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Abstract In this paper, we study the existence of the global attractor A° of
reaction-diffusion equation

s (z,t) = Acuf(z,t) — f(x,e o, uf(x, 1)),

and the homogenized attractor A° of the corresponding homogenized equation, then
give explicit estimates for the distance between the attractor A° and the homogenized
attractor A° .
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1. Introduction and Main Results

We consider the reaction-diffusion system

{ Ot (x,t) = Acuf(w,t) — f(z, e Lo, uf(z, 1)), (x,t) € A x RT, (1.1)

us(x7t)|8Q == 07 us(x7t)|t:0 = Up,

where €2 is a bounded domain in R? and 0 < ¢ < g9 < 1. Here u® = u(z,t) =

(u}:v'”vulg

operators A, have the form as follows:

) is an unknown vector-valued function. The second order elliptic differential

Acu = diag(Alul, - -, AFuP), (1.2)
with 5
Algul = Z Gzi(aéj(s_lx)amjul(x)), (1.3)

1,j=1
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where the functions aﬁj(y), l=1,---,k,y € R3, are assumed to be symmetric, smooth
and Y-periodic with respect to y € R3, where Y C R? is a fixed cube. The uniform

ellipticity condition
3

> ai )G = vlel?, vy, ¢ € R, (1.4)
ij=1
is also assumed (with an appropriate v > 0) to be valid for operators Ale. We impose
that f(x,y,u) is almost-periodic ([1]) with respect to y € R? and satisfies the conditions
as follows:

feC' RN RY),  9.f(v,y,2)(¢ > —Cs((, V(eRF, (1.5)
|flz,y,u)| < C(L+ |uf), Y(z,y) € QxR (1.6)
k k

STt > ¢ WPt — ¢y, Yu e R, (1.7)
=1 =1

where p > 1,p; > 2(p—1), ¢ = 1,---,k. It is assumed also that the initial data
ug € (L2())*.

Efendiev and Zelik (see [2]) studied the problem (1.1) when f(x,y,u) is independent
of y. Fiedler and Vishik (see [3]) studied the case when the A.u in (1.1) is replaced
by aAu. In fact, one can obtain the existence of solutions and attractors for (1.1)
with f(z,y,u) depending on y by the standard method as those in [4]. However,
when estimate the distance between the attractors for (1.1) and the attractors of the
homogenized equation, the arguments in [2] or [3] don’t work. We have to overcome
these difficulties by combining the ideas in [3], [2] and analyzing carefully the properties
of periodic and almost-periodic functions.

In order to simplify our expression, we denote H = (L?(Q))*, V = (W&’Q(Q))k,
F = (L)% || lwrr@ye=Il - lip-

Theorem 1.1 If the assumptions (1.2) — (1.7) hold, and the initial data uy € H,
then for any T > 0, ¢ > 0, the problem (1.1) possesses a unique solution u®(x,t) €
L>([0,T); H)N L3([0,T); V), u* € C(R*; H). The mapping S§: ug — u(z,t) defines
a continuous semigroup S;: H — H. If, furthermore, ug € V, then u®(z,t) €
L°([0,T); V) N L2([0, T); W22(Q)), u® € C(R; V) .

Theorem 1.2 If the assumptions (1.2) — (1.7) hold, and uy € H, then for every
e > 0, the semigroup S§ generated by the equation (1.1) possesses a global compact
attractor A° in H.

Theorem 1.1 can be proved by the Faedo-Galerkin method with the help of R. Temam
[4], and the details of the proof are omitted. Similar arguments as in [4] for the problem
(1.1) yield the a prior estimates needed about u®(z,t) in H and V, and we omit the
details. Then Theorem 1.2, whose proof is also omitted, can be easily proved by the
standard arguments [4, Theorem 1.1.1].

