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Abstract The compressible Euler equations with dissipation and/or dispersion
correction are widely used in the area of applied sciences, for instance, plasma physics,
charge transport in semiconductor devices, astrophysics, geophysics, etc. We consider
the compressible Euler equation with density-dependent (degenerate) viscosities and
capillarity, and investigate the global existence of weak solutions and asymptotic limit.
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1. Introduction

In the area of applied sciences, like plasma physics, transport of charged parti-
cles, astrophysics, geophysics, etc, the compressible Euler equations with additional
dissipation of the form

on+V - (nu) =0, (1.1)
O(nu) + V- (nu®u) + Vp(n) = pF + fas, (1.2)

are often used to simulate the dynamical behaviors of physical observable like the
density n > 0, velocity u, momentum J = nu, and energy e = e(n,u). Here, the
Eq. (1.1) and (1.2) respectively express the conservation of mass and the balance of
momentum. The force F' is taken as the gradient filed of some potential F' = —V®,

*L. Hsiao is supported by the NNSFC grant No.10431060. H.-L. Li is supported by the Beijing Nova
Program 2005B48, the NNSFC grant No.10431060, the NCET support of the Ministry of Education of
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where ® represents either electrostatic potential or gravity, and can be determined by
the self-consistent Poisson equation

AP =n (1.3)

with A = F1. The term fy;5 in (1.2) is chosen based on the different effects caused by the
specific physical (dissipative or dispersive) mechanism, like drag friction (lubrication)
—nlulu in the motion of shallow water [1], dispersion effects %V(AT\? ) with € > 0 the
scaled Planck constant in quantum mechanics [2], Korteweg term enVAn with ¢ > 0
small parameter in phase transition [1], viscosity pAu or pV(nVu) with p viscosity
coefficient in fluid-dynamics [3,4], and so on.

The aim of this paper is to study the dissipative and dispersive approximation to

the hydrodynamical system (1.1)—(1.2) as follows
ogn + div(nu) = 0, (1.4)

O¢(nu) + div(nu ® u) + Vp(n) + nVe
= 2nV (¢ (n)Ap(n)) + 2ndiv (u(n)D(uw)) + nV(A(n)dive) — rojulu, (1.5)

where the right hand side terms in (1.5) consist of viscosity, dispersion and nonlinear
friction, corresponding to the term fy;s in (1.2), and D(u) = (Vu+'Vu)/2 is the stress
tensor with degenerate viscosities u(n) > 0, A(n), and n > 0 a small parameter, which
is zero in the appearance of vacuum n = 0. The nonlinear dispersion term is also taken
into accounted with ¢(n) > 0 and € > 0 a small parameter, and the nonlinear term
—rn|ulu represents a drag friction with » > 0 a constant. The internal electrostatic
potential ® is chosen through the self-consistent Poisson equation

~AD=n—1. (1.6)

We consider the initial value problem of the approximate system (1.4)—(1.5) in TV
with initial data

n(z,0) =no(x), nu(z,0) =mo(x), zeTV, (1.7)
which satisfies
N _ mol? _ _
no >0 ae on TV, [ no(z)de =1, and = 0 a.e. on {ng(z) =0}. (1.8)
0

The motivation to consider the approximate system (1.4)—(1.6) is the follows. Re-
cently, the quantum hydrodynamic (QHD) model

on+ V- (nu) =0, (1.9)

O(nu) +V - (nu®u) + Vp(n) =nVe 4+ %nV(A\/H), (1.10)



—AD=n-—1, (1.11)

is derived and studied in the modelings and simulations of semiconductor devices,
where the effects of quantum mechanics arises. The basic observation therein is that
the energy density consists of one additional new quantum correction term of the order
O(e) introduced first by Wigner [5] and that the stress tensor contains also an additional
quantum correction caused by the quantum Bohm potential Q(p) = —%%, which is
responsible for the quantum effect [2]. Thus, a natural question is whether the quantum
hydrodynamic (QHD) model (1.9)—(1.11) will converge to the classical hydrodynamical
model as Planck constant e tends to zero, the so-called semiclassical (dispersion) limit.
This problem is only solved recently for global smooth solution [6-8|, and is not clear
yet for weak solutions. To this end, we first consider the dissipative and dispersive
approximation system (1.1)—(1.3) and consider the global existence of weak solutions
and the dispersion limit.

