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Abstract In this paper, we consider Cauchy problem for general first order inho-
mogeneous quasilinear strictly hyperbolic systems. Under the matching condition, we
first give an estimate on inhomogeneous terms. By this estimate, we obtain the asymp-
totic behaviour for the life-span of C! solutions with “slowly” decaying and small initial
data and prove that the formation of singularity is due to the envelope of characteristics
of the same family.
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1. Introduction and Main Results

Consider the following first order inhomogeneous quasilinear system

ou ou

— +Alu)— =F 1.1

A = F(u), (1)
where u = (uy, -+, u,)T is the unknown vector function of (¢,z), A(u) = (a;j(u)) is
an n x n matrix with suitably smooth elements a;;(u)(i,j = 1,---,n) and F(u) =
(fi(u),---, fa(u))T is a vector function of u with suitably smooth elements fi(u)(i =

1,---,n).
Suppose that the system (1.1) is strictly hperbolic in a neighbourhood of u = 0,
namely, for any given w in this domain, A(u) has n distinct real eigenvalues

)\1(’&) < )\Q(U) <o < )\n(u) (1.2)

Fori=1,---,n, let l;(u) = (Lir(w), -, lin(w)) (resp. ri(u) = (rp1(w), -, rim(u)?)
be a left (resp. right) eigenvecdtor corresponding to \;(u) :

Li(w)A(u) = Nj(u)li(u) (resp. A(u)ri(u) = Nj(uw)ri(u)) (1.3)
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We have
det |l;;(u)| # 0 ( resp. det |rjj(u)| # 0). (1.4)

All Aj(u),l;(u) and rij(u)(i,j = 1,---,n) have the same regularity as a;j(u)(i,j =
1,---,n). Without loss of generality, we may suppose that

and
ri(w)ri(u) =1, i=1,---,n, (1.6)

where 6;; stands for Kronecker’s symbol.
For the following initial data

t=0: u=¢e(x), (1.7)

where ¢(x) is a “small” C! vector function of x with certain decay properties as |z| —
o0, Li et al.[1,2] presented a complete result on the global existence and the blow-up
phenomenon of C?! solution u = u(t, ) to Cauchy problem (1.1) and (1.7) in the case
F(u) = 0. In the case that F'(u) satisfies the so-called matching condition, Koing [3]
gave a quite complete result for the global existence and the breakdown of C'!' solution
u = u(t,z) to Cauchy problem (1.1) and (1.7). Kiong [4] also proved that the results
given in [2] on the breakdown of C' solution are still valid for “slow” decaying initial
data. In this paper, in the case that the inhomogeneous term satisfies the matching
condition, we will prove that the system (1.1) has the same result as in the homogeneous
case. We will first give an estimate on the inhomogeneous term under the matching
condition. By this estimate, the corresponding proof given in [3] can be simplified. On
the other hand, we generalize the results in [3] on the breakdown of C! solution for
“slow” decaying initial data.

For the completeness of statement, we first recall the concepts of the weak linear
degeneracy (see [5] or [1]) and the matching condition (see [6] or [3]).

Definition 1.1 The i-th characteristic \;(u) is weakly linearly degenerate if along
the i-th characteristic trajectory u = u(i)(s) passing through v = 0, defined by

=i
{ds A4 (1.8)
s=0: u=0,

we have
Vi (w)ri(u) = 0, V|u| small, namely, X;(u'?(s) = \;(0), V|s| small (1.9)

If all characteristics are wakly linearly degenerate, the system (1.1) is said to be
weakly linearly degenerate.
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Definition 1.2 F(u) is called to satisfy the matching condition if along all char-
acteristic trajectories passing through u = 0, we have

F(u) =0, V|u|small, namely, F(u®(s))=0, V|s|small, i=1,---,n (1.10)
In this case, it is easy to see that
F(0)=0, VF(0)=0. (1.11)

Suppose that A(u) € C*, where k is an integer > 1. By Lemma 2.5 in [5], there
exists an invertible C**1 transformation v = u(@)(u(0) = 0) such that in @-space, for
each ¢ = 1,---,n, the i-th characteristic trajectory passing through @ = 0 coincides
with the 4;-axis at least for |@;| small, namely,

ri(ae;)|e;, V|| small, ¢ =1,--- n, (1.12)

where e; = (0,---,0,1,0,---,0)T and #; denotes the i-th right eigenvector in ii-space.
Such a transformation is called the normalized transformation and the corresponding
unknown variables 4@ = (uy,- -, uy) are called the normalized variables or normalized
coordinates. Noting (1.15)—(1.16) in [2], we can always find suitable normalized coor-
dinates @ such that

881:(0) =1,(0), i=1,--,n, (1.13)
ie.,
ou
—(0)=L(0 1.14
9% 0) = L), (1.14)
where L(u) is the matrix composed by the left eigenvectors l;(u)(i =1, -, n).

The following theorem is proved in [3] (see Theoroem 3.1 in [3]).

Theorem A  Suppose that in a neighbourhood of u = 0, A(u) € C2, the system
(1.1) is strictly hyperbolic and weakly linearly degenerate, and F(u) € C? satisfy the
matching condition. Suppose furthermore that o(x) is a C' vector function satisfying
that there exists a constant p > 0 such that

0= sup{(1+ |z)!**(jp()| + ¢ (2)])} < co. (1.15)
zeR
Then there exists 6y > 0 so small that for any given 6 € [0,60y], the Cauchy problem
(1.1) and (1.7) admits a unique global C' solution u = u(t,z) on all t € R.
When the system (1.1) is not weakly linearly degenerate, there exists a nonempty
set J C {1,2,---,n} such that X\;(u) is not weakly linearly degenerate if and only if
i € J. Note (1.9), for any fixed i € J, either there exists an integer o; > 0 such that

d'Ai(ul(s))
ds!

doit ), (u®
EULICII
s=0 s s=0

(1.16)
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" a9 (5))

- =0,1=1,2,--, (1.17)

s=0
where u = u()(s) is defined by (1.8). In the case that (1.17) holds, we define a; = +oc.

