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Abstract We consider the partial regularity of weak solutions to the weighted
Landau-Lifshitz flow on a 2-dimensional bounded smooth domain by Ginzburg-Landau
type approximation. Under the energy smallness condition, we prove the uniform local
C* bounds for the approaching solutions. This shows that the approximating solu-
tions are locally uniformly bounded in C*(Reg({uc}) (2 x RT)) which guarantee the
smooth convergence in these points. Energy estimates for the approximating equations
are used to prove that the singularity set has locally finite two-dimensional parabolic
Hausdorff measure and has at most finite points at each fixed time. From the uniform
boundedness of approximating solutions in C°°(Reg({u.}) ((Q x R*)), we then extract
a subsequence converging to a global weak solution to the weighted Landau-Lifshitz
flow which is in fact regular away from finitely many points.
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1. Introduction

In this paper, we are concerned with the existence and regularities of global weak
solutions to initial and boundary value problem for the weighted Landau-Lifshitz flow

1 1
§3tu — QU ou —V - (a(x)Vu) = a(z)|Vul*u in Qx R, (1.1)

u=wug on £x {O}U@QXR+,

where ” x” denotes the usual vector product in R?, the domain Q C R? is open, bounded
and smooth. The initial and boundary data wug is assumed to be a smooth map into
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the standard sphere S? C R3. In the classical sense, the equation (1.1) is equivalent to
ur=uxV-(a(x)Vu) —ux (ux V- (a(z)Vu)).

This problem is a special case of magnetization motion equation suggested in 1935
by Landau and Lifshitz, i.e.

aaf:ALSXHe—)\QSX(SXHe),

where Ao > 0 is the Gilbert damping constant, A\; is a constant, S = (57, 52,53)
is the magnetization vector, and H€ is effective field which can be computed by the
formula H® := %emag(u), emag(u) being the total energy. In particular, if we take
nonhomogeneous effective magnetic energy as emag(u) = 3 [, a(z)|Vul*dz, we then
obtain (1.1).

If a(z) = 1, the equation (1.1) reads as

1 1
iatu - Gu X ou— LNu=|VulPu in Qx Ry,

which has been widely discussed by mathematicians. Early in 1987, Zhou and Guo [1]
had obtained the global existence of weak solutions and in 1991 [2], Zhou, Guo and Tan
established the existence and uniqueness of smooth solution for 1-D problem. In 1993,
for 2-D problem, Guo and Hong [3] found the close relations between this equation and
harmonic map heat flow and proved the existence of partially regular solution which
was first obtained for harmonic map heat flow by Chen and Struwe [4]. In 1998, also for
2-D problem, Chen Y. Ding S. and Guo B. proved that any weak solution with finite
energy is smooth away from finitely many points [5]. For high dimensional problem, we
refer to recent results by Liu [6] for the partial regularity of stationary weak solutions,
by Ding and Guo [7] for the partial regularity of stationary weak solutions to Landau-
Lifshitz-Maxwell equations in 3 dimensions, and by [8] for the partial regularity of weak
solutions in 3 and 4 dimensions. We refer also to Paul Harpes’ results [9] for the partial
regularity of 2-D problem by Ginzburg-Landau approximations.

Concerning the Landau-Lifshitz equation where the coefficient is a function, a(zr) #
constant, there are not many discussions. So far as we know, the only results are
the following. In 1999, Ding S., Guo, B. and Su, F [10] obtained the existence of
measure-valued solution to the 1-D compressible Heisenburg chain equation

Zy = (G(Z2)Z X Zy)a,

where G(Z,) is a matrix function. In the same year, in [11], these authors proved the
existence and uniqueness of smooth solution to the 1-D inhomogeneous equation

Zy = f(2)Z X Zyy + ' (2)Z X Zy.

Recently, Lin, J. and Ding, S. extends this problem in [12], where the function f(z) is
replaced by f(z,t) and the method to get the estimates is different from that in [11].
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For higher dimensions inhomogeneous Landau-Lifshitz equations, there are few re-
sults concerning the existence and partial regularities of weak solutions. In this paper,
following the idea of Paul Harpes’s work [9], we use the Ginzburg-Landau approxima-
tions to discuss the partial regularities for the global weak the solutions to (1.1). The
Ginzburg-Landau appoximations u. : Q x Ry — R3 to Landau-Lifshitz flow (1.1) are
the solutions of

1 1 1
iatug — 5l X Orue — V - (a(x)Vue) = E—Qa(x)(l — |ueHue in Qx Ry, (1.2)

ue=ug on (Qx{0})| JOQx Ry), (1.3)

where a(z) is a positive smooth function satisfying 0 < m < a(x) < M. For small
e > 0, we can see that the maps {u.}e approximate the weighted Landau-Lifshitz flow
in @ x Ry. For fixed ¢ > 0, the smooth solution to (1.2)-(1.3) on Q x R, exists
and if up € W2(; §2) N W2(99; 52), it is unique in W20 L2(Wh2) == WL2(Q x
Ry; R¥) (N L>®(W2). The existence is obtained by Galerkin’s method. C™ regularity
follows from a standard bootstrap argument. The total energy of the approximate flow
at time t > 0 is defined by

Ge(ue(t)) ::/ge(ue(x,t))da:, (1.4)

Q

where

11— el (15)

In Lemma 3.1 and in Section 3, we will see that the total energy of the € approximation

gelue( 1)) = a(a) 5] Veu? +

always decreases. The local energy given by

Ge(ue(t),B%@o)) ::/ T ge(ue(z,t))dx (1.6)

