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Abstract We investigate a Cahn-Hilliard type equation with gradient dependent
potential. After establishing the existence and uniqueness, we pay our attention mainly
to the regularity of weak solutions by means of the energy estimates and the theory of
Campanato Spaces.
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1. Introduction

In this paper, we consider the initial boundary value problem for the following
Cahn-Hilliard type equation with gradient dependent potential

% + div <KVAu — 3 (Vu)> =0, (x,t) € Qr, (1.1)
Vu-u‘aﬂ:,u'u‘aﬂ =0, t €10,77, (1.2)
u(z,0) = up(x), x € Q, (1.3)

where € is a bounded domain in RV with smooth boundary, Q7 = Q x (0,T), v denotes
the unit exterior normal to the boundary 02, p = KVAu — ® (Vu) is the flux, K is
the positive diffusion coefficient, and g = (®1, Pg, -+, D) is a smooth vector function
from RY to RV.

The problem (1.1)—(1.3) models many interesting phenomena in mathematical biol-

ogy, fluid mechanics, phase transition, etc. Recently, such type of equations, especially
in the case of one spatial dimension have arisen interests to many mathematicians.

*This work is supported by NNSF of China (No. 10531040).



For example, Myers [1] considered the following one dimensional fourth-order diffusion
equation,

E—i_% §@+f(u,ux,um)> =0,

which has been proposed to describe the surface tension phenomena in some particular

ou 0O <Cu3 Pu

case of thin films. We refer the readers to [2-6] for more examples of one-dimensional
models. However, many models in multi-dimensional case may occur from practical
problems, see for example [7,8]. Here, we briefly introduce the derivation of the equation
(1.1) based on the continuum model for epitaxial thin film growth from King, Stein
and Winkler [9]. Let u(z,t) be the height of the film at point x and time ¢. Then u
satisfies the following basic equation

—=9g-V-j+n, (1.4)

where g = g(x,t) denotes the deposition flux, 7 = j(x,t) comprises all processes which
move atoms along the surface, n = n(x,t) is some Gaussian noise. The pivotal step in

the phenomenological approach is to expand j in Vu and powers thereof keeping only
“sensible” terms (see [10]). Then, we have

7 = A\Vu+ AV Au + As|Vul2Vu + A,V|Val?, (1.5)

where Aj, Ay, A3 and Ay are constants. It can be informed from the work of Ortiz [11]
that A4 = 0 if Onsager’s reciprocity relations hold. Then, after neglecting the effect of
the noise term 7 and the deposition flux g, the equation (1.4) reads

A
@ + A2A2u + A1V - —3|V’LL|2 +1)Vu=0. (1.6)
ot Ay
It can be informed from [11] that the case of Ay > 0,A3 < 0 is significative and
interesting. After relabeling the constants, we have the following fourth-order diffusion

equation

ou

o + aA®u — BV - (|Vu|2Vu) + vAu =0,
where a, § and v are positive constants. Moreover, from a mathematical point of view
it is more satisfactory to generalize the term involving second-order diffusion, and then
we have

ou 2 -

E—FaA u—pBV-®(Vu) =0, (1.7)
where ® is a smooth vector with ®(0) = 0. In fact, a lot of references (for example
[12-15] etc) show that the diffusion coefficient is usually dependent on the concentration
in the models governed by the Cahn-Hilliard equations or Thin-Film equations. Then,

the equality (1.5) should be rewritten as

J = m(u) (A Vu+ AyV AU+ As|Vul2Vu + A,V |Vul?) |



where m(s) is a positive smooth real value function, denotes the diffusion coefficient or
mobility. Substituting the above equality into the basic equation (1.4) and redoing the
same deducing procedure as above, we can see that the equation (1.7) can be generalized
to the following equation

% 4 div |m(u) (KVAu— & (Vu))| =0, (1.8)
where K is a positive constant.

