26))) " dpu(t)

x,]

As aresults, :
+
G8y5 (supp(p)) > I 55.
Which implies that
I —g+1 —
Cl™ (supp(p)) =1}, and C, (supp(u))>T}.
Thus, we complete the proof. 0
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6 A mixed multifractal formalism for vector valued measures

Let = (1,442, ,1x) be a vector valued probability measure on RY. For x € RY and
j=1,2,---,k, we denote

1 (B , 1 (B :
a, (x) =liminf og(k;(Blxr))) and @, (x)=limsup og(pj(B(x.r)))
Hj rl0 logr j 710 lOgT’

respectively the local lower dimension and the local upper dimension of y; at the point x
and as usually the local dimension a,;(x) of ; at x will be the common value when these

are equal. Next for a = (a1,as,---,a) €RE, let
X ={xesupp(p); &, (x) > aj, Vj=1,2,--- k},
X" ={xesupp(u); & (x) <aj, Vj=12,- Kk},
and
X(a)=X,NX".

The mixed multifractal spectrum of the vector valued measure y is defined by
ar— dimX(«),

where dim stands for the Hausdorff dimension.

In this section, we propose to compute such a spectrum for some cases of measures
that resemble to the situation raised by Olsen in [9] but in the mixed case. This will
permit to describe better the simultaneous behavior of finitely many measures. We intend
precisely to compute the mixed spectrum based on the mixed multifractal generalizations
of the Haudorff and packing dimensions b,, B, and A,. We start with the following
technic results.

Lemma 6.1. For
1). ¥6>0,tcRand R~ , x € RF such that (a,q) +t>0, we have
. — ot
i). g.c(a,q)-i—i-i—k&(x“) §2<‘x’q>+k§j{z¢ (X“).
. — ot
ii). :p(a,q)—&-t—&-k&(x"‘) Sz(a,q)-i—k&gpz (X"‘)‘
2). V6>0,teRand g eRK, x e R¥ such that (a,q) +t>0, we have

). j_c<a,q>+t+k(5(&x) §2<“’q>+k5f}CZ’t (&x)
ii). :P(zx,q)—&-t—&-k&(za) < 2<M>+k(sﬂpz{t(la)-
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Proof. 1). For i), We prove the first part. For m € N*, consider the set

—a —a 1 i(B(x, )
X, ={xeX" o8 Bn) ) 0o ere L 1<j<k}.
logr q; m

Letnext 0< 5 <1/m and (B(x;,r;)); a centered 5-covering of X,,,. It holds that
((Bxiyr)) 2.
Consequently,

J‘ff;xq +t+k5 Z 21, (aq +t+k5<2 a,q +k52 xz/ri)))q(Zri)t.

i i

Hence, V1 >0, there holds that
g{@c q>+t+k5(X )< (a, q>+k5%q 't (Xm)
Which means that
Felea) R (X ) < 2<a,q>+kéﬁ;1[f () < 2<a,q>+k55_fz,t (X).
Next, observing that X" =J,, X,,,, we obtain
%<a,q>+t+k5(yﬂ) < 2<a,q)+k59_fz,t (Yﬂé>

ii). Forge ]Rik and m € IN*, consider the set Yf; defined previously and let E C Yf;,
0<n<1/mand (B(x;r;)),a centered fj-packing of E. We have

o —q,t
3 (2r) R <Y (B (1)) ) (21) ! <20 HRP (E).
Consequently, V7 >0, )
?;“'qHHkO(E) §2<a,q>+k5§‘;ﬁ7(E)‘
Hence, VEC X,
§<a,q>+t+k5(E) < 2<a’q>+k5§Z,t(E) '

Let next, (E;); be a covering of X,,. Thus,

Plaa) HHRS (R Y _plag) ++kS (U(XﬁiﬁEi)) =) plaa) ko (Xﬁma-)

i

< Z?@z,q)—i—t—kk& (Y’fn ﬁEi) < 2<a,q>+k62§tzf <Yﬁ1 ﬂEi>
- i

200 Ry HI ().
i
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Hence, Vm,
ip(zx,q)+t+k5(yi‘n) < 2<“’q>+k5TZ’t(Yf§1),
Consequently,
?<a,q>+t+ko‘(yﬂé) < 2<“’q>+k5(PZ’t(Y“).
2). i). and ii). follow similar arguments and techniques as previously. O

Proposition 6.1. Let « € R and g € R¥. The following assertions hold:
a). Whenever (a,q) +b,(q) >0, we have
i). dimX" <(a,q)+bu(q), VqRE.
ii). dimX, <(a,q)+bu(q), VqRE.
b). Whenever («,q)+ B, () >0, we have
i). DIimX" < (a,q)+B,(q), VqRE.
ii). DimX,, <({a,q)+By(q), VqRE.