BR((I:()) Q

may concentrate at space-time points (xg,tg) as € \, 0, either for fixed ¢t = ¢y or for
variable t 7 tg or t \, to. It characterizes the local ”asymptotic behavior” of the
weighted flow . Here asymptotic refers to the limits € \, 0. We will show that all the
derivatives of the family of maps {u,}c~o are locally uniformly bounded on a regular
set Reg{ue}eso consisting of all points 29 = (z0,tp) € Q x (0,00) for which there is
Ry = Ry(z0), such that

limsup  sup  Ge(uc(t), B, (20)) < o, (1.7)
eN0  to—R2<t<ty

for a constant €y > 0 that will be determined later in Lemmas 2.6 and 2.8. The comple-
ment S({uefes0) := Q x Ry \Reg{uc}eso is referred to as the energy-concentration set.
The main results in this paper can be stated as follows: the approximation solutions
converge to the global weak solution of (1.1) with Dirichlet condition. This convergence
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is smooth in Reg{u,}e~0, while the energy-concentration set is closed, with locally fi-
nite parabolic Hausdorff measure. Delicate energy inequality shows that, in fact, the
singular set consists of finitely many points as observed in [9] and [5]. Such Ginzburg-
Landau penalty method was first used to study the harmonic map heat flow in higher
dimensions by Chen and Struwe in [4]. So we have obtained the so called Chen-Struwe
solution for our problem.

2. Estimates for Strong Parabolic System

In this section, we will show that, under the uniform smallness condition (1.7)
on the local energy, all higher derivatives of u. are locally and uniformly bounded.
Here 7uniform” of course always means uniform in ¢ > 0. In Section 2.1, we first
recall some facts about LP estimates for strongly parabolic system and C“ estimates
for parabolic system in divergence form. In Section 2.2, we derive the L*° and LP
bounds for the right hand side of (1.2) which are necessary for us to get the uniform
bounds of E%a(ﬂv)(l — |ue|?) for LP estimates. In Section 2.3, we prove that all the
derivatives of ue and %a(z)(1 — |uc?) are locally uniformly bounded if the energy

density satisfies the condition limsup sup gc(ue(x,t)) < Cp, which, we will prove,
eN\0  Pg(z0)
may be verified under the uniformly smallness condition (1.7). Here, zg = (g, tp) and

Pr(z0) = Br(zo) x (to — R%,tp). Finally in Section 2.4, we will pay our attentions to
the estimates similar to above for the approximating solutions near the boundary.

2.1 Some estimates about strongly parabolic system

We recall some facts about LP estimates for strongly parabolic system and C“
estimates for parabolic systems in divergence form. We first rewrite the equation (1.2)
in the form

Opue — M(ue)a(x)Aue — M (ue)Va(x) - Vue = M(ue)éa(:ﬁ)(l — JuePue := fe(ue),

where M (u) is a matrix whose maximal and minimal eigenvalue can be estimated as
follows

i€ < oM ()€ = T UDR + (-6} <2MIER Ve R (21
D) €

We therefore may write (1.2) as
Le(ue) := Oyue — M (ue)a(x)Aue — M(ue)Va(zx) - Vue = fe(ue),

where the coefficient-matrix M (u¢) is smooth with respect to u.. Note that L. defines
a strongly parabolic system in the Petrovskii sense [13]. So LP global and local esti-
mates hold for such system. We list two a priori LP estimates concerning the strongly
parabolic system in the Petrovskii sense.
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Fact 2.1 (Global LP estimates) Let f. € LP(Q x [0,T]; R?) and ug € W2P(Q; R?).
A solution of Lc(v) = fe in (2 x (0,T); R?) with v = ug on (2 x {0}) Y02 x (0,T))
satisfies

[llyy2.1 (€ > 0, T]) < Cp(Q, T wu ) ([ fell Lo axory) + lluollwzr())- (2.2)

Fact 2.2 (Local L estimates) Let f. € LP(Q x [0,T]; R?) and ug € W?P(; R?).
A solution of Lc(v) = fo in (2 x (0,T); R?) with v = ug on (2 x {0}) Y02 x (0,T))
satisfies
||U||W5’1(p§2R(ZO)) < Cp(Rv Q. T, Wue)(HfEHLP(Pg(zO))

-
+lvllLa(p2,(z0)) T 9Ba 8QHUOHW2—%,p(B%T89))7 (2.3)

for all1 < q <p. Here, (SBRTaﬂ =14f BR( 0 # ¢ and 0 otherwise. The trace theo-

rem of course implies HUOHW < ||uollw2»(q)- The constants C, and C, depend

27l,p

P (09)
on the indicated quantities and additionally on the uniform lower and upper bounds for
the eigenvalues of a(x)M (uc), that is m and 2M are chosen to be independent of € > 0.
Note that C), and C), also depend on the modulus of continuity of the coefficients of the

leading term, i.e., the modulus of continuity wy, of ue.