By the standard homogenization theory, one can obtain the homogenized problem
(2.11), for which one can prove the similar results to Theorems 1.1 and 1.2. In order to
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estimate the L2-distance between the attractors for (1.1) and the attractors of the ho-
mogenized equation (2.11), we can obtain the a prior estimates required, whose proofs
are also omitted, by the similar arguments as those in [2] under the better initial data
condition (see Section 2). Under some additional assumptions (mainly the so-called
Diophantine conditions (2.21)), we have

Theorem 1.3 Let the assumptions of Theorem 1.2, (2.1), (2.2) and the assump-
tions of Proposition 2.2 (see Section 2) hold. Let ug € F NV and let u®(z,t) be
the solution, defined in Theorem 1.1, of the problem (1.1), u®(x,t) € L>([0,T]; H) N
L2([0,T); V) be the solution of the problem (2.11), then ¥ t > 0, we have

|uf(z,t) — u®(z,t)|| g < C’g%eﬂt,

where the constant C' > 0 depends only on ||up||rny and 5 > 0 is a constant independent
of u¢ and uP.

Theorem 1.4 Let the assumptions of Theorem 1.3 and (2.39) hold. Let A° be the
global attractor of the equation (1.1) and A° be the global attractor of the homogenized

2
3 ':)357 then there

equation (2.11), and define the fractional convergence rate k =

exists a constant C' > 0 such that

d(A%, A%) = dist (A5, A°) < CeF, 0 < e <e.

2. The Homogenization and the Estimates of Errors

First, we study the homogenization of the problem (1.1). In addition to the as-
sumptions (1.2)—(1.7), we assume the initial data up € F'NV and the f(z,y, 2) satisfies
the conditions as follows:

q

(z,y,2 Z z,y) fiu(2),  |b(z,y)| < C, (2.1)

where fl(z,y,2) , 1 =1,...,k, are the components of f(z,v,z). Let
k
Zla @y, 2)| < Ci(lz]* +1). (2.2)

Recall that w € AP(R3) (the set of almost-periodic functions) possesses the mean
value which can be calculated by :

(w) = (W), := Tl_r)réo 231113 /[T,TP w(z)dz, (2.3)

and the Fourier expansion as follows ( see [5] )

wlx)= > b(E)e™d), (2.4)
W(€)#0
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where the amplitudes () € C, £ € R?, defined by w(€) = (w(x)e " ®£). We denote
by Trig(R?) the space of all finite trigonometric polynomials of the form (2.4)

K
Trig(R?) := {w(m) = Zwkei(”"’g’“) 'K €N, & € R wy, € C} . (2.5)
k=1
We state a classical result in the homogenization theory:
Proposition 2.1([6, 7]) Let g € W=12(Q) and v° € V be the solution of the
equation A-v° = g, where the operator Ac is defined by (1.3). Then,

{ v& =0 weakly in V, (2.6)

A0 — Agr®  weakly in H,

where v € V is a unique solution of the homogenized problem Agv° = g. The operator
Ay is defined by the form as follows:

Al o — Oz, (a 18 v Agv = diag(Ajo?, - - -, AkoP), 2.7
o 0 0
,5=1

and the so-called homogenized coefficients a?]l- = (al (W) +33 _{a
constants, where the Y -periodic correctors an(y), m=1, 2,3,

fm (¥)0y,, Ny (y)) are
l=1,---,k, are the
solutions of the auxiliary periodic problem as follows:

3

3
> 0y (ai; (10, Ny (1) = = >0y, (@i (), y € R, (2.8)
i=1

ij=1

And the homogenized matriz Agy satisfies the coerciveness condition (1.4).
The following lemma, whose proof is easy and so omitted, will be used in the sequel.
Lemma 2.1 Let Assumptions (1.6),(2.1) hold and f(x,y,u®) be almost-periodic
in y, assume vt — u® in H (¢ — 0), and denote fo(z,u’) := (f(z,y,u’)),, then we
have the result as follows:

flz,e o, uf) = folx,u®) weakly in H. (2.9)
q .
P’y = 220 @) fulu?) (2:10)
j=1

Now by the standard homogenization theory we obtain the homogenized problem

0 _ 0_ 0 +
{ 8tu = AQU fo(fL‘,U )7 ($,7f) € QxR ’ (2.11)

ulpn =0, ull—o = uo.
Note that this equation satisfies all assumptions of the equation (1.1), consequently, it

admits a unique solution u°(x,t) € L>=([0,T]; H) N L*([0,T]; V) and (2.11) possesses a
global attractor A° in H.
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We now specify additional conditions which enable us to estimate the distance
between the solutions u®(x,t) and u’(z,t) in the norm of H. In order to give the
distance estimate of u®(z,t) and u°(z,t) in H, we need three propositions ( see [2, 3]).

