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Abstract By means of the fixed point technique and integral estimation method,
we study the solutions of periodic boundary value problem and initial value problem

for the coupled nonlinear parabolic equations. The global classical solutions of the

mentioned problems are shown to exists.
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1. Introduction and Preliminaries

The high resolution numerical simulation of plasma turbulence driven by ion tem-
perature gradients in the presence of magnetic field inhomogeneities was performed in
[1] with special attention to the behavior of the anomalous ion energy flux. The pres-

sure gradient evolution is treated consistently with energy transport, allowing for

the

study of the saturated state in situations of relevance to Tokamak plasmas. Under some
assumptions, the dynamical equations of plasma are reduced to the following coupled

nonlinear parabolic equations [1]:

O; — Ady + aA®D + J(AD,B) + (1 - 7)D, — ¥, =0, (z,4) ER2, t>0
wt_}?&qf+i{¢’1w]+’?’¢'y+6qlr = flz, 1),
(z,9) eR?% t>0, a>0, >0

with the periodic boundary value problem (PBVP)

O(x + 2D, y,t) = ®(z,y + 2D, t) = ®(z,5,1), (z,4) ER2, t>0
U(r+2D,y,t) = Tlx,y +2D,t) = (z,y,8), (z,9) €R2 t>0
o(z,y,0) = o(z,y), (z,y) € R?
U(z,y,0) = Yo(z,y), (2,9) € R
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where the initial functions satisfy the periodic condition

¢ﬂ($+ EB,?}'} s ¢0{$$F+ED} == {IIU{E'# y}'r [’SE,’i'f} S RE {?:I
Yolz +2D,y) = Wy(z,y + 2D) = Yo(z, ), (z,y) € R2 (8)

and the initial value problem (IVP)

P(z,,0) = Po(z,y), (z,y) € R2 (9)
U(z,y,0) = Wo(z,y), (z,4) € R2 (10)

In Equations (1) and (2), ® and T are the physical functions correspending to the
density and pressure, respectively. A is two-dimensional Laplace operator; J (a,b) is
the determinant of Jacobi matrix, namely, J (a,b) = @xby — a,be; o and # are positive
constants, v and & are real constants; f(x,y,t) is a suitable energy source. In Conditions
(3-4) and (7-8), D is a positive constant,

We remark that Gua Boling paid attention to the similar coupled nonlinear evolution
equations [2]

AW + J(T,AT) - A?W 4 of, =0, (x,y9) e R, t >0 (11)
O+ J(V,0) - BAG=0, (1,9)eR2 ¢ > 0, >0, >0 (12)

Zhou Yulin et al paid attention to the nonlinear evolution equation (3]
T — AT, + J(AT, U)+ AT, + BAY, + f(T), + g(¥)y, = h(T) (13)

but there has been no contribution to this type of system up to now,
Let T be a finite positive constant. Denote by 2 and 7 the domains

R={(z.y)eR?*|0<x, y<2D)}
Qr={(z,s.0) e R* |0 <z, y < 2D, 0<t<T)
To simplify the notations, we will denote by C all the positive constants appeared
in the paper afterward, which do not depend on the solutions or their derivatives of
any order, nor will they depend on D.

For any f(x,), glz,y) € CHR), if they satisfy the periodic conditions (7) and (8),
then we have the relation

Jo 796 aady =0, [ g3(s,g)izay =
1 0
2. A Priori Estimate

In this section, we establish a series of integral estimates of the solutions of problem

(1)-(6).
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Lemma 1 Suppose that y(z,y) € HY(Q), To(x,y) € LA, flz, 3, t) € LE(Q7).
Then we have the integral estimation

sup (L|fI1|Ed:cdy+fﬂ|?@|Edmdy+£_£|‘lf|2dxdy)

a<t<T

T T
+ zﬂf f |A®| dedydt + ﬂf f | 7 |*dodydt
0 0l 0 i

.
<C( [ |@odvdy + [ |7 ®olfdsdy+ [ [ol'dady + [ [ |fPdsdydt (10
L] it [} 0 L

Proof Multiply Equations (1) and (2) by © and ¥ respectively, combine the
product and integrate over {} with respect to (x,y), we get the integral identity