The following theorems are the main results in this paper.

Theorem 1.1 Suppose that A(u) is suitably smooth, the system (1.1) is strictly
hperbolic and F(u) € C? satisfies the matching condition in a neighbourhood of u = 0.
Suppose furthermore that p(x) = ep(z), where € > 0 is a small parameter and ¢ (z) is
a C' vector function satisfying

2213{(1 + zN)([$ ()] + [¢'(@)])} < oo. (1.18)

Suppose finally that the system (1.1) is not weakly linearly degenerate and
a = min{a;li € J} < 400, (1.19)
where «; is defined by (1.16)—(1.17). Let
Ji={ili € J,a; = a}. (1.20)

If there exists i € J; such that

lig(0)¢(z) # 0 (1.21)

where [;,(u) stands for the ip-th left eigenvector, then there exists 9 > 0 so small that
for any given ¢ € (0,¢0], the first order derivative u, of the C! solution u = wu(t,x)
to the Cauchy problem (1.1) and (1.7) must blow up in a finite time and the life-span
T(e) of u = u(t,z) satisfies

lim (e*™T(e)) = Mo, (1.22)

e—0t

where My is a positive constant independent of e, given by

a+1y . (1) -1
My = (ngggg { L) B (zimwu»azi(mw(as)}) )
in which u = u((s) is defined by (1.8).

Theorem 1.2 Under the assumptions of Theorem 1.1, on the existence domain
0 <t < T(e) of the C* solution u = u(t,z) to Cauchy problem (1.1) and (1.7), the
solution itself remains bounded and small, but the first order derivative u, of u = u(t, x)
tends to infinity ast T T(s) Moreover, the singularity occurs at the starting point of the
envelope of characteristics of the same family, i.e., at the point with minimum t-value
on the envelope.

Theorem 1.3 Under the assumptions of Theorem 1.1, for each i & Jy, the family
of i-th characteristics never forms any envelope on the domain 0 < t < T(e) In
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particular, each family of weakly linearly degenerate characteristics and then each family
of linearly degenerate characteristics never forms any envelope on 0 <t < T'(e).
Remark 1.1 Theorems 1.2-1.4 still hold if

p(z) = ev(z) + Y1 (, €), (1.24)
where 11 (x, €) has the same decay property as in (1.18) and
O (z,
b (@,e), wla(;fg) = 0(=2). (1.25)

Remark 1.2 By Theorem 2.2 in [4], suppose that 4 = 0 in Theorem A, the C!
solution u = u(t,z) to Cauchy problem (1.1) and (1.7) may blow up in a finite time.

Remark 1.3 Theorem A can be proved in a simpler way by using Lemma 2.1
given in Section 2.

Remark 1.4 Suppose that in a neighbourhood of u = 0, the system (1.1) is
strictly hyperbolic, F(u) satisfies the matching condition and A(u) € C*, F(u) € C*.
Suppose furthermore that for any given small and decaying initial data p(x) € C1,
Cauchy problem (1.1) and (1.8) always admits a unique global C'! solution on ¢ > 0.
Then the system (1.1) must be weakly linearly degenerate.

Remark 1.4 can be proved as in the case F'(u) =0 (cf. [7]).

2. Preliminaries

Let
v =lLi(wu, i=1,---,n (2.1)

and
w; = Li(w)ug, i=1,---,n, (2.2)

where [;(u) = (li1(u), -, lin(u)) denotes the i-th left eigenvector.
By (1.5), it is easy to see that

u= Z Tk (u) (2.3)
k=1

and .
Uy = Z wirg(u). (2.4)
k=1
Let p 5 5

be the directional derivative with respect to ¢t along the i-th characteristic. We have
(cf.[8], [5] and [6])

% = Z (Z Bijk(u)%(“)) v + Z Bijk(w)vjwg + pi(u), i=1,---,n, (2.6)
v j=1 \k=1

k=1
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where
Biji(u) = —li(u)Vrj(u)rg(u), (2.7)
pr(u) = U (u) F(u)
and
Biji(uw) = (Ar(w) = Ai(u))li(w) Vrj(w)ry(w). (2.9)
Hence, we have
Biji(u) =0, Vi, j, (2.10)

and by (1.12), in normalized coordinates we have
Bijj(uje;) =0, Y|u;| small, Vi, j. (2.11)

On the other hand, we have (cf.[8], [5] and [6]),

dw; " - :
dzit B (Z Biji(u)pr(u) + Vz'j(u)> wi+ Y vgp(wwjwy, i=1,-n, (2.12)
g j=1 \k=1 Jk=1
where
vij(u) = li(w) VF(u)r;(u) (2.13)
and

Yigh(w) = %{(Aj(U) = M(u)li(u)Vri(u)rj(u) = VAr(u)rj(u)di + (G1F)}, - (2.14)

where (j|k) denotes all the terms obtained by changing j and k in the revious terms.
Hence

