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1 Introduction

We consider the exponential decay of radial ground states of a class of N-Laplacian ellip-
tic equations as follows:

Anu+f(u)=0 inRN, N>2, (1.1)

where Ayu=div(|Du|" ?Du) is the degenerate N-Laplacian. Here by a ground state we
mean a non-negative non-trivial C! distribution solution of (1.1) which tends to zero at
infinity. The particular interest in this problem is that the order of the Laplacian is the
same as the dimension of the underlying space. For the classical case of this problem, i.e.,
N=2, (1.1) reduces to

Au+f(u)=0 inR? (1.2)

Under suitable conditions on f it was shown in [1] that the ground state for (1.2) satisfies

u(x)=u(|x)) =u(r) >0, u(0)=maxu(x),

u'(0)=0 and u'(r)<0 for re(0,00).
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Moreover,
lim u(r)/re’ =C (1.3)

r—00

with some constant 0 < C < oco. Such precise estimates of asymptotes as |x| — co have been
proved to be very useful. For applications of such estimates, readers can refer to [1-5]
etc. In an earlier work [6], we considered the exponential decay of ground states of the
m-Laplacian equation

Apu+f(u)=0 inRY, N>m>1

under certain assumptions on f. It has been known that when 1 <m < N, Pohozaev-type
restrictions on the nonlinear term f are needed to show the existence of ground states [7],
and for m >N no growth conditions are required [8]. So we can regard (1.1) as a transition
or borderline case.

Throughout this paper we make the following assumptions on f:

(f1): f:]0,00) =R is locally Lipschtiz continuous and there exist positive constants
K and « such that

FO+KNTT=0 (N1 as t]0.

(f2): There exists f>0 such that
F(t):/otf(s)ds<0 on (0,8), F(B)=0, f(t)>0 for t>p.

(f3): For some 7y > B we have f € C![y,00) and f'(t) >0 for t > 1.

Note that an example of f satisfying all above assumptions is f(t) = —tN~"1 47 with
N—1<p<co. Also note that under assumptions (f;)-(f3), the existence of a radial ground
state is guaranteed and moreover if r = |x| the function u=u(r) satisfying u’(r) <0 for all
r>0 such that u(r) >0 (see [9]). Our result can be stated as follows:

Theorem 1.1. Let u(x)=u(r) be a positive radial ground state for (1.1) and f(t) satisfies as-
sumptions (fy)-(f3). Then there exists a sequence of constants {C;} (i=1, 2,---) such that for any
1=1,2,---,

NV KNT o G Ci (L
“w) T\No1) TR Tt tategE) o e

where {C;} (i=1, 2,---) are determined by

G

_N—1< K >¥ (N=2)Ci =gy (771) ™ €

N \N-1
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and for i>2, C; can be uniquely determined by

1 . .
: K \¥ L FU)(0)
(N—Z)Cil—N<m> CZ:E j' Z C]]C]z C]] ’
j=2 Jite =i
Jieji>0
where
N

Particularly we have

for some constant C,. > 0.

2 Two lemmas

In this section, we will prove Theorem 1.1. First, let u(x) =u(r) be a radial ground state
as stated in Theorem 1.1. It follows from (1.1) that

_ r N-—1 _
(|u’|N 2u’> —i—T\u"N 2w+ f(u) =0. (2.1)
Denote
w2
QD(T) = MN_l . (22)
Then .
‘u/‘Nqu/:_(PuN—ll %:_(P%l'

Substituting them into (2.1) yields

q)'—(N—l)q)%-l—Nr_lq)—L{ISu)l:O. (2.3)

Lemma 2.1. For ¢ defined by (2.2), we have

limsup ¢(r) < oo.

r—00

Proof. It follows from assumption (f;) and lim,_,u(7) =0 that

|f (u(r))]

K=sup —w——~< <©o0.
P uN=1(r)
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It follows from ¢(r) >0 and (2.3) that as long as

N-1
4 \ N N-1\~
> >
?(r)_(N_1> , r_4< T >
~ N-1 = f(u) _N-1 «n
¢'=(N=1)NT———¢F-37 > ——¢F 1. (2.4)