It was King, Stein and Winkler [9] who first paid their attention to the theoretical
investigation of equations like (1.8) with constant mobility, namely the equation (1.1)
subject to the boundary value conditions (1.2) and initial value condition (1.3). The
typical case considered in [9] is related to the following gradient dependent potential

o (Vu) = |[VulP~2Vu — Vu,

where p > 2. In fact, part of their structure conditions are

B(e) £ > Ol — €,

@(5)‘ < ol + 1), ‘@'(5)‘ < (P + 1),

under which 5(5) -£ is restricted to be bounded below and goes to infinity as || — oo,
namely

—

() - £ > Cu, lim ®(£) - = +oo.

|€]—00
Our interest in the current paper is to find a more suitable structure condition for 5(5 ),
under which we are able to discuss the global solvability of weak solutions, while if such
a condition is not valid, then the local solution might blow-up in finite time. It will be
shown that such a condition is

B(E) £ > —CleP, Ve RV, (1.9)

where C' is a positive constant.
We adopt the following definition of weak solutions with more regularity than that
formulated in [9)].

Definition 1.1 A function u(z,t) is said to be a weak solution of the problem
(1.1)-(1.3), if u € L=(0,T; H*(Q))NC([0, T]; H (), ®(Vu) € L*(Qr), %% € L*(Qr),
u(x,0) = ug(z) in L3(Q), namely,

lim / lu(z, t) — ug(x)[2dz = 0,
Q

t—0t



and u satisfies

/ / 0wt — K / / AuApdadt + / / &(Vu)Vidzdt = 0 (1.10)
Qr ot Qr Qr

for all p € E={pc L?(0,T; H*>(Q)); Vi - v|gq = 0}.
The existence and uniqueness we obtain is in the following theorem.

Theorem 1.1 Assume that g 1s Lipschiz continuous and satisfies the structure
condition (1.9). If ug(x) € H*(Y), ¥(Vug(z)) € LY(R), where Vel = &(£),VE € RY,
then the problem (1.1)—(1.3) admits a unique weak solution.

It is worthy noticing that if the condition (1.9) is not valid, then the solutions might
blow-up in finite time. In fact, we have

Theorem 1.2 If Vuy(z) #0 and

D) = |2 + a8, VEESRY,

where 1 and 7o are positive constants. Then there exists a positive constant I such
that the problem (1.1)—(1.3) admits no global weak solution if y1 > T.

Finally, we supplement a regularity discussion for weak solutions. Owing to the
weakness of the structure condition (1.9), up to now, we can only obtain a fine regularity
result for two dimensional case, stated in the following theorem.

Theorem 1.3 If N = 2, up(z) € C(Q), o= (1, ®2) satisfies the condition
(1.9), and ®1(€),P2(¢) € CH(R?), then the solution of the problem (1.1)-(1.3) is
classical, namely, u € C*rol+te/4(QL).

As far as the regularity of the solutions is considered, a key step is to establish the a
priori Schauder type estimates. It is obvious that the Schauder’s estimates are certain
kind of pointwise estimates and in many cases it is quite difficult to derive pointwise
estimates directly from the differential equation considered. However, to derive integral
estimates is relatively easy. In fact, the Campanato spaces can be used to describe the
integral characteristic of the Hélder continuous functions. Our method in this section is
based on the theory of Campanato spaces. To shorten the length of this paper, we omit
the definition and properties of the Campanato spaces which can be found in [15-18].
Comparing to the standard Cahn-Hilliard equation, the equation (1.1) owns a gradient
dependent potential. Due to the structure condition satisfied by the potential, we can
not able to use the interpolation inequality in the proof directly. So, we have to give
the L* norm estimate of Vu which restrict us to get the regularity of the solutions in
two spatial dimension.



This paper is organized as follows. In the second section, we investigate the existence
and uniqueness of weak solutions of the problem (1.1)—(1.3) by means of the Galerkin
approach for any spatial dimension. After establishing some necessary compactness
estimates on the approximate solutions and using a compactness result of Sobolev
spaces provided by [19], we obtain the existence of weak solutions by passing to the
limits on the approximate solutions. In the third section, we prove that if 8(5) does
not satisfies the condition (1.9), then the nontrivial solution to the problem (1.1)—(1.3)
might blow up in a finite time. In the fourth section of this paper, we investigate the
regularity of the solutions in two spatial dimension.

2. Existence and Uniqueness of Weak Solutions

In this section we employ the Galerkin approximation to prove the existence of weak
solutions of the problem (1.1)—(1.3). For this purpose, let {¢; }ien be the eigenfunctions
of the Laplace operator with Neumann boundary value conditions, i.e.

