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Abstract We prove the local existence and uniqueness of week solution of the
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the problem.

Key Words Hyperbolic-parabolic system; Chemotaxis; external signal.

2000 MR Subject Classification 35K50, 35M10, 35R25, 92C45.

Chinese Library Classification 0175.29.

1. Introduction

Let u(x,t) and v(z,t) represent the population of an organism and an external
signal at place x € Q C RN and time t respectively, in general speaking, the external
signal is produced by the individuals and decays, which is described by a nonlinear
function g(v,u). Under the spatial spread of the external signal is driven by diffusion,
the full system for u and v reads (see [1-3])

u = V(dVu — x(v)Vou - u), (1)

vy = dAv + g(v,u). (2)

In the case of that the external stimulus were based on the light (or the electro-

magnetic wave), H. Chen and S. Wu [4] studied following hyperbolic-parabolic type
chemotaxis system:

u = V(dVu — x(v)Vou - u), (3)

vy = dAv + g(”» u)v (4)

*Research supported by NSFC (No0.10631020).
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where v represents the potential function of the external signal, for example, if the
external signal is the electromagnetic field, then v would be voltage (in this case Vv
denotes the electromagnetic field).

The result of [4] gives the existence and uniqueness of the solution for the system
(3)-(4) with Neumann boundary value condition on a smoothly bounded open domain
2 and g(v,u) = —v + f(u). In this paper, we shall study the case for more general
nonlinear term g(v, u).

Throughout this article, we assume that we can choose a constant o, satisfying

l<o<2, (5)

N <20 <N +2, (6)
N

— 1> —

o127, (™)

where 1 < N < 3 are space dimensions.

It is easy to check that there exists some constant ¢ such that the three conditions
above can be simultaneously satisfied in the cases of 1 < N < 3. In fact, we can choose
Uzgfoerl,o*:%foerQandazl—SE’forN:&

Next, we define

Xy, = C([0, 0], H7(2) N {g—z —0 on 99}),

X = C([0, 4+00), H(Q) N {g_z —0 on 90)),

Y;, = C([0,to], H*(2) N {% —0 on 99})NCY([0,t0], H'(2)),

Yoo = C([0, +00), H*(Q) N {% =0 on IN})NCH[0,+00), H(R)),

and
Zto = Cl([07t0]7L2(Q))7 L = Cl([ov Oo)sz(Q)))7

Wto = 02([07t0]7L2(Q))7 Woo = C2([07OO)7L2(Q))

2. Local Existence and Uniqueness for g(u,v) = auv

In this section we consider following system in which the nonlinear function g(u, v)
is a product term:

up = V(Vu —xuVv), in Qx(0,7),

vy = Av+auv, in Qx(0,7),

ou Ov (8)
%_G_n_o’ on 00 x (0,T),

u(07 ) = Uo, U(O7 ) =, 'Ut(O, ) = 1/}7 in Q7



INO.1 nyperpolic-parabolic Unhemotaxis system with nonlinear product terms EXS

where Q € RY, a bounded open domain € with smooth boundary, « is a constant and
X is a nonnegative constant.

We have following result

Theorem 2.1 Under the conditions (5), (6) and (7), for each initial data ug €
H7(Q) N {g—z =0 on 00}, pe H* Q)N {g—:’l =0 on O0N} and p € HY(Q), the
problem (8) has a unique local solution (u,v) € (X, N Zy,) X (Yiy N Wiy ).

Let us divide the system (8) into two parts,

up = V(Vu —xuVv), in Qx(0,7),
g—z ~0, on 99 x (0,7, (9)
u(0,:) =up, in 9,

and
vy = Av+ auv, in Qx(0,7),
0
% =0, on 90 x(0,T), (10)
v(0, )=, (0, )=1, in Q
For v € Y}, fixed, by using the proposition [5, p.273], we can deduce that for each
up € H2(2) N {% = 0 on 092} and v € Yy, the problem (9) has a unique solution

u € Xy, N Zy, (also see the proof of [4, Lemma 3.2]).
Secondly we have
Lemma 2.2 Assume o satisfies the conditions (5), (6) and (7), then for the so-

lution uw € X3, N Zy, of (9), there exists a constant C, which is independent of to, such
that

1—2
lul,, < Cluollye +Cto % olly,, -l - (1)

Proof See [4, Lemma 3.3].
Lemma 2.3 Ifu € Xy, v € L?(0,tg; W'4(Q)), then uv € L%(0,t0; H*(Q)) and

Juvll g < e(lfull o - ollwra + ol pa - lullyra), 0 <t <to, (12)

for some positive constant c.

