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Abstract This paper deals with the long time behavior of solutions for the dissi-
pative generalized symmetric regularized long wave equations. We show the existence of
global weak attractors for the periodic initial value problem of the equations in H! x L2.
The finite dimensionality of the global attractors is also established.
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1. Introduction
A symmetric version of regularized long wave equation (SRLWE)

Ugpt — Ut = Pg T Ulg,

pt +uz =0, (1.2)

has been proposed as a model for propagation of weakly nonlinear ion acoustic and
space-charge waves[1]. The sech? solitary wave solutions, the four invariants and some
numerical results have been obtained in [1]. Obviously, eliminating p from (1.1), we
get a class of symmetric regularized long wave equation (SRLWE)
Loy

Ut — Uy + §(u Jat — Ugztt = 0. (1.3)
The SRLW equation (1.3) is explicitly symmetry in the x and t derivatives and is
very similar to the regularized long wave equation which describes shallow water waves
and plasma drift waves[2-3]. The SRLW equation (1.1)—(1.2) or (1.3) arises also in
many other areas of mathematical physics. Numerical investigation indicated that
interactions of solitary waves are inelastic [4], thus the solitary wave of the SRLW
equation is not soliton. More recently, Chen Lin ([5]) studied the orbital stability and
instability of solitary wave solutions of the generalized SRLW equations. The research
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on the well-posedness and numerical methods for the equation has aroused more and
more interest. In [6] Guo Boling studied the existence, uniqueness and regularity of
the periodic initial value problem for a class of the generalized SRLW equations and
obtained the error estimates of the spectral approximation. Miao Chenxia [7] considered
the initial boundary value problem for symmetric regularized long wave equations with
non homogenous boundary value.

In real processes, viscosity, as well as dispersion, plays an important role. Therefore,
it is more significant to study the behavior (especially the large time behavior)of the
dissipative symmetric regularized long wave equations with damping term

Uggt — Ut + VUgy = Pz + Uy, (14)

pt +uz +vp = 0.

where v, v are positive constants, which is a reasonable model to render essential phe-
nomena of nonlinear ion acoustic wave motion when take account of dissipation.

In this paper, we consider the following periodic initial value problem for the dissi-
pative generalized symmetric regularized long wave equations with damping term

Uy — Vg + pr + f(U)z — Uget = g1(2), (2,t) € R x RT,

pr+ ug +vp = ga2(x), (z,t) € R x RY,

u(z + D,t) =u(zx — D,t),p(x + D,t) = p(r — D,t),z € R,t >0,
u(@,0) = uo(2), p(,0) = polx), @ € R,

where D > 0,~,v > 0 are positive constants, f : R — R are C*°functions, g1 (), g2(z) €
L2..(2),Q = (=D, D), we establish the t-independent a priori estimates of the problem
(1.6)—(1.9), then we prove the existence of global attractor of the problem (1.6)—(1.9)
in HY(Q) x L*(Q), and establish the finite-dimensionality of Hausdorff and fractal
dimension for the global attractor. Since the dynamical system S(t) defined by (1.6)
and (1.7) is not compact in H(Q) x L?(f2), we cannot construct the global attractor
by the method introduced by Temam [8] or Constantin, Foias and Temam[9]. We
here employ the techniques developed by Ghidaglia[10] to show the existence of finite
dimensional global weak attractor for (1.6)—(1.7) in H*(Q2) x L?(2). For this purpose,
it is necessary that the semigroup S(t) should be weakly continuous in H'(2) x L?()
for every ¢t > 0. We will establish the weak continuity of S(t) in H!'(Q) x L?(Q2) by
applying a direct method.

