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Abstract We study the time-asymptotic behavior of solutions to general Navier-
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1. Introduction

In this paper, we derive a detailed description of the asymptotic behavior of solutions
of Cauchy problem for the general Navier-Stokes systems of conservation laws in n-
dimension, where n > 2 is even. General Navier-Stokes equation is

o+ divpy =0

(pv? )y + div(pviv) + P(p, €)z, = ehud + ndivee,, j=1,---,n
|

! (pEY: + (pBv + P(p,e)v) = ﬁ(fc (T[E]l + Esluﬁ)

! +ediv((Vv)v) + (n — &)div((dive)v)

(1.1)

Here p(z, 1), v(z, t), e(z,t), P = P(p, ) and T'(e) represent respectively the fluid density,
velocity, specific internal energy, pressure and normalized tempreture, and E = uﬂ-i—§|'v|E
is the specific total energy. k > 0 is the heat conductivity, ¢ > 0 and 7 > 0 are viscosity
constants, and div and A are the usual spatial divergence and Laplace operator. We
assume throughout that P(p,e) and T'(e) are smooth in a neighborhood of constant
state (p*,e*) and P, = P,(p*,e*) > 0,FP. = Pu(p*,e*) > 0,p = P(p*,¢*) and d® =
kT'(p*) > 0.

* The subject supported in part by Nationl Natural Science Foundation of China (19871065) and
Hua-Chen Math. Foundation.
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For the equation (1.1} Liu and Zeng (see [1]) studied general hyperbolic-parabolic
systems in one-dimension and obtained pointwise estimate. In several space variables,
the asymptotic behavior of the solution of the Cauchy problem for Navier-Stokes equa-
tions has been studied in [2] and [3] but only in L? space. As for pointwise estimate,
for isentropic Navier-Stokes equations in odd space dimension Liu and Wang gave a
pointwise estimate in [4], and Xu gave a pointwise estimate for linearized system in
even space-dimension in [5],

The plan of this papm is as follows. The linearized system of (1.1) around the

constant state {p*,v” = (1,0,e*)7,(e* > 0} is
py +dive =0
v+ p,Vp + pVe = edw + gVdivey (1.2)

e + pdive = d*Ae

We first get the pointwise estimate of Green function G of (1.2), then get the asymptotic
behavior of the solution of (1.1) by using Duhamel’s principle. Comparing with 5], our
main difficulty is that we can’t get the explit expression for G. So in Section 2 we will
introduce a method which allows us to get the estimate without explict representation
of the matrix.

In this article, n > 2 is space dimension, which is even. e are positive constants.

2. Pointwise Estimate of Green Function

The Green matrix (& is defined as the solution of the following problem:

{ (& + A1(Dz) + By(D2))Gl(z, ) = 0

G(z,0) = 6(x)] (1)

The symbols of A1(D;) and By(D.) are «/—1A(£) and |£|B(£) respectively, where

0 £7 1D 0 0 0
Ae)=| Pt 0 Pg|, BE=ET|0 elEPI+nism 0O
6 P¢ O 0 0 d2j¢|?

£ = (&, -+,€4)7, and 6(z) is the Dirac function and I the (n + 2) % (n + 2) identity
matrix. We apply Fourier transformation to the r varables and get

Gi(£,t) = —/=1E(§)G(E, 1)
{ G(€,0) = -

where B(£) = A(¢) — v=1[¢|BS).
Let B, 5(f) = 8A(E) — v/~1aB(£). From simple caleulation we know that it has

four diffrent eigenvalues. Arrange them as ,l {3 = 1,2,3,4). They have multiplu:lt}r
1,1,1 and n — 1 respectively. Let the left and right eigenvectors associated with Jk
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be j”g 127 From simple calculation, we know that AJ af has n — 1 different set of

eigenvectors E?"ﬂ o TRt sty ':”ﬁ = ; ;, then B, 5(¢) = Z AT PpoP where 1'3":“"Iﬁ =
i=l1

4
?'?“ﬂiq‘ﬂ . Especially E = Z Jsl‘-El’l.
=1
Before the estimate, we first give a lemma, which is proved by Shizuta and Kawashima

(see Theorem 1.1 of [6]).
Lemma 2.1 The following statements are equivalent,
(1) The system (1.2) is dissipative.
(2) For all £ € R™\0, the eigenvector of A({} does not lie in the null space of B(£).

