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1 Introduction

This paper is devoted to establish BKM’s criterion of smooth solutions for the Cauchy
problem for 3D Boussinesq equations with viscosity in R®

urtu-Vu—nAu+Vp=_0es, (1.1)
0 +u-Vo—vA0=0, (1.2)
V-u=0, (1.3)
t=0: u=ug(x), 6==6p(x), (1.4)

here u is the velocity field, p is the pressure, 6 is the small temperature deviations which
depends on the density. # >0 is the viscosity, v > 0 is called the molecular diffusivity and
es=(0, O,l)T. The above systems describe the evolution of the velocity field u for a three-
dimensional incompressible fluid moving under the gravity and the earth rotation which
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come from atmospheric or oceanographic turbulence where rotation and stratification
play an important role. When the initial density 6y is identically zero (or constant) and
7 =0, then (1.1)-(1.4) reduce to the classical incompressible Euler equation:

ur+u-Vu+Vp=0, (1.5)
V-u=0, (1.6)
u(x,t) =0 =uo(x). (1.7)

For the incompressible Euler equation and Navier-Stokes equation, a well-known cri-
terion for the existence of global smooth solutions is the Beale-Kato-Majda criterion in [1]
which states the control of the vorticity when w = curl u in L! (0,T;L*), this is sufficient
to get the global well-posedness of solutions, i.e., any solution u is smooth up to time T

under the assumption that fOT |V xu(t)||L~dt < 4o0. Kozono and Taniuchi [2] improved

the Beale-Kato-Majda criterion under the assumption fOTHV X u(t)||pmodt < +oco. The
regularity criteria for the Navier-Stokes equations, we can refer to Bahouri, Chemin and
Danchin [3], Cao and Titi [4], Kato and Ponce [5], Kozono and Taniuchi [2], Zhou [6,7],
Zhou and Lei [8], Zhang and Chen [9].

The global well-posedness for two-dimensional Boussinesq equations which has re-
cently drawn a lot of attention. More precisely, the global well-posedness has been shown
in various function spaces and for different viscosity, we can refer to [10-20]. When
n =v =0, the Boussinesq system exhibits vorticity intensification and the global well-
posedness issue remains an unsolved challenging open problem (if 6y is a constant) which
may be formally compared to the similar problem for the three-dimensional axisymmet-
ric Euler equations with swirl.

For the three-dimensional case, Hmidi and Rousset [16,17] proved the global well-
posedness for the 3D Navier-Stokes-Boussinesq equations and Euler-Boussinesq equa-
tions with axisymmetric initial data without swirl respectively. Danchin and Paicu [12]
obtained the global existence and uniqueness result in Lorentz space for the Boussinesq
equations with small data.

Our purpose of this paper is to obtain logarithmically improved regularity (BKM’s)
criterion of smooth solutions in terms of velocity field in BMO space.

Now we state our result as follows.

Theorem 1.1. Assume that (ug,0) € H" (R?) holds with divuo=0 and m > 3. If u satisfies the
condition

/ |V xu(t)|[Bmo 4t < 400 (1.8)
\/ln e—l—Hqu )HBMO)

then the solution (u,0) for the Cauchy problem (1.1)-(1.4) can be extended smoothly beyond T.

The paper is organized as follows. We shall state some important inequalities in Sec-
tion 2 and prove Theorem 1.1 in Section 3.
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2 Preliminaries

Throughout this paper we use the following notations. LP(R?®) denotes the generic Lebe-
gue space, H™(R?) denotes the standard Sobolev space. BMO is the bounded mean os-
cillations space. B, ,,(R?) is the homogeneous Besov space, where 0<m, n<-+oco. S(R")
be the Schwartz class of rapidly decreasing functions.

The Fourier transformation of f € S(R") is defined as

Ff=F@)= [ e fx)dx @)

and the inverse Fourier transformation of g€ S(R") is defined as

Flg=g(n= [ g(@)de. 2)

n

Next, we shall recall the Littlewood-Paley decomposition and define some functional
spaces which can be found in [3,21,22].