The outline of this article is as follows. In Section 2, we show that the solution
semigroup S(t) is weakly continuous in H'() x L?(f2) for every t > 0. In Section 3, we
derive the uniform a priori estimates in time on the solution of the equations (1.6)—(1.7)
in H'(Q) x L?(Q). Then we show that the existence of global weak attractor for the
equations (1.6)—(1.7) in H'(Q) x L?(2). The finite dimensionality of the global weak
attractor is also deduced.
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2. The Nonlinear Solution Semigroup

By Galerkin method, we can easily deduce the following existence results.
Theorem 1 Assume that (ug, po) € Hp.,(Q) x L2, (Q),g1(z) € L2.,.(Q), g2(z) €
LIQM(Q). Then the problem (1.6)—(1.9) possesses a unique solution (u(t), p(t)) defined

on RTsuch that

u(t) €L¥(0, T HQ), 0 1(0, 15 H'(2),
p(t) €L>®(0,T; L*(Q)), ‘;@’ € L>(0,T; L*()), VT >0.

This shows that the system (1.6)—(1.9) defines a solution semigroup S(¢) which maps
HY(Q) x L3(Q) to HY(Q) x L?(2) such that S(t)(uo, po) = (u(t), p(t)), the solution of
the problem (1.6)—(1.9).

Let H = L*(Q) be Hilbert space endowed with its usual inner product (-,-) and
norm |-, [-[|, denote the norm of LP(£2) for all 1 < p < oo(||-[l; = |[]]), [|-lx denotes
the norm of any Banach space X.

We first establish the following fact about the solution semigroup S(t).

Proposition 1 Assume that g1 (z) € L2.,.(Q), g2(x) € L2,,.(Q), (uo, po) € H},,.(2) %
L2..(Q). Then the dynamical system S(t) : H'(Q) x L*(Q) — H' () x L*(Q) is weakly
continuous for every t > 0.

Proof Vt; > 0 fixed,we shall show S(t1) is weakly continuous from H'(Q) x L?(Q)
to H1(Q2) x L?(£2). Assume now that

(uf, pf) — (wo, 00) weakly in H'(Q) x L%(). (2.1)

We are going to show that S(t1)(uf, pf) — S(t1)(wo,00) weakly in H'(Q) x L?(%).
Choose T > t1,and denote by (ug(t), pr(t)) = S(t)(uf, pk), (w(t),o(t)) = S(t)(wo, 00).
Since the weak convergence implies the boundedness, it follows that

<R, (2.2)

ko k
(G P

where R is a constant independent of k,||(u, p)||51, r2 = |[ul|72 + llpll*-
We note that (ug(t), pr(t)) satisfies the following equations

Ut — Vg + Pro + f(Uk)z — Ukaat = 91(2), (2.3)
Pt T Ukz + Yk = g2(T).
Taking the inner product of(2.3)with uy in H,we find that

1d

> (lukl® + Nukal*) + v lure® + [ praundz + | f(up)eurds = (g1, up).  (2.5)
2dt
Q Q
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Let s
F(s) = / f(r)dr.
0
Then we have
0
/ f(ug)pupde = —/ f(ug)ugde = —/ — F(ug)dz = 0. (2.6)
Q Q Q Oz
Taking the inner product of (2.4) with py in H,we get that
S Il [ pranads o el = (g2, 1) (2.7
2dt Q
By using the conditions of Proposition 1, it comes from (2.5)—(2.7) that
d 2 2 2 2 2
2 Ul + llwka 17+ lpkl1) + 20 luga |7 + 2 [l x|
<(lurl® + lurel* + ox1?) + lg1ll* + llgal* - (2.8)
Applying Gronwall lemma to (2.8) we find that
k(D)1 + ke (0] + [l ox (8]
< ([lur(0)]* + fura O)I + [lox(O))%) + ¢ (lgal* + llg2]1*)
< R+ (g + llg20?)-
And hence
lun @) 5 + oI <C, ¥ 0<t<T, (2.9)
where C' is a constant depending on 7'
By (2.9) and Agmon inequality
1
lullo < Cllull? ulg:, V¥ ue HY(Q). (2.10)
We obtain that
full(o <C, VO<t<T. (2.11)
Taking the inner product of (2.3) with ug; in H,we find that
e ()% + lunat ()1
= — V(Uka, Ukat) + (Pk, Ukzt) + (f (k) Ukat) + (91, Ukt)
<V ||uka || [urat | + Lokl luret |+ 1f (wr) | [ wkaell + llgall llure(2)] (2.12)
By using the smoothness of f and (2.11) we have
Ifw)le <C, V 0<E<T. (2.13)
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And then we get from (2.9) and (2.13) that