The equation can also be written in the divergence form
Lc(v) := 0w—a(z)V-(M(uc) V) +a(x) (O M (ue) Ok ue ) Opv — M (uc) Va(x) - Vo = fe(ue).
We can now give the C estimates for the above systems in the divergence form

Fact 2.3 If we assume

lim sup sup |Vue| < oo, (2.4)
e\,0 P}g

then v € C’%%(P(%;R3) for some v € (0,1) and any ¢ € (0,1). If the right hand side
fee Lp(Plg; R3) with p > 2, we have the following estimate for the mived Holder-norm
of v on PglR

||UHC’Y’%(P(§QR;R3) S C(f5)7 (25)

where the bound C(f.) depends on the parabolicity constants, 0, sup |ue/, ||fEHLp(P}g) and
Py

also depends on |[ugllcv(py, T o) if Br( O # Q.
If (2.4) holds and || fell 1»( pg) Or sup |Vue| are uniformly bounded with respect to
pPS2

R
e > 0, then the estimate (2.5) holds for u and is uniform in € > 0. The assumption

sup |[Vue| < C however does not include the time derivatives. (2.5) enables us to obtain
g

bounds on the modulus of continuity with respect to time variable. Thus the modulus
of the continuity of u. on Pg}% is bounded from above independent of € > 0. Therefore
the estimates (2.2) and (2.3) are now uniform in € > 0.
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2.2 L* and LP bounds for a(x)(1 — |u.|?)
We first derive sup-norm of u. and use the multiplication of (1.2) with —u. to obtain

1 1 1 1 1
e — a(0)Bpe — 5 Va(@)Vpe + a()pe = a(x)| Vue> + a(x) 7
4 2 2 € €

where p. = 1 — |ue|?. On the parabolic boundary, p. = 1 — |ug|?> = 0. We get p > 0
in Q x R, by using the maximum principle, i.e. |u/ < 1. In the sequel we try to
derive L* and L? bounds for e%a(.’r)(l — |ue|?). To this aim, we consider the following
auxiliary problem

1
0.f —a(@)Af ~Va() V[ + o] =alely n P (26
lfl <a on OPg. (2.7)
The parabolic boundary of Pg is denoted as 9P = Br(0) x {—R?} |JdBgr(0) x[-R2,0].

Lemma 2.1 Let a > 0,e € (0,1),9 € C°(Pg), with ésupp,lg| < a. Let f €
CO%(Pr) N C?*(Pr) be a solution of (2.6) and (2.7). Then there exists Ry depending on
m, M, and My = max|Va(x)| such that for any § € (0,1), R € (0, Ry) we have

Q

xe

1 2a 1
€7|f| < Su{lzi) lg| + gexp(—g(l — (52)2R4) on Psp.
Pp

Proof Taking w(z,t) = 2aexp[—1(R? — 2?)(R? +t)], we have
E[Oyw — a(x)Aw — Va(z) - Vw] + a(z)w
= wla(z) — e(R* — 2%) — a(x)4|z|*(R? +t)* — a(x)e - 4(R? + 1)
—eVa(z) - 2z(R? + 1))
> w(m — eR? — 4AMR* — 4eM R? — 2ReM; R?).

Therefore there exists Ry depending on m ,M, M;j such that if R € (0, Rp), € € (0,1)
there holds

E[Ow — a(x)Aw — Va(z) - Vw] + a(z)w >0 in  Pg,

w=2a on JOPg.

For fi = f — €?sup|g| and fo = f + €2 sup |g|, we have |f1]| < 2a |f2| < 2a on OPg and
Pr Pgr

Cl0uf —a@)Afi = Va(e) - VAl + a(@)fi =a(2)g — alz)esupg] < 0
<E[Oyw — a(x)Aw — Va(z) - Vw] + a(z)w.

Therefore we obtain by comparison principle that

i—w<0 in Pp (2.8)



No.1 Partial regularity for the 2-dimensional weighted Landau-Lifshitz flow 17

Similarly, we have
f2 +w>0 in Pg. (29)

Combining (2.8) with (2.9), one gets

—w — e*sup |g| < f < w+ € sup|gl,

Q Q
PR PR

which yields the desired conclusion

L1 = 52)2RY.

1 1 2a
—Ifl < suplgl+ sw <suplg| + — exp(——
R R

If BRQ # O and f = 0 on Br()99, we still have the local estimate near the
boundary, i.e., on P§ = (Bsr Q) N(—62R2,0).

Lemma 2.2 Consider a smooth domain Q C R?,a > 0, ¢ € (0,1), g € C°(Pg),
with €2sup |g| < a. Let f € C°(Pr)(C?(Pr) be a solution of (2.6) and (2.7) and
P

R
f=00n0QPg. Then there exist Ry, depending on m, M and M, such that for any
5 €(0,1), R € (0,Ryp), we have

1 2a 1
—|fl < suplg| + Srexp(—=(1 - 6*)°R") on Pij.
€ PO € €
In the sequel, we will derive a priori LP estimates for the equation (2.6) and (2.7).

First we give L! estimates.

Lemma 2.3 Let Q C R? be bounded smooth domain, a > 0, € € (0,1), g € C°(Pg).
For any nonnegative function f € C1(Q x (0,T))(C?(Q x (0,T)) satisfying

Of —a(x)Af —Va(x)-Vf+ eiza(:z:)f <a(zr)g in Qx(0,7),
f=0 on (Qx{0})|Joax (0,1)),

there hold
(1) There exists some constant ¢ > 0 only depending on M and m such that

1
H?fHLl(QX(O,T)) < cllgll 1 @x(0,1))- (2.10)

(2) Forany R, p> 0 and zg = (0, to) € Q x (0,T) with R* + p* < to, we have

[ slfz<e
P (z0) € P2

R-HJ(ZO)

(lg] + p%rfwdz. (2.11)
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Proof of (1) Multiplying the equation (2.6) with \/2752, we obtain:
i IVfI? f? 1 f?
f . S
=a(x)g- W + dlv(a(x)Vfw). (2.12)