Proof Since u € X;,, we have that u(t,-) € H(Q2) for each ¢t (0 <t < tp). By
Sobolev imbedding theorem, we know that H? C Wl’#%.

The condition (7) implies that % > 4, which means u € Wh%. By virtue of
Cauchy inequality, we have

[wollpz < lullpa - follpe, 0 <t <to. (13)
Furthermore V(uv) = Vu - v + u - Vo, which implies that

IV (o)l o < [Vu-vll o+ u- Vol 2, 0<t<to. (14)
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Thus we use Cauchy inequality to get
IVu -l 2 < [[Vullpa - ol 0 <t <to, (15)
IVo-ull e <[Vl - flullge 0 <t <to. (16)

Lemma 2.3 is proved.
Similar to [4, Lemma 3.1], we can deduce that
Lemma 2.4 For each T > 0, assume

0
@GHQ(Q)O{a—Z20 on 0Q}, ¢YeH (Q), uec Xy,
then the problem (10) has a unique solution v € Y,y N Wy, and

Iolly,, < e (lelgs + 10l g+ to llullx,, - vl ) (a7)

Proof of Theorem 2.1 Let g € Xy, g(0) = up and v = v(g) denotes the
corresponding solution of following equation

vy = Av + agv,
ov
-7 18
5, =0 on 9% (0.T), (18)
U(O7 ) =, Ut(oa ) = w

By using Lemma 2.4, we know that the problem (18) has a unique local solution
v € Yy, which satisfies

Iollysy < cel (@l + 1011 ) + ctocl” gl x,, - ol - (19
For the solution v above, let u = u(v(g)) be the corresponding solution of
up = V(Vu — xuVv),
% =0, on 0Qx(0,T), (20)
u(0,-) = up = g(0).

The lemma 2.2 shows that the solution u € X;,, thus we have obtained a mapping
G : Xy, — Xy, defined by Gg = u(v(g)), and the estimate (11) gives

1—
IGallx,, < Clluallye +Cto * - [lolly,, - 1Gollx,, - (21)

Next, we choose a ball By = {g € Xy, [9(0) = wo, |lg(t, )| o < M, 0 <1t <tp},
where M = 2C ||ug|| - and the constant C'(> 1) is given by (11).
For g € By, we know that from the estimate (19)
ollys, <cel (s + 1l 1) + etoel® lglLx,. - ol

<ce (|l + [0l ) + ctoel M - o]y, . (22)
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Thus we choose ty > 0 small enough, then

I0lly;, < 2 (Il gz + 18]l )- (23)

In view of (21) and (22), we obtain
1_2
I1Gyllx,, < Clluollgs +Cty * - 2¢e™ (ol g2 + 0] ) - |Gyl -

Choosing ty small enough, so that 2cty - el (||| 2 + |1l 1) < 3, then 1Gyllx,, <
2C |lugl| 7o = M, which indicates that G maps B, into By, itself.

Next, we shall prove that G is contract mapping for sufficiently small ¢g.

Let us consider that g1, g2 € X4, and let v; (i = 1,2) be the corresponding solutions
of the problem (18). Thus the difference Gg; — Gy satisfies:

Gg1— Gga = u1 — u
t ¢
= —X/ T(t— s)ulAvlds—X/ T(t — s)VuiVurds
0 0

t t
+ X/ T(t— s)uQvads+X/ T(t — s)VuaVuads
0 0

t t
= —X/ T(t — s)(urAvy — uzAvg)ds—X/ T(t — s)(Vu1 Vo — VugVug)ds,

0 0
where T(t) = €2 is a mapping from L?(Q) to H?(Q) with norm ¢,¢~%. Thus we have

t
H/ T(t — s)(u1Avy — ugAvg)ds
0

Ho

<

)

t
/ T(t — s)ui(Avy — Avy)ds
0 Ho

/Ot T(t — s)(u1 — uz)Aveds

_|_
Ho

and

t
/ T(t — s)ui(Avy — Avy)ds
0

1—2
<cty * osup |Jui(Avy — Avg)lly
Ho 0<t<to

1—2
Scty * sup fluallpee - [|A(0r —v2)ll3,
0<t<to
where ||-||, as the norm of L?, and o > &, so

t
/ T(t — s)ui(Avy — Avy)ds
0

1-2
< Cty * sup Jurllgo - [[A(vr —v2)]
o 0<t<tg

1—-2
<CMty * sup [[vi —vallge2-
0<t<tp
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Similarly, we have