%/{@F + |7 B2 + || dady + thf |AD|2dzdy + Eﬁf |7 U[2dzdy
0 g £y
= an [ BV, dzdy +zf fUdzdy
J11 £
The right hand side of this identity can be dominated by
gf rvwdmdyﬂﬁ—lrﬁf 1@|M:ndy+f Iflﬁd:r:dy—l—f 1T dedy
L L 0 : 0o
thus we get the inequality
. 2 ? 2 AD|2drd U|2ded
% (@ + 7 0 +|9P)dzdy + 20 [ (A0 dedy + 8 | | ¥ dudy
gaﬁ"'lqﬂf |'I'|2d$dy+f |f|*dady +/ |0 |2ddy
n 0 o

By means of Gronwall's inequality, we obtain (14).
Lemma 2 Assume that ®g(z,y) € HE(Q), Tz, y) € H(Q), f(z,u.t) € L*(Q7).
Then we have the integral estimation

sup (.[n | 7 B dzdy + fn |A®|2dady + L | 7 1I'|Ed,'$dy)

0=i=T
T T
+a/ f]v&mﬁdmdyduﬁf ];1|&‘If|2dmdydt
0 g 0

< t::(f 1¢=uaﬂd$dy+/ 1v@ﬂ|idmy+fﬂ|ar:-ﬂ|‘~‘dmdy
4] 0

T
+ f g [2dzdy + f | o Wol|2dzdy + f fﬂ \f |2 dzdydt (15)
0y L i

Proof Multiply Equations (1) and (2) by A® and A¥ respectively, combine the
product and inteprate over £ with respect to (z,y), we get the integral identity

% f (17 B2 + |AD® + | 7 T[?)dedy + 20 fﬂ |7 A®|Pdzdy + 28 fn |AT[2dzdy
 Jo
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3 4*;.:];} B, AVdedy + zfﬂaw{@, ¥)dzdy — E/;; f AT dzdy
The following simplifications are obviously true:

4Tfﬂ B, AVdrdy < -?L | AT dzdy + 12;?—1-,?/1; | 7 ®|2dzdy

) fﬂ AVI(®, W)dzdy < ;E fﬂ |AY2dzdy + % fﬂ (2, T)2dzdy

= [ (@, wPasay < 2 L1981 ©Pdsdy

< ZClv e, 9l AB(-, )| [ 17 9Py
thus

zfami{-zr,wjdmy < gf jawﬁdmydrafﬁivaﬁﬁdxdy
0 o

2
+ ' sup /[?'I'Fd:ady(f fv@]ﬂdmdy}
0<t<T 0 0

. it 28 2 3 112
2 fﬂ fAVdzdy < £ fﬂ A drdy + fﬁ \f 2 dzdy

Now we get, the integral inequality

d
- fﬂ{l VB +|AB + | 7 ) dady + afﬂ | v A®[2dady + ﬁfﬂ |AY|2dzdy

2% 9
< lzﬁ"lf}f‘?/;_ﬁrvib|gd:rdy+ﬂ'(]r;|‘g‘lﬁizd:ady) +Efﬂjfr2dmd.y

By means of Lemma 1 and Gronwall's inequality,

we obtain the estimate (15).
Corollary 1  Under the conditions of Lemm

¢ 2, we have the estimate

T 1
7
o2, 1% lleo < 12013 + 19003 + [ 11, -, )1722) (18

Lemma 3  Suppose that Po(x,y) € H3(),
Then there is the tntegral estimation

i
a sup ( f |A® 2dzdy + / | v A®[dzdy) + o? f f A28 2 dedydt
0=t<T * J1} 1] 0 Jn

T
. fﬂ fﬂ (192> + 2] 7 ®? + |AG,[2)dzdyas

<C fﬂ (120]" +| v @0l + |A®o ]2 + | 7 ABg[2)drdy

T
+C [ (190 + | 7 %o)dady + L [ 1Pdsdyae (17)

E’D{I‘,y} = Hl{ﬂ}: f(-T:.?,h i] = LE{HT}
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Proof From Equation (1), we can easily get the integral identity
fﬂ |B, — AP, + oA B dedy = fn |AD, B, — ADy D, + (1 — )@y, — 4T, [*dzdy
That 1s the identity
a-% fﬂ{m-ﬁﬁ + | 7 A2y dady + fﬂ (|82 + 2] 7 &% + |AB)* + o?|A2D))dady
= [ 188,80, - 02,8, + (1= )&, - yL,|*dudy
The right hand side of this identity can be estimated in the following way
[188:2, - 28,8, + (1= )@, — 1T, *dady
<Cl v (. Oli% [ 1V A0Pdedy+C [ |7 @fdady +C [ | v ¥dedy