Proof. a). i). It follows from Lemma 6.1, assertion 1) i),
g TR (XYY =0, Vt>b,(q), 0>0.

Consequently,
dimX" < (a,q)+t+kd, Vt>b,(q), 6>0.

Hence,
dimX" < (a,q) +by(q).

a). ii). It follows from Lemma 6.1, assertion 2) i), as previously, that
FA TR (X4 =0, VE>by,(q), 5>0.

Hence,
dimX, <(a,q)+t+ké, Vt>b,(q), 6>0,

and finally,
dimX, < {a,q)+b,(q)-

b). i). Observing Lemma 6.1, assertion 1) ii), we obtain

PUATER(XY) Yt >B,(q), §>0.

Consequently,
DimX" < (a,q)+t+ks, Vt>B,(q), 5>0.



326 M. Menceur, A. B. Mabrouk and K. Betina / Anal. Theory Appl., 32 (2016), pp. 303-332

Hence,
DimX" < (a,q) +B,(q).

b). ii). observing Lemma 6.1, assertion 2) ii), we obtain

Pplaa+tekd(x Y=o, Vt>B,(q), ¢>0.

Hence,
DimX, <(a,q)+t+ké, Vt>B,(q), 6>0,
and finally,
DimX,, < (a,q) +Byu(q).
Thus, we complete the proof. O

Lemma 6.2. Vg € R such that
{q) +bu(q) <0 or (a,q)+Byu(q) <O,

we have
X(a)=0Q.

Proof. It is based on
1. For g€ R¥ with (a,q)+b,(q) <0 or (,q)+B,(q) <0, X, = .
2. For g€ R% with (a,q)+b,(q) <0 or (a,9)+B,(q) <0, X' =.

Indeed, let g€ RF and assume that X, #@. This means that there exists at least one point
x € supp(pu) for which gy],(x) > wj, for 1 <j<k. Consequently, for all ¢ >0, there is a

sequence (1), 0 and satisfying

€

1 _
0<rn<E and yj(B(x,rn))<ri] , 1<j<k

Hence,
(kB 2r) > 2irfe D

Choosing = ((el—«),q), this induces that J{Z’t({ x})>2" and consequently,
bu(q) >dim} ({x})>t, Ve>0.

Letting € | 0, it results that b, (q) > —(&,q) which is impossible. So as the first part of 1.
The remaining part as well as 2 can be checked by similar techniques. O
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Theorem 6.1. Let yt= (p1,1a, -, 1x) be a vector-valued Borel probability measure on R and
q € R* fixed. Let further t;€R, 1, >0, K, K, >0, vy a Borel probability measure supported by
supp(u), @q: Ry — R be such that ¢q4(r) =o0(logr), as r = 0. Let finally (rg,), C[0,1] [0 and

satisfying |
087g,n+1

sl
0§70 —1 and Zﬂ:rm <oo, Ve>0.

Assume next the following assumptions:

Al). Yx €supp(p)andr € [0,r,],

K< EL)
(H(B(x,1))) (2r)!sexplg4(r))

<K,.

A2). Cy(p)= lim C,.(p) exists and finite for all p € R, where

n—r+o00

= g 8L (1205700) )

Then, the following assertions hold.
i).

Con(p)

dlﬂ’l (X_v+cq(0) meV,Cq(O))

>{—V—%®M+Aﬁwz—v—
Ve G0)g+Au(g) =~

ii). Whenever C, is differentiable at 0, we have
fu(=VCy(0)) =b(=VCy(0)) = B, (=VC4(0)) = A (= VC4(0))-
Theorem 6.2. Assume that the hypotheses of Theorem 6.1 are satisfied for all g € R¥. Then, the
following assertions hold:
i). ay=—By, vy, a.s., whenever By, is differentiable at q.
ii). Dom(B) Cay(supp(p)) and f, =B}, on Dom(B).

The proof of this result is based on the application of a large deviation formalism.

This will permit to obtain a measure v supported by X_v_ (o) X V9 To do this, we
re-formulate a mixed large deviation formalism to be adapted to the mixed multifractal
formalism raised in our work.
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Theorem 6.3 (The Mixed Large Deviation Formalism). Consider a sequence of vector-valued
random variables (W, = (W1, Wh2,--, Wy k) )n o1 a probability space (Q,.A,P) and (ay)n C
[0,4+00] with lim,,—, + o1y, = +00. Let next the function
Cp: RFS TR,
1
£ Cu(t) = —log (E(exp((L,Wn))) ).
an
Assume that
Al). Cy(t) is finite for all n and t.
A2). C(t)=lmy, 1 Cy(t) exists and is finite for all t.
There holds that

i). The function C is convex.