(3) Im (A'*ﬁ"l[e)) = "Etlzlg,j —1,2,3,4 for real £,

We can check easily that no eigenvector of A(£) lies in the null space of B(£) for any
£ € R™\D, so we have

Im (-f‘tlf“{e;) < ‘_G%ﬁ (2.3)

§=1,2,3,4 for real £.
Lemma 2.2 If f(£,1) satisfics

ID#(E° (&, 6)] < Canin(L, J6]1X+4181) 4 el =HH¥e3)(1 + tlefyme e
for any integer m and k > —n, then

r1.+l|:\:|+|5=
2

D% f(z, )] < Ot 5" By(a, 1

where N is any fized inferger, and

e o BENT
T 144

Proof If |3| < k+ |a], then

67D (28] < © [ 11T (1617 + £5 ) (L -+ efPeyme ™ ag

altntk—|8
ch'_u] E+-2|-.': 2]

If |8| = & + ||, then

D%, ) < © [ (14 g1t ) 1+ jeyme e

lx|4+n4k—]8]
<Ctm 3

Let |8] = 0 when ]-le < t+1, and |5 = N when [:n'2|2 > t+1, then we obtain the result.
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Taking Taylor expansion at o = 0 for h:‘l {£) and P;:"l (€), noting that P, (g is
0-homogeneous in |£], we get
Lemma 2.3 For |¢] < ¢ and € small enough, we have

Mgy = A2 () + 1€1(Barp (€))amn + O(E*) (2.4)
Pl () = P (g) + O(j€]) (2.5)

By simple calculation, we know that }n?'l = D,}Lg‘l = ¢|£, Ag'l = —c|£], }'ug‘l = (. Taking
Taylor expansion at « =0 for

0,1 al el a1 e,
Pt (A - v=TaB) P = P; (X P
and comparing the coefficients of e on both sides, we have

EIPP B = (M), B

=

Since B, P™ are real for real fﬁf—l{:':}ﬂf-"l £))azg is real. From (2.3) and that
o i

[5.1,3&?' (£))a=o 1s 1-homogeneous in £, we see that there exists positive constant

such that

(V=T0.251(8)) _, > elé] (2.6)

cx=l)
_ sin(efé |t]
cl¢]

Gile, 1) = cos(clg|t)e™ Y TUENEAT (EDa=ot OUENE( P () + O(I€)))

— ﬁ%ﬂe_ xf—_l'ilvfliﬂn}-;'](i})u=u+ﬂ{ﬁfl3}}¢“3§|1Eﬂ + O(|ED) - elé]

+ cos(clé[te™ oTE|(Ba2S (€))amoHOUIEI ) 1 (Pg*’ (&) + O(JEl)

+ ﬁLETE'” o~V e XS (Eama+OUEENE (P () 4 O(l€])) - clé]

——E e
i LAy LP1|-EL1(§} 4+ e V=1A; *Plfl‘lifj
=’|'.E?gﬁ|1 -l—“tz?ﬁ'g + '!I’tﬁ:‘} +iﬁﬁq s 1:_'5

Let . then for small |¢], we have

From simple calculation and (2.6), we can get
Lemma 2.4 If |¢] is small enough, there exisis o positive constant b, such that

| DS (=P (€, 1))

<C (min (1, g Hel-1Al) 4 |£|]"1H‘1t%[) (1 + P8I ble™ = 2,4 (2.7)
|DE (€2 F5(&, 1)

5 (min (1, Jef=—1el) + |{]5“5tﬂ-§l) (1+ |€[2e)PHeRI 5 =1,3,5 (28)
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From Lemma 2.2, we get
Lemma 2.5 If[£]| <& and ¢ is smoll enough, we have

D Fy(e,t)| < Cnt™ 3 Bu(a,t), =24 (2.9)

D% File, ) < Gt =" Buleit); 3=1.485 (2.10)

In order to estimate Gz, t), we also need the following two lemmas which can be

found in [3].
Lemma 2.6 For f(x) € C'%, there exist constants oy, by, such thet

- D= flx + ety)
w* flz) = aq el lf y*dy
ﬂ{k%n__; wlgl /1= [y?