Integrating (2.12) over Q x (0,t), letting § — 0 and using the monotone convergence
theorem, we have

sup /]fxt\d:c—i—/ / 2]f:ct\dxdt</ / 7)|g(x,t)|dxdt,
0<t<T

From the above inequality, we obtain

/T/Qelg\f(x,t)!da:dtg ]\nf/oT/Q\g(x,t)\dg;dt_

Take C = 2, we have

1= Fllzr@x oy = ellgllzr@xo,ry:-

Proof of (2) Multiplying the equation (2.6) with W(x,t)qbQ(:z:)n(t) where
the cut-off function ¢(z) satisfying 0 < ¢(z) € C*(2) with spt¢ C Bpr,(zo) and
¢ =1 on Bg(w), n(t) satisfies n(t) € C°(Ry) with 0 < n(t) < 1, n(to — R? — p?) =1
and 7(t) =1, [V¢| < £, V20| < -z and |0m| < -z, we obtain

oy B P A S T
2 2
— afx)g- % + div(a(e me)
—a@ﬂvf\/ff+ép2¢v¢n+¢fM9@n- (2.13)

Integrating (2.13) over Q x (0,%) and letting § — 0, we get

sup /BR ]f(m,t)\dx—i—/Pﬂ a(x)é\f(m,t)\dxdt

0—(R2+p?)<t<tg
C
< / (a(@)lg(x, )| + S| f (. 1) )ded.
p

Recalling the assumption m = min |a(z)| < a(z) < max|a(z)| = M, we have
HISY) z€Q

1 c
/ Lifldz < e / (Il + 51 fDd=
Plg(zo) € Pg+p(z0) P

where ¢ depends on the maximum and minimum of a(x) and max |Va(z)|.
Q
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Lemma 2.4 Let Q C R? be as above, g € LY LP(Q x (0,T)) forp > 2, and € > 0.
For any nonnegative function f € C*(Q x (0,T)) (N C%(Q x (0,T)) satisfying

ﬁtf—a(x)Af—Va(m)-Vf—l—ﬁ%a(:z:)f§a(x)g in Qx(0,7T),
f=0 on (Qx{0})|J@ax (0,1)),

V6 € (0,1), 20 = (wo,t0) € Q x (0,T] with 0 < R? < to, we have

1
15 Fllopg, o)) = ctlgllepg, oy + coe”l?, (2.14)
where ¢1 = c1(p,m, M), co = C2(|’g"Lp(Pg)7 | £l 2201 (Pp(20))> P> 6, R, M, M).

Proof Multiplying the differential inequality by f|f|?*~2¢?n, where s > 1, taking
cut-off functions ¢ and 7 as in the proof of Lemma 2.3, we have:

Loszen) + a@) 22! L a2 e?y

= div(a(2)VffIf*2¢%n) + 2—18|f|28¢28m +a(z)gf|f 12202
—a(@)V|fIIf** 12V een. (2.15)

We now estimate the last two terms of (2.15). By Young inequality we have

iat(’f‘Qsd)Zn)_i_ ( ) 27; (x)‘f|28¢277
SdiV(a(w)fo\flzs’Qd)Qn)— a(z)(2€))* 19125¢2
[a(2)|V¢|*n + ¢*|0sm]]. (2.16)

Setting p = 2s, multiplying (2.16) by (2s) - (}2)1”*1 and integrating over Plg+p, we get,
for p > 2,

1 1
| (@1 < Com. M) / o+ / G @

R

We proceed by using iteration technique as Lemma 3.9 in [9] to finish the proof.

2.3 Higher interior estimates

In this section, we prove that the higher derivatives of u. and E%a(:v)(l — |ucl?)
are locally and uniformly bounded in the interior point under the uniform smallness
condition (1.7), where u, are the solutions to approximating equation.
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Lemma 2.5 Let u. be a solution of (1.2) and assume

lim sup sup g (u) < Co, (2.18)
e\.0 Pg

where Br(xg) C Q, 0 < R? < ty. Then for any 6 € (0,1), we have

e\0 €

. . 1 ~
lim sup [[uellcr (pyp(z0)) < Cr and hm\sup H:Q(l = [uel)lct(Pyn(z0)) < Cs

for all integers k > 0. The constants Cj, and Cj, depend on Cy, k, R, § > 0, la(z)llcx -

Proof We prove this lemma by induction. If k=0, we have proved ||ue| -~ < 1.
Using the assumption (2.18), we obtain: sup \/a(z)|Vue| < Cp, and €%a(:n)(l — |uel?)?
Pr

< Cp. Therefore g = |Vuc|? + 6% p? can be controlled by a multiple of Cy(m). Lemma
2.1 implies ||€%(1 — |uel®)|lp~ < Co. For k = 1, since the conclusions for k = 0

hold, i.e., th(l)lp el Lo (Psp(20)) < Ck and lim\s(l)lp 51— |wel®) || Lo (Pyp(z0)) < Ch, using
€ €

C*% estimate of strongly parabolic systems in divergence form, we know there exists

v € (0,1), such that HuEHC%% < C(|[ & = |ue/*)||rr). From Lemma 2.1, we know that

He%l — |uc|?||z < Co. Using Wg’l estimate, we get

1
luellwz (pygy < CP( T wu ) (| 5 a(z)(1 — (el )| Lo (pry + lluell s (Pr)),
for any 1 < ¢ < p. From Sobolev inequality, we have when p > 2 4+ 2 =4,
IVl onpym) < Clm,p.0, )l 21 ey

We can take derivatives in (2.6) with respect to z to obtain, V(a(z)[|Vue|* + % (1 —
lue|?)?]) € LP. Using (2.6) and Lemma 2.2, we get V(%5 (1 — |uc[?)?) € LP. Taking
derivatives with respect to z in (1.2), we can get u, € ng o By Sobolev embedding
theorem, we know that ue € C''. Using (2.6) again, we get (1 — |uc[?) € C*!. By
the standard bootstrap argument, we complete the proof.