Definition 2.1. Denote C as the annulus of center on 0 with short radius 3/4 and long radius
8/3. Then there exist two positive functions ¢ € Ci°(B(0,4/3)) and x € C§°(C) such that

X+ e(2710)=1, (2.3)
920

[p—q|=2 = suppp(2™7-)Nsuppp(2~ ") =P, (24)

g>1 = suppxNsuppe(2~1.)=>. (2.5)

Remark 2.1. The frequency localization operator is defined as

M= [ Fy)ulx-27Ty)dy. @6)

Definition 2.2. BMO denotes the homogeneous bounded mean oscillation space which equipped
with the norm

T S
BMO — T 7.\
xeR"r>0 ‘Br<x)‘ By (x)

1
f(y)—W/Br(y)f(Z)dz‘dM (2.7)

Definition 2.3. (The Triebel-Lizorkin space F; ;) The homogeneous Triebel-Lizorkin space F, ,
is defined as the set of tempered distributions u, i.e.,

1/q
o sqk q H
lullg;, H(k;; [Au]?) | <. (2.8)

Moreover, when s=0, p=oc0, g=2, Pc?o,z =BMO.
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Lemma 2.1. (The Bernstein inequality) Let C is a annulus of center on 0, B is a ball of center
on zero, then there exists a constant C >0 such that for any integer k>0 and function uc L*(R"),
b>a>1, we have

|s1|1pkHa”‘uHL,x(Rn) §Ck“}\k*”(%’%)HuHLa(Rn), supp # C AB, (2.9)
al=
C U DAK | o () < sup 0% | rry < CEHAM [l oy, supp 4CAC. (2.10)
|ae| =k
Proof. See, e.g., [3]. O

Lemma 2.2. (The Special Bernstein inequality) For any integer k>0, 1 < p <q < 400 and
function u € LP(R"), we have

2" || A | Lo oy NIV At oy < C2°" || At || 1y ), (2.11)

1.1
| Axte|La(m) <C2" q)kHAkuHLp(Rn), supp 1 C2C, (2.12)
where c and C are positive constants independent of u and k.
Proof. See, e.g., [3]. O
Lemma 2.3. (The Gagliardo-Nirenberg inequality)

IV fll s < CANES™ I £, 4 € [0,m] (2.13)

holds for all u e L®(R")NH™(R").

Lemma 2.4. (The Interpolation Inequalities) The following inequalities hold in the three di-
mensional Lebesgue space

IVl < Clluel| 4% | du 2%, (214)
IVull2 < Cllul[ 21 Vull 4%, (2.15)
el < Clullps* 19 2ull 355, (2.16)
el < Cllael| 322 V20 2%, (217)
Lemma 2.5. The following inequality holds:
IV (u-Vo) =u-V V"0 2 SC([|Vul[= ][ V0| 2+ [ V| o [V 1] 2). (218)
Proof. See, e.g., [3]. O

Lemma 2.6. There exists a uniform positive constant C such that

Hwnwsc(1+||u||Lz+||v><u|\BMm/1n<e+nuan>) 2.19)

holds for all u € H3(R3) with V -u=0.
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Proof. Using the similar technique as in [8], we can derive our result. From the Littlewood-
Paley decomposition, we have

+o0 0 A 400
Vu= Y AkVu:< Y +Y + ) >AkVu. (2.20)

k=—o0 k=—o00 k=1 k=A+1
Using the Bernstein inequality, setting A = % +1, we deduce that
0 +
IVulles< 37 18 Vulr=+| EAkV”HLw Y AVaull-
[—— k=1 k=A+1
0
< Z 2k(l+n/2)HAkvu||L2+Al/2H (E ’Akvulz)l/zHL
k=—c0 k=1
—+o00
+ Z 2—k(2—n/2) HAkvsuHLz
k=A+1
C(lfull 2+ A"Vt pmo+2~ 47D V3ul|2). (2.21)
Denote R;=(9/9x;)(—A)~1/2 (R (Rq,R2,-++,R;;)) be the Riesz transformation, from
the Biot- Savard law, we see ux; = Rj(Rx Vu) (j= 1 2,---,n), Since R is a bounded opera-
tor in BMO, we derive that HVuHBMO <CJ|V x uHBMO Comblmng (2.20) and (2.21), we
complete the proof of lemma. O