/Ot T(t — s)(u1 — uz)Aveds

1_¢
<cty 2 sup ||(u1 — uz)Avel|,
o 0<t<to

1-<
< cty 2 sup ||U2HH2 : ||U1 - U2HL°<>
0<t<tp

1_¢
<cty ?ozlly, - llu —uallx,

which means

t
H/ T(t — s)(u1Avy — ugAve)ds
0

HO’
1-2 1—-2
< Oty flor = vally, +Cty ? oally, - s = ually,, 0t <t

Secondly, we have

t t
/ T(t — s)(Vu1 Vo, — VugVug)ds / T(t — s)(Vu1 Vor — Vua Vo )ds
0 0

S ’

He He

t
+ / T(t — s)(VuaVu, — VugVug)ds
0

Heo

Here

t
H/ T(t — s)(Vu1 Vuy — VuaVop)ds
0

Ho

1_¢2
<cty ? sup ||Vor-V(ug —u)ly, 0<t <t
0<t<to

By Sobolev imbedding theorem, H(Q) — L°°(Q) for N = 1, we have
IVAV fally < IV filloe - 1V £2ll2

<clfillgz - 1 f2ll
<clfillgz - I f2ll o -

N
For N = 2,3, we have H'(Q) — L%(Q), H(Q) — L7 2T (Q), thus f% €
N N
L= f2 ¢ [¥—26-D if f; € H' and f, € H°~!. Hence Cauchy inequality yields

2 42 2 2
[ee ) Uy I )

2(oc—1) N—-2(c—1)

which implies || f1 fally < ||f1\|% | f2ll_2~v__. Thus

N—2(c—1)

IVAV fally S IVl - IV f2ll __ex
o—1 N—-2(c—1)
< eIV il - IVAl__ax_

<clfillez - IV fallgo-r < el fillgz - | f2ll o -
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ol

Therefore, we obtain

t
/ T(t — s)(Vu1 Vu; — Vua Vg )ds
0

Similarly

t
/ T(t — s)(VuaVuy — VugVug)ds
0

0<t<tp

1-2
<cty * luzllx,, - llor =2y,

1-<
SCMtO 2 HUl_U2HYtO’ Oﬁtﬁto.

Hence we have deduced that

IGo1— Goally, = s — wsl],,

1—2
<cty ? sup [[Vuz- V(v —wv2),
HU

1—2
< Cty *loally,, -l — w2k, 0 <t <to.
HO’

1-¢ 1-¢
<2ty llor —vally, +etg P (fo2lly,, +lloilly, ) - 1Gor — Gaallx, - (24)

Next, the difference v; — vo satisfies

(v1 —v2)u = A(vy — v2) + a(givi — gov2)

= A(v1 —v2) + avi(g1 — g2) + aga(v1 — v2),
8@1__ 8@2__
8—n_ 8n —0, on OQX(O,T),
(’Ul — Ug)(o, ) = O, (Ul — ’Ug)t(o, ) = 0.

Applying Lemma 2.3 and Lemma 2.4, we have

to
Jon = vally, e [ lavs(gr — g2) + agaler - ea)]1dr)

<clajel™ 15 sup |lvi(g1 — g2) + ga(vr — v2)| 1
0<7<tg

<clalel*® -ty sup [or(g1 — g2)ll
0<7<to

+cla elolto 4. sup llg2(vi — v2) | 1
0<7<t0

<clalel®lo - - sup ([fvrflpz - llgr = g2lm-)

<7t<to
+elalel -ty sup (|lgallgo - lvr — val o)
<7r<to

<ela] M - 1q - |lorlly, - llgr — g2l x,,

+clafelto g, 921l x,, - llox = v2lly, -

Thus we choose ¢y small enough to get

lor = vally,, < 2¢laltoe® - Juilly, - g1 - allx, -

(25)
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For ¢y small enough, we use the estimate (23) directly to get

lvilly,, < el (ol gz + [0l ), i =1,2. (26)

Since 1 — & > 0, thus combining the estimates (24), (25) and (26) and choosing tg

small enough, we can deduce that the mapping G is contract. So it follows that the

problem (8) has a unique local solution (u,v) € (X, N Zy,) % (Yi, "Wy, ), Theorem 2.1
is proved.