There are several prototype models in the literatures of the approximate system
(1.4)—(1.6), for instance, the viscous Saint-Venant model for the motion of shallow

water when we set in (1.4)—(1.6) that

The rest part of the paper is arranged as follows. We state the main results on
existence and dispersion limit in Section 2; and we establish the a-priori estimates for
the system in multi-dimension in Section 3.1, and prove the main results in Section 3.2.

2. Main Results

For simplicity, we consider the approximate system (1.4)—(1.6) for y-law pressure-
density function
p(n)=n", ~y>1. (2.1)

And the viscosity coefficients and the dispersion term satisfies

p(n) = pwon®, a >0, ¢(n)=n" An)=2(nu'(n) - pn)), (2.2)
with pg positive constant set to be one below, and define the functions 7(n) and £(n)
by

na'(n) — m(n) =p(n), nf'(n)=p'(n). (2.3)

Let us give the definition of weak solutions of the IVP problem (1.4)—(1.6) and
(1.7)-(1.8) in multi-dimensional periodic domain TV, N > 1 as follows.



Definition 2.1 (n,u) withn > 0 a.e. is said to be a global entropy solution to the
IVP problem (1.4)—(1.6) and (1.7)—(1.8), provided that it holds

n € L=(0,T; LY(TN) n LY(TY)), V\‘j% n) e L>=(0,T; L*(TV)),

Vu(n) € L0, T; L*(TY)), Vnu € L®(0,T; L*(TV)),

V' (n) Ap(n) € L2(0,T; L*(TY)), /P (n)i/ (n) V/n € L*(0,T; L*(TV)),
Vi(n) Vu € L2(0,T; LA(TVY), Vo e L°(0,T; L*(TV)).

(2.4)

Moreover, (n,u) satisfies the a-priori entropy estimate
/ (e + 7(n) + | V422 4 |VO[2 4 eV () ) da
/ L= 1)) = 1) + [V 0 ) V)
! /0 V) A+ /i) Tul + ) dod < Co. - (25)

for some constant Cy > 0, and the IVP problem (1.4)—(1.6) and (1.7)—(1.8) in the sense
of distribution

/OT/TNwtd:cdH/OT/TN\/ﬁ\/ﬁu-wdgzdt—/wwdxT

t=0

=0, (26

T T
/ Vny/nu -y dedt + / Vnu ® nu s Vap dadt
0o JTN o JTN

T

+/0T/TNp(n)diV1/dedt—/TN Vnynu - dpda

t=0

_/T/ r\/ﬁ|u|\/ﬁu-¢d$dt—/OT/TNnV@-?,Z)da:dt ’

—€ / / n)Vn - +ny' (n)Ap(n)div ) dedt
TN
—2n < p(n)D(u), Vip > —n < A(n)divu,divy >=0

T T
/ Vo - Viydadt — / / ny dxdt = 0, (2.8)
0o JTN 0o JTN

for any test function i €
defined in terms of (n,u) as

Cper([0,T] x TN). The nonlinear diffusion terms are well

w(n)Vu, ¥ >= — / / n)u - le\I’dZEdt—/ (vVnu¥) - v\’}(") dzdt, (2.9)
’]TN TN



T T
A(n)divu, ¢ >= — / / A(n)u - Vo dzdt — / Yv/u - S dzdt,  (2.10)
0 TN 0 ™

for any test function ¥ € C.([0,T] x TN)N*N and ¢ €

per

Cper([0,T] x TY).

Remark 2.1 Note here that the dispersion (capillarity) terms and the electrical
force appeared in (2.7) are meaningful in multi-dimension in the sense of distribution
at least for the case a € (%, 1] and v > 2 (or v > 1 for one-dimension). In fact, we
can conclude from (2.4) that

nlot/2 e 12(0,T; HY(TY)), ne L*(0,T; L*(TV)),

which together with the entropy estimates (2.5) implies

[ [ #macmvn- pasat < clVF@ALIL 1982l oz,

/0 L e ) gty dadt < CIVFm el In7 12 1 1ol

and

T
/0 /TN nV® - dzdt < ClnllL2qo, 1« IV Rl Loe (22) 19| oo (0,71 <y -

For the approximate system (1.4)—(1.6), we can prove the global in time existence
of entropy weak solutions in the sense of Definition 2.1 subject to the initial data (1.7)—
(1.8). To this end, additional regularity (2.11) of the initial data (ng,mg) is required.
In fact, we have

Theorem 2.1 (Global existence) Let N =1 and T > 0. Let (2.1)—(2.3) hold
and o € (2/3,7], and n and € be fized positive constants in Eq. (1.4)—(1.5). Assume
that the initial data (ng,mg) given by (1.7)~(1.8) satisfies

mo € IU(TY), Vntno) € ITY), T ¢ g2y, ML ¢ pray oy
0 no

Then, there is a global entropy weak solution (n,w,®) of the IVP problem (1.4)—(1.8)
in the sense of Definition 2.1.