D= ¢
’ifﬂt*ff_-'r} -y tg&[—[ f1$+ﬂ y] I’.il:dy
D'::l |_::'rt |'r-:1 i y

Lemma 2.7 For any positive integer N, there exists constant C, such that

Bgln.,rlf.r +- Cty:,ﬂ qd

ey B VA |1"|

L
e (|z] = etr)?
I I = e ——— d .
where Ap(x,t) fﬂ T (l + T r
Let

< C(1+1)""F Anlz, 8)

_ 1 gifrlt]ce 1 if|f]>R+1
hm_{n if |£] > 2’ xa[’ﬂ“{n if €] < R

be cut-off functions, with 2 < B, v2 = 1 — y1 — ¥3. Since 'f;j = Ij{_;;{j =:1,2.3); fom
(2.3) we know that

|DeGh| € C £XGdE < ¢ (2.11)

il =te

|D2Ga| < C £*GdE < C (2.12)
<R+

From Lemmoas 2.5-2.7 and (2.11), we hawve
Lemma 2.8 For = > 0 small enough, we have

DG (x, )] < C(1+ 1) FH 5 Ay (z,) + €01+ )~ By(a, 1)

By the method similar to the proof of Proposition 3.3 in [4], we get |D2Ga(z,t)| =
Ct= "% By(z,t). From (2.12), we get the following result:
Lemma 2.9 For fired ¢ and K, we hove

|DEGy(z,t)| < C(L+4) 4 By (z,1)
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Take Taylor expansion for }n;‘ﬁ (£) in 3 near § =0, we get

AP(E) = ALE) + (A (€m0 + -+ 4 B (OF AL (g + 1(8,6)

where {E?El,l}-‘ﬁ{{f J)a=q 1s 0-homogeneous in £, thus

MY — (e T = 1eA00e) 4+ (BpAL(6))gmo + 3 aslé] ™ + O(lE ™)

j=1
Thus we can write

e~V T8I0 e 853 (6))a=0)e

x (1+ (ia{tﬂ_i) t+~~r+% (ia-elcfl‘i) t""+H{I:E})
©owa=l

e

where R(t,£) < C(1+ )11 + |¢])~4" 1), and we have

. 2 I€1.1¢
Gl t) =3 e™/ e TPt

j=1
LY 1,004 1,08 o

= § VIR (3825 (ED)smo)t (gj.lﬂ+ij";{ﬂf}j,i(‘f}+Rj[i1£::')
= i=1

where p;i, 454, are matrices, and
[psalt)] < C(L+8,|gi(6)] € O+ [EN TR (5,€)] < CAA+ 8™ (14 ]gl) =0+

Let
Dy o
Lio(t,&) = eV =T{lEP (E)+(Ds 2, {'E}:'H=ﬂ]¢qj.1“

o Lo+ 1.A 2
Lttt = V=L{[E1A ()-8 {f}:'ﬂ-“*pj,a[t}qj,i(:fj

From (2.3) we know that Be (—g—lkl‘ﬂ*lj < —b for some b > (. By the definitions of
z and L;;, we have
Lemma 2.10 For R sufficiently large, there exist distributions

4 nt|al

Kle=3 o Lii

=0 i=0

such that
|DE(Gs - x3(D)Kiey(2,8))] < Ce™*Bu(z,1)

wehre b > 0, ﬁ = L2, £).
Summing up Lemma 2.8, Lemma 2.9 and Lemma 2.10, we can get
Theorem 2.1 Forxz e R", we have

DX(G(z,1) - x3(D)Kjay(2, )] S C(1+ 872" (By(z,t) + (1 +4) T+ Ay(z,1))
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3. Asymptotic Behavior for Nonlinear System

We denote u = (p—p*v—v*e—e*) ={p-1v,e—¢€"),up = (po—1,vg,e0—¢€")"
and rewrite (1.1) as
Seu + Ay(Dy)u + Bi(Dg)u = Qu) (3.1)

When |u| is small enough, we can write

u) = Z'DEJ' (r;.-{u] + ZDIJTJ:I;{TL]}
% !

where 7;(u) = O(|w|*), riilu) = O(lul?). In this section, we will use this fact to consider
the Cauchy problem of (3.1)

{ Siu + Ay (D) + Bi(Dg)u = Qlu)

'u']i:[l = U {3?]