1 1
arel* + ke |* < C llugell + C lJugae| < 3 el * + 3 tkael|* + C, (2.14)
which implies that
lutllgn <C, ¥V 0<t<T. (2.15)
We get from(2.4) and(2.9) that

lorell < Nluell + v lloell +llgall <€, vV 0 <t <T. (2.16)

By (2.9),(2.15), and(2.16) we find that there exist § € H*(Q2),9 € L*(Q2), and (u(t), p(t))
such that u(t) € L®°(0,T; H'(2)), p(t) € L>=(0,T; H) and a subsequence, which is still
denoted by (ug, pr), such that

u(t1) — 6 weakly in H' (), (2.17)
up(t) — u(t) in L0, T; H'(R)) weak star, (2.18)
upe(t) — w(t) in L°°(0, T; H' (Q)) weak star, (2.19)
pr(t1) — ¥ weakly in H, (2.20)
pr(t) — p(t) in L*°(0,T; H) weak star, (2.21)
prt(t) — pe(t) in L°°(0,T; H) weak star. (2.22)
By (2.18),(2.19) and a compactness theorem[11] we infer that
u(t) — u(t) in L2(0,T; H) strongly. (2.23)

Yo e H!

per

(Q),Yy(t) € C§°(0,T), by (2.3) we claim that

T T
/ (uge, ¥ dt—i—I// (Ugs, Y (t)vy dt+/ (Ukat, Y (t)vg)dt
0 0

—/T(Pk, /OT t)vg)dt
- / g1, (2.24)

Note that

T

T
| et~ [ (Fuw), b))
0 0

/OT(f(U) — f(ug), ¥(t)vy)dt

T T
< [ 1@ = sl dt < 7Ol [ =l (0] d
0 0
<Cu- Uk||L2(0,T;H) ‘W(t)vaL%O,T;H) — 0. (2.25)
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Taking the limit of (2.24) as k — oo, by (2.18),(2.19),(2.20) and (2.25) we find that

T
/ Ug, U dt—f—u/ (Ug, Uz )Y dt—i—/ (Ugt, v ) (t)dt
0 0

T
/ Y /
0

—/ g1,v (2.26)

Similarly, Vv € L2,,.(Q),Vy(t) € C§°(0,T), by (2.4) we claim that

per

T T T T
| vyt + [ v+ [ vt = [ (oo (@20
0 0 0 0

Taking the limit of (2.27) as k — oo, by (2.18),(2.21), and(2.22) we get

/0 ) dt+/ Ug, U dt+7/ p,v)Y(t)dt = /OT(92,U)¢(t)dt. (2.28)

Hence, the following holds in the sense of distributions

Ut — VUgg + Py + f(u)x — Uggt = gl(w)a (229)
pr + Uy +vp = ga(z), (2.30)

that is, (u(t), p(t)) satisfies the equations (1.6)-(1.7).
Yo € Hp.,.(Q),V(t) € C°°(0,T) with (T') = 0,4(0) = 1, by (2.3) we obtain

T

_/()T(uk,v)¢/(t)dt+V/[)T(ukm,vm)qﬁ(t)dt—{—/o (Ugzt, V) (t)dt
T T
~ [ onvauitde = [ (fu vt
0 0
T
V) + /0 (g1, 0)0(t)dt. (2.31)

Similarly, Vv € L2

per

(Q), V() € C°(0, T) with ¢(T) = 0,%(0) = 1, by (2.4) we get

T
*/ Phs ¥ dt+/ Uk, V dt+v/ (ok, v) () dt
0
v +/ g2,v)(t)dt. (2.32)
0
Assumption (2.1) implies that

u, (0) =uf — wo weakly in H (Q), (2.33)

per

pr(0) =pf — o weakly in H. (2.34)



No.1 Long time behavior of the dissipative generalized symmetric ... 41

Then taking the limit of (2.31) and (2.32) as before, by (2.33) and (2.34) we obtain
T T T
- / (u, ) (t)dt + v / (g, 02 )0 (£)lt + / (tat, 02 )0()dt
0 0 0
T T
~ [ oepvdt— [ (@) v
0 0

