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Abstract We prove the existence, uniqueness and finite propagation of distur-
bance of continuous solutions to the Cauchy problem for one-dimensional p-Laplacian
equation with point source.
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1. Introduction

This paper concerns with the Cauchy problem for the following p-Laplacian equation
with point source

%: = D(|Dul|P"?Du) + 6(x), (x,t) € Q, (1.1)
u(z,0) =0, xr € R, (1.2)

where §(x) is the Dirac measure, p > 2, D = 8833, Q=R x (0,400), R = (—00, +00).
The equation (1.1) is an important degenerate diffusion equation, which can be used
to describe many phenomena in nature such as filtration and dynamics of biological
groups and so on. During the past years, there were a tremendous amount of papers
devoted to such kinds of equations without singular sources. However, as we know, the
investigation about the equations with measure data is quite fewer. For the case p = 2,
in [1] Li Huilai proved the existence of the solutions to parabolic equations with measure
data, and in [2] Pang Zhiyuan, Wang Yaodong and Jiang Lishang studied the optimal
control problems for semilinear diffusion equations with Dirac measure. F. Abergel,
A. Decarreau and J. M. Rakotoson [3] dealt with a class of equations with measure
data, and studied the existence and uniqueness of the solutions of the initial boundary
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value problem in a bounded domain. Yuan Hongjun and Wu Gang [4] investigated
the porous medium equation with Dirac measure and gave the existence of the weak
solutions for Cauchy problem. In 1997, Lucio Boccardo, Andrea Dall’Aglio, Thierry
Gallouét and Luigi Orsina [5] studied the initial boundary value problem for a class of
nonlinear parabolic equations with measure data in general form in bounded domains.

In this paper, we deal with the Cauchy problem for one-dimensional p-Laplacian
equation with point source, which is quite different from the initial boundary value
problem in a bounded domain. Just as did in [5], we should first make an approximation
of the Dirac measure. However, based on our approach technique, we require a C'">°—
approximation rather than in L? norm. Then we approximate the Cauchy problem by
a sequence of bounded domains of the form Qrr = (—R, R) x (0,T). Finally, because
of the degeneracy, we use parabolic regularization to approach the equation. Based
on BV estimates, LP-type estimates and weighted energy estimates, we establish the
existence and uniqueness of continuous solutions of the problem (1.1), (1.2). Precisely,
we have the following result

Theorem 1.1 The Cauchy problem (1.1), (1.2) admits one and only one contin-
uwous solution with compact support.

By the continuous solution, we mean the following

Definition 1.1 A nonnegative function u : Q — R is said to be a continuous
solution of the Cauchy problem (1.1), (1.2), if for any T € (0,400), u € L*(Qr) N
L>®(0,T; WYP(R)) N BV (Qr) and the following integral equalities

890 -2 4 o)
- uada:dt =— |Du|P~* DuDpdzdt + w(0,t)dt, Ve e C5(Qr),
T T 0
(1.3)

and

ess lim / Y(x)u(x, t)dzdt = 0, Vi € C3°(R), (1.4)
R

t—0t

hold, where Qr =R x (0,T).

2. Proof of the Main Result

Just as mentioned above, to discuss the existence of continuous solutions of the
problem (1.1), (1.2), we first consider the regularized problem

(r—2)/
?91; = D((|Du\2 + %) " 2Du> + 5:(2), (z,t) € Qr, (2.1)
u(z,0) =0, z € (—R,R), (2.2)
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w(£R, 1) = 0, te (0,7), (2.3)

where Qrr = (—R,R) x (0,T), R = R(T) is a properly large enough positive constant
depending only on T', and

1 ./x
5e(~”):g]<g)» 0<e<l,
L 1/(e2-1)
, —e , lx| <1,
jlz) =4 4 o
x| > 1,

0,
A:/e1/<x|21>dx,
R
Obviously,
0< du(a) €CFR), suppd. = {w e B ol <c}, [ Sw)de =1,
R

lim [ 0:.(z)o(x)dx = ¢(0), ¢ € C(R).

e—0t Jr

By virtue of the standard theory for parabolic equations, we see that the regularized
problem (2.1) - (2.3) has a classical solution g, € C*(Qpgr), and the maximum
principle shows that

0 < ue,r,n <C, (2.4)

where the constant C' depends only on € and R. From now on we denote by C various
constant, which value may be different from line to line.

Lemma 2.1 Let u. g, be a solution of the reqularized problem (2.1)—(2.3). Then
R
/.