As in [2| and [4], we have _
1
Proposition 3.1 Suppose that ug € HH{(R"™), where s = 5 + 1,1 is o nonnega-
tive integer, and that |\up|| gs+t is sufficiently small. Then there exists a unique global
classical solution w € HH of (1,1) satisfying

| D%u| z2(t) = O(L)||uol|go+t, 0= a| S 841

(jl;lm ||D:1L”f"i H:Id‘-t) 2 = O(Dlluoll gty 1< || €5+
D%l e = O(1)[Jugll gont, 0 < | <1

Let E = max{||tol| g+, [|¢ollwra}, by Proposition 3.1 we have luollwie= = CE.
Now we will give a pointwise estimate for the solution u of (3.2). Take Dy on (3.1
and apply Duhamel’s principle, we obtain

t
D% = DEG(2) *up + f Gt — s) ¥ D2Q(uls))ds = RS + RS (3.3)
0

First we give three lemmas.
Lemma 3.1 Ifly| < M.t > 4M? p =0 and N > 0, we have

(14 (Jz —y| - p)2/O) ™Y < Cw(1 + (Jz] - pt)2 /)~

The proof can be found in [4].
Lemma 3.2 If suppf(£) C Og = {&,|€] > R} and satisfies the estimate

IDZf (&)l < clel™!
then there exist distributions fi(z), fa4(z) end e constant Cy, such that

flz) = filz) + D Difan(z) + Coblz)

vl=<1
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where §(x) is the Dirae function, and for fi(z) and f2.(zx) we heve the following esti-
mate: there erists constant C > 0 such that for any positive inleger IV,

|DE filx)] € C(1+ 122y~

and
| foxlle, < Csuppfa(x) C {z; |z < 220}

with £q small enouwgh.
Proof Since suppf(£) C (g, one has

J=le"Df(@) <C [ el Pldg
€] R

Taking |3| = 2N > |a] + n, we see J < C. Thus for |z| # 0,
| D& f(z)| < Clz|™>

Let fi(x) = T(z)f(x) with U(x) € C* and

N S o e
@) ={y e
we know that [D®fi(z)] € C(1 + |z]*)~".

Next set

fan(z) = (1= ¥(2))Ry(Da)f(z), fay(z) = (DI¥(2))(By(D:) fl))

with R, (D) to be the singular integral operator with symbol Ro(&) = £ /IE[E(|y| =1).
Since »  DIR,(D.) =1, we have
7]=1

fl2) = fulz) + > (Dlfsn(z) + faa()

[1]=1
Let fo,(x) = z=H1 (.’I:ﬁifgﬁl:ﬂ:]:] and p = 2n, ¢ = 2n/(2n — 1). We have

”fE,’I"HLI :g G”'Tﬂl -f‘?:-'.l"ti.-fn-l:r||j"l‘l'-.-lﬁ|E ||L5|:|I|{l:|

Taking |5;] = n — 1, we have ||~ Iz, (jz)<1) = €. Let 7(€) be the Fourier transform
of (1 — T(x)), we have

e fs 411z, < CID%7* Ry(€)flz, < Clnllza PP Ry(D2)f e, < C

Therefore || fa]lz, < C. Let hy(z) = fay(x) — foq(z), then h,(z) 1s supported at the
point @ = 0 and its Fourier transform 1s bounded:

hollze < Ifsmllze + 1f2qlle, £ C
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It follows that »  hq{z) = Coé(z).

[vl=1

Let fzo(z) =z77 i Z faq [x}) . Use the same method, we get || faollz, < €,
lv|=1
and hg = Z farlz) = faplz) = Cob(x). Thus the lemma is proved.