=(wo, v) +/T (g1,v)9(t)dt, (2.35)
—/0 dt~l—/ Ug, U dt+'y/ p,v)Y(t)dt
=(00,v) +/O g2, v)(t)dt. (2.36)

On the other hand, by (2.29) and (2.30) we infer that
T T T
- / (w, o) (£)dt + v / (s 02 )b (£) i + / (tat, v )b ()i
0 0 0
T T
—/Xm%m@w—/amm%www
0 0

T
)+ / g1, (2.37)
—/0 dt+/ (Ug,v dt—i—’y/ (p,v)Y(t)dt
v —l—/o g2,0) . (2.38)

Thus it follows from (2.35)—(2.36) and (2.37)—(2.38) that

(wg,v) =(u(0),v), V ve H;GT(Q)
(00,v) =(p(0),v), ¥ ve L. (),

per

which show that

u(0) = wp, p(0) = oo. (2.39)
And thus by (2.28)—(2.29) and (2.38) we see that
(u(t), p(t)) = S(t)(wo, 00) = (w(t), o (t)). (2.40)

Vo € HY.,.()(L2.,(2)),Vip(t) € C[0,¢1] with ¢(t1) = 1,4(0) = 0, then repeating the
procedure of the proofs of (2.31)—(2.39), by (2.17) and (2.20) we find that
(u(t1),v) =(0,v), VY ve H;ET(Q) (2.41)
(p(t1),v) =(9,v), ¥ ve L2, (). (2.42)

per

It comes from (2.40)—(2.42) that

(0,9) = (u(t1), p(t1)) = S(t1)(wo, 00). (2.43)
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And then (2.17) and (2.20) imply that
S(t1)(ug, p) — S(t1)(wo, 00) weakly in H'(Q) x L*(€),

which concludes proposition 1.

3. The Global Attractor

In this section, we construct the global attractor for the dynamical system S(t)
generated by the problem (1.6)—(1.9) in H*(Q2) x L?(Q) . Hereafter, we always assume
that

g1 (x) € L2,,(2), /Q g1 (x)dz =0 (3.1)

and then integrating (1.6) over Q and applying (1.8) we find that the average of u(t) is
conserved, i.e. for all £ > 0:

ewunzgiéu@JszgiAuwmmzew@. (3.2)

This shows that the problem (1.6)—(1.9) has not bounded absorbing sets in the
whole space E = H x H. To overcome this difficulty, we introduce the subset of E:

E, ={(u,p) € H x H,|0(u)| < a},

for some fixed . The equation (2.2) indicates that E,, is invariant under the semigroup
S(t) associated to system(1.6)—(1.9).
In the sequel, we will show that there indeed exist bounded absorbing sets in E,,.
Lemma 1 Assume that (2.1) holds, (uo(z), po(z)) € Ha,uo(z) € Hp,,(). Then
for the solution (u(t), p(t)) of the problem (1.6)-(1.9) we have

[l < K [lp(0)]] < K,V > 1,

where K denotes a constant depending only on the data (v,v,a, f, g1, g2,), t1 depend-
ing on the data (I/,’)/,Oé,f, 91792>Q>R) when HUOHI—[l < R and ”:00” < R.
Proof For convenience, we denote

7 =u—0(u), (3.3)

1
where 0(u) = |Q|/ u(x)dz, and then we have
Q

HWM:éhéu@Jﬂxzgﬂéuwjﬂx—gﬂAGWM$:0 (3.4)
We note that (1.6),(1.7),(3.2) and (3.3) imply that

U — Vg + po + f(U)z — Uzar = g1(7), (3.5)
pt + Uy + h(p) = g2().
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Taking the inner product of (3.5) with @ in H we infer that

1d
S Il 5l vl + [ (1) e+ [ o e = 1. ()

Similarly, taking the inner product of (3.6) with p in H we get

1d
2dt

Adding (3.7) to (3.8) and noting that

/Q(f(u))x idy = —/Qf(u) ~ﬂxdx—/gf(u)-uxd:c

__ /Q (F(w))odz = —F(u(D)) + F(u(—D)) = 0 (3.9)

where F(s) = [) f(7)dr, we have

o+ l1l>+ [ - pde < (g2.). (35)