Yiji(w) =0, Vi #4, 4,j=1,--,n (2.15)
and
Yiii(w) = =V Ai(w)ri(u), i=1,---,n. (2.16)

When the i-th characteristic \;(u) is linearly degenerate in the sense of Lax, we have
Yiii(u) = 0; (2.17)

while, \;(u) is weakly linearly degenerate, in normalized coordinates we have
Yiii(uie)i) =0, Y|u;| small. (2.18)

Lemma 2.1 Suppose that A(u) € C2, the system (1.1) is strictly hyperbolic and
F(u) € C? satisfies the matching condition in a neighbourhood of u = 0. Then in
normalized coordinates, we have

> (Z Bijk(“)ﬁk(“)) v+ pi(u)| < D |Pyr(uw)vjugl, Vlu| small, Vi,  (2.19)
i=1 \k=1 k=1
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where Pjji,(u) is bounded in a neighbourhood of u =0 and
Pijj(ujej) = O7 V|u]| small, Vi,j; (220)
on the other hand, we have
Z (Z sk (w) pr(w) + vij(u )wj < Z |Qijr(w)vpw;|, V|u| small, Vi, (2.21)
j=1 \k=1 k=1
where Qi;1(w) is bounded in a neighbourhood of u =0 and
Qi]’j(u]'(ij) = 0, Wuj\ small, VZ,j (222)
Proof First we prove that
) < 3 k(o Viod small, i .29
k=1
where f;jx(u) is bounded in a neighbourhood of v = 0 and
fijj(uje;) =0, VYl|uj| small, Vi,j. (2.24)
Note (1.10), (1.12) and (2.8), it is easy to see that
pi(uger) =0, V|ug| small, Vi, k (2.25)
and then .
lpi(u)| < Z | fimitmu|, V|u| small, Vi, (2.26)
m,l=1
where fin(i,m,l =1,---,n,m # 1) are constants and
fimm =0, i,m=1,---,n. (2.27)
By (2.3) and (2.26), we get
i) < 37 fimtl D [0jrjm ()] D forria(u)
m,l=1 j=1 k=1
= Z Z ]fimlrjm(u)rkl(u)\ |vjug|, V|u| small, Vi. (2.28)
7,k=1 \m,l=1
Taking
fuk Z |fzml7']m Tkl( )‘7 i,j,k=1---,n (2~29)

m,l=1

we get (2.23).
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Note (1.12) and (2.27), it follows from (2.29) that

| figi(uje;)| = Z |fzmlrjm(u]ej>rjl uje;)| Z ’flmléjmdjl’

m,l=1 m,l=1
= |fijjl = 0, Vl|u| small, Vi, j, (2.30)
which is nothing but (2.24).
Let .
vij(u) = Y Bijp(wpr(u), i,j=1,---,n. (2.31)
k=1
Now we prove
D3 (u)| < z”: \]%jk(u)vk], Y|u| small, Vi, 7, (2.32)
k=1

where P,;x(u) is bounded in a neighbourhood of u = 0 and

Pijj(uje;) =0, V|u;| small, Vi, ;. (2.33)
By (2.25), we have
Vij(ujej) =0, Vu;| small, Vi, j (2.34)
and then .
755(w)] < 3 [Pijmtml, V|u| small, Vi, j, (2.35)
m=1

where ]%jm(i,j,m =1,---,n,j # m) are constants and

Pyjj =0, i,j=1,---,n. (2.36)

Note (2.3), it follows from (2.35) that

n
’VZJ ’ Z ’ z]m| Z ‘Ukrkm

m=1 =
= Z <Z Ejmrkm(u)\> |vg|, V|u| small, Vi, j. (2.37)
k=1 \m=1
Taking
Pyji(u Z Pijmrkm (W], 4,5,k =1,---,n, (2.38)

we get (2.32).
Note (1.12) and (2.36), it follows from (2.38) that

n

n
Pijj(uje;) Z Bijmrjm(uje;)| Z mjm|

=| Am| =0, V|u;| small, Vi, j, (2.39)
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which is just (2.33).
Let

Noting (2.23) and (2.32), we have (2.19); noting (2.24) and (2.33), we have (2.20). The
proof of the first part of this lemma is finished.
Note (1.10), (1.12) and (2.13), it is easy to see that

vij(ujej) =0, V]u;| small, Vi, j. (2.41)

Let
vij(u ZBUk w) +vi(u), ij=1,-,n. (2.42)

Noting (2.31), (2.34) and (2.41), we have
vij(uje;) =0, V|u;| small, Vi, j. (2.43)

By (2.43), similarly to the proof of (2.32)—(2.33), we get
n
D3 (w)] < Z |Qijr(w)vg|, V|u| small, Vi,j, (2.44)

where Q;ji(u) is bounded in a neighbourhood of u = 0 and (2.22) holds.

This proves the last part of this lemma. The proof of Lemma 2.1 is finished.