Irl=1
Now we came to a very technical lemma

Lemma 3.3 If functions H(z,1) and S(z,t) selisfy
\DES(z,8)] < C(1 + =" (B (e, ) + (1 + O™ T3 AN (2, 1))

anil
\D2H(z,8)] < C(L+8)™ "7 (Balz,t) + (1 + O~ A (2,2)

then

i nle
Do f S(t — s)  H(s)ds| <C(1+4)""%" (Ba(z.1)
]

+ (1 + )T 4,(z, 1))

Since its proof is very technical, we leave it to Section 4.
Now we continue to study Rf in (3.3).
Theorem 3.1 Suppose uy has compact support, t is large enough, we have

(B3| < CE(L+ 1)~ 7 (Bw(z, 1) + (1 + 1) 341 A5(2,1))

where |o| 2 [+ s
Proof |R-T| = ]DE(G — IE{D:‘H‘{.&[} * Ug + Dgxg{ﬂ]fﬂ&] # ‘ILu!.
From Lemma 3.1 and Theorem 2.1, we have

|DE(G - x3(D)Kjay) * uol
< CE(1 + )~ "F (Bn(a.1) + (1 + )71+ 3 An(z,1))
From the definition of K|, we get
|DEx3(D) Ky * ol £ C(1+ 2])"2Ve=F < C(1 + 1)~ HeD/2 By (2, 1)

Thus
R < CE(1 + )~ Heb2(By(z, 1) + (1 + )8t An(z, 1))

Next we consider RY in (3.3). We write R7 as follows
t
R = [ xa(D)Kiallt = ) = DEQUuls))ds

+ [[(6 = xa(D)Kia)(t = 9) * DEQ(u(s))ds
=R, + H3 s
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M(t) = sup  max [Diu(z, 7)|walz, )
<<t jal<i-3

where

2
Theorem 3.2 Ifla] <1-3,1<n+3, then

L(k k<l-3
”U‘:'_*{u, E>1—-3

|Rg,| <C(M!™F2 + M* + EM)
x (14 8)" 309D (B (2,8) + (1+ )55 An (2, 1)) (3.4)

where CE < 1.
Proof From the definition of K|, we know that

4 ntlal

i e
|R51| = SZ E L L« D" Dy, (En S ZDIJ:T;:,;) ds
{ ke

i=1 d=0

By Lemma 3.2, we have

atlal
RSl <C ) fu (fl{fﬂ] + > Difeqlz)+ 5'05(1‘})

i=0 vl =1

;s (Z D:fﬂx: (""! =5 Zk:ﬂ:-:ﬂ"ﬂn,!)) f-'_b{tﬂi:l

{

because

DIDZD,, (T,[+ZD¢#T.EJ) <C Z |D“‘u|lﬂ‘:‘3u[H|Dﬂ‘iu| (3.5)
k

| | = fex]+3 i=3

From the definition of M and Prop. 3.1, we get

(,t)

DIDeD,, (n + 3 D;.:,FT‘J:,!)
k

< o(M1e3(8) + MY + 1)U (B, ) + (1 +8) 2 Al 1)),

if |o|<i—6

(x,1)

Dgﬂgﬂzi ('i'*.{ 4+ Zﬂm—k“}‘h;)
ke

< C(MF3() + M) + )™ (Balz, 1) + (1 + )72 Aa(x, 1)),
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if 1—5<|a|<1-3

|DEIDED,, (n + E D;Jk,a) |(z, )
e
< G (E) + M)+ 17 F(Bale, ) + (L + )73 An(w, )4,
if 12el2l-2

where || 4|z < CE. By the same method, we get a similar estimate for

D;‘ﬂ:ﬂj (TI =1 Z’D-I'.ET'I:H!) {:B,f.}
E

Because e~ D% fi(z) < Ce ™By(z,t), by similar method as that of the proof of
Lemma 3.3 and [ < n + 3, we get

{
-[ E—-'.'r[i—ﬂ fl{:[;} & (Z -D;!D:n; (1‘1 + Z DII;T.::J)) flt
0 k

i
< o(MIeH*3 4 M? 4 EM)(1+8) 750D (Ba(2,8) + (1 + £)" 52 A,(x, 1))

Djf-gﬁllfjl L D::'.D';“ (‘I‘; -+ Z -Dka.i:,i)
k

< O\ faqlles

DYD2D,, (n +5 Drkm,x) ()
k

Loaf|z=yl<220)