3 Proof of main theorem

Proof of Theorem 1.1: Multiplying (1.1) by u, using (1.3) and integrating by parts in R?,

we derive
1d
2dt

Multiplying (1.2) by 6, using (1.3) and integrating in R, we obtain

[l 2+77||V”H%2:/R3963'udx§HQHLZHMHLZ H9HL2+ 172 (3.1)

201t||9|| 4 7] V0 2 =0. (3.2)

Combining (3.1) and (3.2), integrating with respect to , using the Gronwall inequality,
we conclude that

t t
2201242 [ [IVu(s) Eads+2v [ [ V6(3) 2ds

t
=2 [ 6)esudxdst [ () zds+ [ lu)Fads+luolf+ [0l 6
[/l oo 0,502y + el 20,7501y < C, (3.4)
101 e 0,;02) + 101l 220,711y < C. (3.5)
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Applying V to the both sides of (1.1), taking a L? inner product of the resulting equation
with Vu, integrating by parts, we derive

2 oy L ITu(t) | 4| V20 () |22 = —/R Y (u- Vu)wdx+/ (0e3)Vudx.  (3.6)
The similar steps to (1.2), we obtain
3 IO IV =~ [ V(-0 Vodx 37)
From (3.6), (3.7) and V-u =0, it follows that

- (IVu(BIIL+ VOO 112) + 1 V2u(®) [T+ (V201 |72

N[ =
Q-|Q_,

:—/ [V (- Vu)—u- 9] Vudx—/ V(- v0)—u- V0] Vde—i—/ (6e3) Vudx
R3 R3
=L+ L+5. (38)

By Lemmas 2.5 and 2.6, using the incompressible condition V-u =0, we give the
estimate of [;(i=1,2,3).

Il:_/723 [V(u-Vu) u- VVu] Vudx <2C||Vul|1=|| Vul/2,, (3.9)
12:—/ [V(u-w)—u-vve] vedx:—/ Vu-VOVodx
R3 R3
<C||VuHL°°Hve||L2/ (3.10)
13:/R V(Ge3)Vudx<—HVuHL2—|- 16]2.. (311)

It follows from (3.8)-(3.11) that

1d
> 3 (TR =+ VO E2) + il V2u(t) =+ 7261

<C(1+[|Vul| =) (| Vu|[ 22+ VO] 22)

sc(1+Hu\mHquHBMm/ln<e+uuuHs>)<kuiz+uveuiz>' (3.12)

By the Gronwall inequality, we arrive at
t
V(O +[900) 20 | |72 acs 20 [ 926 ucs
0
<(IVulto) 12+ 1V0(to) I72)
t
><e><p{C/t <1+Hu(s)||Lz+||V><u(s)||BMQ\/ln(e—|-Hu(s)||H3)> ds}. (3.13)
0
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From (1.8), there exist an arbitrary small constant e >0 and T, < T such that

/ N |V xu(t)|[Bmo di<e. (3.14)
n

(e+[|V xu(t)|[smo)

Hence, combining (3.13) and (3.3)-(3.5), we conclude

t t
V(D3O 242u [ [V2u(s) Fads+2v [ [V26(5)][Fds
0 0

t
§Coexp{C1/T ||V><u(s)||BMQ\/ln(e—l-Hu(s)HHs)ds}
<Coexp{C1"In(e+A(t))} <Cole+A(t)), (3.15)
where A(f)= supT*Ssgt(HV%t(s)H »+HIV36( )H )tE[T*,T],CodependsonHVu(T*)H%Z—l—
|VO(T)||%,, C1 >0 is a uniform constant.