For any given y > 0, on the existence domain of C! solution, let z = Z;(¢,y) denote
the i-th characteristic passing through a point (y/a,y)(a > 0, constant), we have

! (2.45)
a
Let p;(t,x) be defined by
~ ~ 6571 t?
Pt 35(0.9) = (0310, 0) P, (2.40
It is easy to see that along the i-th characteristic x = Z;(¢,y), we have
dp; n L 8:@
d]‘?t = (Z szk(“)ﬁk(”)) Z ﬁl]k ( )'U W
it S \k=1 k=1 dy
+ oy 22i800) (2.47)

where

Bij(w) = Biji(w) + Vi (w)ry(u)dij, (2.48)
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By (2.11), in normalized coordinates we have
Biii(uje;) =0, Vu;| small, Vj # i (2.49)

and, when the i-th characteristic A;(u) is weakly linearly degenerate, we have

Bm(uzel) =0, V|u;| small. (2.50)
Moreover, by (2.10), we have
Biji(u) =0, Vj#4; (2.51)
while )
Biii(u) = Vi (u)ri(u), (2.52)

which identically vanishes only in the case that A\;(u) is linearly degenerate in the sense
of Lax.
Similarly, define ¢;(¢, z) by

~ ~ 8531 ta
a0, 3:(0,) = w0, 5(0,0) 5. (2.53)
We have
dq; = a 0z;(t,y
ﬂ = Z (Z Bl]k(u)pk(u) + Vij <U)> w; a(y )
=1 \k=1
SN 0z;(t,
+ > 'Vijk(u)ijkxa( y)’ (2.54)
G Yy
7,k=1
where
Vi (W) = Yije () + VAi(u)re(u)di;. (2.55)
By (2.15)-(2.16), we have
’%‘jj(u) = 0, Vi. (256)
3. Proof of Theorem 1.1
Consider the following Cauchy problem
ou ou
{ 5 AW = F(u), (3.1)
t=0: u=eY(x),

where ¢ > 0 is a small parameter and 1 (x) is a C! vector function satisfying

sup{(1 + [z (¥ ()] + ¢ (@)])} < oo. (3.2)
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Using Lemma 2.1, we will prove Theorem 1.1 in a way similar to the proof of
Theorem 1.3 in [4].
As in [1], we may suppose that

0 < A1(0) < A2(0) < -+ < An(0). (3.3)

By (3.3), there exist positive constants 6 > 0 and dg > 0 so small that

Ait1(u) — Ni(v) > 40g, Y|u|,|v]| <6, i=1,---,n—1 (3.4)
and 5
iw) = Xi(0)] < 5, Viul, o] <6, i=1,- . (3.5)

For the time being we suppose that on the existence domain 0 < t < T'(with
4
Te*ts < 1) of the C! solution u = u(t, z) to Cauchy problem (3.1) we have

lu(t,z)| < 6. (3.6)

At the end of the proof of Lemma 3.3, we will explain that this hypothesis is reasonable.
By (3.4) and (3.6), on the existence domain 0 <t <7 (with Teots < 1) of the C*
solution u = u(t,x) to (3.1) we have

0< M (u) < Aa(w) < -+ < An(u). (3.7)

For any fixed T' > 0, let

DY ={(t,x)|0 <t < T,z > (\,(0) + o)t} (3.8)
DT = {(t,z)|0 <t < T,z < (A (0) — &o)t}, 3.9
DT = {(t,2)[0 <t < T, (M(0) — 60)t < & < (An(0) + 80t} (3.10)

and

DT ={(1,2)]0 < £ < T, {80 + n(M(0) — M(O)]t < & — A(0)r
§[50+77()‘n(0) _/\i(o))]t}’ i=1,---,n, (3'11)

where 7 > 0 is suitably small.
Note that n > 0 is small, by (3.4) it is easy to see that

DI'(\Df =0, Vi#j (3.12)

and

U DicD". (3.13)
=1
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Let

VL) = mas (L4 fal)os(t2)] e o, (3.14)
W(DL) = max [[(1+ [elyus(t2)] o (3.15)
VS(T) = max sup (14 |z — X(0)t])|vi(t, x)], (3.16)

=L (4 2)eDT\DT
US(T) = max sup (14 |z — N(0)t])]u;i(t, x)|, (3.17)

=Ln (4 2yeDT\DT
WS (T) = max sup (14 |z — Xi(0)t])|w;(t, )], (3.18)

=L (1 2)e DT\ DT
Vi(T) = max sup / lvg(t, )| dz, (3.19)

=1 no<t<T JDT (1)
Wi(T) = max sup / |w; (¢, z)|dx, (3.20)

=L mo<t<T JDT (1)
Voo(T') = max sup |v;i(t, )] (3.21)

i=1,n o<t<T
zeR
and
Weo(T) = max sup |w;(t,z)l, (3.22)
1=1,-n 0<t<T
zeER

where D] (t)(t > 0) denotes the t-section of DI:
D{ (t) = {(r,2)|r = t,(r,2) € D{}. (3.23)

Obviously, Vo (T') is equivalent to

Uso(T) = max sup |u;(t,x)|. (3.24)
1=1,n 0<t<T
z€R

It is easy to see that Lemma 3.1 in [1] is still valid, namely

Lemma 3.1 Foreachi=1,---,n, on the domain DT\DZT, we have

ct < |z —X(0)t] < Ct, cx <|x—X(0)t] < Cux, (3.25)

where ¢ and C' are positive constants independent of (t,z) and T.