R
/R |Dve g |dx < C, (2.6)

Quetn| 40 < (2.5)

where C' is a positive constant independent of ¢, R and n, and

Ue,R,n-

1\ (—2)/2
Ve,Rn = (|DU6,R,n|2 + ﬁ)

Proof Conveniently, denote u = u. g ,. Differentiating (2.1) with respect to t,
we have

%Z’ = aD?w + DaDuw, (2.7)
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where w = @ and

ot
a—(|Du| +n) [1+(p—2) | Dl +n) |Duf?] .

Clearly,
w(zx,0) = 0c(x), x € (—R,R),
w(£R, ) = 0, te (0, T).

w
N

Multiply (2.7) by and integrate over Qr+ = (—R, R) x (0,t). Integrating by

parts yields

dde

//QR tV w? + 8T
- Y uD*wdzdr + / — Y DaDwdzdr
//QRt \/w2+ QR,t Vw2+7]

// ( ) aDwdxdr
QR w? + n

w
— 7DaDwdxdT +/ —————— DaDwdxdTr
/QRt \/w2+ QR \/w2+77
2
// _nalDul” i <o,
QR,t (w? +n) 3/2

Notice
dwdT
//QRt V w? + 87—
w s
= — —————ds | drdx
/R/O or (/o N )
—/ / " Sdsdx—/R/Ex ;dsdw
—-RJO Vst ~-RrRJo NEE ) '
We have

/R/ww) S dsd /R/és(z) S dsd /Ré()d c
——=dsdx < ————dsdx < x)dx < C.
-RrRJo Vs2+n -rJo Vs2+n R

Letting 7 — 0, we see that

R
/ |w(z,t)|dx < C,
R

[,

that is
ou

< (.
(%d:vC
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Combining the above with the equation (2.1), we have

/ ‘D((\D %+ n>(p 2VQDu) +5€(x)‘dar§0.
/R ‘D(<|Dul2 + %)(p_wm) ’d:v <.

Denoting ve gn = (|Duc, g nl|* + )(p 2)/2Du5 R,n We obtain that

Thus

R
/ |Dve pn|dz < C.
-R
The proof is completed.

Lemma 2.2 Let u. g be a solution of the reqularized problem (2.1) - (2.3). Then

//Q |Dug g, nPdzdt < C, (2.8)
R, T

where C' is a positive constant depending only on €, R, and T'.

Proof Conveniently, denote v = u. g . Multiplying (2.1) by u and integrating
over Qg1 yield

1y (
// —udxdt // (|Du|2 + —) " |Du\ dxdt + // x)udzdt.
QRT QRr,T n R,T

By virtue of (2.4) and (2.5), we further obtain

2)/2
// | Du|Pdxdt <// \Du]2 ) v | Du|*dzdt
QRr,T QR,T
// —ud:ﬂdt + // x)udxdt
QRT QRr,T

The proof is completed.

Utilizing the results in [6], we can easily obtain that the Holder norms of u. g , and
Du, g, are bounded. Combining this with (2.4), (2.5) and Lemma 2.2, we conclude
that there exist a subsequence of {u. r,}, denoted by {u. rn} itself, and a bounded
nonnegative function

ue g € L°(Qrr) N L®(0,T; W'P(~R, R)) N BV(QRr1),
such that

Ue,rn € BV(QR, 1),
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Ue,Rn — Ue,R, uniformly in Qg 7, (2.9)

Du. g — Duc g, uniformly in Qg 7. (2.10)

By an approximate process, we can easily get the existence of solutions of the
following problem

0

aiz — D(|DulP"2Du) + 5. (x), (z,1) € Qror, (2.11)

’U,(xao) - 07 x € (_}%7 R), (212)

u(£R.1) =0, te(0.7). (2.13)
On the other hand, following the idea of [7], we know that problem (2.11)—(2.13)

has at most one solution. And according to (2.6), we obtain

R
/ |Dv, gldx < C, (2.14)
-R
where v, g = \Du57R|p_2Du5,R, C' is a positive constant independent of € and R.

Now, we will prove the finite propagation of disturbances of u. g, for which the
following estimates are needed. For this purpose, we want the following weighted
energy equality.

Lemma 2.3 Let uc g be a solution of the problem (2.11)-(2.13). Then for any
0 < p € C%(Q) with suppp Nsuppd. = F, we have

1 (B _
5 / pla)ed plat)de = / /Q Dt glP~? Due pD(p() e g, 7))dwdr,  (2.15)
- R,t

where Qrt = (—R, R) x (0,1).