ii). If V_C(t) <V, C(t) <a, for some t € RF, then

limsupllog (e_””c(t)E (exp((t,Wn>)1{%2a}>) <0.

n——4o00 an

iii). If Y, e~ < oo forall € >0, then

W
limsup— < V_.C(0) Pas.

n—+oo fn
iv). fa<V_C(t)<V,C(t), for some t €RF, then

limsupllog (e_””c(t)E (exp((t,Wn>)1{vav_:§a}>) <0.

n——4o00 an

v). If Y, e " is finite for all € >0, then

W
V_C(0) <limsup —~ Pa.s.

n—+oo fn

Proof. i). It follows from Holder’s inequality.
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ii). Let 1 € R** be such that C(t)+ (&) — C(t+h) >0. We have

1
Elog

1
=1

An

<llog

An

<Liog[emmCO+ian) /

e COE (exp((t,Wa)) 1y )|

_e_anc(t)/ e<t'W">le]
: {Dn>a}

[ =an(C(1)+ () /

zalog_

o (E W) +-an (a,h) dﬂ

{22 >a}

RS d]P}

W
{Gr=a}

_e—an(C(f)+<“rh>)]E(eXp((H’hzwn»)}

e

= log| —an(C(t)—&-(oé,h)—CV,(t-i-h))}
an L

=—(C(t)+{a,h) — Cu(t+h)).

Next, by taking the limsup as n — +oco, the result follows immediately.

iii). Denote for n,m €N,

Tn,mz{%zmcm)j%}.

n

329

By choosing t=0 and a=V;C(0)+1/m in item ii), and observing that C(0) =0, we obtain

limsup llog <E (1{%2V+C(0)+%})) <0,

n——+00 an

which means that limsup,, %log]P(Tn,m) < 0. Consequently, for some ¢ >0 and n large

enough, there holds that limsup,, % loglP(T,m) < —e. Thus, P(Ty, ) <e”“» which implies
the convergence of the series ), IP(T, ,»). Hence, using Borel-Cantelli theorem, we obtain

for all m. Therefore,

P (hmsup

n

and finally,

P(limsupT,,,) =0

n

I;V_: >V,C(0)) :ﬂ’(ylimnsuan,m) ~0

hmsup% <V4;C(0), Pas.
n

Thus, we complete the proof.

n
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Proof of Theorem 6.1. For simplicity we denote t = ty, K= Kq, K:Kq, P=Qq V=1, and
n =14 Next, for x € supp(p), let

.. log[ui(B(x,ry)] _ . log|1;(B(x,ry)]
gyj(x,rn)—hrr}qu log7s and ay].(x,rn)—hmnsup logr .

i). Using the hypothesis Al). and Lemma 4.3 we obtain b, () = B,(q) = A, (q) =t. Next,
it is straightforward that the set

M= { xesupp(); —V+C(0) <ax, (1) STy (x,70) < —V,C(O)}

coincides with X_ g ¢(g) nx v, Hence, by setting in the mixed large deviation for-

malism Theorem 6.3, Q) =supp(u), A=B(supp(u)), IP=pu, W,(x) =log(u(B(x,r4))) =
(log(p1(B(x,1n))log(pu2(B(x,ry)), - Jog(ux(B(x,ry))) and a, = —logry,, it holds that

o

(x)>{ —V_C(0)g+t, for g<0,
_]/[ pay

—V1+C(0)g+t, for g>0.
Finally, applying the famous Billingsley’s Theorem [7], we obtain

—V_C(0)g+t, for g<0,

dimM >
{ —V4C(0)g+t, for g>0.

ii). Remark that if C is differentiable at 0, item 1). states that

dimM > —VC(0)g+¢> A% (~VC(0)) > B (—VC(0)) 2 b (~VC(0)).

In the other hand, since the set M is not empty, Lemma 6.2 implies that —VC(0)g+t>0.
Hence, Proposition 6.1 yields that dimM < —VC(0)q+ for any g € R¥. Thus, taking the
inf on g, we obtain

dimM <b,,(—VC(0)) < B, (—VC(0)) <A;(-=VC(0)).
iii). We firstly claim that, there exists >0 such that, for all x €supp(y) and 0<r<1, we

have (B(x21))

u(B(x,2r

_— = 7 < .

n(Bn) P
So let (B(xij,7n))1<i¢, the ¢ sets relatively to Besicovitch theorem extracted from the set
(B(xi,7n))i- A careful computation yields that

p+q—TI T =Cy(p)+ty, VpgeRE, 6.1)

where
k

lp+q—I|=)_(pi+q:—1).

i=1
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Theorem 5.1 and Proposition 5.1 guarantee that

lp+q—1|1L " =Cl (supp(p)) = Au(p+9).