In the present situation, Lemma 3.2 in [4] is still valid, namely

Lemma 3.2 Suppose that in a neighbourhood of u = 0, A(u) € C?, the system
(1.1) is strictly hyperbolic and F(u) € C? satisfies the matching condition. Then in
normalized coordinates there exists €9 > 0 so small that for any fized € € (0,e9], on
any given existence domain 0 < t < T of the C' solution u = u(t,z) to the Cauchy
problem (3.1), there exists a positive constant ky independent of € and T, such that the
following uniform a priori estimates hold:

V(DY),W(DL) < kie. (3.26)
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Lemma 3.3 Under the assumptions of Theorem 1.1, in normalized coordinates
there exists €9 > 0 so small that for any fized € € (0,e9], on any given existence domain
0 <t <T of the C' solution u = u(t,x) to Cauchy problem (3.1), there exist positive
constants ki(i = 2,---,8) independent of ¢ and T, such that the following uniform a
priori estimates hold:

WE(T) < koe (3.27)
WA(T) < & suogar (3.28)
V(D) <k (3.29)
Vi(T) < K 5\log5| + kg(e|log e])>ToT, (3.30)
Voo (T), Uso (T') < krellogel, (3.31)

where
Teots < 1. (3.32)

Moreover,

Weo (T) < kse, (3.33)

where
Teot1 < 1. (3.34)

Proof This lemma will be proved in a way similar to the proof of Lemma 5.1 and
Lemma 5.2 in [4]. In what follows we only point out the essentially different part in
the proof and g > 0 is always supposed to be suitably small.

Similarly to (3.60) in [4], on any given existence domain of the C! solution, when
6 > 0 is suitably small, we have

US(T) < a1 VE(T), (3.35)

henceforth, ¢;(j = 1,2, --) will denote positive constants independent of ¢ and T'.
Let

Vi(T) = max maxsup/ |vi(t, x)|dt, (3.36)
i=1,--n j#1u

Wi(T) = max maxsup/ |w; (¢, x)|dt], (3.37)
i=1,--n j#£i

where &;(j # i) stands for any given j-th characteristic in D} .
As in the proof of Lemma 3.3 in [4], we first estimate Wi (T). Using (2.54) and
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Lemma 2.1, instead of (3.32) in [4] we have

w (o 5]

t(y) 0 (s,
+ 2 {WCSO(T)(W(SO(T)_'_VOCO(T))/ (1+ )11+ |zi(s,y)) 7t Zi(s y)ds
4/ O (0)+50) oy

’CIi (ta T (tv y)) ’t:t(y) <

- — ~ ail(svy)
+ (WE(T) + V(1) D / (14 8) Hwk(s, Zi(s, )| ds
i1/ (s@(sy)eDt %

- — ~ ajz(&y)
+WS (T / (14 8) " Hu;(s, Z4(s, ds p . 3.38
D9y B } (3.39

Thus, using Lemma 3.2, similarly to (5.5) in [4], we get

W1(T) <cs{kielog(1+T) + (WS, (T) log(1 +T))>
+ W (T)Wi(T) log(1 + T) + W5, (T)Vs,(T) (log(1 + T))?
+ VL (T)Wi(T)log(1+T) + WS (T)Vi(T) log(1 4+ T)}, (3.39)
where k; is given by Lemma 3.2.

Similarly, usinig Lemma 2.1 and Lemma 3.2, instead of (5.6)—(5.7) and (5.15)—(5.17)
in [4] we have

Wi(T) <eaf{kielog(l +T) + (W(T) log(1 + T))?
+ WS (T)Wi(T)log(1 + T) + W5, (T) Ve (T) (log(1 + T))*
+ VE(T)Wi(T)log(1 +T) + WS (T)Vi(T) log(1 + T)}, (3.40)
W5 (T) <es{kie + (W5, (T))*log(1 + T) + WS, (T)W1(T)
+ WE(T)VE(T)log(1 +T) + WS (T)VA(T) + VE(T)W(T)}, (3.41)
VA(T) <ce{kielog(1 +T) + WS (T)VE(T)(log(1 + T))?

W (T)VA(T) log(1 + T) + VS (T)Wi(T) log(1 + T)
+ (VE(T) log(1+T))? + VE(T)Vi(T) log(1 + T)
- (Vo 7)) (WE(T) log(1 + T) + W1 (T))T}, (3.42)

VI(T) <cr{kielog(1 + T) + WS (T)VE(T)(log(1 + T))?

+ WS (THVi(T)log(1 4+ T) 4+ VL (T)W1(T)log(1 + T)
+ (VS (T) log(1 + T))? + VL (T)VA(T) log(1 + T)
+ (Voo (1)) F(WE(T) log(1 4+ T) + Wi (T)) T} (3.43)

and

Vi (T) Ses{kie + WS (T) Vi (T) log(1 + T) + W, (T)VA(T)
HVS(TWA(T) + (VS (T)*log(L + T) + VL (T)A(T)}. (3.44)
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When T satisfies (3.32), it follows from (3.39)—(3.44) that

Wi(T), Wi(T) <co{kie|loge| + (WE (T)|loge|)? + WE (T)W1(T)|loge|
+ W5 (T)V(T)|logel? + Vi (T)W1(T)| log g
+ WS (T)Vi(T)|logel}, (3.45)
WS (T) <cro{kie + (W5 (T))?| loge| + WS (T)Wi(T)
+ WE(T)VE(T) loge| + WS (T)VA(T) + VE(T)Wi(T)},  (3.46)
VA(T),Vi(T) <en{kaelloge| + WS (T)VS(T)|logel” + WS (T)Vi(T)| log e
+ VL (TWi(T)|loge| + (V5 (T)| loge])® + Vi (T)Vi(T)| log g
+ (Voo (T) (WS (T) [log e| + Wi (T)T} (3.47)

and

VE(T) <cra{kie + WE,(T)VE,(T)|loge| + WE(T)VA(T) + VE(T)Wi(T)
+ (VE(T))?| loge| + VE(T)VA(T)}. (3.48)

Noting Lemma 3.2, similarly to (3.48) in [4], we have
Voo (T), U (T) < c13(k1e + WS (T') + Wi(T)). (3.49)