The following Lemma states that the boundedness of (2.18) is guaranteed by the
smallness of the energy. We prove that the energy density is uniformly bounded in the
regularity points of ..

Lemma 2.6 There are constants C; > 0, €9 > 0, Ry € (0,min{1,/%}) such that
for the solution u. of (1.2) satisfying

sup / ge(ue(z, t))dx < €,
to—R02<t<to BRO (zo0)

there holds, V6 € (0,1)

sup  ge(ue) < ¢
Ps g (20) T (1—06)2Rg’

where xg € 0 and Bg, C ).
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Proof Without loss of generality, let (zo,t9) = 0. We set Pr := Pr(0). For fixed
e > 0, since the solution u, of (1.2) is smooth, there exist o, € [0, Ry) such that
(Ro — o¢)” e = JJnax (Ro—0)*supg.

o

and there is some z. = (z¢,tc) € Pr(20) € P,,, such that e. := ge(uc(z:)) = sup ge.

Setting pe := 3(Ro — o¢) such that P, (2¢) C Py, 4, C Pg,, we have:

1 2
sup ge < [Ro — (0c+ pe)?] sup  ge < 4e..
PPE (26) ‘ [RO o (O-E + pe)z] ‘ ‘ Ppe+f"e (ZE) ‘ ‘

_1
Setting 7. = \/€cpe, we can consider a rescaled map ve = v(y, s) = u(zc+ec 2y, tete ls),
(y,s) € P,_ Thus v, satisfies the equation (1.2) with € := ,/ece. By computation,
9/e(ve)(0,0) = 1 and supg, zc(ve) = 4. We now claim that 7. < 2. If it holds,
P

we can use the definition of r. and set ¢ = JRy to finish the proof. We prove it by

contradiction argument. Suppose r. > 2. Since Bpg,(zo) C €2, all the derivatives of v,

are then bounded on P; independently of € > 0. Indeed, if lin{‘iglf Veee > 0, from the
€

equation

1 1 1
5815”6 - 5,06 X O — V- (a(x)Vve) = g—za(x)(l - |U€|2)U€’

the claim holds by using the LP estimates and the fact that |v| < 1. If lim\iélf Veee =0,
€
then the claim follows from the fact that sup g, - < 4 and Lemma 2.5. In particular,
P

all the derivatives of v, are uniformly bounded. Thus

V atgg(ve)v |v9€(ve)| S C <00 in Pl'
Therefore, if we choose g = min{%, 1}, we have
1
19¢(ve) (@, 1) = 9e(ve) (0, 0)| = [Bege (ve) (o, )][t] + [V ge(ve) (2", )|x] < 5.
Using the differential mean-value theorem, we get
1 1
ge(0)(2,1) > ge(0)(0,0) = 5 > =,

which implies

2
) sup / g ege(ve)dy
B

2
Ty —r3<s<0 Bry

IN
Q

y sup ge(ue)dx. (2.19)

2 B
7(ng+o‘€2)<t<0 \;—C%+o€(zo)(ze)

Setting €1 = min{%, ﬁ}, since re = \/ecpe > 2 > ro, we get % + 0. < pe+o0e < Ry
and (%)2 +02 < (pe+0c)* < R3. Hence, the right hand side of (2.19) < ¢ < %. This
leads to a contradiction. Therefore, r. < 2.
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2.4 Boundary estimates

In this subsection, we will derive local boundary sup-estimates for the energy den-
sity, thus give the W' —estimates for u, and LP—estimates for 6%a(:n)(l — |uel?) near
the boundary.

Lemma 2.7 Let uc be a solution of (1.2) and (1.3) with ug € WH2(Q; S2) N\ W?2F
(09; S?). Assume

sup ge(ue) S CO (220)

Py
and Br(zo) N0 # @, 0 < R? < ty. Then for any 6 € (0,1), we have

||u6||Wp2’1(P§ZR(z0))

1
<Ci <||62(1 - |Ue|2)||Lp(Pg(zo)) + el z2(p2 20y + ||U0|\W2_;,p(B%(ZO)T8Q)> ;

where the constant Cy depends on Co, 6, R, p, , and ||a(z)|| (o). Furthermore, for
any ¢ € (0,1) we have

1
15501 = ) oo oy < O la@) )l gl ooy

2
e Cllgell Lo Py p: 6, B, [la()[| oo e))
and
1
51 = ) oy oy < 4C0 + Os(0)

where € — Ogs(€)is a function that depends on 6 € (0,1) and h{r(l] e *Os(€e) = 0 for all
k € N. All the constants also depend on the parabolic constants.

