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Abstract In this paper we study an initial boundary value problem for a general-
ized complex Ginzburg-Landau equation with two spatial variables (2D). Applying the
notion of the e-regular map we show the unique existence of global solutions for initial
data with low regularity and the existence of the global attractor.
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1. Introduction

The Ginzburg-Landau equation (GLE) describes various pattern formation and
the onset of instabilities in nonequilibrium fluid dynamical systems, as well as in the
theory of phase transitions and superconductivity and has drawn great attention to
many scientists. The existence of weak and strong solutions, the global attractors and
their relative dynamical issues, have been studied by many authors, see, e.g. [1-3] and
references therein. A 1D generalized (derivative) GLE has been derived by Doelman
[4,5]) and the global existence of solutions and long time behavior have been studied
in [6-8].

In this paper we study the initial boundary value problem for the generalized 2D
GLE on a bounded regular domain § ¢ R?

up = yu+ (1 +iv)Au — (1 +ip)u*u+ A - V([u|?u) + Ag - Vu)|ul?,  (1.1)
u(t,x) =0, t>0, x€099, (1.2)
u(0,x) = up(z), x €. (1.3)
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Here A1, Ay are constant vectors with complex components. The most interesting case
for the derivative GLE is 0 = 2. Guo and Wang [9] proved the existence of a finite
dimensional global attractor. One of their assumptions on ¢ is ¢ > 3; the initial data
is in H2. The Cauchy problem was studied in [7] and the lower bound on o becomes
o> Hi%/ﬁ. Later the results were improved in [10,11]. The initial data are required
to have one order (weak) derivatives and the conditions on o, and p are reduced to

(A1) either (i) o > 2 or (ii) o = 2, |A1]| and |A2| are suitably small;

(A2) —1—wpu< Y22, ).

The main purpose of this paper is to study the existence and uniqueness of the
global solution with initial data belonging to some fractional power Sobolev space
H*(Q), s < 1, the existence of the global attractor, and the existence of a time-periodic
solution as well. We shall prove

Main Theorem Let o, v, ju satisfy (A1) and (A2), s € (1—5-,1). Then for any
up € X' = D((=A)*/?) ¢ H*(Q), (1.1)(1.3) possess a unique solution u satisfying
u € C([0,00); XN N C((0,00); HXNHL(KY)). When o is an integer, u € C*°((0,00) x Q).
Moreover, (1.1)(1.2) possesses a global attractor A which is compact in H} and attracts

bounded subsets of H& and points of X".

This paper is arranged as follows. First we prove in Section 2 the local existence
of solutions. The idea comes from the so-called e-regular map and e-regular solution
developed in [12]. Then in Section 3 we refine the estimates in [10] to show the uniform
boundedness of solutions for large time and the existence of the global attractor.

2. Local Existence
We put (1.1)—(1.3) into a functional setting
ug + Au = F(u), u(0) = wo,

A=—(1+iv)A: D(A) = H*NH}(Q) C L*(Q) — L*(Q), F(u) = yu+ (1 +ip)|u/* u+
(A1-V)(Jul?u) + (X2 - Vu)|u|?. It is known that A is a sectorial operator and generates an
analytic semigroup on L2. The fractional power of A, A®, with the domain of definition
EP = D(AP), for any 3 € R, has the following properties [13].

1
EP — H?(Q), B>0,E°=H*nH}Q), 5 <A<,

1 4
EY = Hy(Q), 0<B<1/4E" < L5(Q), —5<B<0, s> o
The realization of A in EP (still denoted by A) is an isometry from E'*5 to E® and is
also sectorial on EP.

Let s € (1 — o5,1), X = Eotasl o = 3(1—35), 7= (20 +1)e. Then A is a

-4,
sectorial operator on X with the domain of definition X!, 0 < 1 — %s -7 < %, and
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X' = B2 H3(Q), X1 = B2 = H}(Q) — LP(Q), Yp>1,
2
3—s5—2v

I (u)llxr < Jullxree + Cllull3gii + Cllulliy, jomsyy 1Vull2
< C (llullxree + llull 350 + llullfes)
IF(u) = Fo)lxr < C (14 [ul e + llullfse) llu—vllxise,

XY = BT o [5(Q), s = 1< s <2,

Vu,v € X17¢ here and in the sequel C is the generic constant, || - ||, denotes the norm
of LP(€). Therefore F(u) is an e-regular map relative to the pair (X!, X0).

Similarly, for s = 1, we let X% = EO‘_%, e € (0, 2(T1+1))7 v = (20 + 1)e. Then A is
a sectorial operator on X = H~! with the domain of definition X! = H}(Q2),

X1it+e — E25+1/2 — flt2e N H&(Q) SN LOO(Q)’
1
X' =E7?2 - L2(Q), s = o l<s<2
-7
and F(u) is also an e-regular map relative to the pair (X1, X?).
Thanks to the theory of linear operator semigroups in [12] we have

Theorem 2.1 Let s € (1 — 5-,1),e = 3(1 —s) > 0. For any up € X! =

D((—A)*/?), there exists a T > 0 such that () admits a unique e-regular solution
u(t) € C([0,T], X1) N C((0,T], X *¢).