By (3.2), it is easy to see that

VE(0), WE,(0) < crae, VA1(0) = V1 (0) = W1 (0) = W1(0) =0, (3.50)
VOO(O), UOO(O) § C15E. )

Then, by continuity, there exist positive constants k;(i = 2,3,---,7) independent of ¢,
such that (3.27)-(3.31) and

ViI(T) < kse|loge| + k¢(e|loge|)>ToT, (3.51)
Wi(T) < kse|loge|, (3.52)

hold at least for 7' > 0 suitably small.
Thus, in order to prove (3.27)—(3.31), it suffices to show that we can choose k;(i =
4
2,3,--+,7) in such a way that for any fixed Tp(0 < Ty < T with Tpe*"5 < 1),such that

WE(Ty) < 2koe, (3.53)
Wi(Ty), Wi (Tp) < 2kse|logel, (3.54)
VE(Tp) < 2kse, (3.55)
Vi(Tb), Vi(To) < 2(kse|logel| + ke (e|log e])* T Tp) (3.56)

and
Voo (T0), Uso (To) < 2k7e|loge|, (3.57)
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we have
WE(Tp) < koe, (3.58)
Wi (Tp), Wi (Tp) < kae|loge], (3.59)
VOCO(T()) S k4€, (3.60)
Vi(To), Vi(To) < ksellogel + ko(e|loge|)* Ty (3.61)
and
Voo (T0), Uso(T0) < kre|loge|. (3.62)

Substituting (353)—(3.57) into the right hand side of (3.45)—(3.49) (in which we take
T =Tp), we get

W1 (Tp), W1 (Tb) <co {2k:1 + 4kokge | log 5\2+0‘} e|loge| < 3eokie|loge|, (3.63)
Wgo(To) Sclo {2]{1 + 4k2]{26€§| log €|2+a} e < 361014316, (3.64)

Vi(Ty), Vi(To) <c11{[2k1 + 4(ks + ka)kge 3| log £|2T]e| log |
+ 2(ko + kg)(2k7)1+a(5] log 5|)2+0‘T0}
<c11{3kie|loge| + 2(ka + k3)(2k7) (| loge|)>T* Ty}, (3.65)
VE (T) <cra {2k1 + Ak + ka)kge? | 1ogg\2+a} e < 3cigkie (3.66)

and
VOO(T()), UOO(T()) < Clg{klE + 2koe + 2]€3€‘ log €|} < 3613]€3€‘ log E|. (367)
Hence, taking

ko > 3ciokt, k3 > 3cgki, ks > 3ci2k1, ks > 3ciika,
k7 > 3cizks, kg > 2c11 (ko + k3) (2k7) 11,

we get (3.58)—(3.62). This proves (3.27)—(3.31).
Here we point out that when g9 > 0 is suitably small, we have

1
Uso(T) < kre|loge| < krep|logeg| < 55. (3.68)

This implies the validity of hypothesis (3.6).
Finally, we prove (3.33). By (2.12) and Lemma 2.1, instead of (5.20) in [4] we have

jwi(t, z)| <er6{W (DY) + [1+ Voo (D)(W5,(T))?
+[1+ Voo (DIWL(THVL(T) + WS (T) Voo (T) log(1 + T)
+ WL (T)log(1+T)+ VE(T)log(1+T) + V(T ) Vo (T) log(1 + T)|Weo (T)
+ VE(T)(Woo(T))? log(1 + T) + (Vo (T)*(Weao(T))*T}. (3.69)
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Noting Lemma 3.2, by (3.27), (3.29) and (3.31), we get (5.21) in [4] from (3.69), namely
Woo(T) < crr{e(1+|log e|Woo (T) + | log | (Woo (T))?) + (e log e ) “T (W (T))?} (3.70)

where T' < e (a+3),

Then, completely repeating the procedure of proving (5.13) in [4], we can prove
(3.33). This completes the proof of Lemma 3.3.

By the existence and uniqueness of local C! solution to Cauchy problem(cf.[9]), by
Lemma 3.3, similarly to Remark 5.1 and Remark 5.2 in [4], we have

Remark 3.1 When ¢y > 0 is suitably small, for any fixed ¢ € (0,)60]7 Cauchy
(ot

problem (3.1) admits a unique C* solution u = u(t,r) on 0 < ¢t < e \*T1). Hence, we

get the following lower bound on the life-span T (¢) of C* solution
T(e) > e (o), (3.71)

Remark 3.2 Similarly to the proof of (3.33) under (3.34), we can easily prove that
for any fixed pu € (0, 1), there exists g9 = £o(ji) > 0 so small that for any fixed ¢ € (0, £0],
Cauchy problem (3.1) admits a unique C' solution u = u(t,z) on 0 < t < e~ (@+A),
Hence, we have

T(e) > e~ (@+h) (3.72)

where 0 < 1 < 1.

Using Lemma 3.2, Lemma 3.3 and Remark 3.1, almost completely repeating the
proof of Theorem 1.1 in [2] or Theorem 1.3 in [4], we can easily show Theorem 1.1.
In what follows we only point out the essentially different part in the proof and will
directly use the notation and results given in [2] and [4].

Proof of Theorem 1.1 As in [4], it suffices to prove Lemma 3.1 in [2], i.e., in
normalized coordinates u satisfying (1.14), to prove

TI]%{EQHT(E)} < My (1.22a)
E—
and )

B (21T (e)} > M, (1.22b)

where M is given by (1.23). As in [2] and [4], we still denote @ by u. Moreover, in the
proof, g > 0 is always supposed to be suitably small.