.
= C sup v xdy | | ray + 7 rdy
& | 7 ®|*dzd ﬂ| A®|2dady + C | AD|2dzd
LY

o<t<T

+ E‘j | 7 ®2dxdy + Uf | 7 U2 dzdy
0 o)

Now we have the integral inequality
fl’diifj f (A2 + | v A2 )dady —|—f (1@ + 2| 7 @) + |AD|2 + o?|A2S|?)dxdy
il 0

2
<C' sup fw@?dmyf |?Mr|?dmy+c(f |?,i=ir[2d::dy)
O<t<T S5 Q Ly

+ C sup /|?@|2d$dy—|—{? sup /|?‘Ii’|zd:cdy
0<t<T /0 n<t<T S0

By means of Lemma 2 and Gronwall's inequality, we obtain (17).
Corollary 2 Under the conditions of Lermma 3, we have the estimate

iE 1
sup |7 @( )l < C (IR0l + 0ol + [ 14C,0IPdE)*  (18)
0<t<T 0

Corollary 3 Under the conditions of Lemma 3, there is the estimale

sup ( ]ﬂ B, 2dady + 2 fﬂ | 7 & dedy + fﬂ |A%,|2dady)

0= <T

55[ (1B + | 7 Bo|? + [Adg|? + | 7 Ao|?)dzdy
L]

T
+C [ (1%ol? + | 7 Tol?)dzdy + C fﬂ fn \F Pdwdydt (19)
LA
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SUp || ®y(-, -, 8[| poopqyy < C{f (1ol* + | 7 Bo|? + | Adq 2 +| v ﬂ@niz)dxdy
0<t<T 0

T 1
* 100 419 WoP)asdy + | [ \#dzayar) (20)

Lemma 4 Assume that So(z,y) € H3(Q), Ty(a

¥) € H(Q), f(z,9,) € L0, T,
H*(0)). We have the integral estimation

T T
Sine f |7 AT Pdady + f f AV, 2dzdydt + f f |20 2 dzdyds
D=e<T Ji 0o o Jn
<C [ (10l + 1w @0l + |aof2 + | v Ado[?)dady
+o [ (1%l + | 7 Wol® + [ATo” + | v AWo|?)dzay

.
+o L2+ (A 1P dzdyar (21)

Proof From Equation (2), we easily get the integral identity

fn AT, - BA2EPdzdy = fﬁ ATy — B, T.) + 4AS, + AT, — Af[2dzdy

therefore we get the relation

ﬂif|?&‘¥i2dﬂ:dy+/ f&‘l‘ﬂzfﬁ:cdy—hﬂﬂf ]&E‘If[zdirdy
dt Jo 1] 0

= fﬁ AR Ty ~ B, ¥.) +9AD, + 6AT, — Afftdzdy
<Cll 7 (., -, )12, f |V AL dady + €| 7 &(-, -, 4)|%, f |7 AV P dzdy
L LY
+ Cl1Dezly )% + 1By (-, )2, + H%yf‘mf}lﬂill/i; |AT|*dzdy

+C [ |7 A®[*dady + f |7 AT[2dady + f |AF|2dzdy
L) L] n

The right hand side of this inequality can be estimated in the following way

7 (- 2 fn | 7 AD[2dzdy
SCIV 200l 7 AL, 0 [ | APdady

gf;:'f |V ©dzdy sup fivmlﬂda:d,y
n 0<t<T J0

+C f | v AV [2dzdy sup f |7 A®| dedy,
Ly 0=t<T J1¥
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|7 (0l [ |7 ATPdsdy
0
<G| T (- Ol 7 ASC, - B ]g v A dzdy

<C sup [ |78 dzdy f |7 AU|2dzdy
g<t<T J it 0

+ ' sup | <7 ﬁ@kzdﬂ:dyf | 7 AV | dzdy
gt T S0 iy

(B0 Ol + 1By DI + s D) [ 10T Py
<ClAB(-, - || |28, )l | 7 ¥, I 7 AT(:, -t
<C fﬂ |A28[2dzdy + C fﬂ |7 AY[2dzdy

At last, we obtain the integral inequality
d
R f |7 AV dudy + f |AT,[2dzdy + B2 ] |A2T P dedy
dt Jo 0 0
<C f |7 ¥2dady + C f | AU dedy + C f |A20[2dxdy
0 0 i

+ c]ﬂ |7 A®dudy + GL]&ﬂM::@

By means of Lemma 3 and Gronwall's inequality, we obtain (21).