Remark Fors=1,¢ € (0, m), if ug € H}, the solution is in C ([0, T]; HL(2))
NC((0,T); H*2 N H}(Q)). Now if we consider () in X° = L3(Q), X! = D(A) = H?N
H} (), then F(u) is locally Lipschitz continuous from D(A%+E) = HYW2NH}(Q)(Ve >
0) to X9, Thus, from the classical local existence theorem [13], for ug € H*2*NH}(Q),
the solution is in C((0,T]; D(A)). Therefore, the solution stated in the above theorem

is in fact in C((0,T]; H? N H3(2)).

3. Proof of The Main Theorem

Lemma 3.1 Assume that p,v satisfy 2 < p < jlvj;”jl, or jfﬁ;’fl <p <2 Then

there is a constant K1 independent of ug and t such that

[ullf < lluollbe™ + Ki(1—e™), t>0. (3.1)
Proof We multiply (1.1) by |u|P~2u, integrate over €, take real parts and get
ld p p p+20 ; P—2
I;%HUHpZVHUHp — llullpr2e +Re [ (1 +iv)[uf"aAudz

+ Re/ |u]p_2ﬂ<()\1 V) (JulPu) + (N2 - vu)|u\2) dz.
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Note that

2
Re/(l + iv)|ulP"FuAu de = —i/\u|p_4Z(ué}-u,u@u)M(u,p)( udj )dw (3.2)
j=1

udju

where M (v,p) = M(v,p) tr_ ( p (1+iv)(p—2)

* p
the assumption on p, the smaller eigenvalue of M (v, p) Ay (v, p) = p—|p—2|V1 + 2 > 0,
so M(v,p) is positively definite. When o > 2, by controlling the indefinite terms we

> is a Hermitian matrix. Under

obtain
1d 20 )\M(va) —
];@HU\\% (v + O)lully — *IIUH”IQU -~ 5 /UI” *|Vul* da.

Since o is positive, 3C; > 0 such that (y 4+ C + %)zp < izpwa +C1, Vz€R, s0

1d e Aum(y, _
Sl + Sl + el + 22 [up2igup as < ol

Applying Gronwall inequality we get (3.1).
When o = 2, and 6|1 4 2|\2| < Ans(v,p), (3.1) is also valid.

Lemma 3.2 Under the assumptions of (A1) and (A2), there exists a Ko such that
IVu(®)l3 < [Vuolze™ + Ka(1 —e™"),  ¢>0.

Proof Similar to (3.2), for any o with |a| < 7v2‘;+1, the smaller eigenvalue
A (o, 20 + 2) of M(a,20 + 2) is positive and thus M («,20 + 2) is definitely posi-
tive. Thus we have

Re/(l+ia)]u\2"uAudm+)\M(a,20)/\u|2" V2 dz < 0.

Define Vs(u(t)) = [(3|Vul* + 525 u[>**2) dz, multiply (3.3) by —n (5 >0, 7 > 0 and
0 < k < 1 will be suitably chosen), then add it to 2 S Vs(u(t)) and get

d loa g
7 Va(u(®) <y(IVull + ollul3333) = (1 = m) (| Au3 + dllull3313)

—nAM(a,20+2)/|u|2” |Vu|? da

1 205
+2Re/(|u|2au, Au) - N - ( |u£uu )dx
OB+ /\2\)/(\u|2\vu|Au|+\u|20+3!VU|)dx, (3.3)

—20kK 1+46—n—i(dv—p—an) \ . . .
( ) is a Hermitian matrix.

where N = Wtr =
* —2K

When o, v and p satisfy the assumptions (A1) and (A2), we can choose suitable §,7
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positive, k£ € [0,1) and || < 7v2‘;+1 such that NV is nonpositive (see [3,10]). Hence the
integral involving N is negative. Carefully estimating the last integral of (3.3), using
Lemma 3.1 and interpolation inequalities, we have

d i 1 ,
—Va(u(®) < (v + O)(IVull3 + allul3713) — 5 (1 = m)([|Aul + ol|ul3713)
1

(1= R IAul3 + lull3315) + K>,

IN

—Vs(u(t))

where K9 may depend on ||u||z2. By Gronwall inequality we have the lemma.