First, we introduce some results about divergence representations. Let h(z,y) =

h(zy1,---,x3,y1,---,y3) be a sufficiently smooth function which is almost-periodic in
y= (yla"'ay?))? ie
(i) there exists a function H(x, w1, -, w3) = H(z1, -, T3, W11, , Wiky, -, W31,
-, W3k, ) which is 27 -periodic with respect to each w;j. Here w; = (ws, -+, wi,) €
RF. (i=1,---,3)
(ii) there exists rationally independent frequency aii,- -, a1k, - - -, a3k, such that
h(l‘,?/) :H(Q?l,'",Jfg,Oély,"',Ol3y), (212)

where a; = (a1, -+, o0qg,). Let fI(az,w) = H(xz,w) — Hy(z), where
Hy(z) = |Tk]*1/ H(z,wy,--,ws)dw; - dws, (2.13)
Tk

where TF = Tk x ... x T" and T* = RFi/(Z-2n)¥ is the k;-dimensional torus.
Assume that the Fourier series

H(z,w) = ZHm(x)eim'“’ (2.14)

is convergent. Let

3
h(z,y) = h(z,y) Z Hp,(z)exp (iijajyj), (2.15)
j=1

m7#0

where m; = (mj1,- -+, myyi,) € Z%, a; € R% and y; € R. For any such almost periodic
function h(x,y), we construct a corresponding divergence representation by function
Se(z,y),0=1,---,3.

3
B(:L‘,y) = Z Oy, So(2,y). (2.16)

o=1

We shall find S, (z,y) of the form

Se(z,y) = Z x) exp ( Zm]ajyj) . (2.17)

mezk\{O}

From (2.15) — (2.17) we derive:

3
Z H,,(x)exp (iijajyj) h(z,y) Z Z Mo Qplm (T) exp ( ijajy])
j=1

m#0 m#0o=1
(2.18)
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So (2.16) will hold if

Z_: Mo - QN () = —iHp (), (2.19)

for all m € Z*\{0}. Let the following assumptions be satisfied for some positive § and
9

~{ = ;L{ = Z Hlj exp( Zm]a]yj) (2.20)

m70
Mg - ag| > ¢lmg|~ k=140 ym, e Z\{0}. (2.21)
J (ko —1+0) k+6)
|H,, ()] ey < €1+ mal) ¢ (1 + |ml])~ (2.22)

< (1 + [mp]) = e (1 4 )=+ (2.23)

L3(Q) —

Now we can state the propositions as follows:

Proposition 2.2([3]) Let the coefficients b{(:ﬂ,y) of (2.1) satisfy the conditions
as follows:

(i) b](x y) are almost-periodic iny , j=1,---,q;

(ii) the corresponding frequencies oj satisfy Diophantine condition (2. 21)

(iii) the coefficients Hj ' (x) in the series (2.20) of b] (z,y) = b] (x,y)—b ]( ) satisfy
the decay conditions (2. 22) (2.23),
then we can represent b] (z,y) in the form

3
bg(xay) = Z ayaSl]g-(xvy)7 (224)

o=1

which satisfies '
7, (@,9)| < Co,

2, St (@, y)|

L3() < Cy, (2.25)

here 8;0 indicates partial derivatives with respect to the first argument x of the function
5270' (‘T7 y) °

Proposition 2.3([3]) Let the assumptions (1.2)-(1.7), (2.1), (2.2) and Proposi-
tion 2.2 hold. Then

|(f (e ) = fola,uf),u — )| < eCfus — v, (2.26)

where the constant C > 0 depends only on ||uo||Fav -
Denote (see [5]):

us (t) )+e Z Ny (g7 )0y, u (1), (2.27)

where Ni(e7'z), k = 1, 2, 3, are the solutions of the problem (2.8). Note that the
function uj(t) doesn’t satisfy the 0-Dirichlet boundary condition. In order to avoid this
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difficulty, we introduce a family of cut-off functions 7¢(z) satisfying two conditions as
follows (see [5]): (1) 78(z) € C§°(2), 0 < 7¢ < 1, 78(x) = 1 off the e-neighborhood of
the boundary of Q; (2) ¢| v 7°(z)| < C in 2, where the constant C' is independent of
€. Thus we take

w(t) =uj(t) —e(l —7° Z Ny (e712)0, 1 (t)

) +er( ZNk )0y, u°(1). (2.28)