Proof The assumption sup g.(ue) < Cp implies that lim sup sup ||Vue|| < Co(m) <

Q Q
P N

00. Therefore from C* estimate, there exists v € (0, 1) such that HUEHC%%(P&) < C(fe)-
Furthermore sup éa(m)(l — |ue|?)? < C. Therefore g = a(z)(|Vue| + 6%(1 — |u|?)?) €
P
LP(P). From W2 estimate, we have
1
ltcllz1 e oy < €1 (15 0@) (1 = [ oo ey
el e + 100l o T oo )

From Lemma 2.4, we have

1

15 (1= [uel) | Lo (pg, 20y < C s llal@) 200 lgell o g

2
+e7 Ollgell o (pg) p: 0, B, la()[| oo (0))-
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From Lemma 2.2, we have

2a 1
5 (1= ) ot oy < S0P lg)| + 5 exp(—-(1 = 62)°RY)
P

R

Note that
2 1 2\2 1 2 1 2\2
g(ue) = [[Vue|” + :2(1 — |uel”) ]§4[§‘VUE| + @(1 — |uel*)7] + Os(e)
SCo(m) +O5(€),

where lir% ek Z—S exp(—1(1—6%)2R* =0, Vk € N. The lemma follows.
€E—
The following Lemma states that the boundedness of (2.20) can be verified if the
energy density is uniformly bounded in the regularity points of u..

Lemma 2.8 Let u. be a solution to (1.2) and (1.3) with ug € WH2(Q; S2)N C?
(8€; 5%).  There are constants Co = Co([|uollc2(a0), Fo, Q) and e = eo(||uollc2(a0),
Ey, Q) > 0, such that if for some zp = (x0,t0) and Ry € (0, min{1,/t0}),

limsup  sup / T 9e(ue(z,t))dr < €,
e\0 tofRo2<t<to BRO (zo)

then for any 6 € (0,1), we have

lims s (ue) < ¢
imsup sup ge(te) < ——5—=5-
e\0 P(SQRO(ZO) (1-— 5)2R3

The proof is similar to the interior case, one can refer to Theorem 3.4 in [9].
3. Energy Estimates
In this section, we will prove that the total energy of the smooth weighted flow of
(1.2) and (1.3) is decreasing. Recalling that in the first section we have defined the

total energy Ge(uc(t)) := [, ge(uc(z,t))dz and the local energy Ge(ue(t), BR(zo)) =
fBR(:vo) T, ge(ue(w, t))dx respectively.

Lemma 3.1 Let ucbe a solution of (1.2) and (1.3). Then, we have

T
Ge(ue(T) + ;/0 /Q |0ue|?dzdt = Ge(ue(0) = E(ug) = Ey. (3.1)

Proof We multiply the equation (1.2) by dsu. and integrate over €2 to get

Louras 2 [1 2_3/ 1 l2)2
/92]8,5u€ dx+at/§22a(x)|Vu€| =% Q46261(30)(1 luel?)”.
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Integrating the above equality over [0, T] leads to

T
A /Q;’8tue,2dxdt+/Qa(x)[;’VUeP-i- é(l _ ‘U5‘2>2]<T)
= [ a@I3ITuol + 1550 ol = Gulu0) =

(3.1) follows.
The following Lemma deals with the estimate for the local energy of the flow.

Lemma 3.2 Let u, be a solution of (1.2) and (1.3). Then, for 0 < Ty < To we have
Ty

+ g3 [ Gelue(t), B(zo))dt.  (3.2)
T

Ge(ue(T2), By (20)) < Ge(ue(T1), Big(xo))

Proof We multiply the equation (1.2) by 0;u.¢?, where ¢ is a cut-off function sat-
isfying ¢(x) € C°(2), 0 < ¢p(x) <1, ¢ = 1 on Br(zo) (2 ¢ = 0 on (Bar(xo) N2)C,
V| < %, and then integrate over BSk, = Bap(z) () to derive

1
/ ~|0puc|? ¢pPdx — / V - (a(z)Vue) - dpucp’da
Bl 2 By

= [ 3@~ -
B

Q €
2R
Integrating by parts, we have,

1 2 .2 8/ 1 2,2 8/ 1 L 12Y2 42
/BQ 2|8tu5] o°dr + 5 58, 2a(x)]Vu€\ o dr + 5 ” 462a(:1:)(1 |uel?) o dx

2R
= —2/ a(x)VueoyuV ppdx
By
1
< / |8tu6|2¢2dx+8/ o(2)?| Ve 2|V | 2d.
2 Bg BQ

R 2R

Integrating over [T7,7»], using the assumption that a(x) < max|a(z)| = M and the
e
property of the cut-off function ¢, we get

T

GolueT), B(a0)) < Gelu(T2). Bflan)) + g5 | Giluelt). Btan))

The lemma follows.
Lemma 3.3 Vn > 0, 315 > 0, Ry > 0, such that Vxg € Q and Ve > 0, there holds

sup  Ge(uc(t), BE, (z0)) < 1. (33)
0<t<Typ



No.1 Partial regularity for the 2-dimensional weighted Landau-Lifshitz flow 25

Proof For each fixed n > 0, using the absolute continuity of integration, we can
choose Ry small enough to guarantee

1 n
Ge(ue(0), B, (o)) = / L a(e) Vol < 1.
Baprg (20) Q

Setting 17 =0, Tp =T = 2120];7 in (3.2) and choosing Tj small enough we have

G(ue(t), BY, (20)) < Cielu <>B§R0<xo>>+% /0 G (ue(t), B, (o)) dt

C
?TDEO <n.

IN
1\3\3
S

Taking supremum for ¢ over [0,7p], one has sup Ge(ue(t),B%O(:co)) <. (33)is
0<t<To
proved.