Vo;-v=0, =z

The eigenfunctions ¢; are orthogonal in the H*(2) and the L?(f2) scalar product. We
normalize ¢; such that (¢i, ¢;)12(q) = dij. Consider the following problem

k
uk($> t) = Z Cf(t)(ﬁz(:n)’ (21)
i=1

/@ukqudx—l—K/ AukA¢jdx+/ B(ViF)Vede =0, j=1,- k  (2.2)
Q Q Q
k

uk($> 0) = Z (u07 ¢2)L2(Q) &;. (23)

i=1
This gives an initial value problem for a system of ordinary differential equations for
(Clu T ,Ck)

C‘ft (t) = —NEA() / <Zc \Vei(x )wsjdx, (2.4)

C?(O) = (’LL(], ¢j)L2(Q) . (2.5)

Since the right hand side in (2.4) depends continuously on ¢y, - - - , ¢k, the initial value
problem (2.4)—(2.5) admits a local solution.

Lemma 2.1 The initial value problem (2.1)—(2.3) admits a global solution. Fur-
thermore, there exists a positive constant C which is independent of k, such that
ouk

< (C. .
o C (2.6)

L2(Qr)

4" || oo 0, 12(02)) < C,s '



Proof We first discuss the solvability of the problem (2.1)—(2.3). For this purpose,

we need some a priori estimates on the possible solutions u*. We use u*

function to conclude

as a test

k —
/ %ukdx—l—K/ |Auk|2d:17—|—/ d(Vuk)Vulde = 0.
o Ot Q Q
By the assumption (1.9), we have

1d k|2 k|2
—— K | |A
2dt/ﬂ|u|d:13—|— /Q|u|d:13

< C'/ ]Vuk]2dx = —C/ AuF - uFdx
Q Q

K c?
< k|2 / k1240
_2/Q|Au|d3:—|—2K Q|u|d:13

G [ Pae s & [ a0 < 0—12/ [ 2da.

The Gronwall inequality yields

Thus

sup /|uk(:n,t)|2d3:§0, (2.7)
tef0,7] /2

// |AuF (2, t)|2dzdt < C.
Qr

The inequality (2.7) implies that cF(¢) are bounded and therefore a global solution to
the initial value problem (2.4)—(2.5) exists. Thus, the initial value problem (2.1)—(2.3)
admits a global solution.

Now, we prove the two estimates on the approximate solutions u* in (2.6). To this
end, we define

k _5 'I,LkZE 2!17 'I,kall' i
B0 =5 [ At 0Pde+ [ (Vi)

where V¥ = 5(5),\75 € RY. Without loss of generality, we can assume ¥(0) = 0.
Then,

2.k L2 gy du”
= KA“u” —div®(Vu®) | —dz
o ot
ok |2
- _ il <0.

/Q 5 dr <0




Thus

g/ﬂ|Auk(az,t)|2d:1:—|—/Q\I'(Vuk(az,t))dx—I—/Ot/Q

Let ¥(t&) = v (t). It follows from the assumption (1.9) that

ouk |2
s dzdt = E*(0), Vvt e [0,T).

() = (1) =v(1) —4(0)
L - 1, .
:/O zp(t)dt_/o B(t6) - edt

1
> ¢ / Hepdr = —Zep
0 2

holds for any ¢ € RY. Then

K t
—/ |Auk(az,t)|2d$—|—/ /
2 Ja 0 Jo

SEk(O)—l—%/ V> (z,t)[*dz
Q

ouk 2
—_— t
a1 dxd

gEk(O)—g/ukAukd:E
2 Ja
K C?
<k LS k 2 k|2
<EH0) + 5 /Q\Au (2,0)] da:+4K/Q]u 2dz

holds for all ¢ € [0,T]. Noticing the inequality (2.7) and the condition satisfied by the
initial value ug, we have

t k(2
5/|Auk(x,t)|2dx+// O\ et <, Ve 0,T).
Thus we have i
‘ ou” e
at LZ(QT)

and

sup / |Au*)?dz < C.
Q

0<t<T

Combining the above inequality with (2.7), we have

4" || Lo (0,72 (02)) < C-

The proof of this lemma is complete.
The following lemma is used to prove the existence of weak solutions of the problem
(1.1)—(1.3). One can find its proof in Simon [19].