Now, suppose to the contrary that limsup, ¢(r) =oo. Let

N_1y o
- K

=i > R : > .
71 1nf{r_4( 4K) q)(r)_<N_1) }

Since ¢(0)=0and ¢(r) >0 for r >0, it follows that 0 <r; <co. If r; =00 we are done. Next
we suppose 11 < 0. Then

we have

N-1
e 'V N-1
@(r1)= <N—1> , qo’(r)ZTq)(r)ﬁ forall r>rq,

which blows up before or at

ro=r+2{ —— .
4x

This contradicts the well-definedness of ¢. The proof of this lemma is complete. O

Lemma 2.2. For ¢ defined by (2.2), we have

N-1
K \' ™
li =(— , 2.5
tim g (55 25)
where the constant K is the one stated in (fy).

Proof. Since ¢(0)=0and ¢(r) >0 for r >0 it follows from (2.3) and Lemma 2.1 that
0 <liminf ¢(r)=w; < oo
r—00

and
0<limsup ¢(r)=w, < co.

r—00

Next we use the contradiction arguments to prove (2.5). Suppose

w1 :hryILiorlf ¢(r) <limsup ¢(r) =ws.
r—00

Then we may choose two sequences {7;} and {{;} going to oo as i — oo such that

{ni} are local minima of ¢, {(;} are local maxima of ¢,
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and {; € (1;,i11), and

liminf ¢(r)=1lim ¢(;) =w;, limsup ¢(r)=1lm ¢({;) =w>.
r—0o0 i—o00 1—00

r—00

Thenat#; (i=1, 2,---) we know u/(1;) =0 and thus

~(N=1)p() P+ gt~ LU o 6
Similarly at §; (i=1, 2, ) we get
~(N-1)p(e) P+ N gL e o )
For any given € >0, since
1%{154)1 =K, limu(r)=0,

we can take r3 sufficiently large such that

f(u(r))

u(r)N-1

+K' <e forallr>rs.

Next we take iy sufficiently large such that #; >3 for i > iy. It follows from (2.6) and (2.7)
that for all i >ij:

K—e<(N—1>qo<m>#“l—N,7‘i Lot <K+e,
K—e<<N—1>qo<a>%—Ngi Lo(@) <K+e.

Letting i — co and noticing the arbitrariness of €, we obtain

N N
(N-Dw =K, (N-1w)'=K

which yields w; =w», and contradicts to w; < w;. Consequently,

K N-1
Yime(r)= <m) -

The proof of this lemma is complete. O
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3 Proof of Theorem 1.1

37

With the help of the two lemmas above, next we give a proof of Theorem 1.1. It follows

from Lemma 2.2 that

im Y g N K\~
e e 0T TA\N=T)

Thus Ve >0, there exists a constant 0 < C = C(€) < oo such that
1

u(r) < Ge~ &=,

Especially taking e =K/2 we have

For convenience, let

(ﬁf:% <N—>

Then the above result becomes

u(r) <

Next we give more precise expansion of ¢(r
and Lemma 2.2 that lim, . ¢1 () =0 and ¢

a
r) satisfies

N -1
@1—(N=1)(Coot 1)1+ (¢ 1) = 37 =

or equivalently,

L ~1
P1—NCS "1+ g
u A N-1
S L (-D(Cat R -NeE g - N,
Notice that N1
)+ KN~
}Lrgou(r)zo, mgli_l:(’)(t“) as t|0

We get for r sufficiently large

At the same time for  sufficiently large we have

(N=1)(Coot 1)1 = (N=1)CT T+ NCZ T g1+ 0 (¢2).

(3.1)

t co. Let ¢ = Coo+¢1. We know from (2.3)

(3.2)

(3.3)

(3.4)
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Thus it follows from (3.2)-(3.4) that for r sufficiently large

N-1

¢ —NCL (§3)— == Cat O(u%). (3.5)

Multiplying both sides of (3.5) by ¢1 and integrating the resulting equation from r to co
for r sufficiently large yield

1 o o N-1
30+ [ (N =200 ) s
—/ —Cooq)lds—/ O(u*)¢p1ds. (3.6)
We can take r sufficiently large such that

NCN ]——-I-(’)((pl)z

N-1 N L.
EC&.’ for s >r.