Proof Multiplying the equation (2.1) by p(z)ue g, » and then integrating over Qpr ¢
yield

1B )
5 / p(ZE)UE,R’ n(xv t)d$

R
1\ (P—2)/2
=— // <|Du5 ral®+ ) Duc g nD(p(x)uc g n(x, 7))dxdr
Qi o - -

1\ P=2)/2
— // pl($)uE7R7n (‘Du&R’n + n) Dug g ndxdr
QR

N )
_ //Q p(x) (!DuE7R,n\ + n> |Dug g, n|“dzdr.
R,t

Noticing (2.9), (2.10) and letting n — oo, we see that (2.15) holds.
The following two Lemmas are also required.




28 Li Yinghua, Ke Yuanyuan and Wang Zejia Vol.18

Lemma 2.4 (Hardy’s inequality [8])

/ ()k JulPdz < C / ()| DulPdz,
R R

where k > 0, p > 1, provided that the integrals on both sides exists.

Lemma 2.5 (Weighted Nirenberg’ inequality [9])

</R($)ﬁ_|u|pdx> ” =C (/R(x)mDu\pdx) a/p </R(x)i\u|qu> (1_a)/q’

where k is a nonnegative integer, (x)y = max{x,0}. Provided that the integral on the
right hand side exists, and

1 1 1 1 2 1
S<a<1, - <7—7> 1—a)-.
2_a< p 14k +( a)q

p 1tk ¢
Proposition 2.1 Let u be the solution of the approaching problem (2.11)—(2.13),
then
supp u(-,t) C [R1, Ra], a.et € (0,7),

where
Ry = —1—-CyT*, Ry =1+ C3T*,

with the positive constants Co, Cs, 1 depend only on p.

Proof Setting p(z) = (x — y)ﬁ in Lemma 2.3, where y € [1,R) is any fixed
constant. Using Young’s inequality, we have

e k2
2/R(nc—y)Jru (x,t)dx

= //Q |DuP~2DuD((x — y)* u(x, 7))dzdr

= // (z— y)’i\DuP’dde —k // (x — y)]j__lU\Du|p72Duda§dT
QR,t QR,t
1 J—
<- 2// (xy)ﬁ|Du|pdxdT+C// (:p—y)]i PuPdxdr.
Rt Rt

Thus

I 1
/ (x — y)l_‘;uz(x, t)dx + - // (x — y)’i]Du|pd:1:dT < C’// (x — y)i_pupdxdr
2J-r 2 QR QRr,t

From this and

// (x — y){fp|u|pd:nd7' < C// (x — y)i|Du]pd:L‘d7',
QR QR
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which is a consequence of Lemma 2.4, we obtain
R
sup / (z — )k u?(z, 7)dx < C’// (z — y)* |DulPdzdr, (2.16)
0<T<t QR,t
// (z — )% |DufPdzdr < C’// (x — k T PuPdadr. (2.17)

Set

:// (x —y)7|DulPdedr, m=1,2,---,
QR

t /R
:/ / | Du|F dzdr.

0 Jy

From (2.16), (2.17), Lemma 2.5 and Hélder’s inequality, we have

fopt1(y // - 2p+1\Du]pdxdT
QR

<C / / — )P P dadr
QR
a R (1—a)p/2
<C/ (/ p+1|Du]pdx> </ (x — y)+ uzd:z> dr

(1—a)p/2
<C / < / y)t! \Duypdx> ( / / y)h \Duypd:cd7> dr

t /R

:C[fp+1(3/)](1_a)p/2/ (/ (x—y) ’f ]Du\pda:) dr
0 \J-R

<O [fpa ()] TP,

where
111
a—2 p+2 p
_1+ 2 1
2 p+2 p

Set v = a+ (1 — a)g. Applying Holder’ inequality to the right side of the above

inequality, we further obtain

)
fopsi1(y) <CH ( / / (@ — y>i“|Du\pdxdT>
Rt

(p+1)7/(2p+1)
i e-owar
Rt
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t R py/(2p+1)
: </ / |Du\Pd$dT>
0 Jy

<Ot [fap ()] PV CPED [ £ () r/ CoHL)

Therefore
fopr1(y) < CtA=D/o[ o (y)]pr/ et
where
., _p+1 o
BT

Using Holder’s inequality again gives

F1(y) < (faprr )/ EPFD [fo ()PP < CE foy)) ",

where
WP S 4 B S
o(2p+1) o2p+1)2 2p+1
Since f1(y) = —fo(y), we have

Fily) < —Ct= MO [# ()] O+

0.