1d _
M(HUH +1@® + o) + vl + v ol
<(91,7@) + (92,p)- (3.10)

We recall the Poincare inequality

ol < Calesll, it [ o(a)de =0, (3.11)
Q
it follows from (3.4) that

|z < Chllwl], Vt=>0. (3.12)

Thus, Applying Holder and Young inequalities we obtain

_ _ _ L9 CF 2

(g1, @)| <llgull[ull < C [lgall Huxll < vl + == lladl™, (3.13)
(g2, ) <llg2ll lpll < ’7 ol + = ngll (3.14)

In the sequel, we denote any constants depending only on the data (v, v, a, f, g1, g2, )
by C and C;(i =1,2,---).
By (3.10),(3.13) and (3.14)we have

d . _
Z Tl + 117 + oIl )+*H ol + 2 HPH < 20, (3.15)

C2
where Cp = -1 lgalI* + % g2l
Due to

3v v 90—
- IIU:cH II%H2 + vl > 5 [7)? + vCr? all?

[\)

zc*z(nﬂnQ + [P, (3.16)
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where C3 = min{3v,vC; %}, by (3.15) we claim that
d . _ _ _
a(HUII2 + e+ lloll*) + Callll® + [ |* + [lpl*) < 262, VE=0,  (3.17)
. 3
where Cy = min{Cjs, 57}
Applying Gronwall lemma we get
[N + l[@ ()1 + llp(0)]?
_ _ _ 20,
<([a(0)1* + [las ()1 + | p(0)[*)e~ " + A
_ _ 2C:
<(1+ G [ 0)* €™ + p(0)|* = 4 2
< 02 2 —Cyt 2 —Cyt 27612
<+ O ua (O e 4 [lp(0)]7 e + o
2
<(2+ CPR*e™ 4t ¢ 2, vt >0
Cy
4C,
— Vit>t, 3.18
<o vz (3.15)
where ¢, :C%lnc“(%cj)ﬁ.
Since
/ (@, t) - 0(u(x, £))dz = O(u) / (e, t)de = 0, (3.19)
Q Q
we see that u(t) and 0(u(t)) are orthogonal in H. Thus,we get that
lu(O) 1 = Fa() I + 16 u()]* = a1 + |6(u)]* 12|
= [[a()[|* +16(uo)|* 22| < [[a(t)|* + o? |2 (3.20)

And so, we claim that

lu(@)l[7: + 11 = lul) 1 + lua O + o)1
<[l®* + o 12 + @ (0)” + o))
4Cs

<=1+ a?0l.
_C4+a|!

which concludes Lemma 1.

We observe that Lemma 2 shows that there exists constant K such that the ball

By = {(u,p) € H'(Q) x LAQ) : [Jull ;2 < K, |Ipl| < K.}

is an absorbing set in H(Q) x H N H,.
Let

A= Us®B,

s>0t>s

(3.21)

(3.22)
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where the closure is taken with respect to the weak topology of H(2) x L?(Q). And
then by Proposition 1 we know that A; is a global weak attractor for S(t). More
precisely, we have the following

Theorem 2 Assume that the conditions of Lemma 1 hold. Then the set Ay defined
by (3.22) satisfies that

(i) Ay is bounded and weakly closed in H(2) x L2(2) N Hy;

(ii) S(t)A; = Ay vt > 0;

(iii) For every bounded set X in H*(Q)x H'(Q),S(t)X converges to Ay with respect
to the H*(Q) x L%(Q))—weak topology as t — oo.

Proof The proof of this theorem is similar to that of [10], and so omitted here.

Quite analogous to [12] where we dealt with the finite dimensionality of the global
attractor in H?(Q2) x H'(2), we also deduce the finite dimensionality of the global
attractor A; in H'(Q) x L?(Q) here, that is, we have

Theorem 3 The attractor Ay of Theorem 2 has finite fractal and Hausdorff di-
mensions in H'(Q) x L*(Q).
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