Remark 2.2 Although we present only the global existence of entropy weak so-
lution in spatial one-dimension for a € (2/3,7], (since we aim at the dispersion limit
on approximate system (1.4)-(1.6)), the global existence of entropy weak solution in
multi-dimension can be established within a similar framework, which is left for further
investigation.



For any given global entropy weak solution (n.,u., ®.) of the approximate sys-
tem (1.4)—(1.6) in the sense of Definition 2.1, we are able to investigate the dispersion
limit. Let ¢ — 04 in the approximate system (1.4)—(1.6) and assume formally

Ne — P, /neue — \/pv, P —V,
we obtain the Navier-Stokes-Poisson system for (p,v, V') as
Op + div(pv) =0,
O(pv) + div(pv @ v) + Vp(p) + pVV

= 2ndiv(u(p)D(v)) + nV(A(p)divv) — rplv|v,
— AV =p—1.

(2.12)

Without the loss of generality, we set n = 1, r = 1 in Eq. (1.4)—(1.6) and (2.12)
throughout this paper. We have the result on the dispersion limit for weak solutions
as follows.

Theorem 2.2 (Dispersion limit) Let 1 < N <3 and T > 0. Assume (2.1)—
(2.3) hold with o € (2/3,1] and v > 2. Let (ne,us, ®:) be any global entropy weak
solution of the IVP problem (1.4)—(1.8) in the sense of Definition 2.1. Then, there
exists (p,v, V') so that it holds

ne —p in CO,T;LYTY)), nzu.— /pv in L*(0,T;L*(TV)), (2.13)
d. —V in C(0,T; H*(TV)), (2.14)

ase — 0. Here (p,v, V), p > 0 a.e., is a global weak solution of the IVP problem (2.12)
and (1.7)—(1.8) in the sense of distribution.

Remark 2.3 Theorem 2.2 implies the dispersion limit from the approximate sys-
tem (1.4)—(1.6) to the Navier-Stokes-Poisson system (2.12). What left for further study
is to understand the vanishing viscosity limit  — 0 for the system (2.12) to the hydro-
dynamical model (1.1)—(1.3). Note that the global existence of weak solutions to (2.12)
without Poisson and drag friction terms is obtained recently in [9] in multi-dimension
with symmetry.

3. Proof of Main Results

3.1 The a-priori entropy estimates

Let us establish the energy estimates of physical entropy and the BD entropy de-
veloped recently by Bresch and Desjardins [10] that can be satisfied by solutions to
the model in general multi-dimension. We only deal with the spatial periodic case TV,
1 < N < 3. As mentioned before, we set all parameters 7, r to be one except ¢, since
we shall also consider the dispersion limit of the solutions below. We have



Lemma 3.1 LetT > 0. Under the assumptions of Theorem 2.1, it holds for any
classical solution (n,u,®) of the IVP problem (1.4)—(1.8) that

Vu(n)
NG
sw(n) € L>(0,T; L*(TV)), Vnu € L>=(0,T; L*(TV)), (3.1)

e/ (n) Ap(n) € L2(0,T; L2(TV)), vl te=D/2 ¢ L2(0,T; L2(TV)),
\/,u(n) Vu € L2(0,T; L*(TY)), V& e L>®(0,T; L*(TY)).

n e L=(0,T; LY (TY) n L7(TY)), € L=(0,T; L*(TV)),

Proof The a-priori estimates (3.1) follow directly from the equalities (3.2) and
(3.3) for smooth (approximate) solution sequence of the IVP problem (1.4)—(1.8). (Note
here that the estimates (3.1) also hold for weak solution of the IVP problem (1.4)—(1.8),
which we can verify later when taking the (sequence) limit of the (approximate) smooth
solution). The first one is the classical (physical) entropy for compressible fluids and
can be established by the standard arguments. That is, we just have to take inner
product in Eulerian space between the transport equation (1.4) and the test function
|u|?/2, and between the momentum equation (1.5) and u respectively. Then make
summation of the resultant equations and employ the Poisson equation, we have

1
5 [l + EVa(m)? + [V + 2m(m) . )
/ / n)|D(u)|* + A(n)|divu|? d$dt+/ /n|u|3d3:dt

=3 /(27T(n0)+ m n' + 2| Vu(no) | + [V |*)dz. (3.2)