Therefore for such large r it follows that

q)%(r)—i-/ (NCo@l]) ds<2/ —Cooqolds—Z/ “)p1ds.
2/ —Coogolds< ( CN])/ gods-i— i /rs—zds,

NCE
2/ (ut 1ds<4(NCN1)/ (p%ds—l- /

By virtue of the above estimates and (3.1) we get that for r sufficiently large

1/ 1\ [
si+3 (NCE) [T

Note that

2 s 122
< 4(N 1) Cs 1_1_ 4C o200 < 8(N 1)1 C% 1, (3.7)
NCIT T 2aNCTT NcET T
where C >0 is a constant independent of r. Thus we have
20, — -1
pi(r)=0 <r ) as r— oo. (3.8)

By this estimate and (3.5) it follows that as r — o

L N-1
P —NCXTgr+—~—g1=0(r). (3.9)
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1
For convenience let ko =NCg'. Then we get from (3.9) as r — co
!/
(rN_le_"‘Orq)l) —yN=1lp—aor (r_1>. (3.10)
Integrating both sides of (3.10) from r to oo yields, as r — oo,
eDLoV (e} _ _ _
p1(r)= - /r sN1O (s 1) e “°ds
60607‘ o] N—2
_ — —KpS
_O<rN1/r sV e ds). (3.11)

Applying integration by parts as many steps as we want we arrive at that there exists a
sequence of constants {a;}(i=1, 2,---) such that

(o)
/ sN72em205qg = g PN =270 4 g pN 3= %07 4 ...
r

=g o7 (u1rN_2—|—aer_3 4. —I—llﬂ’N_l_l +.. ) , (3.12)
where a1 =1/wg. Thus it follows from (3.10) that
¢1(T)=O(r‘l), as r—co, (3.13)
which is an improvement of (3.8). Using (3.13) and (3.5) we obtain
(rN’le""O’q)l) N1 (%Cm +0(r?) > : (3.14)

Similar to (3.10) and (3.11), we arrive at that

e(X()T’ [ee] N—1 — N_1 s
)= [ e (N0 (57 s
- L_lr)c‘”al +0O(r?).

Again if we let

N-1)Cs
o= WCom

p
such that @, (r) = O(r~2), we obtain from (3.4) and (3.5) that

N-1 (5—2N)(N—-1) x=21 .
/ _ = 2
P2~ ko2t — — 2= N C& 1r—2+(’)(r ).
We can then repeat the same process to obtain the expansion as stated in Theorem 1.1 to
any polynomial order as we want. Next we need determine C; (i=1, 2,-- -) in Theorem

1.1. Let

F(p)=(N—1)(pe+p)¥1.
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Then the Taylor expansion of F(p) at p=0 is as follows:

Fp)=(N=1)g3 T +aop+ 50— Ca¥ 12
N(N-2) 225 F(0)

T N—1 3
BT e R R T (315)

where

(=1)"N(N—-2)(2N—=3)---(IN=I1-1)---[(n—2)N—n+1]
(N—1)n-1

for n >4. Thus from (3.2), (3.3) and (3.15) we get

FM(0)=

¢1—ro¢1+ p 1

N-1 N  x2
Cotamep > #

N(N-2) 3% 5 F"(0)

NG e (3.16)

=0(u®)

Substituting ¢1(r) = Y2, C;/ rl into (3.16) we get by comparing the coefficients of 1/7"
(n=1,2,---) that

_N=2
c  N-1/ K = o (N—Z)Cl—ﬁcww—l 2
1= N N_1 ’ 2= 0 ’

and C; (i >2) is determined by

‘ L FO(0
(N—Z)Cz;l—t)éocizz () Z C]]C]ZC]] .
j=2 it

j!
Note that y 1
— =N
We know as r — oo, !
w__ <cgf] chﬁcy%o(rz))

which yields that
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Consequently,
1
lim u(r)r% e =C,,
r—00
for some 0 < C, < co. The proof of Theorem 1.1 is complete. O
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