3. Local and Global Existence and Uniqueness
for g(u,v) = h(v*)v + f(u)
Consider the following system

ug = V(Vu — xuVo), in Qx(0,T),
v = Av + h(vH)v + f(u), in Qx (0,T),
% = % =0, on 90 x(0,T), 27)
u(0, -) =wuo, v(0,-) =, v(0,)=1, in Q,
where Q ¢ RY (1 < N < 3) is a bounded open domain with smooth boundary, and
the functions h(z), f(x) € C%(R) satisfying following conditions (cf. [6]):
(a) For N =1, h is bounded on bounded sets and A'(w)w is bounded on bounded
sets of RT.
(b) For N = 2, |h(w)| < c(w® + 1) and |V (w)w| < c(w® + 1), for k > 0.
(c) For N = 3, |h(w)] < c(w® + 1), and |h/(w)w| < c(w® + 1), for 0 < k < 1.
Theorem 3.1 Under the conditions (a), (b) and (c), if o satisfies the conditions
(5), (6) and (7), then for each initial data ug € H7(2) N {% =0 on 00}, ¢ €
H2(Q) N {% =0 on 0Q} and ¢ € H(Q), the problem (27) has a unique local solution
(u,v) € (X4yNZyy) x (Yo "We,). In the case of N =1, 0 = 2 and ug > 0, then the one-
dimensional problem (27) has a unique global solution (u,v) € (XooNZso) X (Yoo "W).
The result of Theorem 3.1 has following obviously extension:
Corollary 3.2 For a positive integer m, if ug € H°T™(Q) N {g—g = 0 on 00},
p € HH™Q)N {22 =00n 0}, v € HH™(Q) and f € CH™(R) (or f € C§T(R)
in the case of N = 1 and o = 2), then the solution (u,v) of (27) also belongs to
X{x Y (or X3 x Y7 in the case of N =1 and 0 = 2). Where

Xy = C([0,to), H*T™(Q) N {% =0 on 00Q}),
X2 = (0, 00), B (@) N {2 =0 on 002,
Yt = O([0,to), H*F™(Q) N {% =0 on 90} NC([0,4], H'T™(%)),

Y™ = C([0, +00), HF™(Q) N {% =0 on 9Q})NCY[0,+o0), HT™(Q)).
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In order to prove Theorem 3.1, we divide the system (27) into two parts,

ug = V(Vu — xuVo), in Qx (0,7),

% =0, on 0Qx(0,7), (28)
u(0,) =up, in Q,
and
v = Av+ h(v?)v + f(u), in Qx (0,7T),
% =0, on 0Qx(0,7), (29)
v(0, ) =¢, u(0,)=1v, in Q.
We have

Lemma 3.3 For each T > 0, suppose
pe QNI 0 on 90}, weH'(Q), () e 0T H @),
then (29) has a unique solution v € Y N Wr and satisfies
) (9?}
ve C([0,T); H* () N {8_71 =0 on 00}),
v € C([0,T]; H'(R)), vy € C([0,T]; L2 (),
and
[v(t, M a2 + vt ) g o

T
< GCT(HSOHH%Q) + 1Yl g +/0 1f(w(m, Dl dr),  vEe[0,T],  (30)

where C' > 0 is a constant which is independent of T'.
Proof Set vy = w, we introduce following system

{ wy = A’v + h(v?)v + f(u), (31

then we obtain a abstract form, for U = (v, w):
U =LU+FU) in X =H'(Q) x L*(Q), (32)

where D(L) = H?(Q) N {g—z = 0 on 90} x HY(Q) and L(v,w) = (w,Av — v) for
(v,w) € D(L), F(v,w) = (0, (h(v?) + 1)v + f(u)).

We know that L is a generator of a unitary group. If we can prove that F(U) :
X — X, and F(U) is locally Lipschitz from X to X, then we can obtain the existence
of solution of (29).
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Firstly we prove that
FU): X - X.