The second one is a mathematical entropy developed recently by Bresch and Des-
jardins [10] as

5 [ (alut VEP + 2Valm)? + VP + 26(0) do
T
+ / / ((n — 1)(u(n) — (1)) + () A + nfuf® + ulu - Vu(n)) dadt

2
+a// n)|Ap(n ]2dxdt+// ‘V”‘ dadt

= / (noluo + VEMO)? + 2|V a(no)|? + VB[ + 2m(ng)) do. (3.3)

For reader’s convenience, let us show the derivation line by line as in [10]. Let us rewrite
its derivation to let the paper self-contained. Multiplying the mass equation (1.4) with
¢'(n) and taking gradient, we get for smooth solutions that

hVE(p) +u-VVE(p) + Vu- VE(p) + V(p€ (p)divu) = 0



with the help of (2.1)-(2.3). Thus, denote v = V&(n), we get by using the mass
equation (1.4) again

O (nv) + div(nu ® v) + pVu - VE(n) + nV (né& (n)divu) = 0,

which together with the momentum equation (1.5) and the relation (2.2) gives rise to
the equation on u + v as

O(n(u+v)) +div(nu ® (u+v)) + Vp(n) +nVe
= 2div(u(n)A(u)) + €2nV (¢’ (n)Ap(n)) — njulu (3.4)

with A(u) = 2(Vu — 'Vu) the anti-symmetric stress tensor.

Taking inner product over TV between the equation (3.4) and (u + v) and between
the mass equation (1.4) and |u -+ v|?/2 respectively, and adding the resultant equations
together, we get easily the new mathematical entropy equality (3.3), where we have
make use of the following facts. First of all, we have

/ div(pu(n)A(u)) -vdz =0
TN

since v is a gradient, and from the Poisson equation (1.6) that

_ /TN nV® - vdz = —/ (n—1)(u(n) — p(1)de.

TN
The terms coming from the dispersion give for p(n) = ¢(n) that

1d

@ [ A (orods = —55 [ 1eVumPae—e [ ) apn) s,

and from the pressure lead to

nl2
Vp(n) - (u+v)dr = 4 /TN m(n)dz +/ p'(n),u'(n)&d:n.

TN dt TN n

The term coming from the drag friction gives

—/ nlulu - (u+ v)de :—/ n|u|3dx—/ luju - Vu(n) de
TN TN TN
=— / nluldz + / w(n) div(|u|u) dx
TN TN

1
g——/ n\uy3dx+/ ]Vu(n)\zdx—i—C/ 1(n) |Vl dz
2 TN TN TN
(3.5)



for av € (2/3,1], due to the fact

[ I aiv(ulwias < [ YB3 T

TN N
() B
0<n<1 n>1

</ 2/3|u|2 o= 2/3d$+/ nlu|?*n® "t dz
0<n<1 n>1

<c/ )Vul? + V()| )da:—i—%/ ez (3.6)
TN

The proof of the Lemma 3.1 is complete.

Next, we can derive the a-priori estimates for smooth solutions based on the entropy
estimates given by Lemma 3.1, which allows us to pass into the limit of approximate
(smooth) solution sequence, and in particular to take the dispersion limit later for the
weak solutions so long as the related estimate derived there is uniform with respect to
e>0.

Lemma 3.2 Let T > 0. Under the assumptions of Theorem 2.2, it holds for any
classical solution (n,u,®) with n > 0 of the IVP problem (1.4)—(1.8) that

n(et/2 ¢ 12(0,T; HY(TV)), (3.7)
(n @ty e £2(0, 7; W= (TN)) n L=(0, T; W=L1(TV)), (3.8)

for a € (2/3,1] and v > 2, andso—max{ﬁ/ T ;;TN }>24f N=2,3; and that
n® e L=0,T; HY(TY)), ne C(0,T] x TV) (3.9)

uniformly with respect to € > 0 for a € (2/3,1] and v > max{l, a} if N = 1.
In addition, the electrostatic potential ® satisfies

. . . 2
O e L0, T; W2 (TN) n W32 (TN)), &, € L0, T; W71 (TN)) (3.10)

with p = € (1,2) for N =2,3, and

s B
7+2(1—a)
e L>°0,T; H¥(TV)), &, e L>=0,T;HY(TY)), N =1. (3.11)

Proof The estimate (3.7) is established in terms of the estimates (3.1) in Lemma 3.1
as follows. We have the gradient estimate in terms of n(®+1)/2 directly