4. Hausdorft-Measure Estimate for Singularity

First of all, it follows from energy estimates (3.1) and (3.2) that for any 0 < s < ¢

C(t — S)EO

2 (4.1)

Ge(ue(t), BR(20)) < Ge(ue(s), Bg(zo)) +

Define do := 555, where € is the constant from (2.6) and (2.8). We may assume
0 < dg < 1, otherwise we can choose a larger C.

Lemma 4.1 Let u. be a solution of (1.2) and (1.3) with ug € WH2(Q;52)N C?
(09Q; S%). Then the following assertions are equivalent:

(1) 20 = (xo,to) € Reg({ue}oo).
(2) 30, R >0, such that limsup sup  Ge(uc(t), BE(z0)) < €o.
e\0 to—0<t<to
(3) 30 >0, such that lim limsup sup  Ge(uc(t), B (zo)) = 0.
RBNO N0 to—d<t<ty
(4) 3R >0, such that liren\s(l]lp o 59 (2) 9e(ue)dadt < 3doco.
(5) 30,R > 0, such that limsup  sup  Ge(uc(t), Bg(:):o)) =0

e\0 tp—d<t<to+o

Sketch of the proof we can easily prove them by using the energy estimates,
Lemma 2.6 and 2.8 which characterize the supnorm of energy density under the small-
ness energy condition. For the details, we refer to [9].

Corollary 4.1 Let u. be a solution of (1.2) and (1.3) with ug € W1H2(2; S?) N C?
(09; S?). Let {e;}; be a sequence with €; \, 0 as i — oo. Then the following holds

(1) Reg({uc}e) and Reg({ue,}:) are open in Q x R,.

(2) There exists some Ty > 0, such that Q x (0,Ty) C Reg({uc}e)-
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Proof of Corollary 4.1

(1) follows from Lemma 4.1 (5) which is the characterization of regularity point.

(2) follows from Lemma 3.1 and Lemma 3.3. We can set n = €y where ¢ is
determined in Lemma 2.6 and Lemma 2.8 to obtain a corresponding 7p. Then Lemma
4.1(2) implies that Tj satisfies the conclusion. This completes the proof.

Set Qr(z) := Br(z)x (t—R?,t+ R?) for z = (x,t). Let H? denote the 2-dimensional
parabolic Hausdorff measure.

Using the Vitali’s Covering theorem [14], we can give the Hausdorff measure esti-
mate for singularity set.

Theorem 4.1 Let u, be a solution of (1.2) and (1.3) with ug € WH2(Q; 52) (N C?
(09; S?%). Let {€;}; be a sequence with ¢; \, 0 as i — oo. Then the following hold

(1)  S({uete) has locally finite two-dimensional parabolic Hausdorff-measure. More
precisely there is a constant K1 = Ki(Fy,€9) > 0, such that for any compact interval
I¢ Ry, HAS({uck) @ x 1)) < Kyl

(2) There is a constant Ky = Ka(Ey,€9) > 0, such that for any t > 0, the set
SHS{uete) := S(S{ucte) N(Q x {t}) consist of at most Ko points.

Proof The proof is similar to Proposition 4.3 in [9].

5. Passing to the Limits

In this section, we prove

Theorem 5.1 Let u. be a solution of (1.2) and (1.3) with ug in WH2(Q; S2) N W32
(99); 5%). Then there is at least one sequence {u, }; andu. € WE>(QxR.; S%) N L=(R*;
Wh2(Q; 8%)) such that ue, — u. weakly in Wﬁ)f(ﬁx Ry; R?) and weak* in L (R4 ; W12
(€; R®)). Moreover there hold

(1)  For any such sequence {uc, }i, we have ilirgo Ue;, = Uy and E%(1— [uel?) — |V |?
in C(Reg({ue }:) (2 x Ry)).

(2)  ux is a smooth solution of (1.1) in Reg({ue, }i) (2 x Ry) and a global distri-
butional solution in VVllof(ﬁ x RN L®(Ry; WH2(Q; R3)). Furthermore, u, satisfies
the initial and boundary condition in the sense Il%i{no us(-,t) = ug in W22(; R3) and

uy|oq = uoloq as a W22(Q; R®)—trace for a.e. t > 0 respectively.

Proof From the local energy estimates in Lemma 3.2, we see that {u,} is uni-
formly bounded in Wlif (QAx Ry )N L*®(Ry; WH2(9; R?)). From the weak compactness,
and using the diagonal method, we can see that, there is u, € T/Vlif (OxRy; R3) N L®(Ry;
Wh2(Q; R?)), and a subsequence {¢;};, such that u,, — u, weakly in I/Vlic2 (Qx Ry R?)
and weakly* in L>®(R; W12(Q; R?))

(1) From Lemma 2.6, we can see that Vzg € Reg({ue, }i) (X R1), sup ge(ue) <

Psr(z0)

&W. By Lemma 2.5, we obtain lim u., = u. in Psg(.,). Since the point zy is
0 1—00

arbitrary, we get lim wu., = u, in C®°(Reg({u, }i) (2 x Ry); R?).
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(2)  We multiply the equation (1.2) by u., to get

U,

7

1 1
X §atu€i — U, X (iuel X Ogtte;) — ue; X V- (a(x)Vue,) = 0.