For N = 1 and v € H'(Q) — L*(Q), the condition (a) gives h(v?)v € L?(Q2), so
F(v,w) € X. If N = 2, then for each p > 0, v € HY(Q) — LP(Q), so we can also
deduce that h(v?)v € L?(Q) by using the condition (b) and Cauchy inequality, which

implies F(v,w) € X. If N = 3, then v € H(Q) — L1\2’—§2(Q) (2 = 6), similarly we
have, from Cauchy inequality, that

el < ] o

thus the condition (c) implies that h(v?)v € L?(2) and F(v,w) € X.
Secondly, we prove that F'(U) is locally Lipschitz from X to X. Since

F(Ul) - F(Ug) = F(vl,wl) - F(Ug,wg)
= (0, h(v¥)vy — h(v3)vy + v1 — V),

and

[F(Uh) = F(U2)l x = ’h(v%)vl — h(v3)vg +v1 — 02‘ .

< ||pehor = h@dyee|

+ [lvr — a2 -
Observe that
|p)or = h(v)us]

[ ey v 2ewenag]

.
/ 2§2h’

NG
v2
[F(U1) = F(U2)|lx < Cllvr —vellgn <C|UL = Usll

IN

Similar to the process above, we have that

thus F is locally Lipschitz function, which implies the existence of the solution of (29).
Now we prove the estimate (30), which implies the uniqueness of the solution. From
the equation (32), we have

t
[V i < ITOU s + [ 1T = 9FUE) s ds
t
< [Uollgsrms + [ NFQ) o s

=gl + Il + [ 67+ Do+ 5(w)

Hds
<ol + 1l + [ 07+ 1],

+/ [f(w)]lgnds, 0<t<T, (33)
0
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where T'(t) = e'l. From the conditions (a), (b) and (c), we know that ||h(v?)v||;; <
Cllv]| 2, so
1T 25 rr1
t T
< lolle + 1ol + ¢ [ llgads+ [ 170l nds

t T
<l + Wil + [ U@ gzgnds + [ 1f @l ds. 0<t<T.

By using the Gronwall inequality, we have that
. T
[Vl < el + [0l + [ 1£G)rds)

T
<T@l + 1l +/0 If(@)l[grds), 0<t<T, (34)

which is the estimate (30).

The proof of Theorem 3.1 Consider g € Xy, g(0) = up and let v = v(g) denote
the corresponding solution of following equation

vt = Av +h(v?)v + f(g), in Qx(0,T),
ov

- = 35
n 0, on 0N x(0,7), (35)
v(0,-) =@, w(0,-) =1, in Q.

In terms of Lemma 3.3, we can solve the problem (35) to get the solution v € Y},

and
ol < eUelme + Wllm + [ W@ Dmadn. 66
For above v, we define u = u(v(g)) to be the corresponding solution of
ug = V(Vu — xuVo), in Qx (0,7),
(37)

% =0, on 90 x(0,T),

u(0,-) =up =g(0), in Q.
Thus from Lemma 2.2, we know the solution u € X;,, which implies that we have a
mapping G : Xy, — Xy, as defined by Gg = u(v(g)). Let By = {g € Xy, | 9(0) = uy,
lg(t, )|l o < M, 0 <t <ty}, where M = 2C |lugl| o and the constant C' > 1 is given
by (11), then from the estimates (11) and (36), we have

1—-2
1G9l x,, < Clluollge +Cto * |Ivlly,, - 1Gallx,
0 0 0

1-2

< Clull e+t 2™ el + il
to
+ [ 1)) - Il (38)



Chen Hua and Wu Shaohua Vol.21

If g € Bary |9l g < N9l e < M, and f € C*(R), we can deduce that

1 e < W lleaioaan M+ 1Oz

thus the estimate (38) gives that ||GgHXtO < 2C ||lugl| o if to > 0 is small enough.
Hence we have proved that, for ¢ty > 0 small enough, G maps Bjs into By itself. It
is similar to the proof of Theorem 2.1, we can prove that, if ¢g is small enough, the
mapping G is a contract mapping, that means the problem (27) has a unique local
solution (u,v) € (X, N Zy,) X (Yoo N Wyy).

Next, similar to the estimate (30), we can prove that, for s < 2, the solution (u,v)
will satisfy

to
ot e < ™o+ [ 1 (ur D lprde), 0=t to (39)

where co = [|¢|| g2 + [|¥|| ;2 and c is independent of ty. In fact, from the equation (32)
we know that U = (v,w) and F(U) = (0, h(v*) + 1)v + f(u)). Then for s > 1 we have
H* x H=' ¢ H' x L?. If we denote T(t) |gsxg=—1 as the restriction of T'(t) = ' on
H?® x H*™!, thus, by similar process of (33) and (34), we can deduce that

to
OO s prs— < €[l gz + 9]l +/0 [f()llgs—dr), 0<t<to.  (40)