R e R L (/ g >”"“1|Vn|2dx
™~ 0<n<l  Jn>1

:(0—1;11)2 (/ n2a—3‘vn‘2n2—adx+/ n'y+a—3lvn’2n2_—ydx)
0<n<1 n>1



<C | (TP + p ()€ (n)| V) da < Co, (3.12)
TN

in the case a € (0,1] and v > 2 if N = 2,3. Here and below Cj > 0 denotes a constant
dependent of initial data. Since it holds

nla+1)/2 . ﬁ N net/2q, < ﬁ N nYdz < (3.13)
T T

due to the fact max{«, 1} <+, we have

2 SO WD, 4 /i R
3.14
<C(IVRE22, + [TV n@72) < ¢

with the help of Poincéare’s inequality.
To prove the regularity (3.8) for n(@+t1)/2 we make use of the re-normalized equation
B(n) + div (nB (n)u) — nu - VF'(n) = 0 to have

(n@+D/2), = —Laqiy (p(atD)/2y) 4 102 gy 72 € L0, T; WHH(TY)), (3.15)
where we have used
IV || p2eeny < CUIVRETY2 | agrmy + VR L2any)-
On the other hand, we can re-write the re-normalized equation as
B(n)e +div (B(n)u) + (nf'(n) — B(n))divu = 0,
in order to have for f(n) = n(@*+1/2 that
(nletD/2), = _div (n®/%\/nu) + o /ny/u(n) div .

It is easy to verify that it holds for 1 < py = 2% < 2 (due to v > 2) that

y+1
IVr/1(n) div ull 2o o ey SCINVRGR) divul| gz IVl oo 20,
1/2
<ClInlly2 1 IVe(m) Vu@®lls . (3.16)

and forp:% €(1,2) and ¢ = 2(1 + 1) > 2 that

Hna/2\/ﬁuHLq(0,T;LP(TN)) <C| \/EUHL?OL% [ne/2 ”Lw 12N (a+1)/a(N=2)
+ T

ot a/2
<Ollvnull e [ 21557, (3.17)
with the help of the Sobolev embedding

n( 2 e L2(0, 7 HY(TY)) — L2(0,T5 L/(TY)),  pe[2,6], N=23.  (3.18)



Thus, it follows from (3.16) and (3.17) that

2(a+1)

(D12, € L3 (0, T; WP (TN)) + L2(0, T L1 (TV)) — LE(W;5%)  (3.19)

2(a+1)N
=17 2a+4+N

with p = % € (1,2) and s = max{-=L } > 2. This together with
(3.15) leads to (3.8).
In the case of spatial one-dimension N = 1, we can obtain the upper bound of

density under the assumption of 4 > max{1l, o} and o > 1/2

1
a-1/2 ~ a—1/2 a—1/2
n S TNn dx—l—/TN |[Vn | dx
a—1/2) Vu(n
<C(In 5" + 1758 e 1) < Co (3.20)

Thus, we have for o € (1/2, 1] that
n e L®0,T; H(TY)), N =1, (3.21)
and
IVl < Gt /TN (VR 2P de < Ol ¥ oy < Co. (3:22)
The regularity (3.21) on the density n together with the re-normalized equation for
w(n) in one-dimension gives
p(n); = —div (u(n)u) — (& (n)n — p(n)) dive € L20,T; W~12(TV)). (3.23)

We conclude from (3.21) and (3.23) the continuity of the function u(p) = n® for any
a € (1/2,1] and the density n as

p(n) € C([0,T] x TV), neC(0,T] x TV), (3.24)

The regularity (3.9) follows from (3.21), (3.22), and (3.24).

The regularities (3.10)—(3.11) on the electrostatic potential ® follows from the Pois-
son equation (1.6), (3.1), (3.21), Eq. (1.4), and the Sobolev embedding inequality. The
proof of the Lemma 3.2 is complete.