Lemma 2.2 Let X,Y and Z be Banach spaces with a compact embedding X — Y
and a continuous embedding Y — Z. Then the embeddings

du

o € L*(0,T; Z)} — L%(0,T;Y)

{u e L*(0,T; X),

and

{u c L*>(0,T; X), % e L*0,T; Z)} — C([0,T];Y)

are compact.

Now we are in a position to prove the existence and uniqueness of weak solutions
of the problem (1.1)—(1.3).

Proof of the Theorem 1.1 By Lemma 2.1, we can choose X = H?(Q), Y =
HY(Q) and Z = L%(Q2) in Lemma 2.2 to obtain a subsequence of Vu* which is still
denoted by itself and

Vu* — Vu, strongly in L*(Qr) k — +oo.

By the assumptions on ®, we have

—

d(Vub) — S(Vu), strongly in L*(Qr), k — +oo.

Letting k — 400, by (2.6) and Lemma 2.2 we have

ub Do, in L0, T; H(Q)),

ubF —wu, in C([0,T]; H'(Q)) strongly,
ouk ou . 9
ot ot in L*(Qr),
AuF =~ Au, in L*Qr),

except for a subsequence. Now we can pass to the limit in (2.2) and (2.3) to see
that (1.10) holds. The strong convergence of u* in C([0,T]; H'(Q)) and the fact that
uF(x,0) — ugp(x) in L2(Q) gives u(z,0) = ug(z) in L2(Q). Then the problem (1.1)-(1.3)
admits a weak solution.

Next, we prove the uniqueness of the weak solution. Suppose the problem (1.1)—
(1.3) admits two weak solutions u; and wug. Set w = u; — uz. Then the function w
satisfies the following problem

%—Z’ + KA — div (S(vul) - $(vu2)> —0, (@,t) € Qp,  (2.8)
Vw-y‘m:u-y‘aQ:O, t e [0,7], (2.9)

w(z,0) =0, x €, (2.10)



where i = KVAw — <$(Vu1) — ®(Vug) ). Multiplying both sides of the equation

(2.8) by w and integrating the result over £ x (0,t), we have

t t t - -
/ / a—wwd:vdt + K/ / | Aw|?dzdt +/ / <<I>(Vu1) - <I>(Vu2)> Vwdzdt = 0.
0 Jo Ot 0 Ja 0 Jo

Since ® is Lipchitz continuous, we have

t t t
//ngdade—QK/ /|Aw|2dazdt gc/ /|Vw|2d:ndt
0 Ja Ot 0 Jo 0 Jo

t t
§K/ /|Aw|2d$dt+0/ /wzdazdt.
0 Jo 0 Jo
Noticing that w(z,0) = 0, we have

t
/w2(x,t)da:§0/ /w2(x,t)da:dt.
Q 0 JQ

It follows from Gronwall’s inequality that

/w2(a:,t)dx:0, a.e. [0,7T].
Q

Thus w = 0 a.e. in Qp. The proof of this Theorem is complete.

3. Non-Existence of Global Solutions

In the previous section, we have shown that the problem (1.1)—(1.3) admits a unique
weak solution under the condition (1.9) satisfied by ®(&). In this section, we will prove
that if ®(£) does not satisfy the condition (1.9), then the problem (1.1)—(1.3) might
not have global weak solutions.

Proof of Theorem 1.2 Suppose to the contrary, namely, the problem (1.1)—(1.3)
admits a global weak solution u. Integrating the equation (1.1) with respect to = over
Q2 and using the boundary value conditions (1.2), we have

/ u(z, t)de = / uo(x)de = M, vVt >0.
Q Q

Without loss of generality, we assume M = 0. Otherwise, we may consider the initial
boundary value problem satisfied by v(x,t) = u(z,t) — M. Then, it follows from the
Poincaré inequality that

[ullz2 ) < ClIVullr2)- (3.1)

Define
B(t) = g/Q|Au(:1:,t)|2da:+/Q\P(Vu(az,t))dx,



where
v(E) = —2g' + Ll veeRN.

dE(t)

A simple calculation gives that < 0. Thus

B(t) = §/9|Au|2d$—l—/9\1’(Vu)dx < E(0),

and hence
K/ |Au|?dz < 2E(0 /]Vu\4da:—’yg/ |Vu|?dz. (3.2)