If f1(1) =0, then Du(z,t) = 0 for z € [1, R], and hence from the boundary value
condition, we see that u(x,t) = 0 for « € [1, R], i.e. suppu(-, t) C [-R,1]. If fi(1) #0,
then there exists an interval (1, R*), such that fi(y) > 0 in (1, R*), but fi(R*) = 0.
So, for y € (1, R*),

Y 0 fi(y) X/ (0+
6/(6+1 1 A(6+1
(.ll(y) / )) =01 i)/ 0D < —Ct MO+,

Integrating the above inequality over (1, R*), we obtain

fl (R*)O/(G—Fl) o fl(l)Q/(B—i-l) < *Ct_)\/(0+1) (R* N 1)
Therefore

R* <1+ CtNO+D g (1)/0+) =1 4 Oth < 1+ CT*,

which implies

suppu(-, t) C [-R, 1+ CTH].
Similarly

suppu(-, t) C [-1 — CT*, R].

The proof is completed.
Combining (2.14) with Corollary 2.1, we then see that there exists a positive con-
stant C' independent of € and R, such that

0 < sup ue,r < C,
QRr,T
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|Du. | < C.

Owing to Corollary 2.1 we know u. g has compact support. Consequently, we can
extend the domain of definition respect to x to the whole R. So, we get

0 <supu. <C, (2.18)
Qp
Du| < C, (2.19)
where C' is a positive constant independent of ¢ and R, and wu. is a solution of the
problem
ou 9
i D(|Du|P~*Du) + 6-(z), (z,t) € Qr, (2.20)
u(z,0) =0, z € R. (2.21)

In order to prove the main result, we also need the following Holder estimate.
Lemma 2.6 Let u. be a solution of the problem (2.20), (2.21). Then
lue (1, t1) — e (@2, ta)] < Clx1 — 22| + [t1 — ta] /), (2.22)
where C is a positive constant independent of €.
Proof Since (2.19) implies that
|ue(x1,t) — ue(x2,t)| < Clzy — 22|, VY(21,1), (22,1) € Qr, (2.23)
it remains to prove
lu(z, tr) — u(x, ta)| < Clty — to] 2, V(x, 1), (z,t2) € Q. (2.24)

For any (z,t1)and(z,t2) € Qr, satisfy At = to —t; > 0, and x 4+ | < 1, where denote
I = At'/2, we integrate (2.20) over (z,x +1) x (t1,t). Integrating by parts gives

z+1 to x4+l
dt + / / 0 (2)dzdt.
T t1 x

Using the mean value theorem for integrals, we see that

e+l N
[ (e t) e )z = [ Du 2D
T "
z+l
/ (ue(z, t2) — ue(z, t1)) dz = l(uc(z7, t2) — ue(z", t1)),
xT

for some z* € [z, 4 {]. This, together with (2.18) and (2.19) gives

lue (2™, t2) — us(z", t1)] < CL.
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Thus

lue (z, ta) — ue(w, t1)]
Slue(z, t2) —ue(z™, t1)| + |ue(z™, t2) — ue(x™, t1)| + |ue(a™, t1) — uc(w, t1)|
<Cl=CAY2,

The proof is completed.
According to Ascoli-Arzeld’s Theorem, there exist a subsequence of {u.}, supposed
to be {u.} itself, a bounded nonnegative function

u € L®(Qr) N L>(0,T; WHP(R)) N BV (Qr)
and a function x € LP/®*=D(Qr) such that

Ue — U, uniformly in Q7
Du. — Du, uniformly in  Qr,

|Du.[P"2Du, — ¥, weakly in  LP/P=D(Qp).