Applying V" to (1.1) and (1.2), then taking L? inner product of the resulting equation
with V"u and V"0 respectively, integrating by parts, we get

14
I B V)

_ 3V’”(u~Vu)Vmudx—|—/ V" (Be3) V" udx, (3.16)
;jtuvme( 1|2 +v ]| V" VO(H)| / V" (1-V0) V" 0dx. (3.17)

It follows from (3.16), (3.17) and V-u =0 that

1d(
2dt

— Vm(u-Vu)Vmudx-i-/ Vm(963)Vmudx—/ V(1Y) V" odt
R3 R3 R3

V" ullf+1V"0lI22) +4l| V" V(D)7 +v ][ V" VO (1) |2

:—/ [Vm(u-Vu)—u-VVmu]Vmudx—l—/ V™ (0e3) V" udx
R3 R3
—/3[vm(u-ve)—u-vvm9]vm9dx
R
=L+ 15+ 1. (318)

Since the proof for the case m > 3 is similar to m =3, here we only need to prove the
case m = 3. By the Holder inequality, the Cauchy inequality and Lemma 2.6, we get

Li=| = [ | [V(0-9u) ~ -V V] Vudx| < V(- V) - 92|V
<C[|Vull=[[V3ul7, (3.19)
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1
Is= [ V(6e3) Viudx < (V02| Vul2),

ls=— [ | [9°(u-V6) ~u-v'v6] Vodx
R3

__3 / Vi -VV20V30dy—3 / V2, VVOV30dy— / V31 VOV3edx
R3 R3 R3

—_3 / Vi -VV20V30dy—3 / V2. VVOV30dx+ / V3-0V40dx
R3 R3 R3

<C[|Vu ||| V30]| 72+ Cl| V21| £ V20| 4 | V20| L2+ (10| 1 | V0| 12| V20| 12

=I;+Ig+1Io.
Using Lemma 2.4 and ||0||z~ <||6p]| .~, we obtain
Is=3||V2u 4[| V20 .+ V0] 2
5By lE 012 19412 (1920112 [T 2
SCIVull i IV7ull 21011 VOl 2 V70l 22 V0l 72
1 1 1 1
<C||VulltlIV2ull 2. 180l £ V261 2 V261 22
v
< IV UL+ CIVu ([ VP02 [ V20 12

1%

< IVl +ClVulle 1+ V2ul 7 +[1V817.)

<7 IV*0I L+ ClVullLs e+ A(#).

1 < W

Noting that ||0]| .~ <||60 ||~ and using the Cauchy inequality, we deduce
Io= 10|V 2ull 2| V4]l 2 < EHVA‘GH%ZJFCHGH%MHV3MH%2
< IV201+ClIVPullfs < TN V4002 +Clet-A(r).
From direct computation, we have
I; <C||Vul|=(e+A(t)).

Combining (3.18)-(3.24) and (3.4), we conclude

—/RS [V (u-960)—u-VV36] Vo < 2| V46)2+-C | Vu 1o +1) (e (1))

Thus, it follows from (3.18)-(3.25) that

d
5 (IF°u(®) 2+ 1902 ) +v| V0l < C (1 Vull i +1) (e A(H)),

holds forall T, <t<T.

71

(3.20)

(3.21)

(3.22)

(3.23)

(3.24)

(3.25)

(3.26)
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Integrating (3.26) over [T,,s| with respect to ¢, using Lemma 2.5, we arrive at
[2u(s) 2+ V°0(5) [ +v [ 11920(0)
<[IVu(T) [+ | V6(T.)
+C [ (10 a2+ 19 (8 i i (0 1)) (e A (1)l
(
)

<IVPu(TIIL+ V20T ) 122
S
+C/T <1+Hu(t |2+ IV xu(t)|lsmo ln(e-l-A(t)))(e-l—A(t))dt, (3.27)
which implies
e+ A(H) <e+|Vou(T) 3+ [IV20(T.) |22

+c/Ti (1 ()12 + 1V x (5) oo/ e+ [u(s) 1) ) (e+ A(s))ds. (3:28)

For all T, <t < T, then using the Gronwall inequality and (3.28), we deduce that e+ A(t)
is bounded, i.e.,

IV2u(@®)llz+[V°0()II7 <C, (3:29)
where C is dependent on || V3u(T.)||2,+ | V36(T.)||2,. Thus, we complete the proof of
Theorem 1.1. O
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