Multiplying both sides of the equation (1.1) by v and integrating the result with respect
to x over 2, we obtain from the equality (3.1), (3.2) and the Holder inequality that

1 —
—i/u2daz:—K/ |Au|2daz—/ & (Vu)Vudz
2dt Jo Q Q

:—K/ \Au!zdx—i—’yl/ \Vu]4dx—’yg/ |Vu|?da
2
71/\vuy4olgc—2E(0) > 2|Q| </ V| da:) — 2B(0)

2
71 2
> —
~ 2|Q|C4 </ u da:) 2E(0),

where || is the Lebesgue measure of the domain 2, and C is the constant in the
Poincaré inequality (3.1). Noticing that

K
20) = 5 [ 1Auw@Pds =2 [ Fufe)ae+ 2 [ [Vuo(o)Paa.

and Vug(z) # 0, we know that there exists a positive constant I', such that E(0) <0
if Y1 > I'. So

4 wlde > 1L (/ u2d3:>2

dt Jo —[Qlet g '

/ Ju(z, t)Pde > /Q|u0(33)|2dg;
Q

Y1t
|Q|C’4/ lug(x \ da:

which contradicts the global existence of the solution u. The proof is complete.

| \/

Then

4. Regularity of Weak Solutions

In this section we discuss the regularity of weak solutions of the problem (1.1)—(1.3).
The key point of the proof is the Schauder type estimates on the solutions, and we will
adopt the theory of Campanato spaces combined with the energy estimates to obtain
the desired a priori estimates.

Firstly, we prove the boundedness of the L> norm of solutions.



Lemma 4.1 The solution u of the problem (1.1)—(1.3) satisfies
ull oo @) £ Cy VUl < C, (4.1)
where C is a positive constant.

Proof Multiplying both sides of the equation (1.1) by u and integrating the re-
sulting relation with respect to x over 2, we have

g/u2daz+2K/ \Au!zdang/ |Vu|?dz
dt Jo Q Q

§K/ ]Au\2dx+0/u2dx,
Q Q

i/u2d:17—|—K/ |Au|2dx§0/u2d$.
dt Jo Q Q

It follows from the Gronwall inequality that

namely,

sup /uzdaz <C. (4.2)
0<t<T JQ
Define K
E(t) = —/ |Au(:17,t)|2dx+/ U (Vu(x,t))dz,
2 Ja Q
where

Vel = 3(¢), Ve e R

Without loss of generality, we assume that W(0) = 0. Then, a simple calculation similar
to that in the proof of Lemma 2.1 gives that

Blt) = %/Q]Au\zdx—k/Q\I/(Vu)dx < E(0).

Furthermore, we have

sup / |Au(z, t)|?dz < C,
Q

0<t<T

which, together with the inequality (4.2), gives that
[u(@, )| oo 0,7;12(0)) < C.
By the Sobolev embedding theorem, we have
1wl oo (@) < C.
It follows from the Nirenberg inequality that

[VullLee (@) < Cullull Lo 0,7;m2(0)) + Callull e @r) < C-



The proof of this lemma is complete.
Now, we are in a position to establish the estimate on the Holder norm of Vu. Let
(20, ) € Q x (0,T) be fixed and define

plu.p) = [ (19u= (a4 59 80?) dad,
Sp

where )
S, = (to — p*to + p*) x B,(2°), (Vu), = A Vudzdt
ol JJs,
and B,(x0) is the ball centers at 2° with radius p.
We split the solution u of the problem (1.1)—(1.3) on Sk as u = u; + ug, where u;

is the solution of the problem

aul

ﬁ + Az'dl = 0, (.Z',t) S SR, (43)
ou ou  0Au 0Au
a—yl = Wl = (z,t) € (to — R*,to + R') x 0Bg(2"), (4.4)
up =u, t=tg— R =z e Bg(z"), (4.5)
and ug solves the problem
% + A2y = divg(Vu), (z,t) € Sg, (4.6)
0 0A
% =0 6;2 =0, (x,t) € (to— R" to + R") x Bg(a"), (4.7)
up =0, t=19— R4, S BR(JJO). (4.8)

By the classical linear theory, the above decomposition is uniquely determined by wu.