Now, we prove the main result
The Proof of Theorem 1.1 It is easy to verify that

//T da:dt //T xDpdzdt + /OT ©(0,t)dt, Vo e CF(Qr). (2.25)

For any v € LP(0,T; WHP(R)) and v € C5°(Qr), 0 < ¥ < 1, suppy) C Qr, we can
easily obtain

/ V(| Duc|P~2Due — |Dv[P"2Dv)D(u. — v)dxdt > 0. (2.26)
Qr
Multiplying (2.20) by ¥u, and integrating over Qr yield

/ Y| Duc|Pdzdt
Qr

1 // 2% dar — // we| DuclP=2 Du. Dipdedt + // 2)uspdadt. (2.27)
2 /)o, © ot ; i

From (2.27) and (2.26), we further obtain

// g%zfdwdt // Ue | Due|P™ 2Du€D¢d$dt—|—/ x)ughdxdt
T T

— / Y| Due|P~2 Du. Dvdxdt — / Y| Dv|P~2DvD(u. — v)dzdt > 0.
Qr Qr
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Letting € — 0, we obtain

// 28¢dxdt— // uxDdadt + / [ s(ayupdsat

— / Yy Dudxdt — / Y| Dv|P~2DvD(u — v)dzdt > 0. (2.28)
Qr Qr

Take ¢ = ¢u in (2.25), then

// aaw 9wt = // wy Didadt + / , YxDudxdt — / z)updzdt. (2.29)

Substituting this into (2.28), then we deduce that
/ Y(x — |Dv[P~2Dv)D(u — v)dadt > 0. (2.30)
Qr

Take v =u — Ap, A >0 with A > 0, ¢ € C3°(Qr) in (2.30),

/ Y(x — |D(u — Ao)|P2D(u — \p)) Dpdadt > 0.

Qr
Letting A — 0, we obtain
/ Y(x — | Du|P~2Du) Dpdxdt > 0, Vo € C5°(Qr).
Qr

If we take A < 0, then we can obtain the opposite inequality. Therefore, if we choose
1) such that suppy C suppy and ¥ = 1 on suppyp, then

// \Du|p_2DuD<pdxdt:// xDpdzdt, Ve e C5(Qr).
T T

Consequently,

T
// dxdt // \Du|p_2DuDgodxdt+/ ©(0,t)dt,
T T 0

that is, equality (1.3) holds. We can easily see that equality (1.4) is also fulfilled.

Next, we prove the uniqueness of the solution. Set u1, us to be two solutions of the
Cauchy problem (1.1), (1.2). Let z = u; — ua. Then for arbitrary ¢ € C§°(Qr), the
following integral holds

// god:z:dt // |Du P2 Duy — |Dus[P~ 2Du2)Dg0da:dt
t t

Choose ¢ = H,(z), where

S / Ui
Hy(s) = T—i—n’ Hn(s) = W,
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then
8 _2 _2 ’
C o, (2)dadt = — (yDul\P Duy — | Dus|? Du2>Dan(z)dxdt,
Q¢ ot t

where

Hy(s) = /k CHy(r)dr, T Hy(s) = |s.

n—0+

Notice that the right side is no larger than zero, therefore

/'Hn(z)da:dt — / Hy(20)dxdt < 0.
R R

Finally, letting n — 0", we obtain

/ |z|dxzdt < 0.
R

Hence 11 = ug. The proof is complete.

Acknowledgement The authors would like to express their deep thanks to Pro-
fessor Yuan Hongjun and Professor Yin Jingxue for helpful discussion of this paper.

References

[1] Li Huilai. Existence of solutions for a class of parabolic equations with measure coefficients.
Acta Sci. Natur. Univ. Jilin., 1998, 3: 20-26.

[2] Pang Zhiyuan, Wang Yaodong, Jiang Lishang. Semilinear diffusion equations with Dirac
measure on the right side and the related optional control problems. Acta Math. Sinica,
1981, 24: 780-796.

[3] Abergel F, Decarreau A, Rakotoson J M. Study of nonlinear elliptic-parabolic equation
with measures as data: existence regularity and behavior near a singularity. Nonlinear
Analysis, Theory, Methods and Applications, 1996, 26: 1869—-1887.

[4] Yuan Hongjun, Wu Gang. Quasilinear degenerate parabolic equation with Dirac measure.
to appear.

[6] Lucio Boccardo, Andrea Dall’Aglio. Thierry Gallouét and Luigi Orsina, Nonlinear
parabolic equations with measure data. Journal of Functional Analysis, 1997, 147: 237—
258.

[6] DiBenedetto E. Degenerate Parabolic Equations. New York, Springer Verlag, 1993.

[7] Wu Z Q, Zhao J N, Yin J X, Li H L. Nonlinear Diffusion Equations. Singapore, World
Scientific, 2001.

[8] Hardy G H, Littlewood J E, Pélya G. Inequalities. Cambridge, Cambridge University
Press, 1952.

[9] Bernis F. Compactness of the support for some nonlinear elliptic problems of arbitrary
order dimension. Comm. Partial Differential Equations, 1984, 9: 271-312.