< o(MIeH3 1 32 + EM)(1+ )75 U (Ba(z, ) + (1 4 £~ 5 A, (z, 1)

wi(x) = DI D, (T; + z -Dkai.:,.!) = Co D7 Dy, (T,{ + z Drkﬂ:;) (x)
iz k
< o(Mle+3 4 M2 4 EM)(1+ 877U (Ba(z,t) + (1 + )52 4,(z, 1))

Thus (3.4) is proved.
Theorem 3.3 If|a| <1—3

|H§12| < C(_,ME + ﬂfl“l](l -+ f,)-%_FH&H{B%EITﬁ] + G{l +tj_%+%An{$:f'}} (aﬁ'}

Proof If |a| <! -6,
A Tl
REE,E'. :L zﬂﬂ[-ﬂﬂj (G % I3K|n|) {t o 3] *T_'.I'{S}
oy

+ 5" D*(Dry Dy (G — x3Ka))(E — 8) # 754(8)))ds

=l



54 Xu Hongmei Vol 14

By Theorem 2.1, we have

:|.-1-| |

|DED,, (G — xaKjop)| € C(L+ )75 (By(e,8) + (14 8) ¥+ An(z, )

From r; = O(|u|?), we have

|IDersl < Y D™Dy [] |1D%e
> el £l §23
< (M2 + M+ 5 (Ba(z, £) + (1 + 1) F A2, 1))
For Dg, D, (G - xaK|q)) and 1, we have similar estimates. Using Lemma 3.3, we get

(3.6).
Ifi —5 < |a| <1 -3, we can rewrite

£
i R
21?“L (
J=

+3 . DDy, Dy (G — xaKiap)(t — 3) + (D°1754(5)) ) ds
1=1

T

Hﬁﬂ'—'ﬂ (G = :":SKIG:!) (t—s) = (D™'r5(s))
1

Here |a| = 1—6 and | 5| = |a|—|a1|. In Lemma 3.3, we replace H by D° Drj{G—ﬂal} or
DPDy Dy (G~ Fla)), S by D™rj or D%rj;. We can also get (3.9) for -5 < o] £ 1-3.
Combining the three theorems above, we get

| DZulz, t)]
< C(E + M + M=+ 4+ M*)(1 +t}“—“—”"+”z“ (B (z,t) +(1+ £)=312 A, (2, 1))

Then D2u(z, )pa(z,t) < C(E + M({t)* + Mlelt3(¢) + EM(t)). Thus we have
M(t) < C(E + M*(t) + MPTH(t) + EM(2))

Because E is small enough, using continuity of M(t) and induction, we obtain M (t) <
CFE.

Thus we obtain the main result in this paper.

Theorem 3.4 Suppose that ug € HSH(R™) has compact support, s = nf2+1,3 £
| < n 43 with E = max{|Juo| -+, [2ollwrs} small enough, and la| < 1—3, then the
solution u of (1.1) satisfies

|D2u(z,t)| < €1+ 1) T D (By (2, 8) + (1 + 1)~ 33 A,(z, 1))

Remark The solution of the nonlinear system (1.1) has the decay factor Bz and
A,, depending on the space dimension n, while the Green function has the decay factor
By and Ay of arbitrary order N > 0. In other words, due to the effect of nonlinearity,
the solution exhibits a much weaker form of Huygen's principle.
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4. The Proof of Lemma By

First we give some Lemmas.
Lemma 4.1 Let alt, s, ), b(t,x, ) = 0, we have

fﬂn (1 + -ﬂilll-:r—?-) dy < C((1 + BE A+ (14 bj%_§a1”‘1} (4.1)

The Proof can be found in [4].
: 1
Lemma 4.2 Ifet <lz| £ct+ VI, then An(z,t) > Ct72.
1

Proof Set |z| = ket, then 1 <k <1+ —%.

eVt
1 1 en Lk 1
Lzg o (1+cht(k—1r)%)" S evilk—1) (1 + TE}“ﬂwﬁdT
o+1 1
= jc mz}ncﬁdr =