Using Lemma 2.5 that %2(1 — |ug, |?) is uniformly bounded in Reg({ue, }:) (2% Ry),

we get (1 — |ue,|?) — 0 smz)othly, ie. |ue, (z,t)] = 1 in Reg({ue, }i) (2 x Ry). Now
from
Tx(bxe)=(T- )b — (@b

x ( )¢ (5.1)

and the fact that |u(z,t)| = 1, we can let ¢; approach to 0 to obtain
1 1
ol X Oty — s X (U X Optiy) —us X V- (a(x)Vuy) =0

in the sense of distribution. It is easy to get

1 1
§8tu* — U X Oty — V - (a(x)Vu,) = a(z)|Vus [ 2u,. (5.2)

From the equation (1.2)

1 1

50ite; = Sttes X O, = V - (a(2) Viue,) = () (1 = Jue, e,

Dol —

we can see that the left side the above equation converges to that of (5.2) and corre-
spondingly obtain

| —

(1= Jue,?) = |Vus|? in C(Reg({ue }) )2 x B4)).

[\

€-

~

In the sequel, we will rigorously prove that u, is the distributional lef N L (W2)-

solution of (1.1)
1 1 2 .
iﬁtu* — 5l X O — V - (a(z)Vuy) = a(z)|[Vuy|“ur  in QX Ry.

Note that the sequence {u,, }; converges weakly in W12(Q x Ry ;S?) and smoothly
on Reg({ue,}i) N(Q x Ry). Furthermore, since S*({u,}i) := S({ue, }) N(Q x Ry) is
finite for all t > 0, we have both u., — u, pointwise a.e. in Qx R4 and u, (-,t) — u.(-, 1)
pointwise a.e. in € for all t € RT.

From the energy estimates in Lemma 3.1, we have fooo fQ |8tuq|2d:vdt < Ey. By
Fatou’s Lemma, the complement of F:= {t > O]lim\igf Jo [0vue, | (@, t)dz < oo} has
measure zero. For ty € F, there is a subsequencé7 still denoted by u;, such that
O, (- tg) — Oyus(-,to) weakly in L2(Q; R?). By the local energy estimate, we may
assume that, for the same subsequence, we also have Oyuc, (-, tg) — Opus(+,tg) weakly
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in W12(Q; S%). By the uniqueness of the limit, the whole sequence converges. Hence,
uy (-, tg) € WH2(0; 8%) and dyus(-,t9) € L*(Q; R3) for all tg € F.
Moreover, since S ({u,,};) consists of finitely many points, it has zero 2-capacity
in R?, ie.
Capy (5™ ({ug; }i)) = 0.

Therefore, from the definition of capacity, there exists a sequence {ni}r = {Mkqtr C
Ce°(R?) such that m(z) = 1, V € S*({ue, }i) and [|nellwi2(rzy — 0 as k — oo.
For ¢ € C°(R2), we multiply the equation (1.2) by (1 — nx(t))¢(x), with its support
contained in Reg({u,, }i). After passing to the limit & — oo and using the property of
the test function n, we see that for any t € F"

/Q %@u*(x,t)(b(a:)da: - %u*(x,t) X Oy (z, ) () + a(z) Vus(x, ) Vo(x)dx

_ / o) Vs Pus (2, £) () da
Q

The above equation holds for a.e. ¢ > 0. On the other hand, we have u, € W1’2(Q X
[0,t]; S?) for any ¢ > 0. Therefore the both sides of the above equation are locally
integrable on R. If multiplying above equation by ¢ € C2°[0, 00) and integrating over
R, noticing that linear combinations of YXpardr(x)yr(t) with ¢r(x) € C°(Q2) and
Yi(t) € C°([0,00)) being dense in C°(£2 x [0,00)), we therefore get:

/OO/ 1(‘?tu*(a:,tﬁ)qﬁ(x,t)al:/c - 1u*(az,t) X Opus (2, 1) (2, t) + a(x)Vus(x, ) Vo(x, t)dzdt
o Ja?2 2
= / / a(z) |V 2ug (2, 1) (x, t)dadt,
0 Q

for any ¢(z,t) € C°(Q x [0,00)). Thus we have proved that u, is a distributional
solution to (1.1). We still need to verify that w, satisfy the initial and boundary
condition. Now the equation can be written as

—a(@) Aus (-, to) = a(@)[Vus Pus (- o) + f,
where
f= —gatu*(-,to) + U X Opus (-, o) + Va(x)Vui (-, to) € L*(Q; R?).

By a regularity result due to T.Riviere (see [15]), we have u.(-,tg) € W22(Q;5?) if
3

ug € W22(98; S2) W?22(Q; S?). This implies u.(-,)|an = uo|oq as a W22 —trace for

any t € F. As for the initial condition, we have

limus(,t) =0 in  WhH3(Q;S?).
t\0



No.1 Partial regularity for the 2-dimensional weighted Landau-Lifshitz flow 29

As a matter of fact, it follows from the following commutative diagram

Ue(x,t) — ui(x,t) as € \,0 in C*™(Reg({ue}) ﬂ(Q X Ry))
lt—=0 l1t—0

ue(z,0) — up(z) as €\, 0 in C%,

where ug € WhH2 N W%’Q(BQ) is the boundary value of u, € W2? in the trace sense.
Thus we have proved the statement (2) of the theorem.

6. Final Remark

In Section 5, we have proved that the singular set has locally finite 2-D Hausdorff
measure. In fact, we can prove as in corollary 4.7 in [9] that the solution wu, to (1.1) is
indeed a Chen-Struwe solution. The solution is regular away from finitely many points.
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