Consequently, C;(p) =Au(p+q) —Au(p). So, if Ay is differentiable at g, C, will be too at
0and VCy(0) = VA, (q). Thus, using the mixed large deviation formalism, we obtain

ay(x) =—VC4(0); vy for almost all x € supp(u),

hence, finally, a, (x) = —VA,(q).
iv). Let g be such that VA, (q) exists. Then VC,(0) exists too. So, item ii). states that

fu(=VC(0)) =A,(=VC(0)).

Which completes the proof. O

Proof of Theorem 6.2. i). Using the same notations as previously, we obtain C, differen-
tiable at 0, B, differentiable at 4, and VC,;(0) = VB, (g). In the other hand, we obtain
also

W,
o (x) =0y (x,1n) zliy# =—VCy(0)=VBy(q), vy as.
—Un
ii). Follows immediately from i). and Theorem 6.1. ]

References

[1] A.Ben Mabrouk, A note on Hausdorff and packing measures, Int. J]. Math. Sci., 8(3-4) (2009),
135-142.
[2] A. Ben Mabrouk, A higher order multifractal formalism, Stat. Prob. Lett., 78 (2008), 1412—
1421.
[3] E Ben Nasr, Analyse multifractale de mesures, C. R. Acad. Sci. Paris, 319(I) (1994), 807-810.
[4] E Ben Nasr et I. Bhouri, Spectre multifractal de mesures boréliennes sur R9, C. R. Acad. Sci.
Paris, 325(1) (1997), 253-256.
[5] E Ben Nasr, I. Bhouri and Y. Heurteaux, The validity of the multifractal formalism: results
and examples, Adv. Math., 165 (2002), 264-284.
[6] I Bhouri, On the projections of generalized upper L7-spectrum, Chaos Solitons Fractals, 42
(2009), 1451-1462.
[7] P. Billingsley, Ergodic Theory and Information, J. Wiley & Sons Inc., New York, 1965.
[8] G.Brown, G. Michon and J. Peyriere, On the multifractal analysis of measures, J. Stat. Phys.,
66(3/4) (1992), 775-790.
[9] L. Olsen, A multifractal formalism, Adv. Math., 116 (1995), 82-196.
[10] L. Olsen, Self-affine multifractal Sierpinski sponges in R4, Pacific J. Math., 183(1) (1998),
143-199.
[11] L. Olsen, Dimension inequalities of multifractal Hausdorff measures and multifractal pack-
ing measures, Math. Scand., 86 (2000), 109-129.
[12] L. Olsen, Integral, Probability, and Fractal Measures, by G. Edgar, Springer, New York, 1998,
Bull. Amer. Math. Soc., 37 (2000), 481-498.



332 M. Menceur, A. B. Mabrouk and K. Betina / Anal. Theory Appl., 32 (2016), pp. 303-332

[13] L. Olsen, Divergence points of deformed empirical measures, Math. Resear. Lett., 9 (2002),
701-713.

[14] L. Olsen, Mixed divergence points of self-similar measures, Indiana Univ. Math. J., 52 (2003),
1343-1372.

[15] L. Olsen, Mixed generalized dimensions of self-similar measures, ]. Math. Anal. Appl., 306
(2005), 516-539.

[16] ]J. Peyriere, Multifractal Measures, in Probabilistic and Stochastic Methods in Analysis, Pro-
ceedings of the NATO ASI, II Ciocco 1991, J. Bymes Bd., Keuwer Academic Publisher, 1992.

[17] Y.-L. Ye, Self-similar vector-valued measures, Adv. Appl. Math., 38 (2007), 71-96.

[18] M. Dai and Z. Liu, The quantization dimension and other dimensions of probability mea-
sures, Int. J. Nonlinear Sci., 5 (2008), 267-274.

[19] Y. Shi and M. Dai, Typical Lower L7-dimensions of Measures for 4 <1, Int. J. Nonlinear Sci.,
7 (2009), 231-236.

[20] Q. Guo, H. Jiang and L. Xi, Hausdorff dimension of generalized sierpinski carpet, Int. J.
Nonlinear Sci., 6 (2006), 153-158.

[21] X. Wang and M. Dai, Mixed quantization dimension function and temperature function for
conformal measures, Int. J. Nonlinear Sci., 10(1) (2010), 24-31.

[22] Y. Pesin, Dimension Theory in Dynamical Systems, University of Chicago Press, 1997.

[23] S.]. Taylor, The fractal analysis of Borel measures in IR?, J. Fourier. Anal. and Appl., Kahane
Special Issue, (1995), 553-568.

[24] R. Vojack and ]J. Lévy Véhel, Higher order multifractal analysis, INRIA, Rapport de
Recherches, 2796, 1996, 34 pages.