If s < 1, then H' x L? ¢ H® x H*"!, we use Hahn-Banach theorem to get the
operator T'(t) can be continuously extended on H® x H* ! and the norm of T'(t) is
invariable. Thus for s < 1, we have also that

to
U@ s scpre—r < el g + 1100 g +/0 [f()llgs—dr), 0<t<to.  (41)

The estimate (39) can be deduced directly by (40) and (41).
In the case of N = 1, we know the problem (27) has a unique local solution (u,v) €
(Xt X Yy) N (Zyy x Wyy). If we take s=1/2 in (39), then

to
Jo(t, 2y < e+ [ 17 ur DI _ydr), 0<t <t (42)

Since ug > 0 and from the first equation of (27), we can deduce that ||u(t,-)||: =
|uoll 1, also Sobolev imbedding theorem implies that W91(Q) — H_%(Q), hence we
have

< (e + [ utr, DIE-yar)
< 0 :

2

< e o(eo + [ (ulr, I
< ey u(r, )31d7)
0

to
< e (eo + [ (O [l gy + 1£(0) 1))

= ce®®(co + to(Mi ol + [ £(0)]]1)*), 0 <t <to, (43)
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al

where M = || f||c2-
On the other hand, for each s < ¢ and 0 < gy < 2,

o

1-20
[t s <cllwoll e +ctg 2 sup [[V(uV)]| ge-eo
0<t<to

o
2

1—
<c||uol| o + cty sup |[uVv|| gs—oor1, 0 <t <ty
<t<t

0<t<to

Especially for s = —% + % and o9 =2 — %, we have

1
. 16
Ju ), -3+3 < clluollge + ctg 02350 [uVoll oy 0<t<to.

By Sobolev imbedding theorem and (43),

luvell, oy <ellull, oy - IVl ge
llullys Vel -y

cllullge -l

1
8

IN N CIA

1 1
<clluollr - e (c§ + 1§ (M [luollr + IF(O)]] 1)), 0 <t <to.

Thus from (45) we have

1
. 76
[t ), -1 <elluoll o + ctg oS [Nl s

L 1 1
<clluollgo + ctg® lluoll 1 - e (cg + t5 (M [[uoll L + £ (0)]] 1))-

Take s = 1 + 7 = 2 in (39), then from (47) we have

to
e e+ [l Iy, dn)

<ce® (co + to(My su u(T, - 1+ 0 1)
< (co + to( 10§T§OH( M1 + O, -1)7)

lo(t, )12

H

1 1
cezcto{CO + to[Mi[c HUOHHJ + cty® HUOHLI . ecto(co2

A

43 (M3 o]l 3 + 11£(O)]1 )] + IF )11}, 0<t <to.

Take s = —3 + + + 1 =0 and 0g = 2 — % in (44) again, we obtain

ST

o

1—-20
lu(t, gz <clluollgs +cty > sup [|[V(uV)| -
0<t<to

1
<clluollgo +ctg® sup ([uVollg-oosr
0<t<to

1
16
0

<c||luol| o + cti® sup ||quHH,1+% , 0<t <t
0<t<to

(44)

(47)

(48)
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Here

”uvv”H71+% <c HUHHfué : HVUHW71+%,00

<cllull, 5 [90], 1.4
<cllull 3 -lloll 5. 0<t<to, (50)

which implies, from the estimate (49), that

o

1-20
lu(t, gz <clluollge +ctg > sup [[V(uVo)l|g-o

su
0<t<tg

1
<clluollgo +ctl® sup a0l .,y
0<t<tp

1
< 16 . <t <tp.
<elluollge +ets® - sup lull,y-llvlg, O<t<to  (5)

From the estimates (47) and (48) above, we have obtained that ||u(¢, )| 2 grows by

a bounded manner in time.

Again we take s = 7 + 1 + 1 =1 in (39), then the estimates (39) and (51) imply

that |lu(t,-)|| 1 grows also by a bounded manner in time.

Taking s = —3 + 2+ 1+ 1 =12 and 09 =2 — § in (44) once more, since [|v(t,")| ;2

grows by a bounded manner in time, similar to which we have done in (49), (50) and

(51), we can deduce that ||u(t, ’)”Hi grows by a bounded manner in time.

Let us repeat processes above four times, we can prove that ||u(t, -)||H% (c =2

and ||v(t,-)| g2 grow by a bounded manner in time, that means the solution of (27) is
global.
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