Remark 3.1 Note here that the dispersion (capillarity) terms appeared in (2.7)
is meaningful in multi-dimension in the sense of distribution at least for the case a €
(2/3,1] and v > 2 (or v > 1 for one-dimension). In fact, we conclude from Lemma 3.2
that

n(et1/2 ¢ L2(0,T; HY(TV)), (3.25)

which together with the regularity (2.4) of (n,u) implies

/ L #0ap0)9n - pdadt < CIVTmAm 1z [T0 2, (320



T
| L nemaetmdicy dedt < CIVTm el In 112, (3.27)

with ¢ € (2,00]. Where we have used the regularity (3.7) on the density.
To justify the meaningfulness of the electrical force appeared in (2.7), we note that
it follows from (2.4), (3.7) and Sobolev embedding theorem that

n e L®([0,T] x TV), for N =1,
n € LU0, T LP(TV)) N L%(0,T; L7(TY)), p € [a+1,00) for N =2,

ne L0, 73 L/ (T) N L0, T L7(TY)), p € [+ 1, G for N =3

Therefore, we are able to estimate the electrical force for N = 1 as

T
| [ oo idatt < Clpllsgomyerm V¥ lzaplvligs  (329)

and for N = 2,3 that
T
/0 /]TN nV® - dzdt < C||nll 2o, IVl Lee (22) ¥l oo (0,757 - (3.29)

3.2 Compactness and convergence

Proof of Theorem 2.1 With the help of the a-priori estimates, we are able to
prove the existence of global entropy weak solutions of the IVP problem (1.4)-(1.6) and
(1.7)—(1.8) in spatial one-dimension. Assume that (ng, ug, ) with ng >0, k > 1, is a
classical solution sequence for the IVP problem (1.4)—(1.6) and (1.7)—(1.8) and satisfies
the a-priori estimates given by Lemma 3.1. Indeed, with the standard argument as used
in [11], we can prove the existence of a sequence of approximate solutions (ng, ux, ®r)
with np > 0, k > 1, which satisfies the a-priori estimates given by Lemma 3.1. Let
us make use of the standard compactness framework developed in (refer to [11] and
references therein for instance) with modification to show the existence of (n,u,®)
which is the limit of (ng, ux, Px) as k — oo. In fact, we can verify by a straightforward
argument as proving Lemma 2.5 that it holds

ng e L>°0,T; HY(TY)), am¢ e L2(0,T; W= H2(TV)), N =1, (3.30)
for € (2/3,1] and v > max{1, a}, and
0<Cr<n<(Cy (3.31)

with C, — 0 as k — co. On the other hand, we also have from the estimate (3.1) that

Wit Aumliz, = ([ 4 [ JamgtlanoPase e, 32)
© 0<ni<1 nE>1



which together with (3.31) implies
HA/‘(nk)H%%(o,T)XTN) <C, N=1 (3.33)

This together with the Lions-Aubin lemma implies that there is n € C([0,7] x TV) N
L>=(0,T; HY(TY)) so that it holds after extracting a subsequence that

ni — n in C([0,T] x TV), (3.34)
(n)e — (n), and (n*T17V2), s (let=D/2) in L2((0,T) x TV),  (3.35)
% — % weakly in L2((0,T) x TV), a > 1/2. (3.36)

The (3.34) together with (1.4) implies the conservation of mass for n

/n(:z:,t)dx = /no(:n)dzn =1 (3.37)
and strong convergence of electric field
V&, — V& in C([0,T] x H*(TV)). (3.38)
Now, we can prove, by applying a similar argument as used in [12], that
Vigug — v/nuin L2((0,7) x TV), N =1. (3.39)

Indeed, we can first prove that there is a m so that my = ngui converges to m strongly
in L2(0,T; L?(T1)), due to the facts njug € L°(0,T; L2(TN)) N L3(0,T; L3(TN)),

V(ngu) = np 0t Vu 4+ nl vt 2 @ nlPu e 120, T; L3 (TV)), N =1,
where we have used (3.31), and, in terms of the momentum equation (1.5),

(npug)y = — div (nku%) — (n])a — Nk Pry — ng|ugug
+ (N uke )z + 52nk(/‘/(nk)/‘(nk)ww)m € Ll(oa T W_I’I(TN))-

In particular, we have m(x,t) = 0 a.e. in {n(z,t) = 0}. Moreover, since y—nik is
uniformly bounded in L>(0,7T; L?(TY), if we define %2 to be zero when m = 0. Then

by Fatou’s lemma, we have
m?
/ " < C.
™ N

Because /nyuy, is uniformly bounded in L3(0,T; L3(TV)), it is thus enough to prove
the strong convergence

Vg — v/nu in LY((0,T) x TV), (3.40)
as k — oo. To this end, we denote the set of vacuum by V =: {p(z,t) = 0}. Notes that

m

/npug converges almost everywhere to NG

in the region V¢. To control the convergence



1
of \/niuy on the vacuum set V, one sets Vi p = {nuy > M} for any given M > 0. It
holds obviously

m m
|vnrug — —|dzdt = </ +/ —I-/ ) |v/nrur — —=|dxdt. (3.41)
/ vn Vi)V S Vem)enV IV Vvn