Lemma 4.2

2

sup / |Vug(z,t)*dz + // |V Aug|?dzdt < C'sup S(Vu) RS,
Br(z°) SR

(to—R*,to+R*) Sgr

Proof Multiplying both sides of the equation (4.6) by Aus and integrating the
result relation over (tg — R*,t) x Br(z?), we have

t
%/ |Vu2(:n,t)|2d3:+/ / IV Aus [2dzdt
Br(z0) to—R* J Br(z?)

t —
:/ / O (Vu)VAugdzdt
to—R4 BR(:CO)

1 t _ 2 1 t
S—/ / ®(Vu)| dadt+ —/ / |V Aus|? dadt
2 to— R4 BR(LEO) 2 to— R4 BR(.’EO)




<C'sup g(Vu)

Skr

2 1 t
RO+ = / / |V Aug|? dadt,
2 Jto—Rrt JBr(a®)

which implies that

2

sup / \Vuz(x,t)IQda:—k// |V Auy2dzdt < Csup (Vu) RS.
Br(2?)

(to—R%to+R%) SR

The proof of this lemma is complete.

Lemma 4.3
|Vu1(x1,t1) — VU1($2,t2)|2

|ol — 22| + [t — to]1/4

<C sup / " <p—3 |Vu, — (Vul)p‘2 + p!VAu1’2> dz
By(x

(to—p*to+p*)

+ C// (p_3|VAu1|2 + p| VA% |) dzdt.
S

Proof From the Sobolev embedding theorem, we get, for any (x!,t1), (22, t2) € Sy,
that

\Vul (331, tl) — Vul(x2, tg)‘2

|2l — 22| + [t — to|V/4

<C sup / - <p—3 |Vu, — (Vul)p’2 + p\VAulﬁ) dx
By(x

(to—p*,to+p*)

Then, by using the equation (4.3) itself we can obtain the desired estimate at once.
The proof of this lemma is complete.

Lemma 4.4 (Cacciopplli-type inequality)

sup / |V — (Vuy)g|?dz + // |V Auq|?dzdt

(to—(R/2)* to+(R/2)%) BR/z (0) Skr/2
_R4 // ]Vul Vul)R]2da:dt

sup / |Auy | da:—i—// A2y |*dadt

(to—(R/2)*to+(R/2)%) BR/z (z9) SR/Z
// |Auy Pdzdt < 6 // |Vuy — (Vuy)g|*dadt;

sup / |V Auy| da:+// |V A2y [2dadt

(to—(R/2)*to+(R/2)4) BR/z (x9) Skr/2

// |V Auq|?dadt.



Proof Asan example, we only prove the first inequality, since the other two can be
shown similarly. Choose a cut-off function y(x) defined on Br(2®) such that x(z) = 1
in Br/s(2°) and

vay < 2

C C
IVxl < 5. 18X < e

R®

Let g(t) € CP(R) with 0 < g(t) < 1,0 < ¢'(t) < % for all t € R, g(t) = 1 for
t > to— (R/2)* and g(t) = 0 for t < ¢ty — R%. Multiplying both sides of the equation
(4.3) by g(t)V - [x*(Vu1 — (Vu1)r)] and integrating the resulting relation over (to —
R t) x Br(z?), we have

t
/ g(t)dt/ Our —V - [x HVuy — (Vu)g)| dadt
to—R4 Br(z0) Ot
t
—I-/ g(t)dt/ A%V - [X4(Vu1 — (Vw)g)] dzdt =0.  (4.9)
Rt Br(z0)

The first term of the left hand side in the above equality can be written to

t
/ g(t)dt / dug. (V= (Vur)g)] dadt
R4 Br(z0) ot

t
:_/ g(t)dt/ OV 4(VU1 (Vup)g)dadt
R4 Br(20) ot
t
t
B
to—

1
= g t)dt/ x! \Vul (Vuy)g|*dadt
2 4 BR(Z‘O) (915

/ / 5 X Vur — (Vup) g2 dadt
0o—R Br(z9)

3,

2 dt
R4/B 0 OxVur — (Vup)g|2dzdt
0— R z

(
()X |Vug — (VU1)R|2d:E

N —

2o

/ / x| Vur — (Vup)g|*dzdt.
4 BR :CO

For the second term of (4.9), we just notice that

“R

“R

/ A?uy V- [ (Vur — (Vur)g)] da
Br(z0)