Lemma 3.3 Let tg > 0, u(to) € H>N H}(Q). Under the assumptions of (A1) and
(A2), there exists a K3 such that

lus(8)13 + | Au(®)[3 < 5[l Aulto)|3e ™) + K3, ¢ > to. (3.4)

Proof Differentiate (1.1) with respect to ¢, multiply both sides by u;, integrate
over €2, and then take real parts to get
1d . o N -
g gpllull + IVl <= Re [(1+ in)((uf* ) do

+ C(3|A1| + \Ag\)/(\ul (V| Jue| + |ul? |[Vug]) da. (3.5)

Note that, similar to (3.2) and (3.3), under the assumption (A2), u satisfies |pu| <

V204l the smaller eigenvalue Ajy (1,20 +2) of the matrix M (u,20 + 2) is positive and

o

thus M (u, 20 + 2) is definitely positive. Thus we have

1 uu
Re/(l + i) (Ju*u); g de = 2/]u|2‘7_2 (wity, wug) - M(p,20 +2) - < !
Therefore

1d
2 dt

>dx > 0.

uﬂt

1
a3 + Va3 < Clllulla [1Vulla lludlla + ulld 1Vull2) < SIVulz +C,

where C = C(||u|? [|Vull3 + ||lul|]). By Poincaré inequality Allu¢||3 < ||Vu||3, constant
A > 0, and Gronwall inequality we have [jus(t)|3 < |lu¢(to)||Ze= 1) + K3 for all
t > tp. By (1.1) and Lemmas 3.1 and 3.2, we have |lut(to)|l2 < 2[|Au(to)]2 + C,
IAu(t)]|2 < 2||u(t)]]2 + C, and thus (3.4).

Now we prove the main theorem. From Theorem 2.1 and Lemmas 3.1-3.3 we see
that, for every initial data ug € X', the solution exists globally and remains bounded
in H? for t >ty Vtop > 0. When o is an integer, the nonlinear term is analytic. Using
bootstrapping method we see that u € C7((0,+oc); H*(Q)),Vj, k > 0. The solution
operator S(t) : up — u(t) = S(t)up forms a continuous dynamic system generated by
the derivative GLE.

From Lemma 3.1 we can choose p; = 2K and t1(R) such that ||u(t)|2 < p1, V>
t1(R) whenever |lugll2 < R. Thus, by Lemma 3.2, when ¢ > ¢, Ky is independent of
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up. Let py = 2(K;1 + K2). From Lemma 3.2 we can choose t2(R) > t;(R) such that
lu(t)|| g1 < pa, YVt > ta(R) whenever ||ug||z1 < R. That is, B(0, p2), the ball in H}(2)
of radius po centered at 0, is a bounded absorbing set of S(¢). Moreover S(t) is compact
in X! for ¢t > 0 and compact in H} () uniformly for ¢ large. The w-limit set of B(0, p2)

1
under the action of S(t), A = (50 U;>s S(t)B(O,pg)HO, is a global attractor of the
derivative GLE. A attracts points in X! and bounded subsets of H}(Q2). It can be
shown that A has finite Hausdorff and fractal dimension [14]. The proof of the main

theorem is completed.

References

[1] Doering C R, Gibbon J D, Levermore C D. Weak and strong solutions of the complex
Ginzburg-Landau equation. Physica D, 1994, 71: 285-318.

[2] Levermore C D, Oliver M. The complex Ginzburg-Landau equation as a model problem.
in: Dynamical systems and probabilistic methods for nonlinear waves, Lectures in Applied
Mathematics, Vol.31, 1996, 141-189.

[3] Mielke A. The complex Ginzburg-Landau equation on large and unbounded domains:
sharper bounds and attractors. Nonlinearity, 1997, 10: 199-222.

[4] Doelman A. On the nonlinear evolution of patterns (modulation equations and their
solutions). PhD Thesis, University of Utrech, the Netherlands, 1990.

[5] Doelman A, Eckhaus W. Periodic and quasi-periodic solutions of degenerate modulation
equations. Physica D, 1991, 53: 249-266.

[6] Duan J, Holmes P. On the Cauchy problem of a generalized Ginzburg-Landau equation.
Nonl. Anal. TMA, 1994, 22: 1033-1040.

[7] Gao H, Duan J. On the initial value problem for the generalized 2D Ginzburg-Landau
equation. J. Math. Anal. Appl., 1997, 216: 536-548.

[8] Gao H, Guo B. Finite dimensional inertial forms for 1D generalized Ginzburg-Landau
equation. Sci. in China, Ser. A, 1995, 25(12): 1233-1247.

[9] Guo B, Wang B. Finite dimensional behavior for the derivative Ginzburg-Landau equa-
tion in two spatial dimensions. Physica D, 1995, 89: 83-99.

[10] LiY, Guo B. Global existence of solutions to the derivative 2D Ginzburg-Landau equa-
tion. J. Math. Anal. Appl., 2000, 249(2): 412-432.

[11] Li Y, Guo B. Global attractor for generalized 2D Ginzburg-Landau equation. In: M.
Demuth ed, Operator Theory: Advances and Applications, Vol. 126, Proc. of PDE 2000,
Clausthal, July 24-28, 2000, Birkhauser: Publishing Hause, 2001, 197-204.

[12] José M. Arrieta and Alexandre N. Carvalho. Abstract parabolic problems with critical
nonlinearities and applications to Navier-Stokes and heat equations. Trans. Amer. Math.
Soc., 2000, 352(1): 285-310.

[13] Henry D. Geometric Theory of Semilinear Parabolic Equations. Berlin: Springer, 1981.

[14] Temam R. Infinite Dimensional Dynamical Systems in Mechanics and Physics, Berlin:
Springer-Verlag, 1988.