The right hand side terms of (3.41) can be estimated as follows. Since \/ngup €
L>=(0,T; L*(TV)) uniformly with respect to k, and /ngzuy converges almost everywhere

m . o -
to Jp In the region V¢, it holds

m
|v/nrur — —=|dzdt — 0, as k — oo.
/(Vk,M)c\V Vn

On the other hand, the fact that \/ngus is uniformly bounded in L*°(0,T; L3(TY))
together with Tchebychev’s inequality leads to

|Vk7M| é W)

from which it follows as M — oo that
m C
[Vrgup — —=[dzdt </ |V m|([[v/reuellrz + | 5 lr2) < o — 0.
/Vk,l\l \/ﬁ \/ﬁ M

What left is to control the second term on the right hand side of (3.41). Since it holds
on the region (Vi /)¢ NV, where ny, — 0 as k — oo, that

|v/nrug| < M(nk)%_% — 0,

and /niug is uniformly bounded in L*°(0, T} L2(']TN ) with respect to n, we conclude
as k — oo that

/ |v/nrug|dedt — 0.
Vi, nmr)env

This together with the fact that % = 0 on V yields 1(vk,M)cmv%(ﬂfat) =0, a.e. for
any integer k. Thus, we can conclude that the second term of (3.41) goes to zero as
k — oo. Combining all the arguments above, using the diagonal principle, we have that
/T uy, converges to /nu =: % in L'((0,T) x TV) strongly as k — co. Therefore, we
also have

nglug|lug — njulu  in L¥2((0,T) x TV). (3.42)

The limits of the nonlinear diffusion, nonlinear dispersion, and electric potential
force can be justified as follows. There exist functions n%u, € L?*(Q x (0,T)) and

V7 ) Ap(n) € LA(Q x (0,T)) so that

nfuge — n%uy  weakly in L2(Q x (0,7)), (3.43)



VI ) Ap(ny) — /@ (n)Ap(n)  weakly in L2(Q x (0,T)). (3.44)
In one-dimension, the nonlinear diffusion term becomes
2ndiv (u(n)D(u)) + nV (A (n)dive) = na(n®ug ).
It is easy to derive for any test function v defined on [0, 7] x TV that
/,ue(nk)ukx?,bd:ndt = /nz‘ukxwd$dt+€/nzukx¢dxdt
= —/nz‘ukwxdxdt— /uk(nz‘)xwdxdt—i—s/nzukmwdxdt

= —/ngUkwmdmdt—/ni/zu (nk)xipd:ndt

k—\/n—k
+6/niukx1/)d$dt
L / nuh,dedt — / \/ﬁu%wdxdt. (3.45)

The limiting nonlinear dispersion term and the limiting electric force term are obtained,
in the sense of distribution, as

— [ )t = [ (0 () p00) st + s (1) p () )
— [ el el )astadadt + [ ol solnn)sidads
=~ [0 (a4 s )l ) ot = 5 [ 2o
— = [ (O )0t + ()0 dindt = 5 [ ol
= - / n(V/ 9 (1) /¢ (1) (1) Jotbdadt, (3.46)

and

/nk<1>kx¢dxdt — /n<1>m1,bd:ndt. (3.47)

In addition, one can verify easily that the limiting function (n,u,®) satisfies the
equations (1.4)—(1.6) in the sense of distribution and the following energy estimates

sup / (|45 ()2 + 2(n)e (D] + |D2(8)[* + [VAu()[* +n7)da
0<t<T JTN
T
+/ / ( (n(a+’y—l)/2> ]2+]na/2ux]2+]n1/3u]3
0 TN x

+ &2/ ¢ (n)Ap(n) |?)dzdt < Cy, (3.48)



with Cy independent of T'. This completes the proof of Theorem 2.1.

Proof of Theorem 2.2 We consider the zero dispersion limit and prove the
convergence of weak solutions (ng,u., ®.) of the IVP problem (1.4)—(1.8) to the weak
solution (p,v, V') of the Navier-Stokes-Poisson system (2.12), (1.7) and (1.8). Indeed,
the dispersion limit and the convergence from the equations (1.4)—(1.6) to the Navier-
Stokes-Poisson system (2.12) can be justified by a similar compactness argument to
those used in the proof of existence theory under modification, with the help of the
a-priori estimates (2.5) and the Lions-Aubin lemma. Without the loss of generality,
we only consider the cases N = 2,3 here, since the dispersion limit for N = 1 can be
established by a similar arguments in proving Theorem 2.1.