Corollary 4 Under the conditions of Lemma 4, we have the estimate

s 2 o P %
s (1T o+ 17 Tl < C(1R0lE +120lB+ [ 15Cn0IEA)E (22

gt T

Corollary 5 Under the condifions of Lemma 4, we have the estimate

sup ([ [WiPdody + [ |a¥:Pdedy) <O | (@ol? +1 7 of* + [A%ol"
0

Bt <T
47 ABo)dedy + C [ (Wl +17 Lol + ATl +] v A¥a ey

T
I, [ﬂ fn (I + | AFIR)dedydt (23)

sup (s Dl < C| fﬂ (1Bof? + | 7 ®of* + [A%o[> + | 7 ADof ) dzdy

n<t<T
+ fﬂ (1Tol? + | 7 Tol? + |ATo? + | 7 A¥o[*)dudy

v [ [ase+ (A f1?)dedyet] (24
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Lemma 5 Suppose that ;(z, y) € HS
HA()). We have the integral estimation

(), Yo(z,y) € H(Q), f(x,y,¢) € L2(0, T
o sup (/Jvﬂgtﬁfgdxdy+f |A% D2 dady)
=g M Iy 0

i
+ f f (IA%:)* + 2] 7 ABy[2 + |A20,2 4 | A3 dzdyd:
] 0

<C(I12oll3 + |1 %oll? + /GT I£C, - Dlizar)

ez [

(25)
Proof From Equation (1), we can easily get the integral identity
f |A®, — A28, + aA?D|2dzdy
: 0

= fﬂ (AR, 8, - AD,&,) + (1 - 4)As, - VAR, 2dzdy

That is the identity

E 2y 8 2 w2
o fﬂ(ra B2+ | 7 A20|?)dudy
+ fﬂ (1A% + 2] 7 AG,[? + |A2,2 4 ?| A% dzdy

L fﬂ IA(A2.2, - A®,8, +(1-7)A8, - AT, dody

The right hand side of this identity can be estimated in the following way

f1882.8, - A8,0.) + (1 - y)as, - YA, [2dzdy

SCIY 300 [ v A% dady + €l v Ag(. ). |17 a9dady

+ Oz )2 + || By (-, -, Dz + [1@yy (-, 'JJJJEG}L |A%® 2 drdy
+ :::fﬂ |7 A®2dzdy + “fﬂ |V AY|dady

<€ Sup ||x;-¢[-.,-_.=:)ngﬂ/ |7 A28| dady
0St=T n

+ Ol v AL(, - 0)]|[| 7 A28(.,-,8)[| sup fﬂ | 7 A®|2dzdy

0<E<T

+ AR - 1)) A% S, .. Ol 7 AR, -, )| || = A2D(-, 1)l
i f |7 AS)2dzdy + C f |7 AT Pdzdy
n £t

< r:rfﬁ | v A2|2dedy + c:fﬂ |A2® 2dzdy + Uf | 7 A®2dady
LY




No.l On the Solutions of the Coupled Nonlinear Parabolic Equations 79

+ Ci'fﬂi 7 AT dzdy
Now we have the integral inequality
a% ff !{W@F + | 7 A®|H)dady + fn (A2 + 2| 7 Ay + |AT8* + a2 |A%® |} dxdy
< c[ﬂ | 7 A2®[2dxdy + c[ﬁ A28 dzdy + r:fﬂ |7 A [2dzdy
+GL|qﬁm;2dzdy

By means of Lemma 4 and Gronwall’s inequality, we obtain (25).
Corollary 6 Under the conditions of Lemma 5, we have the estimate

i - 2 2 i T :
up 7% 8C, Dlleo < C(120I3 + 1ol + [ 1£C,-, D) (26)

DL E
Corollary 7 Under the conditions of Lemma 5, we have the estimate

sup [ (1A®? +2] v A + 1A% )dudy < C(I1%oll? + | %oll3

Q<t<T
T
+ [5G 0lBdt) (27)
i
sup || 72 Bul, s t)lloo < C(120llf + I %oll3 + f £ t)l13t) (28)
QT 0
Lemma 6 Assume that $olz,y) € H5 (), Tolz,y) € H5(Q), flz,y,t) € LE(0, T