Lemma 4.3 If |z] < ct, then Anlx, t) 2 Ccri.
Proof Set |z| = ket, then 0 = E<1.

etk 1
I Ef — dr
k-1 (1 +72)rev

f dr + dr
0 (1 + ri)mey/ 0 (1 +r2)neyt
1
] 1 1
b dr = Gt %
i j[; (1472t
Mow we set
I'.?]_ = {1 4+t - 3]...2:5:.{1 -1 E}_ﬂj = BN('];J' e :E}t' 5 S}Bﬂf.yi‘g}
8, = (1+1— s]_f{l 455, py = Buly -zt — 5)An(y:8)
b= (1+t—s) S1+s)™"  m=AN0 ~ &, — 8)Bn(¥, )
By=(1+t—2g) s (1+ 5 T, M= Anfy —z,8 - s)An(y, 5)

By the conditions of Lemma 3.3, we know that

Dz [ H{t—&}*S{s]dsl <o+t
i

>, fﬂ 0;pidsdy

where 0 = [0,1] x IR". Evidently, Lemma 3.3 will follow from the estimate below:

J H;pfdsdyl <O+ 3 (By + 1+ THA1)




14 Xu Hongmei Vol.14

L i
Set £ = B* N [E’t] 2 = R™ N [ﬂ, E] Now we begin from the estimate of

= fﬁi;ﬂidﬂd’ﬂf-
9]

3
and Case 4.2 in [4].
The estimate of H is carried out in four diffrent cases.

We omit the estimate of H, because it is very similar to Case 4.1
1

2
Case 2.1 |z|*> <1,

H < f 8,By(y —z,t — s)dsdy + / 62 An(y, 8)dsdy
i UL
<SCA+8 TN 4O+ % <O +1)" 3B, (x,8)

Case 2.2 ct -1 < [z| < ct+ 1. By Lemma 4.2 and 4.3,

H < ];z Bopadsdy < C(1 + t}_%"i'% < (1 -I—t}"%"':?ﬂn{:c,t}
91 1

for | [, we need a beter estimate.

2,2
If |y| = M, we have |y| — csr 2 2| =cex > ¢, and
I
H‘:fg (lij) (14t - s)"2ds < C1 +£)~ ¥+ 4,(z, 1)
Z| + csr : x| — car
If|yf5”—,wehave|y—x§lj|x|—|y|2I | 5 _gg.

H‘:[ Ba(l+ )71+ )" zds-ic'[i-pf}——hg (z, )

Case 2.3 /i < |z] < et — VL

Ifs> %
I[[<cn N v e 0L REFWER)
2
|| ¢
ELd s
IfEci-‘ 2!
t —-&241
n ! v dyed
[I<ca+yF ‘(1+H) il e
2 Izl 2er 1—r% er (1_|_1I1'I‘_;L}

< C(1 +|z[) _ET“_H
<SCl+|z))™<C(1+1)"%B

k2|2
o
B
[ ™
e
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cr
—.I"lr a -
y — = kd ; ||
L — {G 1+ T 1f _EE_i
(141-i~t—5 % 14+£—3 Iy | 4
(;

(1+ﬁ)m s ly—m]ij%ii

145

Rar 1 JZ%!: 1'1"3 . n
Hif Hg{1+3]“"55~(ﬂ:1t}ds—l—] Ean{m,t]( ) (1+t—2s)dds
2 0 0 1+¢

< C(1+1t)7*Ba(z,1)

Case 2.4 |z| = ct + V1.
Then |z| — ctr 2 /T > 0.

g | & CEr
Bm{y—m,t—s]ﬂﬂfm,sj, if |y| = |__|-E—
P2 = (] = esr)2\ T || + esr
_ < el +esr
(1"1' s ) An[y:"—"]: 1f1y|_ 9
1
UI:I:[E, 5 i: E
(] = esr)® 2 7
Cllz] = etr)?, s= -

¢ ¥l ¢ 1+t_3 N n,_l
I <c f 0o(1 + ¢ — 8)3 An(z, t)ds + f 8, An(z, 1) (_1-?) (1+ s)""3ds
2 T F)

z
4
3 3 14+ s3™
—|—fﬂEan[:r:}t}{l+3}“'%ds+—[zﬂg{1+t—s)%( ) B (x, 1)
0 0 1+%

<C(1+ 1)~ T+ An(z,8) + C(L + )77 Balz, 1)