T / VAu A [x*(Vuy — (Vur)r)] da
Bpr(z9)

== / X4’VAU1!4dx — 2/ Vx*VAu Auyda
Bgr(z9) Br(z9)



- / VAu(Vuy — (Vuy)g)Ax*dz
Bp(z)

=-5L—-1—1I,
where
I :2/ VX4VAulAu1dx = 8/ xVxVAu Auidx
Br(z0) Br(z9)
1
> — —/ VA |*dz — 128/ IXVx|?|Auy|2da
8 /B () Br(x°)
1
=—-L+1
gl + 1y,
and

Iy =— 128/ IXVx|?|Auy |2da
Br(z?)

c 2 2
>— — Ay |*d
= R2? /BR(xO)X |Au [*dz

_ % AWV - (Vuy — (Vuy)g)dz
R Br(x)

_C 2
— 5z /BR(:(;O)(VM (Vur)r)V (x°Auy) dz
C

:_2/ (Vuy — (Vup)r)x>VAudz
R Br(a?)

C
+ 3y / XVXAUl(Vul - (Vul)R)da;
R* JBr(a0)

X4\VAu1\2da: — E |Vu, — (V’ul)RPdl’
0)

16 /g0 R I

— 64/ IXVx|?|Auy|2da.
Br(2?)

Then we have

1 C
> -l — = _ 24z,
12 —gh =4 /BR(mO)|VUI (Vur)p["dz
Thus
1 C
Ih>—-I — = - 2da.
22-7h-4 /BR(ZO)\VM (Vuy)p|"dz

[3 :/ VA’U,l(V’U,l — (Vul)R)AX4dx
Br(29)

_ / VAU (Vuy — (Vi) g) (3 Ax + 12x% | Vx[?) do
Bpr(z0)



1
> = / X4|VAu1|2d3: - 32/ |XAx|2|Vu1 - (Vul)R|2d:17
4 JBr(20) Br(20)

_ 288/ Vx4 Vs — (V) g 2dz
Bgr(z9)
1
S - 2
= 1 1 RA /BR(QEO) |VU1 (Vul)R| dz

and hence . o
11+12+13 Z —Il — —4/ |V’LL1—(VU1)R|2(L’E.
2 RY JBp(a®)

Then we can obtain the following estimate on the second term of (4.9)

t
/ g(t)dt/ A%V - [X4(Vu1 — (Vuy)g)] dz
to— R4 Bgr(z9)

t
=— / g(t)(fl + Iy + [3)dt
to—R4

1 t
<1 / g(t)dt / VA Pde
2 to— R4 BR(.’EO)

C t
+ —4/ g(t)dt/ Vi — (Vuy)g|?de,
R* Jiy—pa Br(a0)

which, together with the estimate on the first term of (4.9), implies that

t

1 1

—/ g(t)x4\Vu1 — (Vul)R]2dx + —/
2 JBr(a) 2 Jio—pe

1 t
§§/ / g’(t)x4\Vu1 — (Vul)Rlzdxdt
to— R4 BR(.’EO)

g(t)dt/ VA |*dz
Br(z?)

C t
.- / g(t)dt / Vg — (Vaug) 2
R to—R* Bgr(z9)

¢ 2
éﬁ//&g |IVuy — (Vup)g|“dzdt.

By the definition of ¢g(t) and x we immediately obtain the desired first inequality of
this lemma, and then complete the proof.

Lemma 4.5 For any p € (0, R),

o(ur,p) <C <%>7g0(u1,R).

Proof Tt is sufficient to show the inequality for p < R/2. By the mean value
theorem, there exists a point (z*,t.) € S, such that

(Vur), = Vur (¥, ty).