(1) Proof of (1.22a)

By Remark 3.1, there exists €9 > 0 so small that for any fixed ¢ € (0, &¢], Cauchy
problem (3.1) admits a unique C! solution v = u(¢,x) on the domain 0 < t < T}, where

T2 (o) <T(e)-127T. (3.73)
Similarly to (5.26) in [4], we may suppose that

T(e)e™ts < 1. (3.74)
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Thus, in what follows we only discuss the problem in the domain 0 <t < e (at3), By
4
Lemma 3.3, on the domain 0 < ¢ < 6_(a+§), we have

u(t,z),v(t,x) = O(e|logel). (3.75)

By (3.2), there exist ig € J; and zp € R such that (3.19) in [2] is still valid. Without
loss of generality, we may assume ig =1 € Jj.

By (2.12), on the existence domain of C! solution, along the 1st characteristic
x = x1(t, o) passing through point (0, zp), (3.22) in [2] should be rewritten as

dwy

ai - ao(t)wi + a1 (t)wy + as(t), (3.76)

where

ai t = t ZBHk +V11( )

(3.77)
)+ Z (Z Buj(u)pr(u) + vij(u )) wj,
in which ag(t), a1(t) and az(t) are defined by (3.23) in [2].
When gy > 0 is suitably small, by (3.73), we have
o A
Ty >e “=Ty >t (3.78)
(see [2] for the definition of y).
By Lemma 3.3, on 0 <t < Tj, we have
w(t, x) @(t x) = O(e) (3.79)
) 78:1? ) - * *
Integrating
dw n n n
DS (Z Buji(u)pr(u) + m(u)) wi+ > yk(w)wjw, (3.80)
j=1 \k=1 Jik=1

along the characteristic x = x1(t, z¢), noting Lemma 2.1, we get

|wi (¢, z1(t, 20)) — wi(0,20)| <

t n to M
/0 Z Y1k (w)wjwgds —i—/o Z |Q1jk(u)vpw;|ds

+/ Z’Qljk) Ukw]|d3+/ Z| Q].]]

0 j#k
— Ql]j (ujej))vjwﬂds, Vt € [O,T{)] (381)
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By Lemma 3.2 and Lemma 3.3, noting (3.35), similarly to (4.62) in [1] and (3.25) in
[2], instead of (5.28) iin [4] we have

\wl (t, (IZl(t, (IZ())) — wl(O, {L'())‘
< c1s{e” + Woo (WS (1) log(1 + ) + (Woo (1)) *VE (t) log (1 + 1)
+ (Voo (£)) (W (1))t + Voo (1) Woso (£) + Vi (1) Wo (1) log (1 + ¢)
+ W (8) Voo () log (1 + ) + Voo () Vo (8) Woo () log (1 + 1) }
< 61962| log €|max{2,a}, Vit € [O, T[)] (382)
and then, noting (3.15) in [2], instead of (5.29) in [4] we have
wi(To, 21(To, 20)) = l1(0)Y (o) + O(2] log e[P@{Zahy, (3.83)

Noting (2.6), (2.10), using Lemma 2.1 and Lemma 3.3, similarly to (4.49) in [1], we
have

|v1(t, z1(t, z0)) — v1(0, z0)|

t t n
< / > Bujr(wvjwes, x1(s, 20))ds +/ D [Pyr(u)vjorl(s, 21(s, o))l ds
0 kA1 0 jk=1
t t
< 02052|10g8|2+ / Zﬂljk(u)vjwkds -I—/ Z\Pljk(u)vjvk\ds
to k#1 to j#k
t n
+/t Y 1(Pijj(w) = Prjj(ujes))v|ds. (3.84)
0 j:l

Then, by Lemma 3.1 and Lemma 3.3, noting (3.35), instead of (4.50) in [1] we have

|’01 (t, $1(t, xo)) — U1 (0, CEQ)| §62062| log €|2 + Cgl{VOO (t)Wgo (t) log(l + t)
+ Voo (1) VE (#) log(1 + t) + (Vo ()2 VE () log(1 + 1)}
<cgee?|logel?. (3.85)

Noting (4.51) in [1] and (3.75), instead of (4.52) in [1] we have
luy (t, ) — vi(t, )| < coze?|logel?. (3.86)
Hence, noting (3.14) in [2], instead of (5.33) in [4] we have
luy (t, z1(t, 20)) — €l (0)1(x0)| < cose?|logel?. (3.87)

By (3.87), repeating the corresponding procedure in [4], we can easily get (5.35) in [4],
namely

1 _
ap(t) = ao(t) > 5[)60[ >0, Vte [To,T], (3.88)
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where b is defined by (3.21) in [2].

Noting (5.36)—(5.37) in [4], (3.77) and (3.35), using Lemma 2.1 and Lemma 3.3,
similarly to (5.36)—(5.39) in [4], we have

T
/TO \al(t)|dt</ ar(t |dt+/ S 1 Quun (ot (£, 20) |t

To =

+/ [(Q111(u) — Qua1(urer))vi(t, x1(t, x0))|dt
To

_ T _ _ T
§025€|10g€|+626{VO%(T)/ (1+t)_1dt—|—VOCO(T)VOO(T)/ (1+t)_1dt}
TO TO
<c27€] log €| (3.89)
T
/ \dg(t)]dt</ as(t ydt+/ S5 Qi () (b 1 (1 o)) dt
To =2 k=1
_ T
<Cse? + cagWE(T )VOO(T)/ (1+6)"dt
To
<e30e?| loge|?, (3.90)
AT ' T T
K2 [Ca®lexs (- [ aro)ds)at< [ astoldexs ( [ Jar(oae
To To To To
<c316°%|loge|? (3.91)
and
wi (T, z1(To, 20)) > c316%|logel® > K. (3.92)

Applying Lemma 2.1 in [2] and completely repeating the rest of the proof (1.25a)
in [4], we get (1.22a) immediately.