For any global weak solution (n, uc, ®.) of the IVP problem (1.4)—(1.8) in the sense
of Definition 2.1, it follows from (2.5) with « € (2/3,1] and v > 2 that

ng e L=(0,T; LY/ (TV)) .,

, = n® e L>(0,T; Wh3+1 (TN)),

vnl € L*(0,T; L1 (TY))

n? e L=(0,T; L>/*(TN)) ,

= n2/? € L®(0,T; Wh7ii-a(TV)),
/2 oo T (N

Vn2/* e L*(0,T; L*1-=(T"))

(n); € LX0,T; WHHTY)),  (n2/?), € L2(0, T; W~ 1(TV)).

This implies the existence of 0 < p € C(0,T; LP(TV)) with p € [1, %), so that
it holds after extracting a subsequence that

ne/> — g2 in 00, T; L7(TY)), pe [l sy

Neg — p in C(O7Ta LP(TN))v pe [17 %)7 (349)
nl — p’ in L0, T; L*(TV)),
and then

V&, — VV in C([0,T] x HY(TV)).
Next, we show, with the help of (2.5), that there are v and J so that for some fixed
small §; > 0 it holds

Jo =neu. — J  in L2(0,T; LY (TVY), (3.50)
Vieue — /pvin LY((0,T) x TV), (3.51)
2
/ P g, <C. (3.52)
™ P

Indeed, we can prove that J. = n.u. converges strongly to some .J in L2(0, T; L' T (TV))
2
with d; > 0 small, due to the facts J. € L>(0, T} L%(TN)), and

V(neue) = nl=2n22 Vu 4+ n7/=0vn2 =2 @ nl/3u e L'(0,T; LP (TV))



for some constant p; > 1 so that pl_l =5/6 + 7‘1_1 with any 1 € (6,00) for N = 2,
6N(e+D) _ - 6 for N = 3, where we recall n. € L0, T LP(TY)) with

Or' Tl = 7=6a)(N-2)
p el %) for N = 3, and

(neue )y = — div (neues @ ug) — Vnl —n Vo,
+ div (nfVu.) + (o — 1)V(n2div u,)
— nelucue + €20V (i (no)Ap(ns)) € LY0,T; W=1H(TN)).

Moreover, since j—% is uniformly bounded in L>(0,T; L?(T")), and J(z,t) = 0 a.e.
7]

2
on {p(z,t) = 0}, thus, if we define - to be zero as p = 0, then by Fatou’s lemma,
we have (3.52). Again, with a similar argument as above, we can prove the strong
convergence (3.51). The strong convergence

neluclue — /plvly/pv  in LY(0,T) x TV) (3.53)
follows from (3.51) and the fact
nz ue = nl/%n}3u, e L3(0,T; L%(TN)) — L%((O,T) x TN).

Similarly, the weak convergence of nonlinear term p®Vu. can be obtained too.
We can now perform dispersion limit on the global solutions (n.,u., ®.). Indeed,
we can write the system with test function ¢ € Cpe, ([0, 7] x TV) as

0= / / (nedyth + \/Amy/zue - V) dadt — / / (pi + \/py/po - Vi) dadt,

0= / / (netie - Brtb + nete ® ue : Vb + n)dive) dadt
_ / / 1(n)D(uz) : D) dadt — / / A2 )divuedivep dad
+//na\u€\ua~wdxdt
- / / n - VO, dadt — 2 / / neth - V(i (n) Ap(n.)) dadt (3.54)
. / / (VPVAY - B+ /pv ® /pv : Vi + pdivep) dadt
—//WWD(U):D(w)dxdt—//\/m\/dedmpdxdt
—I—//\/ﬁ|v|\/ﬁv-¢d:ndt—//pVV-¢da:dt (3.55)

//V@e-vwdxdt+//ne¢dxdt—>//VV'Vxﬁd:EdiH—//p?,Z)d:Edt

and
0=



with the help of above convergence (3.49)—(3.51), and the fact

g2 //naw V(i (ne)Ap(ne))) dadt — 0 (3.56)

for v any test function, which is derived due to

2 / / na - V(p! (n) Apu(n.))dadt = —&? / / div(ne) (ne) Ap(n:)dzdt

<OSV/HT) Bt -l D2+ el 70) At -l T2
<Ce(Inf V2 2 + [Vl D2 12) — 0 (3.57)

as € — 04. The proof of Theorem 2.2 is completed.
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