Then, by Lemma 4.3 and Lemma 4.4, one has

/ Vs — (V) [2dadt
5

:/ |Vuy — Vg (2%, t,) [2dadt
S

<Cp® sup |Vuy — Vui(z*,t,)[?
(z,t)eS,

<Cp’ sup / (R%|Vur — (Vur)r[* + RIVAw|?) da
te(to—(R/2)* to+(R/2)*) / B /2(2°)
+Cp" / / (R™3| VA |* + R|VA?u; |*)dxdt
SRr/2
<C // (IVur — (Vur)g* + RV Ay |?)dzdt,
SR
and

// pt|V Auy|2dadt <Cp® sup / |V Auy|?dz
Sp te(to—p*,to+p*) J By(20)

<Cp7R sup / |V Au, |*dz
€(to—(R/2)*to+(R/2)*) / Br/2(z)

/ / RV Auy|*dadt.
Sk

The following technical lemma is required to estimate the Holer norm of Vu. One

The proof of this lemma is complete.
can find its proof in Giaquinta [20].
Lemma 4.6 Let p(p) be a nonnegative and nondecreasing function satisfying
A% 3
plp) < A( L) ¢(B)+BR’, V0<p<R< R,

where A, B, a, B are positive constants with 8 < «. Then there exists a positive constant
C depending only on o, 8 and A, such that

e(p) < C(%f [so(R)JrBRB], Y0 < p < R < Ry.

Lemma 4.7 For X € (6,7),

(u,p) < C (1 +sup |&(Vu)

Skr

2
)p)\v V0<P§R§R07

where Ry £ min {dist(mo, o0), té/4}.



Proof A simple calculation gives that
(Vu), = (Vur), + (Vuz),,

and

/ qu—(vu),,dedtg// |Vu|?dzdt.
S, Sp

Then, by Cauchy’s inequality and using Lemmas 4.2 and Lemma 4.5, we have

gp(u, p) SQQD(UMP) + 2(,0(UQ, p)
p 7
<C <§) o(ur, R) + 2p(us, R)
7
R Sn
7 N 2
<C (ﬁ) o(u, R) + C'sup |®(Vu) R0
R S
7 N 2
<C (ﬁ) o(u, R) + C'sup |®(Vu)| R,
R S

where 6 < A < 7 is a constant. Then, by Lemma 4.6, one can complete the proof of
this lemma immediately.

Now we give the proof of Theorem 1.3 as follows.

Proof of the Theorem 1.3 From the integral characteristic of the Holder con-
tinuous functions (see [15,17,20] for details) and the Lemma 4.7, one has

[Vu(zl, ty) — Vu(a?, to)] <C < > )

2l — 22|0=6)/2 1 [t; — ,|O=6)/8 =
|Vu(x1,t1) . Vu(xz,t2)| <C (’g;l _ xQ‘(A—G)/Q + ’tl _ t2‘(>\—6)/8> )

1+ sup S(Vu)

Skr

By Lemma 4.1, we have

Noticing that one can rewrite the equation (1.1) to the following form

% + KAy — By (x,t)Vug, — Ba(2,t)Vug, =0,
where B;(z,t) = V¢®;(Vu),i = 1,2. By the Hélder continuity of Vu and 5, one can
see that B;(x,t) is Holder continuous. Using the classical Schauder theory for parabolic
equations, one can conclude that the solution of the problem (1.1)—(1.3) is classical in
the interior points of Q7.

For the regularity of the solution near the boundary of Qr, we can deal with it in
the same way. Let (2°,t9) € 9 x (0,T) be fixed and assume that 9 can be explicitly
expressed by a function y = ¢(z) in some neighborhood of 2°. We split u as u1 +us in



Sk = (to — R*, tg + R*Y) x Qr(xo) with Qr(zo) = Br(z") N Q. u; solves the following
problem

—— 4+ A%uy =0, (x,t) € S}g,

ou ou  O0Au 0Au
Ou _Ju 92w 90 (o) e (tg— R to-+ RY) x 090",

uy =u, t=1ty— R4, T € QR(JJO),

and wusg solves the problem

% + A2y = divg(Vu), (x,t) € Sk,
Ouo B 0Aus B 4 4 0
5_07 v =0, (xat)e(tO_RytO"i'R)X@QR(:E )7

up = 0, t:to—R4, :EGQR(QSO).

We can modify the function ¢(u, p) as

o(u,p) = // (|00 ul? + 1071 — (9ru), | + p'|VAul?) dadt,
S

where

0 0 0 0

Op = ¢/($)a—xl " 9 0.

_— / -
T 8:171 + (l‘) al‘Q

denote the normal and tangential derivatives respectively. The remaining part of the

proof is similar to that in the proof of the previous lemmas, and we omit the details.

The proof of the theorem is complete.
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