H*(Q)). We have the integral estimation

, T T
# sup f |7 A0 dzdy + f f A2 2 dzdydt + B f f AT Pdudydt
0 L L] ] 1

p<t<T

< (1ol + 1oll? + ff 1£C ) 13de) (29)

Proof From Equation (2), we have the integral identity

fn |A2T, — fASYdady = fn (A2 (@, T, — ByTs) + YA, + 8A2T, — AP [P dzdy

therefore we get the relation

pl [ v a%ePdady + [ |82 dedy + 67 [ 18%Pdzdy
dt Jq ) 0

23 Lﬁﬂzﬁ’x‘l’y — B, 0,) + A Dy, + SATTy — A? {2 dzdy
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< Cll w2, )% fn | v A%t dzdy + C|| v @, -, ¢)||2, fﬂ | 7 AT drdy

+Cl v AB(, , 1)]1% fn | v AYPdzdy + C(I[Wpule, D12 + oy (-, 1)1
+ Oy (-, )lI%)) fﬂ A% dzdy + C([[zal:, -, ), + [Bay (-, - )2,
1250, 01%) [ 1820 Pdzdy + C 1V A% zdy
k5 G’L |7 A2 2drdy + r:*fﬂ A2f P dzdy

The right hand side of this Inequality can be estimated in the following way
1780, D% [ |9 A% drdy < ¢ |17 8% Pdzay
|76,k [ v A% Pdedy < ¢ |19 a%0%dzay
|7 896, 0I% [ | v A¥Pdrdy < ¢ |17 audady

(e, O + 1y (o D2, + CO Ty, D)) [ 1820 dzdy
< cf |A2B|2dady + cf |7 AZ|2dady
1) 0
IRza (- N2 + 1Bay(-, -, 2|2 + Iy (-, - )2, /ﬂ 1AW | dwdy
gcf (AT 2dady
L8]
At last, we obtain the integral inequality
d
B [ 17 820 2dady + f AT, 2dady + 52 f AT dzdy
dt Jo T 0
g.::'f |a2mjﬁdmdy+c*/ A28 dzdy
LR i
+ :::f |7 A28 drdy + cf |7 A0 dady + c:ffn |2 P dedy
0 : 0 :

By means of Lémma 5 and Gronwall's inequality, we obtain (29).
Corollary 8 Under the conditions of Lemma 6, we have the estimate

d 1
20, 177G Ol < C(1Rolls 10l + ([ W7, 0248) a0y
D=<t<T 0

Corollary 9 Under the conditions of Lemma 6, we have the estimate

e f |A2G,Pdzdy < f (120/% + | 7 Bo® + [ABg|? + | 7 Ao |?
0=t T Jod 1} '
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+ [A2@y|? + | 57 A2 Vdzdy
- a'[ﬂ (1T + | 7 Tol? + [AT|? + | 7 ATg|? + |A2W 2 + | 7 A2Wg[2)dedy
T
+ ‘:"/ﬂ fﬂ{mﬂ +AS? + |AZf P)dzdydt (31)
sup [| 7% @y(-,-, 1)l < "3[_[ (180 + | 7 Bo|* + |ADy|?
<t<T n
+ |7 Abg|? + |A2Dy|* + | 7 A%y|? ) dudy
+ L (Tol* + | 7 ol + |ATo|* + | 7 AT + | A2 Wg)? + | 7 A2Ty)| ) dzdy

i 4
[0 [UFR + 1872 + 1227 P)dedyat] , (32)

Lemma 7 Suppose that gz, y) € HT (), Uy(x,y) € H3 (), flz,p,t) € L*0,T;
H*(Qr)). Then there is the integral estimation

[} T l}
o sup (f AP 2dody ~+—f |‘?£13=I'[2f?f:c:fﬁy) +cr2f f A @ P drdydt
0T M S0} i 0 i

i
""_[ _L{l.ﬁﬂdér[i +2| 7 A28, + A3, ) dadyd
0

: T
<C(I2olf + 1Woll3 + [ 14C-,2)I3de) (33)