(2) Proof of (1.22b)

We can prove (1.22b) by almost completely repeating the procedure of proving
(1.25b) in [4] and only changing (5.49)—(5.51) and (5.53) in [4].

Using Lemma 2.1 and Lemma 3.3, noting (5.49)—(5.50) in [4], (3.77) and (3.35),
instead of (5.49)—(5.51) in [4] we have

AT |(L1(t>|dt < AT |a1(t)|dt + 2”: AT |Q11k(u)vk|dt + /OT ](Qlll(u) — Qlll(ulel))v1|dt

T
gcgz{/ lax (¢ ]dt+z</ |uk|dt+/yyvkydt>
Ty

+,§ZQ/Ty !vk!dt—i—/ﬂj [(Qr11(u) — Qlll(ulm))vl\dt}
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<cs3(e|loge| + V(DL)log(1 + T) + V(D) log(1 + T)
+VA(T) + VE(T) log(1 + T) + VE(T)Vao (T) log(1 + T))
<cay(e|loge| + ke(e]loge])2te= () 4 22| 1ogel?)
<csse| logel*Te, (3.93)

T T n_ooeT, N
| laztiar < | s+ 3 / > [Qun(u)unaslar

n Ty n n T n
£33 [ S IQunvenlde+ 3 [ Quiwnw;lde
j=2 Ty k=1 j=2 Ty k=1

<eas(e|loge| + (W(DY) + W(DL) + V(DY) + V(DL))?
+ W5 (T)Voo(T) log(1 + T) + Wi (T) Voo (T))

<cz7e?|logel? (3.94)
and
A [T t T T
K2 [Maxoles (- [[alsas)de< [Clas@ides ([l
0 0 0 0
< c3se?| loge|?. (3.95)

Instead of (5.53) in [4] we have
T M T
(w1(0,y) + K)/ G5 (1)t <+ eppel log 17 + K/ o (¢)dt
0 0 0
M
< 4 cype| log g|mex{iFe2h (3.96)
My

Then completely repeating the rest of the proof of (1.25b) in [4], we obtain (1.22b).
This finishes the proof of Theorem 1.1.

4. Proof of Theorem 1.2 and Theorem 1.3

We can prove Theorem 1.2 and Theorem 1.3 by almost completely repeating the
procedure of proving Theorem 1.4 and Theorem 1.5 in [4] and only changing (6.17)—
(6.19) and (6.24) in [4].

In the present situation, by (3.82), instead of (6.17) in [4] we have

Jwi(t, i(t,yi)) — eli(0)9 ()]

< eg{e? + Woo () WE (1) log(1 + 1) + Vo () W ()
+ (Woo ()2 VE () log(1 +1) + (Voo (t))* (Waeo (1))t + VE () Weo(t) log(1 + 1)
+ WS () Voo (t) log(1 +t) + VL (1) Vo (1) Weo (t) log(1 + ) }
< cyo(e® + €%|loge| + €2|loge|> 4 27| log e|*t)}
< ca3(e? + 2| loge| + €%|loge|* + s%|log5|a)
< cues, Ve [0,T]. (4.1)
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Then we get (6.18) in [4].
On the other hand, noting Lemma 2.1 and Lemma 3.3, along x = z;(t,y;) we have

(Z Biji(u)pr(u) + Vij(“)> wj

7=1 \k=1
< Qijr(wvw;] + > Qi (w)vjw;] + [(Quii(u) — Qs (uies) Jviw|
j#k J#

< e (1+6) " HVE (O Jwil + V(WL ()L +8)7H + WS (4)Vao () + Vi (1) Voo (t) il }
< ca6 {|wi|€1+(§+a) 4+ 201+ (3+0)) +52+(%+Q)|log5| i |wi|62+(%+°‘)|10g6\}

< cy7 {\wi\g%ro‘ + 5%“}‘] loge[} , Vte [T, tY). (4.2)

Moreover, similarly to (4.68)—(4.70) in [1], along x = z;(t, y;) we have

Yiii (wie;) > %ai (@z(yz))a >0, (4.3)
[Visi (w) — Yisi(uie;)| < cage®ti, Vi e [T1,t%) (4.4)
and
> ik (w)wjwy| < cag {’wi’€a+§ + 52(6&8} , Vi e [T, t"). (4.5)
jk

Then, instead of (4.71) in [1] we have

dw; _ 1 ~
Wi > —a; (@bi(yi))aeaw? — C50€%+a|10g5|, Vt € [Tl,t*). (4.6)
dit — 4

Hence, as in [1], noting (2.12), we have w;(t, z;(t,y;)) is strictly increasing function of
t for t > T1; then we get (6.19) in [4].
Instead of (6.24) in [4] we have

t
Qi(t) < Qi(T1) + Cs51 (Voo (t) + WE (1)) /T (1+7)7'Qi(r)dr, Vte [T1,t%). (4.7)
1
The rest of the proof of Theorem 1.2 and Theorem 1.3 is the same as that of Theorem
1.4 and Theorem 1.5 in [4]. This finishes the proof of Theorem 1.2 and Theorem 1.3.
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