Then, obviously, w®(t) € V. we need the proposition as follows:

Proposition 2.4([2]) Let the assumption (1.4) hold, and let we(t) , Acu®, Agu®
be defined by (2.28), (1.3), (2.7) respectively, u¢(t), u(t) be the solution of the equation
(1.1), (2.11) respectively. Then

(A (1) = Agu® (), u" (1) = w (1)) < O (1) 2, (2.29)
where the constant C' > 0 is independent of €.
Proof of Theorem 1.3 Denote v(x,t) = u®(x,t) — u’(z,t). Subtracting (2.11)
from (1.1) , we get
oo = A — Agu® — (f(z, eV, w) — fo(w,07)) — (folw,u) — folw,u®)).  (2:30)
Multiplying both sides of (2.30) by v and integrating over 2, we obtain
(O, v) =(Acu® — Agu®,v) — (f(x, e to, uf) — fo(z,uf),v)
—(fo(SU,UE)—fQ(I‘,UO),U). (231)

To prove the theorem, we estimate each term of the right-hand side of (2.31) respec-
tively. Using Proposition 2.4, we derive

Al l Al Ol( ) ’U,l (t) o wsl(t))

) e

M?v

Al l Al Ol U
=1 =1

+Z (Al (t) — ALu (1), 01 (8) — b () + wol(¢))

M?v

§C€5Hu0Hm + | Aeu® — Agu’llz - [l — v + w1 (2.32)
Note that the definitions (2.27), (2.28) and (2.5) imply the estimate
lo(t) = u(t) + w* ()| < Cellu’(@®)]v- (2.33)
Similar methods as in [2] for the equation (1.1) and (2.11) yield

T+1 9 T+1 0 9 T+1 0 9 T+1 0 9
| A @i [ At @ae+ [ @R [ o) e
<Qluoll ) (2:34)
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for the appropriate function @ independent of 7" > 0 (here we have implicitly used
the elliptic regularity estimate ||u°||22 < C||Aou®||x). Inserting the estimate (2.33) to
(2.32) and integrating over ¢ € [0,7] then taking the estimate (2.34) into account, we
have

Z / ALl (t) — Abu(®),01) dt < 3 QUluoll prv)T. (2.35)

Applying (2.26) to the second term of the right-hand side of (2.31), integrating over
t € [0, 7], using Minkowski-inequality and (2.34), we obtain

/oT |f (@, e e, uf () — folz, u(2)), v(t)|dt < eQu(|luollpr)T. (2.36)
Assumption (2.2) implies
T T 1
/0 |(fo(z, u®) = fo(a, u®),v)|dt = /0 (/0 f(suf 4+ (1 — s)ul)ds - v,v) ‘dt

T
< 02/0 o], dt. (2.37)

Integrating (2.31) over ¢ € [0,7] and taking account of (2.35)-(2.37), we get

T
lo(D)32 < €3 Qluoll )T + 26Q1 ([[uollrov) T + 202/0 lo(T)|7dt. (2.38)

Applying Gronwall’s inequality to (2.38) proves Theorem 1.3 .

Now we are ready to derive the error’s estimates for the global attractors A% and .A°.
To this end, we need some additional information about .A° which we in fact require
to be exponentially attracting with exponential rate p > 0. We assume there exists a
constant C' = C(egp) such that for all t > 0

d := dist (u’, A°) < Ce™**, (2.39)

holds, uniformly for all ug € Up<.<., A° ; where disty means the nonsymmetric Haus-
dorff distance (see [4]), i.e.

distg (A, B) := sup 1nf |z —ylla- (2.40)
zeAYE

Proof of Theorem 1.4 Let

U A (2.41)

0<e<eg

Pick 0 < € < gg and u® € A® C B, arbitrarily. For ¢ > 0 chosen below consider ug € A®
such that
Sfug = u’. (2.42)



88 Zhang Xingyou and Hu Xiaohong Vol.17

Then Theorem 1.3 and (2.39) imply

d(uf, A%) < d(uf,u®) + d(u’, A%) < CedebPlt 4 Ce Pt (2.43)
1
Choose t > 0, such that e3eBt = e Pt thus t = —ﬁr_lf . Substituting this choice of t
p

back into (2.43), because of the arbitrariness of u®, we prove Theorem 1.4.
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