Corollary 10 Under the conditions of Lemma 7, we have the estimate

, : i il
sup || 7° 80 1)lleo < C(I%0ll3 + 1 Toll3 + [ 1, 2)IP)’ (34)
0<t<T 0

Corollary 11 Under the conditions of Lemma 7, we have the estimate

sup [|ﬂ-?‘l”t|? + 2| 57 ﬂE‘I‘dE - |ﬂ:*'I=LJ2]d:x:f£y

0T ST
-::c(j|¢- 2 w2+ [ 2d 35
< C(I1%oll7 + 1¥ollg + | 117, )ll3d) (35)
T 1
sup 1| 7* B, s Dl < C(I00ll3 + I1Zoll3+ [ 1FCDIEE)*  (36)
0=t=T ]

3. Existence and Uniqueness

Lemma 8 Suppose that « is a positive constant, the initial function ®ul(x,u)
satisfies ®o(x,y) € HH(Q), flx,y,t) satisfies f(z,y,1) € LE(Qp). Then the periodic
boundary value problem (3) and (5) for the following parabolic equation

Dy + ﬂ'{“ljkﬂ'k'@ — ff:n,y,t}
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has a unique global solution ®(z,y,t) € L*=(0, T HYQ))NLA(0,T; H**(0))nWh2(0, T
L)), where k = T2

Lemma 9 Suppose that o and 8 are positive constants, the initial Junctions
Po(z,y) and To(z,y) satisfy Po(z,y) € HYQ), ¥o(z,y) € HY), flz,y,t) and
glx,y,t) satisfy f(z,y,1) € LY (Q7), g(z, vy, t) € L*(Qdp). Then the periodic boundary
value problem (3) and (5) for the following coupled linear parabolic equation

P — AP, + aA*D + (1 - 10y =¥, = g(z,9.t), (z,9) € R t>0 (37)
Uy — BAY + 48y + ATy = f(z,5,t), (z,4) €R% >0, a>0,8> 0 (38)

has a unique global solution ®(z,y,t) € L=(0,T; H* Q)N L0, T HYQ))nWwhi(o, T,
L*(Q)), U(z,y,t) € L=(0,T; H\(Q)) N L0, T; HA(Q)) N W20, T; L2(0)).

Proof This Lemma can be proved with the technique of continuation of parame-
Ler,

Theorem 1 Suppose Oyz,y) € HY(Q), Vo(z,y) € HYN), fza.b) € L*(0,T;HHQ)).
Then the periodic boundary value Problem (3)-(6) for the coupled nonlinear parabolic
equations (1) (2) has unique clossical global solufion S{z,y,t) € L=(0,T; H () N
LE{U,T;Hﬂ{ﬂ]]ﬂwm{ﬂ,T;Hﬁ{ﬂ]jﬂwlﬁm{&T; HQr)), ¥z, y, 1) € L2=(0,T; H3(£2))
NLE(0,T; H%(Q)) n WL2(p, T, HA () n Whe2 (0, T; HY{()).

Proof It is well known now that the existence of global solutions to nonlinear
evolution equations and systems can be established normally by using Leray-Schauder’s
fixed point principle. For reference we refer readers to Zhou and Guo [4]. The main
difficulty in the study of the global existence is to verify a priori estimates which
govern our strategy to prove the existence of the global solutions, Here, for the sake
of shortness, we merely omit the detailed and standard procedures. The uniqueness of
the solutions can also be proved normally and therefore is omitted.

4. IVP for the Coupled Equations (1) and (2)

The a priori estimates of the global solutions of the periodic boundary value problem
(3)-(6) for the coupled nonlinear parabolic equations are independent of the period 20D
of the domain 1, we can employ the usual method of limiting process D) — oo and the
so-called diagonal selection to obtain the solution of the initial value problem.

Theorem 2 Suppose®¢(z,y) € H(R?), Uy(z,y) € HY(R?), f(zy,t) € LY0,T; HYR?)).
Then the initial value Problem (T)~(8) for the coupled nonlinear parabolic equations
(1) (2) has & wnique classical global solutions

O(x,y,t) € L=(0,T; H'(R?)) n L*(0, T; H¥(RY) n W20, T; H%(R%))
N Wh=(0, T; H(R?)),

Vx,y,t) € L=(0, T; H*(R?)) 0 L2(0, T; HS(RY)) n W12(0, T HYR*))
nWhe(0, T; H4(R?)).
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Although the method we employed in this paper is mainly integral estimate, it is
somewhat different from the usual integral estimate, this is due to the contribution of
the dissipative term aA%® in Equation (1).
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