Now we estimate H
3

Case 3.1 |z|* <t
| I}gcfj Eg{l+s}%d$+(ﬁ'fgﬂg(l+t‘s}““%ds
< C(1+1)"% < C(1+1)7 3 Balz, )
Case 3.2 (|z| —ctr)® < ¢,
H < C_Eﬂailﬂ—t—:s}““%ds—l—ﬂ_[f 051+ s)%ds
3 z

<Cl+ )T <o+ T Az, 1)
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L T
Case 3.3 /1< |z| < ctr — V1. Set t; = —u+tg=t'— -I—:Fi
2 2er dor

If s < ty, when |y| < {:t_?i_|_x_| we can get —|y — x|+ et — 8)r = o — lIi, thus we
have
t1 14 s8™ i
<C ) [ S g i
IEI_ fﬂ 6y An(z, 1) (1+t) (t — s)*~tds
t .
+ cfu 65 Az, )(1+ )3 ds
<C(1+ )T+ A, (x, 8)
Lo~ e ||
If s > ta, when |y| < 5+ We can get Ju — x| — et — gy = e thus we have
¢ [ o3Buat) (222 id
< ; 1 Z
1;‘[ g Bl )(1+t) e s
i
+C [ 83Ba(z,t)(t — 5" 7ds
ta
<C{1+t)"2 Ba(z,t)
If t; < 5 < 19, we have
Ot + (etr ~ lel) (1 + 6%, 0<s< s
E;].{t-, 3} E dn E:
CO+ 88 (1 + e, L<ogt
- and
2 FLafe ]
f Padsdy < Cv1+t f (1+ Iy ) dyiﬂ'(l—}—t]‘r[‘“
ﬂl"l{ﬁ]_{.i{!g_]
Thus [] € C(L+4) 3By + C(1+ 1)~ +3 Ay (s, 1).
"
The estimate of H is as follows.
4
We write py as
f f ! dradr
it S 12 —carg )2y el
\/——?‘1 '\/1 - T3 (1_|_ (u— 1|1_:§i3-ﬂ 1) ) (1‘3’ EMT;L)
" f I : L %
1472
0 Jo o, ,.'1 — 72,1 —1‘3 (1 + {t:.r—mll—_;gt-—:}n] ) (1 i ﬂil_;f_;"‘i)

=p4,1 + P42

a.ndl;lz fn Bepardsdy + fﬂ Aiplady:
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Case 4.1 |z] < ¢t + +/t. Because of Lemma 4.2, 4.3,
H < | An(y —z,t — s)dyds +f B4 An(y, s)dyds
4 5.'31 Tia
< CL+8"T €O+ 1) FFid,(z,1)
Case 4.2 |z| > et + /1.
> |'El — iy

- P
x| = ct
When |y| —csm1 £ i

EE“_;—EEU-

M > (). Thus

When |y| — esry . we can get |y| — csra = |y| = csry

 we can get |y —z| —e(t—s)r =

(|| = et }“) s

i 1 T1 1 1
B4py 1dsdy =f 5'4] / —_— (I -
'/;1 3 o 0 1,!1—1"%1,.?1—?‘% 1+s

(1t — $)" 2drydrids

r

- (1+(|$|—6¢T1]E)_

tEI 1 ™ 1

o |

. 0 Jo /17! ] —r2 & e
b

P N
(145 (1 D drydrids
i

L3 1 1 1 1 {1 E_t 2 =1
3 £ 4_":']‘1}
—|—f E'ff — — | 1+

o o Jo \/I—Tf'ﬁ 2 1+t

f— 'il'E

1§ o
§ (1:i) [1+£’-"—S]ﬂ_%fﬁ“gd1‘1d5
1]

£
2

+

[ [ o )
" A
040 f1—r}/1—73 1+1
-(1+ 3}““‘5&?3&?1&3
<C(1+8)™ 517 An(z, )

For f #4pg 2dsdy, the method of proof is similar. Thus Lemma 3.3 is proved.
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